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Résumé

Nous généralisons la notion d’ensemble partiellement ordonné (poset) binomial, que nous appe-
lons les posets de Sheffer. Il existe deux sous-espaces intéressants de l’algèbre d’incidence de cette
sorte de poset. Ces espaces se comportent comme un anneau et un module, et sont isomorphes à
certaines classes de fonctions génératrices.

Nous généralisons aussi le concept de R-étiquetages aux étiquetages d’arêtes linéaires, et nous
démontrons un résultat analogue à un théorème de Björner et Stanley. Ces étiquetages, avec
la théorie des “rank-selections” d’un poset de Sheffer, nous permettent d’étudier les permuta-
tions r-signées augmentées. Comme cas spécial, nous obtenons la fonction génératrice sec(rx) ·
(sin(px) + cos((r − p)x)), qui dénombre les permutations alternantes r-signées augmentées.

Finalement, nous construisons un analogue linéaire du treillis 4-cubique, semblable au treillis
des sous-espaces isotropes, que nous appelons le treillis des sous-espaces isotropes-quaternioniques.

Abstract

We generalize the notion of a binomial poset to a larger class of posets, which we call Sheffer
posets. There are two interesting subspaces of the incidence algebra of such a poset. These spaces
behave like a ring and a module and are isomorphic to certain classes of generating functions.

We also generalize the concept of R-labelings to linear edge-labelings, and prove a result anal-
ogous to a theorem of Björner and Stanley about R-labelings. This, together with the theory of
rank-selections from a Sheffer poset, enables us to study augmented r-signed permutations. As a
special case, we obtain the generating function sec(rx) ·(sin(px) + cos((r − p)x)), which enumerates
alternating augmented r-signed permutations.

Finally, we construct a linear analogue of the 4-cubical lattice, similar to the isotropic subspace
lattice, called the quaternionic-isotropic subspace lattice.

∗This paper appeared in Annales des Sciences Mathématiques du Québec 19 (1995), 173–196.
†Partially supported by CRM.
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1 Introduction

The theory of binomial posets, developed by Doubilet, Rota, and Stanley [8], explains why generating
functions of the form ∑

n≥0

an
tn

B(n)
(an ∈ Z) (1)

occur in enumerative combinatorics for certain sequences B(n). Such sequences include B(n) = 1,
B(n) = n!, and B(n) = [n]!. Stanley continued the development of the theory of binomial posets by
studying rank-selections of binomial posets [17]. As an application, he showed why the exponential
generating function of the Euler numbers has the form tan(x) + sec(x). Recall that Euler numbers
enumerate alternating permutations in the symmetric group.

We develop Sheffer posets, an extension of binomial posets, to explain the existence of a larger
class of generating functions. We define a Sheffer poset to be an infinite graded poset, such that the
number of maximal chains D(n) in an n-interval [0̂, y] only depends on ρ(y), the rank of the element
y, and the number of maximal chains B(n) in an n-interval [x, y], where x 6= 0̂, only depends on
ρ(x, y) = ρ(y) − ρ(x). The two functions B(n) and D(n) are called the factorial functions of the
Sheffer poset.

Let P be a Sheffer poset. Let R(P ) be the subalgebra consisting of those elements f in the incidence
algebra of P whose values f(x, y) only depend on the length of the interval [x, y] and the support of f
is contained in {[x, y] : x 6= 0̂}. Similarly, let M(P ) consist of those elements in the incidence algebra
that only depend on the length of the interval and have their support contained in {[0̂, y] : y 6= 0̂}.
M(P ) may be considered as an R(P )-module, where the multiplication is the usual convolution in the
incidence algebra I(P ). The main result of Section 4 is that the algebra-module pair (R(P ),M(P ))
is isomorphic to generating functions of the form

∑
n≥0 f(n) tn

B(n) and
∑
n≥1 g(n) tn

D(n) .

Examples of Sheffer posets include binomial posets, “upside-down trees,” the r-cubical lattice, the
poset of partial permutations, the poset of partial isomorphisms, and the lattice of isotropic subspaces.
For more details, see Examples (a), (c), (d), (h), and (j) in Section 3. An in-depth study of the
r-cubical lattice will appear in [9].

In the spirit of Stanley’s results for binomial posets, we develop identities concerning the ν function
(a generalization of the Möbius function µ) of rank-selections from Sheffer posets. We recently learned
that Reiner [16] has anticipated these identities in the case where η(n) ≡ 1, that is, when the ν function
is the Möbius function.

Before developing rank-selection theory of Sheffer posets, we extend results by Björner and Stanley
on R-labelings to linear edge-labelings. With respect to a given linear edge-labeling, we define the
functions η and ν. These two functions for a poset with linear edge-labeling might be viewed as a
natural extension of the the zeta-function ζ and Möbius function µ for a poset with an R-labeling.
Our analogue of the Björner and Stanley result is given in Proposition 5.2. It says that the number
of maximal chains with descent set S in a poset having a linear edge-labeling λ is given by (−1)|S|−1 ·
νS(0̂, 1̂).

2



As an application of Proposition 5.2, we are able to enumerate augmented r-signed permutations.
An r-signed permutations is a permutation where each entry has been given one of r possible signs.
An augmented r-signed permutation corresponds to a maximal chain in the r-cubical lattice. By the
theory of rank-selections of Sheffer posets, we can now easily derive that the number of alternating
r-signed permutations is given by sec(rx) · (sin(px) + cos((r − p)x)). Our method explains why this
generating function takes on such a simple form. Three special cases of this generating function have
been considered before: the classical Euler numbers, augmented alternating signed permutations [15],
and alternating indexed permutations [21].

The isotropic subspace lattice, presented in Example (j), may be viewed as a q-analogue of the
cubical lattice. A natural question to ask is if there are any q-analogues to the r-cubical lattice in
Example (d). In Section 8 we construct an analogue to the 4-cubical lattice, called the quaternionic-
isotropic subspace lattice. This construction requires the field to be an ordered field. Thus the lattice
presented is not a q-analogue, but rather a “linear analogue”.

The authors would like to thank Gábor Hetyei, Jacques Labelle, Simon Plouffe, Christophe
Reutenauer, Richard Stanley, and the referees for many helpful comments. We especially thank the
referee who suggested the name quaternionic-isotropic subspace lattice for the lattice in Section 8.

2 Definitions

Recall the definition of a binomial poset.

Definition 2.1 A poset P is called a binomial poset if it satisfies the following three conditions:

1. P is locally finite with 0̂ and contains an infinite chain.

2. Every interval [x, y] is graded; hence P has rank function ρ. If ρ(x, y) = n, then we call [x, y]
an n-interval.

3. For all n ∈ N, any two n-intervals contain the same number B(n) of maximal chains. We call
B(n) the factorial function of P .

For standard poset terminology we refer the reader to [18]. Also, for material on binomial posets see
[8, 17, 18].

Classical examples of binomial posets are the linear order on N = {0, 1, 2, . . .}, the lattice of finite
subsets of an infinite set (this is the boolean lattice), and the lattice of finite dimensional subspaces
from an infinite dimensional vector space over the finite field Fq. These examples have the factorial
functions B(n) = 1, B(n) = n!, and B(n) = [n]!, respectively. Recall that [n] = 1 + q+ · · ·+ qn−1 and
[n]! = [1] · [2] · · · [n].

The definition of a Sheffer poset is quite similar, except that we treat the intervals of the form
[0̂, y] differently.
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Definition 2.2 A poset P is called a Sheffer poset if it satisfies the following four conditions:

1. P is locally finite with 0̂ and contains an infinite chain.

2. Every interval [x, y] is graded; hence P has rank function ρ. If ρ(x, y) = n, then we call [x, y]
an n-interval.

3. Two intervals [0̂, y] and [0̂, v], such that y 6= 0̂, v 6= 0̂, and ρ(y) = ρ(v) = n, have the same
number D(n) of maximal chains.

4. Two intervals [x, y] and [u, v], such that x 6= 0̂, u 6= 0̂, and ρ(x, y) = ρ(u, v) = n, have the same
number B(n) of maximal chains.

This definition is equivalent to Reiner’s definition of an upper binomial poset [16, page 581], that is,
the dual of an upper binomial poset is a Sheffer poset.

An interval [0̂, y], where y 6= 0̂, is called a Sheffer interval, whereas an interval [x, y], with x 6= 0̂,
is called a binomial interval. Let B be the set of all binomial intervals, and S be the set of all Sheffer
intervals. Formally, that is

B = {[x, y] : x 6= 0̂},
S = {[0̂, y] : y 6= 0̂}.

We call the pair of functions B(n) and D(n) the factorial functions of the Sheffer poset P . Since
we seldom speak about the one-element interval [0̂, 0̂], we never define D(0). It is easy to see that
B(0) = B(1) = D(1) = 1 and that both B(n) and D(n) are weakly increasing functions.

As in the theory of binomial posets, we let
[n
k

]
denote the number of elements of rank k in a

binomial interval of length n. That is, for ρ(x, y) = n and x 6= 0̂,[
n

k

]
= |{z ∈ [x, y] : ρ(x, z) = k}| .

This is a well-defined number and is given by
[n
k

]
= B(n)

B(k)·B(n−k) . Similarly, for 1 ≤ k ≤ n we define[[n
k

]
to be the number of elements of rank k in a Sheffer interval of length n. That is, for ρ(y) = n > 0,[[

n

k

]
=
∣∣∣{z ∈ [0̂, y] : ρ(z) = k

}∣∣∣ .
To find a formula for

[[n
k

]
, and thus show that this number is well-defined, count the number of

maximal chains from 0̂ to y (with ρ(y) = n) which pass through an element z of rank k. Since k ≥ 1,
[0̂, z] is a Sheffer interval and has D(k) maximal chains. The interval [z, y] is a binomial interval, thus
having B(n−k) maximal chains. Hence there are D(k) ·B(n−k) maximal chains through the element
z. Since the total number of maximal chains in the interval [0̂, y] is D(n), we conclude[[

n

k

]
=

D(n)
D(k) ·B(n− k)

.
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Observe that we do not define
[[n
k

]
when k = 0.

Next we define A(n) to be the number of atoms in a binomial interval of length n. That is, A(n)
is equal to

[n
1

]
. One then obtains that A(n) = B(n)

B(n−1) and B(n) = A(n) · · ·A(1). Also, it is easy
to see that A(n) is an increasing sequence, which implies that the numbers B(n) form a log-convex
sequence. (See [18, Exercise 3.78a].) Similarly, the sequence

[[n
1

]
= D(n)

B(n−1) is an increasing sequence.
This implies the inequality D(n+ 1) ·B(n− 1) ≥ D(n) ·B(n). Also, define C(n) to be the number of
coatoms in a Sheffer interval of length n. Thus

C(n) =
[[

n

n− 1

]
=

D(n)
D(n− 1)

.

It follows directly thatD(n) = C(n) · · ·C(1). Note that the statement “C(n) is an increasing sequence”
and “D(n) is log-convex” are equivalent. (These statements are not true in general; see Example (c).)

Finally, if D(n) is log-convex then the Whitney numbers of the second kind for a Sheffer interval
are log-concave. (To obtain

[[n
k

]2 ≥
[[

n
k−1

]
·
[[

n
k+1

]
, multiply the two inequalities D(k)2 ≤ D(k− 1) ·

D(k + 1) and B(n − k)2 ≤ B(n − k + 1) · B(n − k − 1), take the inverse on both sides and multiply
with D(n)2.)

An open problem we pose is to determine which pairs of functions B(n) and D(n) may be factorial
functions of Sheffer posets. This is most likely a very hard problem. To the authors’ knowledge it has
not yet been determined which functions are factorial functions of binomial posets. (See [18, Exercise
3.78b].)

We selected the name Sheffer for this class of posets for the following reason. Recall that a
sequence of polynomials {pn(x)}n≥0 is said to be of binomial type if deg(pn(x)) = n, pn(0) = δn,0, and
the following identity holds:

pn(x+ y) =
n∑
k=0

(
n

k

)
pk(x)pn−k(y).

Given a binomial sequence {pn(x)}n≥0, a sequence of polynomials {sn(x)}n≥0 is a Sheffer sequence
associated to the binomial sequence if for each n ∈ N, the polynomials sn(x) satisfy deg(sn(x)) = n
and the identity

sn(x+ y) =
n∑
k=0

(
n

k

)
sk(x)pn−k(y).

(These two equations may be easily expressed in terms of Hopf algebras.) Thus the main motivation
for our choice of terminology is that a Sheffer sequence has a similar relation to a binomial sequence
as a Sheffer poset to a binomial poset. This will become more apparent when we develop the theory
of the incidence algebra of Sheffer posets in greater detail.

Finally, we would like to point out that both binomial and Sheffer posets are special cases of
triangular posets. A graded poset is triangular if the number of maximal chains in the interval [x, y]
only depends upon ρ(x) and ρ(y). The interested reader is referred to [8] and [18, Exercise 3.79] for
more properties of triangular posets.
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3 Examples

Let us now consider a few examples of Sheffer posets.

a. Let P be a binomial poset with factorial function B(n). Then P is directly a Sheffer poset,
with factorial functions B(n) and D(n) = B(n), for n ≥ 1.

b. Let P be a binomial poset with factorial function B(n). By adjoining a new minimal element −̂1
to P (or more generally, to several disjoint copies of P ), we obtain a Sheffer poset with factorial
functions B(n) and D(n) = B(n− 1), for n ≥ 1.

c. Let E1, E2, . . . be an infinite sequence of disjoint nonempty finite sets, where En has cardinality
en. Consider the set

{0̂} ∪
⋃
n≥1

∏
i≥n

Ei,

where
∏

stands for cartesian product. We make this into a ranked poset by letting 0̂ be the minimal
element, and defining the cover relation by

(xn, xn+1, xn+2, . . .) ≺ (xn+1, xn+2, . . .),

where xi ∈ Ei. Thus the elements of
∏
i≥nEi have rank n. This poset is a Sheffer poset with the

factorial functions B(n) = 1 and D(n) =
∏n−1
i=1 ei. We may view this poset as an “upside-down tree.”

d. Let r be a positive integer. Consider ordered r-tuples A = (A1, A2, . . . , Ar) of subsets from an
infinite set I, such that Ai ∩ Aj = ∅ when i 6= j, and A1 ∪ A2 ∪ · · · ∪ Ar is cofinite with respect to
the set I. Define the order relation by A ≤ B if Ai ⊇ Bi for all i = 1, 2, . . . , r, and adjoin a minimum
element 0̂. We call this Sheffer poset the r-cubical lattice. It has the factorial functions B(n) = n!
and D(n) = rn−1 · (n− 1)!. These posets have been studied in [13]. When r = 1, this is the boolean
algebra with a new minimal element (see Example (b)). For r = 2, we obtain the cubical lattice.

e. Let P be a Sheffer poset. Define P (k) to be poset on the set {x ∈ P : k divides ρ(x)}. It is
easy to see that P (k) is a Sheffer poset with the factorial functions Bk(n) = B(n·k)

B(k)n for n ≥ 0, and

Dk(n) = D(n·k)
D(k)·B(k)n−1 for n ≥ 1.

f. Let P and Q be Sheffer posets. Define the poset P ∗Q on the set

P ∗Q = {(x, y) ∈ P ×Q : ρ(x) = ρ(y)},

where the order relation is (x, y) ≤ (u, v) if x ≤P u and y ≤Q v. The factorial functions of P ∗ Q
are BP (n) · BQ(n) and DP (n) ·DQ(n). The product of two Sheffer posets is not a lattice in general,
even if both Sheffer posets are lattices. In fact if there is an x ∈ P covered by u, z ∈ P and a w ∈ Q
covering y, v ∈ Q, such that ρ(x) + 1 = ρ(w) then in P ∗ Q we have (x, y) ≺ (u,w), (x, v) ≺ (u,w),
(x, y) ≺ (z, w), and (x, v) ≺ (z, w), showing that P ∗Q is not a lattice. We may use this observation
to construct two nonisomorphic Sheffer posets with identical factorial functions. Let P be the boolean
poset with a new minimal element adjoined. (See Example (b).) Let Q be the poset in Example (c)
with en = r for all n ≥ 1. Then the factorial functions of the product P ∗ Q are B(n) = n! and
D(n) = rn−1 · (n − 1)!, that is, the same factorial functions as the r-cubical lattice in Example (d).
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These two posets are not isomorphic, even though they have the same factorial functions, since the
r-cubical lattice is indeed a lattice, while P ∗Q is not.

g. Let E be a nonempty finite set of cardinality a, and r a nonnegative integer. Consider the set

{0̂} ∪ (P× Er) ,

where P = {1, 2, . . .}. Define the cover relation (n, x1, x2, . . . , xr) ≺ (n + 1, x2, . . . , xr, xr+1), where
xi ∈ E, and that 0̂ is the minimal element. Then this is a Sheffer poset with the factorial functions
B(n) = max(1, an−r) and D(n) = an−1.

h. Let I be an infinite set. Consider all triplets (A,B, π) such that A and B are cofinite subsets of
I satisfying |I−A| = |I−B| <∞, and π is a bijection between A and B. Introduce the order relation
(A,B, π) ≤ (C,D, σ) if A ⊇ C, B ⊇ D, and π|C = σ, and adjoin a minimum element 0̂. This poset
is the lattice of all partial permutations with cofinite support on an infinite set, the lattice of partial
permutations for short. It is a Sheffer poset with the factorial functions B(n) = n! and D(n+1) = n!2.
There is also a linear version of this poset, namely the lattice of all partial vector space isomorphisms.
Let W be an infinite linear space over the finite field Fq. Let the poset consists of all triplets (U, V, π),
where U and V are subspaces of W , such that dim(W/U) = dim(W/V ) < ∞ and π : U −→ V is
an isomorphism. As before, the order relation is given by restriction and by adjoining a minimum
element 0̂. That is, (U, V, π) ≤ (X,Y, σ) if U ⊇ X, V ⊇ Y , and π|X = σ. The factorial functions of
this lattice are B(n) = [n]! and D(n+ 1) = (q − 1)n · q(

n
2) · [n]!2. Compare these two lattices with the

the lattice of bilinear forms [4, 20].

i. Consider the 120-cell, that is, the four dimensional regular polytope with Schläfi symbol {5, 3, 3},
see [7]. Its face lattice is a graded poset of rank 5. This poset is not a Sheffer poset, since it is not
infinite, but it has the other properties of a Sheffer posets. In fact, the factorial functions are B(n) = n!
for n ≤ 4, and D(1) = 1, D(2) = 2, D(3) = 10, D(4) = 120, and D(5) = 14400.

j. The isotropic subspace lattice I(Fq) is a Sheffer poset with the factorial functions B(n) = [n]!
and D(n+ 1) = [2n]!! = [2n] · [2n− 2] · · · [2], where q is a prime power. Hence, we may consider In(Fq)
as the q-analogue of the cubical lattice in Example (d). A reference for this lattice is [22]. We will
discuss a generalization of this lattice in Section 8.

Notice that Examples (a), (e), (f) and (j) have been considered in [16, pages 581-582].

4 The incidence algebra of Sheffer posets

Let I(P ) be the incidence algebra of a Sheffer poset P over a field of complex numbers. Consider the
following two subspaces of I(P ):

R(P ) = {f ∈ I(P ) : f(x, y) = 0 if [x, y] 6∈ B, f(x, y) = f(u, v) if ρ(x, y) = ρ(u, v)},
M(P ) = {g ∈ I(P ) : g(x, y) = 0 if [x, y] 6∈ S, g(0̂, y) = g(0̂, v) if ρ(y) = ρ(v)}.

That is, an element f in R(P ) may only take on non-zero values on a binomial interval, whereas an
element g in M(P ) may only take on non-zero values on a Sheffer interval. Moreover, the values of a
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function in either R(P ) or M(P ) depend only on the length of the interval. Thus for f ∈ R(P ) we
denote by f(n) the value of the function f applied to a binomial interval of length n. Also, we let
g(n) denote the value of the function g ∈M(P ) applied to a Sheffer interval of length n.

It is easy to see that R(P ) is closed under convolution. More interestingly, if g ∈ M(P ) and
f ∈ R(P ) then gf ∈M(P ). Hence we may view M(P ) as a R(P )-module.

Recall that C[[t]] denotes the ring of formal power series in the variable t whose coefficients are
complex numbers. Let C0[[t]] be the module of formal power series without a constant coefficient.
That is, C0[[t]] = t · C[[t]]. Define two linear maps φ : R(P ) −→ C[[t]] and ψ : M(P ) −→ C0[[t]] by

φ(f) =
∑
n≥0

f(n)
tn

B(n)
,

ψ(g) =
∑
n≥1

g(n)
tn

D(n)
.

Proposition 4.1 The pair of linear maps (φ, ψ) is an isomorphism between the algebra-module pair
(R(P ),M(P )) and the algebra-module pair (C[[t]],C0[[t]]). That is, for f, f ′ ∈ R(P ) and g ∈ M(P )
we have

φ(ff ′) = φ(f) · φ(f ′),
ψ(gf) = ψ(g) · φ(f).

See also Reiner [16, Prop. 3.1] for an equivalent statement.

Let µ(n) be the Möbius function of a binomial n-interval. Similarly let µ(n) be the Möbius function
of a Sheffer n-interval for n ≥ 1. Since the Möbius function may be computed by Philip Hall’s formula,
which just involves counting chains, one may conclude that both µ(n) and µ(n) are well-defined. We
may view µ as an element of R(P ) and µ as an element of M(P ). Also define the delta and zeta
functions δ, ζ ∈ R(P ) and ζ ∈ M(P ) by δ(n) = δn,0 for n ≥ 0, ζ(n) = 1 for n ≥ 0 and ζ(n) = 1 for
n ≥ 1. Observe that δ is the unit in R(P ).

Since µζ = δ, we conclude by Proposition 4.1 that

∑
n≥0

µ(n)
tn

B(n)
=

∑
n≥0

tn

B(n)

−1

.

Similarly for the Möbius function of a Sheffer interval we obtain the identity

−µ = ζµ.

In fact, let y ∈ P be of rank n > 0. Then we have that

−µ(0̂, y) =
∑

0̂<z≤y

µ(z, y)
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=
∑

0̂<z≤y

ζ(0̂, z)µ(z, y)

= ζµ(0̂, y).

By applying ψ to this identity, we obtain the following:

Lemma 4.2 (Reiner, [16])

−
∑
n≥1

µ(n)
tn

D(n)
=

∑
n≥1

tn

D(n)

 ·
∑
n≥0

tn

B(n)

−1

.

Let us now apply this lemma to two examples. In Example (c) we have

∑
n≥1

µ(n)
tn

e1 · · · en−1
= −

∑
n≥1

tn

e1 · · · en−1

 · (1− t)
=

∑
n≥2

en−1 ·
tn

e1 · · · en−1
−
∑
n≥1

tn

e1 · · · en−1
.

Hence µ(n) = en−1 − 1 for n ≥ 2. This can also be proven by a direct combinatorial argument.

For the r-cubical lattice in Example (d) we have the computation

∑
n≥1

µ(n)
tn

D(n)
= −t · e

t
r · e−t

= −
∑
n≥1

(1− r)n−1 · tn

rn−1 · (n− 1)!
.

Thus µ(n) = −(1− r)n−1 = (−1)n · (r − 1)n−1.

We may count the number of chains of length k in a Sheffer interval of length n by considering the
element ζ(ζ − δ)k−1 in the incidence algebra. The corresponding generating function is∑

n≥1

tn

D(n)

 ·
∑
n≥1

tn

B(n)

k−1

.

Lemma 4.3 Let Zn(w) be the zeta polynomial in the variable w of a Sheffer interval of length n.
Then the generating series for the zeta polynomials is given by

∑
n≥1

Zn(w)
tn

D(n)
=

∑
n≥1

tn

D(n)

 ·
∑

n≥0

tn

B(n)

w − 1

 ·
∑
n≥1

tn

B(n)

−1

.

This formula is valid for any complex number w.
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Proof: We only need to prove this identity for w being a positive integer, since the coefficients of
tn

D(n) on both sides of the identity are polynomials in w. Recall that two polynomials are equal if they
agree on an infinite number of values. Now observe that ζζk−1 counts the number of multichains of
length k, 0̂ = x0 ≤ x1 ≤ · · · ≤ xk = y, in a Sheffer interval [0̂, y] of length n such that x0 < x1. Hence,
the number of multichains of length k without such a restriction is counted by

ζ + ζζ + · · ·+ ζζk−1 = ζ
ζk − δ
ζ − δ

.

The corresponding generating function is∑
n≥1

tn

D(n)

 ·

∑
n≥0

tn

B(n)

k − 1

 ·
∑
n≥1

tn

B(n)

−1

.

2

This lemma implies Lemma 4.2 by setting w = −1.

To illustrate Lemma 4.3, the r-cubical lattice from Example (d) satisfies

∑
n≥1

Zn(w)
tn

D(n)
= t · e

t
r ·
(
ewt − 1

)
·
(
et − 1

)−1
.

By setting t = rx, this may be written

∑
n≥0

Zn+1(w)
xn

n!
= ex · e

wrx − 1
erx − 1

.

5 Linear edge-labelings

In this section, we relax the usual R-labeling condition used to compute the Möbius function of a
rank-selected poset to that of a linear edge-labeling. We define two functions η and ν which generalize
the notion of the zeta function and the Möbius function.

A linear edge-labeling λ of a locally finite poset P is a map which assigns to each edge in the
Hasse diagram of P an element from some linearly ordered poset Λ. If x and y is an edge in the
poset, that is, y covers x in P , then we denote the label on this edge by λ(x, y). A maximal chain
x = y0 ≺ y1 ≺ · · · ≺ yk = z in an interval [x, z] in P is called rising if the labels are weakly increasing
with respect to the order of Λ, that is, λ(y0, y1) ≤Λ λ(y1, y2) ≤Λ · · · ≤Λ λ(yk−1, yk). Similarly, a
maximal chain in an interval is falling if the labels are strictly decreasing. We will denote the number
of rising maximal chains in the interval [x, z] by η(x, z). (Note that η(x, x) = 1 and when x ≺ y then
η(x, y) = 1.) A linear edge-labeling is called an R-labeling if η(x, z) = 1 for all intervals [x, z]. That
is, η = ζ, where ζ is the usual zeta-function in the incidence algebra of P .
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Lemma 5.1 Let P be a finite poset with 0̂ and 1̂, which is not necessarily ranked. Assume that P has
a linear edge labeling λ. Let F be the set of falling maximal chains in P . Then

η−1(0̂, 1̂) =
∑
c∈F

(−1)length(c).

One can prove this statement by convoluting the expression for η−1 with η to obtain δ, the identity
element in incidence algebra. Another way to prove this is to apply Lemma 5.3. When the linear
edge-labeling is an R-labeling, Lemma 5.1 gives a method to compute the Möbius function µ(0̂, 1̂) =
ζ−1(0̂, 1̂). This lemma is a generalization of a result due to Björner and Wachs [5].

Let P be a poset of rank n with a linear edge-labeling λ. We introduce the notation [n] =
{1, 2, . . . , n}. For a maximal chain c = {0̂ = x0 ≺ x1 ≺ . . . ≺ xn = 1̂} in P , the descent set of the
chain c is

D(c) = {i : λ(xi−1, xi) > λ(xi, xi+1)}.

Observe that D(c) is a subset of the set [n− 1].

For a subset S of [n− 1], we define the S-rank-selected subposet PS by

PS = {z ∈ P : z = 0̂, z = 1̂, or ρ(z) ∈ S}. (2)

We denote the Möbius function of PS by µS(0̂, 1̂). The S-rank-selected Möbius invariant β(P, S) =
β(S) is defined by

β(S) =
∑
T⊆S

(−1)|S−T |α(T ),

where α(T ) is the number of maximal chains in the rank-selected subposet PT . Recall that β(S) is
equal to Möbius function of PS up to a sign, namely β(S) = (−1)|S|−1µS(0̂, 1̂). See [18]. Finally, we
define β∗(S) to be the number of maximal chains in the poset P having descent set S with respect to
the linear edge-labeling λ.

The next proposition will explain the relation between β∗(S) and η.

Proposition 5.2 Let P be a finite graded poset of rank n, with a linear edge-labeling λ. Assume
that the number of rising chains in the interval [x, y] is η(x, y). Let S be a subset of ranks, that is,
S ⊆ [n− 1]. Let ηS be the restriction of η to I(PS), the incidence algebra of PS. Then the number of
chains with descent set S, β∗(S), is given by (−1)|S|−1 · η−1

S (0̂, 1̂), where η−1
S is the inverse of ηS in

I(PS).

When the linear edge-labeling is an R-labeling, Proposition 5.2 reduces to a well-known result of
Björner and Stanley [3, Theorem 2.7]: if P is a graded poset of rank n, S ⊆ [n− 1], and P admits an
R-labeling, then β(S) equals the number of maximal chains in P having descent set S with respect to
the given R-labeling λ. Notice that in this case β∗(S) = β(S).

The following lemma is generalization of Philip Hall’s formula for the Möbius function. It will be
used in the proof of Proposition 5.2.
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Lemma 5.3 Let P be a locally finite poset. Let f be a function in in the incidence algebra of the
poset P such that f(x, x) = 1 for all x ∈ P . Then f is invertible. Its inverse is given by f−1(x, x) = 1
and for x < z:

f−1(x, z) =
∑

x=y0<y1<···<yn=z

(−1)n · f(y0, y1) · f(y1, y2) · · · f(yn−1, yn).

We omit the proof of this lemma, since it is straightforward. Lemma 5.3 is stated in a slightly more
general form in [2, Proposition 4.11].

Proof of Proposition 5.2: Recall that β∗(S) is the number of maximal chains in the poset P that
have descent set S. Similarly, define α∗(S) to be the number of maximal chains in the poset P whose
descent set is contained in the set S. Directly we have that

α∗(S) =
∑
T⊆S

β∗(T ) and β∗(S) =
∑
T⊆S

(−1)|S−T | · α∗(T ).

Define
γ(S) =

∑
0̂=z0≺z1≺···≺zk=1̂

ηS(z0, z1) · ηS(z1, z2) · · · ηS(zk−1, zk),

where the sum is over all maximal chains in PS . This may be written as

γ(S) =
∑

0̂=y0<y1<···<yk=1̂

η(y0, y1) · η(y1, y2) · · · η(yk−1, yk),

where the sum is over all chains in P whose ranks are exactly S. By Lemma 5.3, we may express
η−1
S (0̂, 1̂) as

η−1
S (0̂, 1̂) =

∑
T⊆S

(−1)|T |+1 · γ(T )

= (−1)|S|−1 ·
∑
T⊆S

(−1)|S|−|T | · γ(T ).

Thus to prove the proposition it is enough to prove that α∗(S) = γ(S), for all subsets S of [n− 1].

To do this, consider a maximal chain 0̂ = z0 ≺ z1 ≺ · · · ≺ zk = 1̂ in PS . We would like to extend
this chain to a maximal chain in P , say 0̂ = x0 ≺ x1 ≺ · · · ≺ xn = 1̂, such that the subchain in
each interval [zi−1, zi] is rising. Clearly this may be done in η(z0, z1) · η(z1, z2) · · · η(zk−1, zk) possible
ways. Observe that the chains constructed have their descent set in S. Also, each maximal chain with
descent set contained in S may be constructed in this way. Thus the equality α∗(S) = γ(S) holds. 2

The r-cubical lattice from Example (d) has a very nice linear edge-labeling described as follows:
for the cover relation A ≺ B, A 6= 0̂, label the corresponding edge in the Hasse diagram by (i, a),
where i is the unique index such that Ai 6= Bi, and let a be the singleton element in Ai −Bi. For the
relation 0̂ ≺ B let the label be the special element G. Hence, the set of labels Λ are ([r]× I) ∪ {G}.
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So far we have not given a linear order on the set of labels Λ. We now do this. Let p be an integer
such that 0 ≤ p ≤ r. Choose any linear order of Λ which satisfies the following condition

(i, j) <Λ G =⇒ i ≤ r − p, and (i, j) >Λ G =⇒ i > r − p. (3)

That is, the labels above the element G in the ordering of Λ are those whose first coordinate is from
the set {r− p+ 1, r− p+ 2, . . . , r}. There are p possible first coordinates there. The labels below the
element G have their first coordinate from the set {1, 2, . . . , r − p}.

Lemma 5.4 Let Λ be a linear order on the set ([r] × I) ∪ {G} satisfying condition (3). Then the
above-described linear edge-labeling for the r-cubical lattice has the following η function:

η(x, y) =


1 if 0̂ = x = y,

pρ(y)−1 if 0̂ = x < y,

1 if 0̂ < x ≤ y.

Proof: We first show that there is a unique rising chain for a binomial interval [A,B]. This interval
is a boolean poset. Observe that every chain in the interval [A,B] consists of the same set of labels.
Since the interval is boolean, every permutation of the labels corresponds to a maximal chain in [A,B].
Hence there exists a unique chain where the labels are increasing.

For a Sheffer interval [0̂, B], all the chains begin with the label G. Recall that the labels in Λ greater
than G are of the form (i, a), where i ∈ {r − p + 1, r − p + 2, . . . , r}. Hence all the other labels of a
rising chain must have their first entry in this set. Thus we conclude that an atom A = (A1, . . . , Ar)
in a rising chain in [0̂, B] satisfies Aj = Bj for j ≤ r − p. Let H be the set of elements missing from
B = (B1, . . . , Br), that is, H = I −

⋃r
i=1Bi. For each element in H there p possibilities in which set

Ar−p+1, . . ., Ar it may belong. There are thus p|H| possible atoms for a rising chain in [0̂, B].

From such an atom A to the element B there exists only one unique rising chain, since [A,B] is a
binomial interval. Thus there are p|H| = pρ(B)−1 rising chains in the interval [0̂, B]. 2

6 The ν-function of rank selections

Let P be a Sheffer poset. Proposition 5.2 and Lemma 5.4 suggests that we study the following function,
η, in the incidence algebra of the Sheffer poset P :

η(x, y) =


1 if 0̂ = x = y,

η(n) if 0̂ = x < y and ρ(y) = n,

1 if 0̂ < x ≤ y,

where η is a function from the positive integers P to the complex numbers C, since the incidence
algebra we consider is over the complex numbers.
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Let S be a subset of the positive integers P. For an interval [x, y] in the Sheffer poset P define the
rank-selected interval [x, y]S by

[x, y]S = {z ∈ [x, y] : z = x, z = y, or ρ(z) ∈ S}.

Let νS be the inverse of η with respect to this rank selection, that is,

δ(x, y) =
∑

z∈[x,y]S

νS(x, z) · η(z, y).

For a binomial interval [x, y], that is x > 0̂, we have that νS(x, y) is the Möbius function of the
rank-selected interval [x, y]S , also denoted by µS(x, y). Thus our interest will focus on the values
of νS(0̂, y). By considering Lemma 5.3, we may conclude that νS(0̂, y) only depends on the rank
of y. Thus we can view νS as an element of M(P ) and we are allowed to write νS(n). Also define
β∗(n, S) = (−1)|S|−1νS(n).

When we set η(n) ≡ 1 for all n ∈ P then η is equal to ζ, the classical zeta function. In this case
we obtain that for all intervals [x, y], νS(x, y) is equal to µS(x, y), the Möbius function of [x, y]S , and
that β∗(n, S) is equal to the S-rank-selected Möbius invariant for a Sheffer n-interval [0̂, y].

MacMahon gave a determinantal identity for the number of permutations in the symmetric group
having a fixed descent set [12, Article 157]. An equivalent determinant was given by Niven [14,
Theorem 4]. By generalizing this determinant, we obtain a closed form formula for β∗(n, S).

Lemma 6.1 Let n be a positive integer and S a subset of P with S ∩ [n− 1] = {k1 < k2 < · · · < kr}.
Then β∗(n, S) is given by the following determinant

β∗(n, S) = det



η(k1)
[[
k1

k1

] [[
k1

k2

]
· · ·

[[
k1

kr

]
η(k2)

[[
k2

k1

] [[
k2

k2

]
· · ·

[[
k2

kr

]
...

...
...

. . .
...

η(kr)
[[
kr
k1

] [[
kr
k2

]
· · ·

[[
kr
kr

]
η(n)

[[
n
k1

] [[
n
k2

]
· · ·

[[
n
kr

]


,

where
[[n
k

]
= 0 when k > n.

The proofs of the remaining results in this section are modeled after Stanley’s theory of rank
selections of binomial posets, see [17, 18]. Thus we omit them.

Lemma 6.2 For a Sheffer poset P , with factorial functions B(n) and D(n) and S ⊆ P, we have

−
∑
n≥1

(η(n) + νS(n))
tn

D(n)
=

(∑
n∈S

νS(n)
tn

D(n)

)
·

∑
n≥1

tn

B(n)

 .
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When S = P then we write ν(n) = ν
P

(n). Lemma 6.2 then implies that

−
∑
n≥1

η(n)
tn

D(n)
=

∑
n≥1

ν(n)
tn

D(n)

 ·
∑
n≥0

tn

B(n)

 . (4)

By setting η(n) ≡ 1, we have µ(n) = ν(n) for all n ∈ P. In this case, equation (4) implies Lemma 4.2.

The Sheffer poset P (k) in Example (e) is used to obtain the next lemma.

Lemma 6.3 Let S = k · P = {k, 2k, 3k, . . .}. Then

−
∑
n∈S

νS(n)
tn

D(n)
=

∑
n≥1

η(k · n)
tk·n

D(k · n)

 ·
∑
n≥0

tk·n

B(k · n)

−1

.

By combining Lemmas 6.2 and 6.3 we conclude:

Lemma 6.4 Let S = k · P = {k, 2k, 3k, . . .}. Then

∑
n≥1

(η(n) + νS(n))
tn

D(n)
=

∑
n≥1

η(k · n) · tk·n

D(k · n)

 ·
∑
n≥0

tk·n

B(k · n)

−1

·

∑
n≥1

tn

B(n)

 . (5)

2

As an example of Lemma 6.4, consider the r-cubical lattice of Example (d) when k = 2, that is,
S = 2 · P = {2, 4, 6, . . .}. Recall that the factorial functions are B(n) = n! and D(n) = rn−1 · (n− 1)!.
Let η(n) = pn−1, as suggested in Lemma 5.4. We then obtain∑

n≥1

(pn−1 + νS(n))
tn

D(n)
= t · sinh

(
pt

r

)
· (cosh(t))−1 ·

(
et − 1

)
.

This may also be written as∑
n≥0

νS(n+ 1)
xn

n!
= sinh(px) · sech(rx) · (erx − 1)− epx.

We are interested in the values of β∗(n, S), when S = k · P. Since |S ∩ [n − 1]| =
⌊
n−1
k

⌋
= m,

clearly β∗(n, S) = (−1)m−1 · νS(n) holds. By generating function techniques we obtain:

Proposition 6.5 For S = k · P = {k, 2k, 3k, . . .} and 1 ≤ j ≤ k, we have∑
m≥0

n=mk+j

β∗(n, S)
tn

D(n)
=
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= −

∑
n≥1

(−1)n · η(k · n) · tk·n

D(k · n)

 ·
∑
n≥0

(−1)n · tk·n

B(k · n)

−1

·

 ∑
m≥0

n=mk+j

(−1)m · tn

B(n)


+

∑
m≥0

n=mk+j

(−1)m · η(n) · tn

D(n)
.

When j = k we obtain the following corollary.

Corollary 6.6 For S = k · P = {k, 2k, 3k, . . .}, we have

∑
n≥1

β∗(k · n, S)
tk·n

D(k · n)
=

∑
n≥1

(−1)n−1 · η(k · n) · tk·n

D(k · n)

 ·
∑
n≥0

(−1)n · tk·n

B(k · n)

−1

.

Lemmas 6.2, 6.3, and 6.4, Proposition 6.5, and Corollary 6.6 reduce to results of Stanley [17, 18]
when we apply them to a binomial poset and set ν(n) ≡ 1.

7 Augmented r-signed permutations

Definition 7.1 An augmented r-signed permutation is a list of the form

(G, (i1, j1), (i2, j2), . . . , (in, jn)),

where i1, i2, . . . , in ∈ [r] and (j1, j2, . . . , jn) form a permutation on n elements.

We view the elements i1, . . . , in as signs; hence the name r-signed permutation. Since we list the
special element G first, we say that the permutation is augmented.

The descent set of an augmented r-signed permutation π = (G = s0, s1, . . . , sn) is the set

D(π) = {i : si−1 >Λ si},

where Λ is a linear order on the set ([r]× [n])∪{G}. We say that the augmented r-signed permutation
π is Λ-alternating if D(π) = {2, 4, 6, . . .}.

Recall the r-cubical lattice of Example (d). Let B be an element of rank n + 1 in this lattice.
Without loss of generality, we may assume that I −

⋃r
i=1Bi = [n]. Observe that the set of maximal

chains in the Sheffer interval [0̂, B] corresponds to augmented r-signed permutations. The number
of augmented r-signed permutations having a certain descent set is equal to the number of maximal
chains with this same descent set.
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We will now apply this connection with maximal chains to count augmented r-signed permutations
which are Λ-alternating. Assume that the linear order Λ satisfies condition (3). Thus by Lemma 5.4,
we have η(n) = pn−1. Corollary 6.6 with k = 2 yields the following generating functions:

∑
n≥1

(−1)n−1 · η(2n) · t2n

D(2n)
= t · sin

(
pt

r

)
,

∑
n≥0

(−1)n · t2n

B(2n)
= cos(t).

Thus in the case of the r-cubical lattice, this corollary specializes to the identity

∑
m≥0

n=2m+2

β∗(n, S)
tn

D(n)
= t · sin

(
pt

r

)
· sec(t).

Apply now Proposition 6.5 with k = 2 and j = 1. Then we obtain

∑
m≥0

n=2m+1

(−1)m · tn

B(n)
= sin(t),

∑
m≥0

n=2m+1

(−1)m · η(n) · tn

D(n)
= t · cos

(
pt

r

)
.

Thus we also have the identity

∑
m≥0

n=2m+1

β∗(n, S)
tn

D(n)
= t · sin

(
pt

r

)
· sec(t) · sin(t) + t · cos

(
pt

r

)

= t · sec(t) ·
(

sin
(
pt

r

)
· sin(t) + cos

(
pt

r

)
· cos(t)

)
= t · sec(t) · cos

(
t− pt

r

)
.

Adding these two equations yields

∑
n≥1

β∗(n, S)
tn

D(n)
= t · sec(t) ·

(
sin
(
pt

r

)
+ cos

(
(r − p)t

r

))
.

This can be made into an exponential generating function by dividing by t, and letting t = rx. Thus
we have found the exponential generating function for β∗(n + 1, S), where S = 2 · P = {2, 4, 6, . . .}.
Equivalently:

Proposition 7.2 Let Λ be a linear order on the set ([r] × [n]) ∪ {G} satisfying condition (3). Then
the exponential generating function of the number of Λ-alternating augmented r-signed permutations
is

sin(px) + cos((r − p)x)
cos(rx)

. (6)
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When r = p = 1, the right-hand side of equation (6) becomes the classical expression tan(x) +
sec(x). This is the exponential generating function of the Euler numbers, which count the number
of alternating permutations in the symmetric group. When r = 2 and p = 1, the right-hand side
becomes sec(2x) · (sin(x) + cos(x)). This generating function has been obtained by Purtill [15] when
enumerating alternating augmented signed permutations. Also, two very similar generating functions
have been obtained by Steingŕımsson [21] which are equivalent to the two cases p = 1 and p = r − 1.

Note that Proposition 7.2 may be proved directly with a combinatorial argument. That is, by
conditioning on where the largest element is in the permutation, one obtains recursion formulas.
From these recursion formulas one may easily set up linear differential equations for the generating
function. However, this straightforward argument does not explain why the generating functions that
occur have the form that they indeed have.

By the Hardy-Littlewood-Karamata Tauberian theorem [6] we can easily compute the asymptotics
for β(n+1, S). Recall that a function L(t) varies slowly at infinity if for every s > 0, L(st) ∼ L(t) as
t→∞. The theorem says that if A(z) =

∑
n≥0 anz

n has radius of convergence R, an are nonnegative
and monotonic increasing, and if for some ρ > 0 and some L which varies slowly at infinity

A(x) ∼ (R− x)−ρL
(

1
R− x

)
as x −→ R−,

then

an ∼
nρ−1L(n)

Γ(ρ)
R−n−ρ.

Lemma 7.3 For S = 2 · P = {2, 4, 6, . . .}, we have when n −→∞

β∗(n+ 1, S) ∼ 4
π
· sin

(
p · π
2r

)
·
(

2r
π

)n
· n!.

Proof: Apply the Hardy-Littlewood-Karamata Tauberian theorem to the generating function in
equation (6), with R = π

2r , ρ = 1, and L = 2 · r−1 · sin
(pπ

2r

)
. 2

8 A linear generalization of the 4-cubical lattice

Recall that the isotropic subspace lattice in Example (j) may be viewed as a linear version of the
cubical lattice. In this section we will obtain a lattice that is a linear generalization of the 4-cubical
lattice. This construction is closely related to the quaternions as the isotropic subspace lattice is related
to the complex numbers. Thus this lattice is named the quaternionic-isotropic subspace lattice. It is
interesting to note that the construction presented here only works over an ordered field, and thus not
over a finite field.
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Consider the matrices A1, A2, A3, and A4 defined below.

A1 = I4, A2 =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 , A3 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 , A4 =


0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

 .
These matrices fulfill the quaternion relations, that is, A1 is the identity, and we have that A2

2 = A2
3 =

A2
4 = −A1, A2A3 = A4, A3A4 = A2, A4A2 = A3, A3A2 = −A4, A4A3 = −A2, and A2A4 = −A3.

Thus we can represent the quaternions H as 4 by 4 matrices by the following map:

Φ(a+ bi + cj + dk) = aA1 + bA2 + cA3 + dA4.

That is,

Φ(a+ bi + cj + dk) =


a −b −c −d
b a −d c
c d a −b
d −c b a

 .
It is easy to check that this map is indeed an algebra map. Moreover det(Φ(a + bi + cj + dk)) =
(a2 + b2 + c2 + d2)2.

Let F be an ordered field. (Two examples of an ordered field are the reals R and the rationals Q.)
Since −1, 0, 1 ∈ F we consider the matrices A1, . . . , A4 to be matrices with entries in the field F.

Lemma 8.1 For a nonzero vector x ∈ F4, the set {A1x, A2x, A3x, A4x} forms an orthogonal basis
for F4.

Proof: Consider the determinant det(A1x, A2x, A3x, A4x), where x = (x1, x2, x3, x4). It is easy to
compute that this determinant is equal to (x2

1 + x2
2 + x2

3 + x2
4)2, which is non-zero since the field F is

ordered. Hence the four vectors A1x, A2x, A3x, A4x are linearly independent.

Observe that A2, A3, and A4 are skew symmetric. For i 6= j, we have that A∗i ·Aj = ±Ai ·Aj = ±Ak
for some k = 2, 3, 4. Now (Aix)∗ ·Ajx = ±x∗Akx = 0, since Ak is skew-symmetric. 2

We remark that this lemma fails for a vector space over a field of positive characteristic.

Let Bi be the 4n by 4n matrix given by Bi = Ai⊗In. Notice that we have the quaternion relations
for B1, B2, B3, and B4. That is, B2 ·B3 = B4, and so on. From the previous lemma we obtain

Lemma 8.2 For a nonzero vector x ∈ F4n, the set {B1x, B2x, B3x, B4x} is linearly independent and
orthogonal.

We can now define three skew-symmetric bilinear forms on F4n by

〈x y〉i = x∗Biy for i = 2, 3, 4.
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For V a subspace of F4n, define V ′ as

V ′ =
{
x ∈ F4n : ∀y ∈ V, 〈x y〉2 = 〈x y〉3 = 〈x y〉4 = 0

}
.

We call a subspace V isotropic if V ⊆ V ′. That V is isotropic is equivalent to for all x,y ∈ V we have
〈x y〉2 = 〈x y〉3 = 〈x y〉4 = 0.

Lemma 8.3 If V is an isotropic subspace of F4n then the four subspaces B1V = V , B2V , B3V , and
B4V are pairwise orthogonal.

Proof: To show thatBiV andBjV are orthogonal to each other, consider (Bix)∗(Bjy) where x,y ∈ V .
Let k be the index such that BiBj = ±Bk. Note that k 6= 1. Thus we have (Bix)∗(Bjy) = x∗B∗iBjy =
±x∗BiBjy = ±x∗Bky = 〈x y〉k = 0, since V is isotropic. 2

Proposition 8.4 If V is an isotropic subspace of F4n then dim(V ′) = 4n− 3 · dim(V ).

Proof: Since B2V , B3V , and B4V are pairwise orthogonal, we obtain

dim

(
4⊕
i=2

BiV

)
=

4∑
i=2

dim (BiV ) = 3 · dim (V ) .

We also have

V ′ =
4⋂
i=2

{
x ∈ F4n : ∀y ∈ V 〈x y〉i = 0

}

=
4⋂
i=2

{
x ∈ F4n : ∀y ∈ V x∗Biy = 0

}

=
4⋂
i=2

{
x ∈ F4n : ∀y ∈ BiV x∗y = 0

}

=
4⋂
i=2

(BiV )⊥

=

(
4⊕
i=2

BiV

)⊥
.

Hence we conclude that

dim
(
V ′
)

= dim

( 4⊕
i=2

BiV

)⊥
= 4n− dim

(
4⊕
i=2

BiV

)
= 4n− 3 · dim (V ) .

2
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Corollary 8.5 An isotropic subspace of F4n has dimension at most n.

Proof: Since V ⊆ V ⊥ we have that dim(V ) ≤ dim(V ′) = 4n − 3 · dim(V ). This inequality implies
dim(V ) ≤ n. 2

Define the quaternionic-isotropic subspace lattice, I4
n(F), to be the poset of all isotropic subspaces

of F4n, with the order relation V ≤ W if V ⊇ W , and adjoin a minimal element 0̂. This poset is a
graded lattice and has rank n+ 1.

Proposition 8.6 The set of maximal chains in I4
n(F) is parametrized by the set(

1 + F+ · · ·+ F
4n−1

)
·
(
1 + F+ · · ·+ F

4n−5
)
· · ·
(
1 + F+ F

2 + F
3
)
.

The construction of the isotropic subspace lattice In(F) in Example (j) is done in an analogous
manner by starting with the two matrices

C1 =

(
1 0
0 1

)
and C2 =

(
0 −1
1 0

)
.

These matrices describe how to embed the complex numbers as 2 by 2 real matrices. Let D2 = C2⊗In
and define a skew-symmetric bilinear form on F2n by 〈x y〉 = x∗D2y. For a subspace V of F2n define
V ′ =

{
x ∈ F2n : ∀y ∈ V, 〈x y〉 = 0

}
. A subspace V is called isotropic if V ⊆ V ′. It is easy to

prove a statement analogous to that of Proposition 8.4, namely if V is an isotropic subspace of F2n

then dim(V ′) = 2n − dim(V ). To prove this we do not need versions of Lemmas 8.1, 8.2, and 8.3,
hence the construction may be done over any field F. Let In(F) be the poset of all isotropic subspaces
of F2n ordered by reverse inclusion with minimal element 0̂ adjoined. Similar to Proposition 8.6
we have that the set of maximal chains in In(F) is parametrized by the set

(
1 + F+ · · ·+ F

2n−1
)
·(

1 + F+ · · ·+ F
2n−3

)
· · · (1 + F).

9 Concluding remarks

In this paper we have generalized the theory of binomial posets and their rank selections to Sheffer
posets. We are presently considering a number of related questions. For example, the ν-function
associated with the r-cubical lattice enabled us to enumerate augmented r-signed permutations. We
would like to find other examples of posets whose associated ν-function leads to elegant enumerative
results.

It would be interesting to find other useful examples of linear edge labelings, such as the classical
R-labelings. For example, see Stanley [19] for an extension of R-labelings, called relative ER-labelings.
In our language a relative ER-labeling is a linear edge labeling such that η(x, y) ≤ 1 and if η(x, y) = 1
then η(x′, y′) = 1 for all x ≤ x′ ≤ y′ ≤ y.
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So far we know three linear analogues of the r-cubical lattice, in the cases r = 1, 2, and 4. They
correspond to the real numbers, the complex numbers and the quaternions. It is natural to ask if
there is a similar construction based on the Cayley numbers, that is, when r = 8. Also, it would be
nice to find a construction that works for all possible r.

Recently the authors have discovered a deeper theory about the r-cubical lattice and augmented
r-signed permutations. This will appear in a forthcoming paper on the r-cubical lattice [9].

Finally, the generating function sec(rx) · (sin(px) + cos((r− p)x)) suggests the following question:
Do other such classes of generating functions naturally occur? More generally, is there a theory of
trigonometric generating functions in enumerative combinatorics?

10 Résumé substantiel en français

La théorie des ensembles partiellements ordonnés (posets) binomiaux, développée par Doubilet, Rota,
et Stanley [8], explique pourquoi les fonctions génératrices de la forme (1) se rencontrent en combina-
toire énumérative, pour certaines suites B(n). Parmi elles on trouve les suites B(n) = 1, B(n) = n!,
et B(n) = [n]!. Stanley a continué le développement de cette théorie en étudiant les “rank-selected
posets” [17]. Comme application, il a montré pourquoi la fonction génératrice de type exponentiel
des nombres d’Euler a la forme tan(x) + sec(x). Rappelons que les nombres d’Euler dénombrent les
permutations alternées dans le groupe symétrique.

Nous développons une extension des posets binomiaux, que nous appelons les posets de Sheffer,
pour expliquer l’existence d’une plus grande classe de fonctions génératrices.

Définition 2.2 Un poset P s’appelle un poset de Sheffer s’il satisfait les quatre conditions suivantes:

1. P est localement fini avec un 0̂ et il contient une châıne infinie.

2. Tout intervalle [x, y] est gradué; donc P a une fonction de rang ρ. Si ρ(x, y) = n, alors nous
appelons [x, y] un n-intervalle.

3. Deux intervalles [0̂, y] et [0̂, v], tels que y 6= 0̂, v 6= 0̂, et ρ(y) = ρ(v) = n, ont le même nombre
D(n) de châınes maximales.

4. Deux intervalles [x, y] et [u, v], tels que x 6= 0̂, u 6= 0̂, et ρ(x, y) = ρ(u, v) = n, ont le même
nombre B(n) de châınes maximales.

Un intervalle [0̂, y], où y 6= 0̂, s’appelle un intervalle de Sheffer, tandis qu’un intervalle [x, y], avec
x 6= 0̂, s’appelle un intervalle binomial. Pour la terminologie standard des posets, nous renvoyons le
lecteur à [18].

Un exemple important d’un poset de Sheffer est le treillis de r-cubique. Voir Exemple (d), Section 3
pour sa définition. Cette famille de posets est étudiée dans [13]. Quand r = 1, c’est l’algèbre de Boole
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avec un nouveau élément minimum (voir Exemple (b)). Pour r = 2, nous obtenons le treillis cubique.
Pour d’autres exemples de posets de Sheffer, voir la Section 3.

Nous étudions ensuite l’algèbre d’incidence d’un poset de Sheffer. Pour un poset de Sheffer P ,
soit R(P ) la sous-algèbre qui consiste en les elements f de l’algèbre d’incidence de P , I(P ), dont
la valeur f(x, y) ne dépent que de la longueur de l’intervalle [x, y] et dont le support est contenu
dans l’ensemble des intervalles binomiaux. De même, soit M(P ) l’ensemble des éléments de l’algèbre
d’incidence qui dépendent seulement de la longueur de l’intervalle et dont le support est contenu dans
l’ensemble des intervalles de Sheffer. On considère M(P ) comme un R(P )-module, où la multiplication
est la convolution usuelle dans l’algèbre d’incidence I(P ). Le résultat principal de la Section 4 est la
Proposition 4.1: le couple d’algèbre-module (R(P ),M(P )) est isomorphe aux fonctions génératrices
de la forme

∑
n≥0 f(n) tn

B(n) et
∑
n≥1 g(n) tn

D(n) .

Soit µ(n) la fonction de Möbius d’un n-intervalle binomial et soit µ(n) la fonction de Möbius d’un
n-intervalle Sheffer pour n ≥ 1. Nous pouvons considérer µ comme un élément de R(P ) et µ comme
un élément de M(P ). De manière analogue, nous définissons fonctions zèta, ζ ∈ R(P ) et ζ ∈ M(P ),
par ζ(n) = 1 pour n ≥ 0 et ζ(n) = 1 pour n ≥ 1. En appliquant l’isomorphisme donné dans la
Proposition 4.1 à l’identité d’algèbre incidence −µ = ζµ, nous déduisons le Lemme 4.2. En utilisant
ce lemme, nous calculons facilement la fonction de Möbius des n-intervalles de Sheffer pour beaucoup
de posets de Sheffer.

Dans la Section 5 nous modifions la condition de R-étiquetage usuelle utilisée pour calculer la fonc-
tion de Möbius d’un “rank-selected poset” en celui d’un étiquetage d’arête linéaire. Nous définissons
deux fonctions η et ν qui généralisent la notion de fonction de zèta et de fonction de Möbius.

Un étiquetage d’arête linéaire λ d’un poset localement fini P est une fonction qui assigne à chaque
arête dans le diagramme de Hasse de P un élément d’un certain poset linéairement ordonné Λ. Un
étiquetage d’arête linéaire du treillis r-cubique est donné en Section 5. Si x et y est une arête dans le
poset P , c’est-à-dire, si y couvre x dans P , nous dénotons aussi l’étiquette de cette arête par λ(x, y).
Une châıne maximale x = y0 ≺ y1 ≺ · · · ≺ yk = z dans un intervalle [x, z] en P s’appelle montante
si les étiquettes sont croissantes faiblement à l’égard de l’ordre du poset Λ, c’est-à-dire, λ(y0, y1) ≤Λ

λ(y1, y2) ≤Λ · · · ≤Λ λ(yk−1, yk). Nous dénotons le nombre de châınes montantes maximales dans
l’intervalle [x, z] par η(x, z). Un étiquetage d’arête linéaire s’appelle un R-étiquetage si η(x, z) = 1
pour tout intervalle [x, z]. C’est-à-dire, η = ζ, où ζ est la fonction zèta usuelle dans l’algèbre incidence
de P .

Une généralisation d’un résultat de Björner et Wachs [5] est le suivant:

Lemme 5.1 Soit P un poset fini avec 0̂ et 1̂, non nécessairement gradué. On suppose que P a un
étiquetage d’arête linéaire λ. Soit F un ensemble de châınes maximales dans P dont les étiquettes
décroissantes strictement. Alors

η−1(0̂, 1̂) =
∑
c∈F

(−1)longueur(c).

On remarque que quand l’étiquetage d’arête linéaire est un R-étiquetage, ce lemme donne une méthode
pour calculer la fonction de Möbius µ(0̂, 1̂) = ζ−1(0̂, 1̂).
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Pour énoncer le résultat suivant, nous avons besoin de quelques définitions et notations. Nous
commençons par introduire la notation [n] = {1, 2, . . . , n}. Soit P un poset de rang n avec un
étiquetage d’arête linéaire λ. Pour une châıne c = {0̂ = x0 ≺ x1 ≺ . . . ≺ xn = 1̂} en P , l’ensemble de
descentes de la châıne c, D(c), est l’ensemble des indices i tels que λ(xi−1, xi) > λ(xi, xi+1). On observe
que D(c) est un sous-ensemble de l’ensemble [n− 1]. Soit β∗(S) le nombre de châınes maximales dans
le poset P ayant l’ensemble de descentes S à l’égard de l’étiquetage d’arête linéaire λ.

Pour un sous-ensemble S de [n− 1], on définit le “S-rank-selected subposet” PS par l’équation (2).
La proposition suivante explique la relation entre β∗(S) et η.

Proposition 5.2 Soit P un poset gradué de rang n, avec un étiquetage d’arête linéaire λ. Supposons
que le nombre de châınes montantes dans l’intervalle [x, y] est η(x, y). Soit S un sous-ensemble de
rangs, c’est-à-dire, S ⊆ [n− 1]. Soit ηS la restriction de η à I(PS), l’algèbre d’incidence de PS. Alors
le nombre de châınes avec ensemble de descentes S, β∗(S), est donné par (−1)|S|−1 · η−1

S (0̂, 1̂), où η−1
S

est l’inverse de ηS dans I(PS).

Quand l’étiquetage d’arêtes linéaire est un R-étiquetage, la Proposition 5.2 se réduit à un résultat
bien connu de Björner et Stanley [3, Théorème 2.7]: si P est un poset gradué de rang n, S ⊆ [n−1], et
P admet une R-étiquetage, alors β(S) est égal au nombre de châınes maximales en P ayant l’ensemble
de descentes S à l’égard du R-étiquetage donné λ.

En Section 6 nous continuons notre étude des fonctions ν et η. Nous étudions β∗(n, S), le β-
invariant de la S-sélection des rangs pour les n-intervalles de Sheffer, et nous trouvons une identité
déterminantale pour ces valeurs (voir Lemme 6.1). Aussi, en travaillant avec le poset de Sheffer P (k)

de l’Exemple (e), nous donnons les fonctions génératrices pour la sélection des rangs multiples de k
d’un poset de Sheffer (voir Lemme 6.3).

Comme une application des Propositions 5.2 et 6.5, nous pouvons dénombrer les permutations
Λ-alternantes r-signées augmentées. (Λ est un ordre linéaire sur les entrées des permutations r-signées
qui satisfont la condition (3).)

Définition 7.1 Une permutation r-signées augmentée est une liste de la forme

(G, (i1, j1), (i2, j2), . . . , (in, jn)),

où i1, i2, . . . , in ∈ [r] et (j1, j2, . . . , jn) forme une permutation de n éléments.

Nous considérons les éléments i1, . . . , in comme des signes; d’où le nom permutation r-signée. Puisque
nous enregistrons le premier l’élément spécial G, nous disons que la permutation est augmentée.

Une permutation r-signée augmentée correspond à une châıne maximale dans le treillis r-cubique.
Par la théorie des “rank-selections” des posets de Sheffer, nous dérivons facilement en Proposition 7.2
que le nombre des permutations Λ-alternantes r-signées augmentées est donné par

sec(rx) · (sin(px) + cos((r − p)x)).
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Trois cas spéciaux de cette fonction génératrice avaient déjà été considérés: les nombres classiques
d’Euler (r = p = 1), les permutations alternantes signées [15] (r = 2 et p = 1), et les “alternating
indexed permutations” [21] (les cas p = 1 et p = r − 1). Au Lemme 7.3 nous donnons une expression
asymptotique pour le nombre de permutations Λ-alternantes r-signées augmentées.

Le treillis des sous-espaces isotropes de l’Exemple (j) pourrait être vu comme une version linéaire
du treillis cubique. En Section 8 nous décrivons un treillis qui est une généralisation linéaire du
treillis 4-cubique. Cette construction a un rapport aux quaternions comme le treillis de sous-espaces
isotropes est a un rapport aux nombres complexes. Nous appelons cet treillis le treillis des sous-espaces
isotropes-quaternioniques.

Finalement, en Section 9 nous décrivons des questions que nous étudions. Ils comprenant: (1) Y
a-t-ils d’ autres applications de la théorie des posets de Sheffer et des étiquetages d’arêtes linéaires? (2)
Existe-t-il un analogue linéaire du treillis r-cubique pour tout r? (3) Y a-t-il une théorie des fonctions
génératrices trigonométriques en combinatoire énumérative?
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