MA 214 002 Calculus IV (Spring 2016)
Solutions to Quiz 4 and Quiz 5

1. (a) (25%) Show that the differential equation
coszcosydr —2sinxsinydy =0

is not exact, but becomes exact when multiplied by the integrating factor u =
COS Y.

(b) (25%) Solve the given equation.

Solution: Let M = coszcosy, and N = —2sinzsiny. Then
oM ) ON .
—— = —coszsiny, — = —2coszxsiny.
dy ox

Since OM /0y # ON/Ox, the given equation is not exact.
After multiplying the equation by p = cosy, the equation becomes

cos x cos® ydr — 2sinxsiny cosy dy = 0.
Let M = cos x cos? y, and N=-2 sin x sin y cosy. Since

O _ ON
—— = —2coszcosysiny = —,
dy

ox

the equation has become exact.

We seek a function ¢ = ¥ (x,y) such that oy /dx = M and /0y = N. Integrating
both sides of the equation 9 /dx = cos x cos? y with respect to x while keeping y fixed,
we obtain

Y(r,y) =sinzcos’y + f(y), (1)

where f is a differentiable function of y. Taking the partial derivative of both sides of
(1) with respect to y, we have

o
dy

= —2sinxcosysiny + —.
dy

Since 0v /0y = N = -2 sin z siny cosy, we conclude that df /dy = 0. Without loss
of generality, we take f(y) = 0 and ¢ (z,y) = sinx cos?y. The solutions of the given
differential equation are given implicitly by the equation

Y(x,y) =sinx cos’y = C,

where C' is a constant.



2.

(a) (30%) Find the general solution of the following differential equations:
(i) 2¢y" =3y ' —2=0.
(ii) y"+ 6y + 13y =0.

(b) (20%) Solve the following initial-value problem:

'+dy +y=0, y0)=2, y(0)=1

Solution: (a) (i) The characteristic equation of the given differential equation is
2r* —3r—2=(2r+ 1)(r —2) =0,

the roots of which are: r; = —1/2, 7 = 2. Hence the general solution of the given
differential equation is

Yy = cle_t/ 24 czth, where ¢; and ¢y are constants.

(ii) The characteristic equation of the given differential equation is 72 4+ 6r + 13 = 0.
By the quadratic formula, the roots of the characteristic equation are found to be

T1:—3+2i, T2:—3—2i.
Hence the general solution of the given differential equation is

Y= cre 3 cos 2t + coe 3t sin 2t, where ¢; and ¢y are constants.

(b) The characteristic equation of the given differential equation
4r® 4 4r +1=(2r+1)* =0,

which has a double real root ; = 7 = —1/2. Hence the general solution of the given
differential equation is

y(t) = cre” % 4 ot et where ¢; and ¢y are constants. (2)

It follows from (2) that

1 1
y'(t) = —§cle_t/2 +ce™? 4 —geat e7l2, (3)

Substituting t = 0 in (2) and (3), we obtain the simultaneous linear equations
cC1 = 2,

——c + p— 1’
201 Co

from which we find ¢; = 2 and ¢ = 2. Hence the solution to the given initial-value

problem is
y(t) = 2712 4 9t e )2 = 26_t/2(1 +1).



