Ph.D. Qualifying Examination

STATISTICAL INFERENCE

Tuesday, July 6, 1993
9:00 a.m. — 11:00 a.m.

Answer any four questions:
D P i S N P S e R N

1. Let Xj,..., X, be ii.d. with common density fi(z) = Xe™*, z > 0.
Consider estimating § = Py(X; < 4) =1 —e ™\,
(a) [15 points]
Show that the estimator

n—1
M Xy o5Xp) = 1_(1“f?%(j) if ¥, X; >4
1 otherwise

is uniformly minimum variance unbiased for estimating 6.
(b) [10 points] ;
Obtain the maximum likelihood estimator of 8. Prove that it is not

an unbiased estimator of 6.
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Statistical Inference 2

2. Let X1, Xy,..., X, be iid. N(u,0?), with both g and ¢? unknown.
(a) [13 points]
Derive the level a likelihood ratio (LR) test for testing Hy: u = 5
vs. Hp: p # 5.
(b) [12 points]
Show that the LR test derived in (a) is UMP unbiased level o test.

3. Let Xj,...,X, be iid. U[0,0]. Let X, X(,—1) be the largest and
second largest order statistics of {Xj,..., X,}.

(a) [10 points]
Find the asymptotic distribution of n(X(,) — #) and obtain a 95%
asymptotic confidence interval for 6.
(b) [9 points]
Show that, under mean squared error criterion, 9 = Xy + [X(,.,) —
X(n-1)] is a better estimator than X, for 6. nd Comf’“‘k EXy X
(c) [6 points]
How does the estimator "—;‘;—IX(H) compare with 6 and X(n) under the

mean squared error for estimating 67
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Statistical Inference 3

4. Let X1, Xo,..., X, beii.d. with common unknown distribution function
F. Consider estimating § = F(2) = P(X, < 2) with squared error loss.

Let F), be the empirical distribution of X,..., X,. PR
(a) [6 points] _— baed o Tpgerd
Derive the Bayes estimator of § with respect to the prior [ X& e
m(0) = F(:;‘(Zga-l(l — 6)P~! where o and 3 are known positive
constants.
E ¥ (b) [13 points]
Show that

1[7‘\“} ro BLR)  B(K s Xa) =

is minimax for 6.
(c) [6 points]

Is the minimax estimator [given in (b)] admissible? Justify your
answer.

Hint: What is the distribution of F},(2)?

5. Suppose Xy, X, ..., X, are i.i.d. with unknown continuous distribution
function F'.

(a) [8 points]

A Derive a consistent estimator of the function A(ty) = —log (1 — F(#,
i ! &
- Q‘% " " where £ is a fixed number. Prove your claim of consistency.
\ 25 '
S Lot ®” (b) [12 points]

sl el Determine the asymptotic distribution of the estimator derived in
oA (a). e oy U authad
(c) [5 points]

Hence or otherwise obtain a 99% asymptotic confidence interval for

A(to).
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