MA 214 002 Calculus IV (Spring 2016)

Solutions to Quiz 9

sint for0<t<m

0 form<t<2m
sint for 2r <t < 3w
0 for3n<t< oo

1. (10%) Express the function f(t) = in terms of the Heaviside

function.

Solution: f(t) =sint(H(t) — H(t —m)) +sint(H(t — 2m) — H(t — 37)).

2. (20%) Find the Laplace transform of the function f(t) = (t* —t)H(t — 1).

Solution: Let 7=t — 1. Then ¢t = 7+ 1. Then we have

fi&)=tt—1)H({t—1)=(r+1)7H(7)
=7T?H(r)+7H(t) = (t —1°H(t — 1)+ (t — 1)H(t — 1).

Hence the required Laplace transform is
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Fls)=L7{ft)y = 5"+ 5
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3. (20%) Find the inverse Laplace transform of the function F'(s) = DIk
s

Solution: Note that
1 1 21 1
ﬁ_l — C_l - — —t2 —2t‘
{(s+2)3} {2 (s+2)3} 9" ¢

L' {%} = %(t — 1% 20— 1).

s+2)3

Hence we have

4. (50%) Use the Laplace transform to solve the initial-value problem

y' +4y=H(t—1)— H(t—2), y(0) =0, ¢(0)=1.

Solution: Let L{y(t)} = Y (s). Taking the Laplace transform of both sides of the
given equation, we have
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s?Y (5) — sy(0) — ¢/ (0) +4Y (s) = €
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Using the initial conditions and simplifying, we get
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To proceed further, we recast the expression 1/[s(s?+4)] by means of partial fractions.

We put
1 A Bs+C

s(s?2+4) §+ 244
Multiplying both sides of the preceding equation by s(s? + 4), we obtain
1=A(s>+4)+ (Bs+(C)s.

Putting s = 0, we get A = 1/4. Thus we have

1 1
1:Zs2+1+Bs2+C’S or 0:(B+Z>52+CS'

Comparing coefficients of the last equation, we obtain B = —1/4, C' = 0. Hence we
conclude that
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We recast Y'(s) as

Y(s) 12 11 s 1/1 s N
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Hence the required solution is

y(t) = %sith + 2(1 —cos2(t—1))H(t—1) — %L(1 —cos2(t —2))H(t —2).



