Problem Find the anti-derivative

1
/ ) : 2 dx
asin“x + bsinxcosx + ccos? x

Solution. We assume that a > 0 and begin by factoring out acos?z from the
denominator.

1 1 1 1
/ - ; 5 dr = _/ 2 2 b dzx
asin®x + bsinx cosx + ccos? & a cos“T tan x+5tanx+c

If we substitute u = tanx , du = dx, we obtain

COS2

1 1 1 1 1
_/ 2 2 b CdU:—/42 . —du
aJ cosrtan®x + _tanz + - al u+u+

Now, we complete the square in the denominator and obtain

1 1 1 1
7/ﬁdu:7/ b c b2 du.
a u2+au+5 a (U—F%)Z =~ — 713

a 4a?

At this point, we consider several cases depending on the sign of £ — % which
has the same sign as 4ac — b%.
Case 1. If b*> — 4ac = 0, then we may integrate by the power rule.

1 1 1 1 2
— | ———du=— C=————+0C.
a/(uﬁ—%)? Y au+—+ (2atanx+b)+

Case 2. If b*> — 4ac < 0 In this case, we set o = = b Then we may rewrite

the integral and integrate using tan—1.

1 1 1 1
—/ AV 7 du = / 2du
al (u+ 22+ -5 al (u+L)P?+a
= —tan (2au+b\/4ac—b2)+0
1
= — tan~! (2atana:~l—b\/4ac—b2>+0.

ax

Case 3. If b* —4ac > 0. Then we set 3 = \/% — £ and we may rewrite our integral

as

1 1 1 1
_/ b2 | < de“:_/ ez QU
a (“+—a) i al (u+5.)*=p

We substitute v = u + -, du = dv to simplify this further which gives

2a’




We find the partial fractions decomposition of the integrand

1 11 1
V-3 28 v—ﬁ_v+ﬁ>'

And thus,
1 1 1
1 v— 0
= %1HU+5 +C
1

2atanz + b — Vb? — 4ac

1
Vb? — 4dac o

_l’_
2atanx + b+ /b2 — 4ac
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