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Chapter 1

Introduction

The best way to teach real mathematics, | believe, is to
start deeper down, with the elementary ideas of number
and space. ...in fact, arithmetic, algebra, and geometry
can never be outgrown...by maintaining ties between
these disciplines, it is possible to present a more uni ed
view of mathematics, yet at the same time to include

more spice and variety.

Numbers and Geometry

John Stillwell

1.1 Overture

This dissertation is a study of the roots and coe cients of Elhart polynomials, a
class of polynomials that count lattice points in integral dates of lattice polytopes.
In Chapter 2, we discuss lattice polytopes and the theory ofHehart polynomials,
including connections with commutative algebra. Chapter dresents results regard-
ing the roots of Ehrhart polynomials, including some joint wrk with Mike Develin

of the American Institute of Mathematics. We end with Chapte 4, where we focus
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on re exive lattice polytopes and show that the coe cients d their Ehrhart polyno-

mials behave nicely with respect to the free sum operation. léng the way, we will
encounter many connections between discrete geometry, donatorics, and algebra.
In Chapters 2-4, we assume our reader is at the mathematicavel of a beginning
graduate student.

The remainder of this chapter is a gentle introduction to conting lattice points in
lattice polygons, i.e. Ehrhart theory in dimension two. We wite this section with the
mathematically untrained reader in mind, the reader for whm later chapters might
be intimidating or unfamiliar. Yet fear not the higher dimersions, for they contain

endless beauty!

1.2 Ehrhart Theory in Dimension Two

We begin with an example. LetR? denote a plane, where points in the plane are

given by pairs @; b where a and b are both real numbers.

Example 1.1. Say that Ps is the pentagon in the plane shown in Figure 1.1.

O O
O O
O O
O O

® =
(0;0)
Figure 1.1: A pentagonPs.

The corners ofPs all have integer coordinates. The lower left corner is (0), the

next corner clockwise is ((2), the next clockwise is (13), then (3;2), and nally



(2;0). Coordinates with integer entries are very important, sehey earn the following

designation.
De nition 1.2. A lattice point is a point (a; b in the plane witha and b integers.
The following properties ofPs are easy to verify:

1. Ps has area®l.

2. Ps has 7 lattice points on its boundary.

3. Ps contains 11 lattice points (including those on its boundary

These numbers are related in a curious way. In particular,

that is, the number of lattice points in Ps is equal to the area oPs plus one-half the
number of boundary lattice points plus one. In the late 18086, G. Pick discovered
that this is true for any convex lattice polygon. To make his mtement precise, we

need to introduce some terms and notation.

De nition 1.3. A convex lattice polygonis a convex polygor? in R? whose corners

are lattice points.

X is convex Y is not convex

Figure 1.2: Convex and non-convex sets.



Being convex means that any two points inP are connected by a straight line
segment contained inP. For example, Figure 1.2 provides examples of a convex
region X and a non-convex regiorY in R2. No matter which two points in X are
chosen, the straight line segment between them stays ¥. However, if two points
in separate \arms" of Y are chosen, the straight line segment between them leavés

before returning to it.

De nition 1.4. The polygontP is the polygon resulting from scaling® by a factor

of t.
O o 0O O & O O O O O O O O
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Figure 1.3: P5 scaled by 23 and 4.

De nition 1.5. For a convex lattice polygon, leA(P) denote the area of, Lp(t)
denote the number of lattice points inP (including boundary points), andB (P)

denote the number of lattice points on the boundary Bf.
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Theorem 1.6. (Pick's Theorem) For any convex lattice polygon,

Le(1) = A(P) +

B(ZP) ‘1 (1.1)

Pick's theorem is a gem, and it has a beautiful extension thatias discovered by

E. Ehrhart in the 1960's.

Theorem 1.7. (Ehrhart's Theorem in dimension 2, see [4]let P be a convex lattice

polygon and lett be a positive integer. The following equality always holds:

Le(t) = A(P)t2+

@t +1: (1.2)

We illustrate this theorem with several examples, for whiclthe interested reader
is encouraged to draw pictures of the lattice polygons and néy our equations for

small values oft.

Example 1.8. For our earlier examplePs, we have

13, 7
Lp.(t) = Et2+ Et+1:

Example 1.9. Let , be the polygon with corners at (00), (1;0) and (0;1). Then
A( 2)= 3 andB( ) =3, thus

1, 3
L ,(t)= ét2+ St+l:

Example 1.10. Let 3, be the polygon with corners at (10), (0;1), ( 1;0), and
(0; 1). Then A(3,) =2 and B(3,) =4, thus

La,(t) =2t +2t+1:
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Example 1.11. Let 2, be the polygon with corners at (11), ( 1;1),( 1, 1), and
(1; 1). Then A(2;,) =4 and B(2,) = 8, thus

Lo, (t)=4t2+4t+1:

We will see higher-dimensional versions of Examples 1.9-1.in the next chapter.
One amazing aspect of Ehrhart's theorem is that if we know tharea of P and
the number of lattice points on the boundary ofP, we have enough information to
count the number of lattice points intP for any integert. We get so much from so
little! In honor of Ehrhart, the polynomial in (1.2) is called the Ehrhart polynomial
of P. Pick's theorem is obtained from Ehrhart's theorem by settig t equal to one.
There are a number of interesting observations to make about (t). The coe -
cients ofLp (t) come from the geometry oP. The leading term is the area oP, which
is simple enough. The second coe cient is half of the \lengthof the boundary of P,
if we measure the length of an edge as the number of intervalstiveen lattice points
and observe that there is one such interval for each latticeomt on the boundary.
The constant term is always one, which is forced on us by Piektheorem. Also, the
degree ofLp (t) is always two, since the area of a convex polygon is never @ewe
will see later that this corresponds taP being a two dimensional object (as opposed
to a line segment or a cube which are one and three dimensign@spectively).
These observations are even more interesting when one begwith the sequence
fLp(1);Lp(2);Lp(3);:::ginstead of the polynomial. This sequence records the num-
ber of lattice points for every positive integral dilate ofP. Ehrhart's theorem says
that this sequence is expressible as a polynomial evaluatatipositive integers. We
then discover that this \counting” polynomial has coe cients and degree re ecting
geometric properties ofP, properties which at rst glance do not seem related to

counting lattice points. Ehrhart's general theorem is remable in that it extends



this point of view to higher dimensions when we study lattic@olytopes, the higher-
dimensional analogues of lattice polygons. In the next chigy, we will see how one
can start with the sequence recording the number of latticegints in positive inte-
gral dilates of lattice polytopes and end up with a higher dege Ehrhart polynomial

sharing many of the properties of Ehrhart polynomials of dege two.



Chapter 2

Lattice Polytopes and Ehrhart

Theory

In this chapter we discuss the basics of convex lattice pobppes and Ehrhart theory
as well as connections with commutative algebra. There arevariety of excellent
sources from which we draw this material, in particular [4][13], [25], and others

noted in the text.

2.1 Convex Polytopes

We begin with the de nition of convexity.

De nition 2.1. A subsetX of R" is convexif (1 t)x+ ty 2 X for everyx;y 2 X
andt 2 [0;1]. Given a nite set C in R", the convex hull of C, denotedconvf Cg is

the intersection of all convex sets containingG. Equivalently,

( N )

convf Cg = C: 2R g c=1
c2C c2C

The mathematical objects we are interested in are convex ptbpes. There are



two ways to de ne a general convex polytope ifR", the rst being the \halfspace"

description.

De nition 2.2. A halfspacein R" is the set of solutions to a linear inequality of the

forma x bfor somea2 R":b2 R.

De nition 2.3. An ane subspace A R" of dimensiond is a translate by some

xed y 2 R" of a d-dimensional linear subspace dr".

De nition 2.4. Given a subselv  R", the ane span of V, a (V), is the inter-

section of all a ne subspaces oR" containing V.

It is an elementary exercise to see that the ane span of a subs of R" is an
a ne subspace. The boundary of any halfspace is clearly an ane subspace. Figure
2.1 shows the halfspacédi = fx+y 1 : (x;y) 2 R?g whose boundary is the
1-dimensional a ne subspaceA = f(x; x)+(0;1):x 2 Rg=a/( f(0;1);(1;0)g).

Figure 2.1:H = fx+y 1:(x;y) 2 R%g.

De nition 2.5.  An H-polytope of dimensiond in R" is a bounded intersectiorP of

a nite number of halfspaces inR" such thatP has a ne span of dimensiond.

The second de nition of a convex polytope is the \vertex" desription; the meaning

of the word \vertex" will be explained in Lemma 2.9.
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De nition 2.6. A V-polytope of dimensiond in R" is the convex hullP of a nite

set of pointsV ~ R" such thatP has a ne span of dimensiond.
The theory of H- and V-polytopes are linked by the following classical theorem.

Theorem 2.7. Any V-polytope is also anH-polytope. Similarly, anyH -polytope is

also aV-polytope.

Proofs of this theorem may be found many places in the literate, see Chapter
5 of [17] and Chapter 1 of [25] for two di erent approaches. lis extremely valuable
theoretically to be able to pass from one description of a ceex polytope to the other,
though in practice computing anH-description of a polytope from aV-description
and vice versa is a challenging problem. For our purposes,wever, we only need
to know that these descriptions are equivalent. For the resif this dissertation, the
word polytopewill be used without the H- and V- modi ers.

A nice property of polytopes is that their topological boundries are made of up

polytopes of smaller dimension called th&acesof P.

De nition 2.8. A linear inequality a x b, wherea2 R";b2 R, is valid for P if

it is satis ed for all points x 2 P. A faceof P is any set of the form

F=P\f x2R":a x=lg

wherea x bis a valid inequality for P. The dimensionof a face is the dimension

of its a ne span.

Given ad-dimensional polytopeP, the faces of dimensions;Q andd 1 are called
the vertices, edgesand facets of P, respectively. The vertices oP are particularly

special, due to the following lemma.

Lemma 2.9. Any polytope P is the convex hull of its vertices. Further, ifP =

convf Vg, then V contains the vertices ofP.

11



Thus, in De nition 2.6, the nite set V may be taken to be the vertices oP.

Example 2.10. Let ¢ denote thei™ standard basis vector inRY. The standard

N A

Figure 2.2: The 2- and 3-dimensional standard simplices.

d-simplex is

By examining Figure 2.2, one can see that, has three vertices and three edges while

3 has four vertices, six edges, and four facets.

Example 2.11. The d-dimensionalcrosspolytopeis

3g:=convf e;::i:; eg= x2RY:x v 1 forallv2f 1g°

©

Figure 2.3: The 2- and 3-dimensional crosspolytopes.

By examining Figure 2.3, one can see th& , has four vertices and four edges while

3 3 has six vertices, twelve edges, and eight facets.

12



Example 2.12. The d-dimensionalcubeis

24:=conv x2RY:x2f 1g° = x2R%: 1 x e L1 i d:

Figure 2.4: The 2- and 3-dimensional cubes.

By examining Figure 2.4, one can see th&, has four vertices and four edges while

2 3 has eight vertices, twelve edges, and six facets.

A fundamental construction in the theory of convex polytops is that of the cone

over a polytope.

De nition 2.13. Given a polytopeP in R", the cone overP, denoted C(P), is
constructed as follows. SefP;1) := f(p;1) : p2 Pg R"! and dene C(P) :=
P

fol ik:m2N; 2R o;p 2 (P;1)g. Thus, C(P) is the set of all non-negative

real linear combinations of elements ofP;1).

Figure 2.5 shows the cone iR® over the simplex ».
While convex polytopes have been studied since antiquity,any mathematicians

have recently focused on the following class of convex papes.
De nition 2.14. If P =convfVg, whereV  Z", thenP is called alattice polytope.

Note that all of the polytopes in Examples 2.10-2.12 are ldtte polytopes while,

for example, conv O;% R is not. Lattice polytopes will be the focus of this
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( 201)

Figure 2.5: The cone over ,.

dissertation, our approach being from the combinatorial ahgeometric viewpoint of
Ehrhart theory. Our discussions will also highlight some emections between lattice

polytopes and commutative algebra.

2.2 Rational Generating Functions

For our foray into Ehrhart theory we will need a basic fact abot rational generating
functions of a single variable. While we will only need one @rial lemma, the subject
of generating functions forms an extensive part of combinatics and the interested
reader should see Chapter 4 of [23] for more details as wellths proof of Lemma

2.16.

De nition 2.15. The generating function for a sequendea(t) : t 2 Z (g of complex
values is the power series
X
a(t)x' 2 C[[x]]:
t2Z o

Lemma 2.16. A function f(t) : C! C is a polynomial of degreal if and only if

14



there exist complex valuel; so that

P .d_O h. xJ X X
W = f (t)x'; and h, 60:
t2Z ¢ j

Example 2.17. Let f (t)=4t>+4t+ 1. Then

X X X X
f (O)x' =4 t2x' + 4 tx' + X!

27 27 t2Z t2Z
—4(xd)2X xt+4(xd X X!+ X x!
B dx dx

27 o 27 27
d 1 d 1 1
=4(X—)°——— + 4(X— +
( dx) 1 x ( dx’1 x 1 x

_4(X% + X) N 4(x  x?) . (1 x)?
IR S C Y ER (RO E

146X+ X2
S x?
Conversely,
1+6x+ x2 X t+2
T =(1+6x+ X% X!
3
(1) 2z,
X t+2 t+1 t
27 2 2 2
X
_ (t+2)(t+1) , 6E+DE, Wt 1)

27 2 2 2

(412 + 4t + 1) x":
t2Z o

As suggested by our computations in Example 2.17, one congence of Lemma

2.16 is that any degreead polynomial f (t) can be expressed as

xd t+d |
fo=" b I
i =0

15



where 0
t+d | dHt+d j i)

d ' d!

and the h; -coe cients are those in the numerator of the rational geneating function
for f (t). This is easily seen by using the geometric series identity

1 X trd

d+1
1 X",

to expand the rational function forf (t) as a formal power series as in Example 2.17.
Thus, the rational generating function forf (t) encodes the change of coe cients for

f (t) from the standard monomial basis

1’ t;t2; - . ;td
to the basis
t+d j .
By = 0 d
d q J

2.3 Ehrhart Theory

The idea of Ehrhart theory is to study convex lattice polytogs by studying the

number of lattice points in integral dilates ofP, hence the following de nition.

De nition 2.18. For P, a dimensiond lattice polytope inR", setLp (t) := jtP \ Z"]
fort 2 Z 1. The Ehrhart series ofP is

X
Ehrp(x) =1+ Lp (t)x":

t2Z 4
n P (6]
Example 2.19. Recallthat 4:= x2R%:x g O id=1 Xx & 1 ; and thus
n o]
P
t 4= x2RY:x & O id:1 X g t :ltis a well known exercise in combina-

16



t+d

P
torics that the number of non-negative integral solutions d id=1 X g tis 7

for positive integerst. Thus,

t+d
L=
and hence
1
Ehr d(X) = m:
Example 2.20. Recall that
( X )
34:= x2R%:x v 1 forallv2f 1g° = x2RY: jx e 1
i
Thus,
( y )

t34= x2RY: jx gj t

i
Counting the number of lattice points int3 4 is another combinatorial exercise, which
we can interpret geometrically: Consider the casd = 2. We group the integral
solutions to jxj + jyj t by the number of coordinates that are positive. See Figure
2.6 for the grouping witht = 4.
The number of integral solutions k;y) 2 Z2, to jxj+jyj tis ; . The number of

S
integral solutions ;y) 2 (Z 1 Z o) (Z o Z 1)tojxj+jyj tiszt"zl . Finally,

"2 . As these sets
P
partition the set of integral solutions, we have shown that 3, (t) = j2:0 12

the number of integral solutions K;y) 2 Z?, to jxj + jyj tis

t+2
> .

This line of argument generalizes to show that

X t+d

Ls,(t) = ;
d - d
hence
_ @+ x)?

17



Figure 2.6: Our grouping of the solutions tgxj + jyj 4.

Example 2.21. Recallthat24= x2RY: 1 x & 1,1 i d ;hencet24=

x2RY: t x e t1 i d :lItisimmediate that
Lo, (1) =(2t+1)%

Computing the Ehrhart series for2 4 for every d is somewhat complicated, so we
omit the computation. Example 2.17 illustrated the computéion of Ehr,,(x), as

Lo, (t) =4t2+4t+1:

The examples above are speci c instances of the followingetbrem and its corol-

lary.

Theorem 2.22. (Ehrhart, [10]) Let P be a lattice polytope of dimensiom in R".
There exist complex valueg;, 0 ] d, such that the Ehrhart series forP is a
rational generating function of the following form:

P_d_o hxi X
Ehrp(x)= ——_ - h

@ e ; 80: (2.1)

18



Corollary 2.23. Lp(t) is expressible as a polynomial of degrdein the variablet.

De nition 2.24.  The polynomial in Corollary 2.23 is called thé&ehrhart polynomial

numerator of Ehrp (X) is called theh-star vector for P.

Textbook presentations of the proof of Theorem 2.22 may beuiod in [4] and
[13]. The standard coe cients ofLp (t) and the h -vector for P have received a lot of
attention because of their connections with the geometry ¢?, as demonstrated by

the following theorem.

De nition 2.25.  Given ad-dimensional lattice polytopeP  R", the relative volume
of a facetF of P is

. 1 .
relvol(F) := |tI!I;n td—lJtF \ Z"j:

Theorem 2.26. (see [4])If P RYis a d-dimensional lattice polytope and.p (t) =

koo Gt =" Sy 9T then:

(i) cq= voI(P).

P
(i) cg 1= % ¢ relvol(F), where the sum is over facets of P.

(iii) co=1.
(iv) hy=1.

V) h,=Lp(1) d 1L
i) hy= Lp(1) | Z9\ @FR.

Parts i-iii of Theorem 2.26 generalize the coe cient behavior seen in.{) to
higher dimensions. A major goal of current research, and on®otivating question for
this dissertation, is to understand what geometric and conibatorial data the other

Ehrhart polynomial coe cients and h -coe cients of P might encode.

19



Arguably the most important theorem in Ehrhart theory, after Ehrhart's original

theorem, is the non-negativity theorem of R. Stanley.

Theorem 2.27. (Stanley's Non-negativity Theorem, [21])For any d-dimensional

The non-negativity of theh -vector for P is a driving force behind many of the current
results regarding Ehrhart polynomials, including the corgnt of Chapter 3.
The nal major theorem about Ehrhart series and polynomialghat we will men-

tion is a reciprocity theorem.

De nition 2.28.  For a d-dimensional polytopeP in R", the relative interior of P,
denotedP , is the interior of P with respect to the embedding d? into its a ne
span, in whichP is full dimensional. SetLp (t) := jtP \ Z"j and Ehrp (x) :=

27 4 Lp (t)Xt.

Theorem 2.29. (Ehrhart-Macdonald Reciprocity, [16]) For any dimensiond lattice

polytopeP, the following (equivalent) equalities hold:
Le ()=( 1)%Le( 1)

and

Ehrp(%) =( 1™Ehrp (x):

Ehrhart-Macdonald reciprocity is interesting because it @monstrates a connection
between the topology ofP and L (t). The passage from a polytope to its interior is
algebraically captured by changing \ "-signs to \<"-signs in the de ning inequalities
for the polytope. Ehrhart-Macdonald Reciprocity is cruci&for our understanding of

the re exive polytopes discussed in Chapter 4.
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2.4 A ne Semigroup Algebras

In this section we highlight some connections between Ehnttaheory and commu-
tative algebra. The primary algebraic objects of interestdr our purposes are a ne

semigroup algebras. We begin with de nitions of semigrou@d semigroup algebras.

De nition 2.30. A semigroupis a set with an associative binary operation. Aa ne
semigroupis a semigroup containing an identity element which is nity generated

and can be embedded A" for somen 2 N.

Example 2.31. The setf3;4;5;:::g is a semigroup under addition. However, it is

not an a ne semigroup as it lacks an identity element.

The most important a ne semigroups for our purposes are thasarising as a result

of the coning operation.

Lemma 2.32. Given a lattice polytopeP R", the setz"** \ C (P) is an ane

semigroup.

The proof of Lemma 2.32 relies on the fact thaf(P) is closed under addition and
on Gordon's Lemma, which implies nite generation and can béound in Chapter X

of [13].

De nition 2.33. A vector spaceA over C is called a(commutative) C-algebraif A

has a multiplicative structure such that for everyx;y;z2 A and ; 2 C, we have
(i) xy =yx;

(i) x(yz) = (xy)z;

(i) x(y+ z)= xy + xz;

(v) (xy)=(x)y=x(y);

21



v) (x)=(C )x
A is called anN-gradedC-algebraif A has a decompositiolA = 7 ,A; as a vector

space ovelC such thatA, = C and AjA; A, forall i;j 0.

De nition 2.35.  Given an a ne semigroup , the a ne semigroup algebra associ-
n 0

P
ated with is the algebraCJ[] = ,cC G 1JGj< 1 ;c 2 C with multi-

plication de ned by [ |

X X X
C C = ccC
2G 2H 2G
2H

A convenient way to think of C[] is the following. If is presented as a sub-

semigroup ofZ", then C[ ] is isomorphic to a sub-algebra of the Laurent polynomial

De nition 2.36. Given a lattice polytopeP  R", the Ehrhart algebra of P is the
a ne semigroup algebraC[P] := C[Z"** \C (P)].

The Ehrhart algebra of P is an N-graded C-algebra whereC[P]; is de ned to be

the C-linear span of

One key observation of this section is a connection betweemet Ehrhart series forP

and the Hilbert series of the Ehrhart algebra of.
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De nition 2.37. The Hilbert seriesof a nitely generated N-graded C-algebraA =
. P .
2z ACISH(A;X) == 1, dimc(A)xt.

Lemma 2.38. For any convex lattice polytopd®, H (C[P]; x) = Ehr p(X).

The proof of this lemma is straightforward, as the lattice pmts at height t in
the coneC(P) are in one-to-one correspondence with the monomials in th& graded
component of C[P] and the polytopeC(P)\ (R";t) R"*! is a copy oftP. Thus,
the study of Ehrhart polynomials and series can be viewed asspecial case of the

study of Hilbert polynomials and series of grade@-algebras.

Example 2.39. Consider the standard two-dimensional simplex, i.e. the pgdope
> = convf (0;0);(1;0);(0;1)g. The cone over , was depicted in Figure 2.5. It is

not hard to see that

nx 0
Cl 2= al;az;txillxng% rart Ay U oae,t 2 Cjf a4t 600j<1 1 (2.2)

The number of lattice points int , is equal to the number of non-negative integer
solutions to the equationa; + a, t. This is also the number of monomials in the
t" graded component ofC[ ,]. Finally, if we change variables in (2.2) and write
1= XiXs} 2 = XoXg; and 3 = Xg, then C[ 5] = C[ 1} 2; 3], whereC[ 1 2; 5] is

endowed with the standard grading.

The realization of C[ ;] as a polynomial ring in three variables is an instance of
the most important algebraic fact regarding Ehrhart algebas, namely that they are
always Cohen-Macaulay. We will now introduce the basic deitions and theorems

regarding Cohen-Macaulay algebras, primarily following l@apters IV and X of [13].

De nition 2.40.  Given anN-gradedC-algebraA, an elementa 2 A is calledhomo-

geneous of degreeif a2 A; for somei.
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De nition 2.41. We say that homogeneous elemerds :::;a 2 A are algebraically

The rst tool we need to introduce is the Noether Normalizatbon Lemma, which

states that any nitely generated N-graded C-algebraA contains a polynomial ring

Theorem 2.42. (Noether Normalization Lemma)Let A = 1,7  A; be a nitely gen-

erated N-gradedC-algebra. Then there exist a nite number of homogeneous mlents

1,555 4 such that
i) the elements 4;:::; 4 are algebraically independent oveC;
i) there exist a nite number of homogeneous elements;:::; s such that each

XS
a= (i a)s (2.3)
i=1
where eachpi( 1;:::; ¢) IS a polynomial in 1;:::; 4 which depends om.
The sequence 1;:::; 4 is called asystem of parameterdor A. It can be shown

that the number d, called theKrull dimension of A, is uniquely determined byA. It
is also not hard to see that the Krull dimension ofA is O if and only if A, = 0 for

all suciently large t. A system of parameters is calledegular if, for some choice

for every a in A. The existence of regular systems of parameters is an impamt

condition, earning the following special designation.

De nition 2.43. A nitely generated N-gradedC-algebraA is calledCohen-Macaulay

if some system of parameters fof is regular.
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The Cohen-Macaulay condition implies thatA is a free module over the polynomial
ring, i.e. a direct sum of polynomial rings (not all necessiy generated by degree 1

elements).

Example 2.44. Consider the following sub-algebra of[x]:
Py = 1Lx%x%x° ;

whereha; b; c;: ;1 indicates the algebra generated bg; b; c; : : : Following the notation
of the Noether Normalization Lemma, if we let ; = x3, then P5 is a module over
C[x%] generated byf 1; x*; x°g. If we set ; = x*; , = x° 3=1, then each element of
P3 has a unique representation in the form of (2.3). This can be&en by rst noting
that the elements of P; are linear combinations of a constant term and monomials
with exponent greater than or equal to 3. By looking at the radue classes of the
exponents of such monomials modulo 3, we can group terms bysiteie class and
hence get our unique expression. Thu$; is Cohen-Macaulay of Krull dimension
one. Speci cally,

Ps=cpe) CIX°1 CIX°I( 4)  CIX°]( 5);

where the notation indicates that the grading on the secondnad third summands is
increased by 4 and 5, respectively. Note that this decomposition impdis that the

Hilbert series ofP3 is
H(Pay:2) = 1(+124;)Z5_

Examples 2.39 and 2.44 illustrate how a nitely generated Gmn-Macaulay alge-
bra A can be represented as a direct sum of isomorphic polynomiahgs, with the
number of variables in the polynomial rings determined by t& Krull dimension of A.
As demonstrated in Example 2.44, the grading of each summamaight be shifted.

One may also consider polynomial rings where the variableseanot all of degree 1.
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H(C[Xq;:::;Xq]; X) = lei (2.4)
i (1 x®)

Given that a Cohen-Macaulay algebra is a direct sum of polynomial rings ind
variables, one would expect that the Hilbert series foh would be a (possibly shifted)

sum of Hilbert series of the form in (2.4). This indeed turnsu to be the case.

Theorem 2.46. Suppose thatA = »7 ,A; is Cohen-Macaulay of Krull dimension
d. Let ;;:::; 4 be a system of parameters with; of degreeg > 0. Then for some

s 0, the Hilbert seriesH (A; x) is of the form

ho + hix + hox?+  + hex®
Y ] 1
idzl (1 Xel)

H(A;Xx) =

with each0 h; 2 Z.

Note that if =1 for every i, ands d 1, then Lemma 2.16 implies that the
sequence dig(A;) is given by a polynomial of degreé, called the Hilbert polynomial
of A. The theorem linking the theory of Cohen-Macaulay algebra® Ehrhart theory

is the following, essentially due to Hochster in [15].

Theorem 2.47. For any lattice polytopeP of dimensiond, C[P] is Cohen-Macaulay

of Krull dimensiond+ 1.

Of the many consequences of the Cohen-Macaulay-nessC@?], Stanley's non-
negativity theorem is perhaps the most striking. A natural gestion to ask is how
the behavior of the roots and coe cients for Ehrhart polynomals and the behavior of
the roots and coe cients for Hilbert polynomials of Cohen-Macaulay algebras di er.

We will address this question in the next two chapters.
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Chapter 3

Roots of Ehrhart Polynomials

In this chapter, we will investigate the behavior of roots oEhrhart polynomials of
xed degree. We will address two conjectures due to M. Beck,. De Loera, M.
Develin, J. Pfei e, and R. Stanley, and answer one of their gstions regarding the
di erence between the root behavior of Ehrhart polynomialsand the root behavior
of certain Hilbert polynomials. Some of the results in thislaper are joint with Mike

Develin, as noted in the text.

3.1 Previous Results

The coe cients of Ehrhart polynomials have been of interessince Ehrhart rst began
his study of Lp (t). Theorem 2.26 indicated some of the geometric and combigial
properties of P encoded in the coe cients ofLp(t). Recent research has focused on
the roots of Ehrhart polynomials as well, partially in an atempt to better understand
the coe cients of Lp(t). There have been a variety of results suggesting that roots

of Ehrhart polynomials have interesting and unique behavipsuch as the following.

Theorem 3.1. (Bump, et. al., [9]) All the roots of L3, (t) have real part %

The proof of Theorem 3.1 given in [9] was motivated by queshs arising from
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investigations in analysis. Theorem 3.1 is also a corollaof the following result due to
F. Rodriguez-Villegas, a general statement about roots obfynomials whose rational

generating functions have numerators with unimodular roat

Theorem 3.2. (Rodriguez-Villegas, [20])Set

8
2 x+1)(x+2) (x+a); a 1
ha(X)—.> . iy

If f(t) is a degreed polynomial such that

X u(x)
f t — .
(t)X (1 X)d+l !
t2Z o
whereU(x) is a polynomial of degreee d and all the roots ofU(x) are on the unit

circle, then f (t) is of the formf (t) = hy ¢(t)v(t) wherev( ) = 0 impliesRe( ) =
(d e+1)=2

Theorem 3.1 is obtained as a corollary to Theorem 3.2 via

(1+x)¢

Ehrs,(x) = a xot

(3.1)

since Ehg (x) hase = d and all the roots of (1 +x)¢ have norm 1.
In [2], M. Beck, J. De Loera, M. Develin, J. Pfei e, and R. Statey produced the

following theorem and conjecture.

Theorem 3.3. (Beck, et. al., [2])If P is a dimensiond lattice polytope andLp( ) =
0, thenj j 1+ (d+1)!.

Conjecture 3.4. (Beck, et. al., [2])If Lp(t) is an Ehrhart polynomial of degreed,
then the roots ; of Lp(t) satisfy d Re( ;) d 1foralli.
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We will refer to Conjecture 3.4 as theVertical Strip Conjecture, for obvious rea-
sons. The motivation for this claim was experimental data mrduced from polytopes of
relatively low dimensions, along with the fact that all realroots of a degreal Ehrhart
polynomial lie in the interval [ d;d 1] (as shown in [2]). Regarding Theorem 3.3,
Beck, et. al. suggested that the bound 1+d+1)! might be made polynomial ind, pos-
sibly quadratic, and asked whether their bound applied onlyo Ehrhart polynomials
or to a wider class of Hilbert polynomials of Cohen-Macaulaglgebras.

In this chapter we will provide an improved bound on the normforoots of Ehrhart
polynomials that is quadratic ind, indicate that it is essentially optimal via a result
of C. Bey, M. Henk, and J. Wills, and analyze the growth ratesof the roots of certain
families of polynomials. We will also prove Conjecture 3.41f small d and provide a

potential counterexample ford = 26.

3.2 Norm Bounds and Root Growth

Recall that Stanley's non-negativity theorem states that he h -vectors for lattice
polytopes consist of non-negative integers, being a spédrestance of Theorem 2.46.
Polynomials with this property are special with regards toleir root behavior, earning
them the following designation. Recall from Lemma 2.16 thatny degreed polynomial
f (t) over C is de ned by the complex valuesh;, 0 j  d, in the numerator of the

rational generating function forf (t).

De nition 3.5. A non-zero polynomial satisfying the condition thath,;:::;hy) 2

(R )% is called aStanley non-negative, or SNNpolynomial.

The non-negativity of the h;'s is enough to bound the roots of any SNN polyno-

mial.
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Theorem 3.6. (Braun, [6]) If f(t) is a degreed SNN polynomial, then all the roots

of f (t) lie inside the closed disc with centert and radiusd(d  3).

A proof of this theorem appeared in [6]; we will obtain it in ths dissertation as a

special case of the following more general theorem.

polynomials overC, where eachp; is monic with roots bovees ‘d Suppose further
that 2 C, 2 R, satisfy J;(Zfz:jz ] gforall0O j d;1 k dIf
xd
06 f(t)= rp;
j=0
wherer; 2 R ( for all j, then all the roots off (t) are contained in the disc of radius

d with center

For any SNN polynomialf (t), Theorem 3.6 follows from Theorem 3.7 by multi-
plying f (t) by d! (thus leaving the roots unchanged) then settingy (t) = d! "¢’

and observingthat = fand =d 1.

Proof. Let d be a positive integer, letDy = fz : |z j dg, andletf(t) be as
given in the theorem. It is enough to show that for any complexumber z not in

Dy there exists an open half-plane with zero on the boundary daming By(z) =

fp(z):0 j dg, since this implies thatf (z) is a non-trivial, non-negative linear
combination of elements in a common open half-plane with zeon the boundary and
is hence non-zero.

Each p,(z) = Qid:1 (z 1)yand eachz ! is contained in the discD(z) of
diameter centered atz . Consider the two pointsa, anda where the tangent
lines to D (z) through the origin meet the boundary ofD (z). If we take any d points
in D(z) and multiply them together, they are contained in the coneC with vertex

the origin and sides passing througha( ) and (a )¢. We will now show that if we

30



D(2)

(0;0)
Figure 3.1: D(z) and the tangent lines under consideration.

choosez outside Dg, the angular width of C is less than . Thus, all the points p; (z)
are contained in a common half-plane containing zero on thebndary.

To verify the bound on the angular width ofC, consider the triangle formed by the
origin,a ,andz . This is a right triangle with hypotenuse of lengthjz jand a
side of length opposite the interior angle at the origin. Hence, the intear angle at

, and thus the total angular width of D (z) is 2 sin *

. . . . 1
the origin is sin * - 7

Finally, we see that

1

A
Q|

< 2sin? = 2sin

iz ] d

[oRN -

2sin !

1

The total angular width of the coneC is equal to 2sin 75 hence the angular

width of Cislessthan . 2

By invoking Stanley non-negativity, we obtain a positive aswer to the question

of Beck, et. al. as a corollary to Theorem 3.6.
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Corollary 3.8. If P is d-dimensional andLp( ) =0, thenj + %j o 4.

The fact that % is the center of the disc containing the roots of any degres

SNN polynomial has a heuristic explanation, as noted in [6All the polynomials in

t+d | .
By = :
d d O j d

have roots contained inf d; d+1;:::;d 1g. For1 | d, the number of
polynomials in B4 with j as a root is equal to the number with 1+ j as a root.
Thus, the roots of the elements oB4 are highly symmetric with respect to the point

71, and the location of the center of the disc in our propositioshould not come as

a surprise. The critical line on which the roots ot 5 ,(t) lie is alsox = 71

In response to Theorem 3.6, C. Bey, M. Henk and J. Wills provetthe following

theorem.

d  t+d j

P
Theorem 3.9. (Bey, et. al., [5]) The polynomial Sy(t) = =0 d is an Ehrhart

polynomial whose roots all have real par42—1. Further, if 4 is the root of Sy(t) of

maximal norm, then
1  d(d+2)

+ —
a7 2 2

+ 0O(1)

asd!1

Thus, a norm bound for Ehrhart polynomial roots cannot be beer than quadratic
in d. It was suggested in [5] thatSy(t) possesses the roots of maximal norm among all
dimensiond polytopes with interior lattice points, and this was provedford = 2;3. In
response to the analogous question for SNN polynomials, Mikevelin and | produced

the following theorem and conjecture.

t+d+t

d d satis es

Theorem 3.10. (Braun, Develin, [8]) The polynomial M4(t) =

the following:
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(i) Myg(t) is not an Ehrhart polynomial;

(i) If 4 is the root of M4(t) of maximal norm, then

R T
Jat 5= —+0Q)

asd!1l

Proof. Regarding (), for any lattice polytope P, h, is equal to the number of interior
lattice points in P. If this is non-zero, thenh,, which recordsLp(t) d+1 whenP
is d-dimensional, must also be non-zero. As this condition is heatis ed by Mq(t),
Mq(t) is not an Ehrhart polynomial.
The proof of (i ) closely follows the proof of Theorem 3.9 given in [5]. By Tloeem
3.2, since the roots of the numerator of the generating furion for My(t) lie on the
1

unit circle, all the roots of My(t) are on the linex = —-. If s= 71 +b,b O isa

root of My(t), then we have
(s+d)(s+d 1) (s+1)= s(s 1) (s d+1); (3.2)

as any roots of My(t) satis es

s+d s
d — d
Writing s j = s; = r;€ 1 and noting that js+ j +1j = js jjimpliess+j +1=

rie( 1), we can rewrite (3.2) as

( 1)d+l - e|(2 o+ +2 ¢ l):
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We now substitute 5 + ; = ;, where ; 2 (0; 5]. This gives a new equation,

1=¢@ot +2 4 1)

Therefore, we must have, for some positive odd value lof

k X?
2 0
By de nition, cot ; = J% forj =0;:::;d 1. Thus,sis aroot of M4(t) of maximal
imaginary part if and only if
X 1
— 1 - .
pqe(b) = cot i+ % =5 (3.3)

j=0

as eachpqy(b) is a strictly decreasing function ofo. Say that py(ky) = 5.

For x> 1, we have

X (1
o (2k + 1)(X2k+1)'

cot }(x) = tan l(%) =

By truncating the Taylor series after the rst and second tem, we have% > cot (x) >

X |

3)%3. Using this inequality on each summand in (3.3), substitutig x = HL% for

eachj, grouping thej ™-terms together bym, and then applying Faulhaber's formulas
[24] on each of the resulting sums, we have that far> d + 1,

& ®
25> Po® > 5 Toa5

Suppose now thath = & , Where is some large constant. In that case we

have
d2 d4 d 2 3d4

MO s T 2@ ) 10e@

(3.4)
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The limit of the right hand side of (3.4) asd increases is;, and for all large enough
d the right hand side is greater than;. As eachpy(b) is decreasing inb, we see that

by b= & . As we also have® > bg for large d, we have our result. 2

Conjecture 3.11. (Braun, Develin, [8]) The root of the polynomialM 4(t) with largest
norm, call it 4, hasjim( 4)j maximal among the imaginary parts of all roots of degree

d SNN polynomials.

Experimental data for the roots of a large number of SNN polyamials of degree
less than or equal to seven form the basis for this conjecture

We nish this section by observing that the root bounds abovealso apply to
certain Hilbert polynomials, namely those of Cohen-Macaay N-graded C-algebras
whose Hilbert series have a numerator of degree less than qual to one less than
their Krull dimension. Thus, our norm bounds for Ehrhart poyynomial roots can be

considered a consequence of the Cohen-Macaulayness of theh&rt algebras.

3.3 The Vertical Strip Conjecture

In this section we consider Conjecture 3.4. All of the mataal in this section is joint
work with Mike Develin, adapted from the preprint [8]. If Corjecture 3.4 is true,
one might hope that it holds for all SNN polynomials. A step irthis direction is the

following.

Theorem 3.12. For d 2, let C (respectivelyC?) be the open pointed cone i€
with vertexd 1 (respectively d), angular width 2-, and bisecting ray(d 1;1 )
(respectively(1 ; d)). For any SNN polynomialf of degreed, C}[ CZ does not

contain a root of f .

Proof. That the real roots of such polynomials are in the interval [d;d 1] was

shown in [2]. We prove that the theorem holds for complex vaéis inC} with positive
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imaginary part. The proof is similar for the other cases. Let 2 C;. Then the

di erence between the arguments of 4 ! and ") * is less than; for all j, as

d
this is equal to the di erence between the arguments ot - d j)and (t j), both
of which have argument less than;. Therefore, the points “ﬂ 1,0 d, lie
in a common half plane with zero on the boundary. A nonnegaiy nonzero linear

combination of such points cannot be zero. 2

Note that Conjecture 3.4 follows from Theorem 3.12 fadl = 2, as in this case the

angular widths of our cones are. We can extend this as follows.

Theorem 3.13. For any SNN polynomial of degre& or 4, the Vertical Strip Con-

jecture holds.

Proof. If d = 3 or 4, we show that for every complex number lying outside the
vertical strip fz: d Re(@z) d 1g, the numbers ' ,0 j d, alllieina
half-plane with zero on the boundary. We show this by provinghat the anglesA(j)

formed between the vectorg | andz+d |, which are the angle di erences between

z+d |

successive q

,sumtolessthan forO | d 1. The situations for the real
part of z being less thand and greater thand 1 are symmetric (interchangingj
with d 1 j), so assume that the real part ok is greater thand 1. As these are
real polynomials, complex roots will occur in conjugate pes, hence we may assume
that all relevant vectors lie in the rst quadrant and therefore eachA(j) is increased
by decreasing the real part ok. Hence, we need to show that the angle sur)nj A())
is at most when the real part ofzisd 1.

Let z=(d 1)+ ki. An application of the Law of Cosines to the triangle with
vertices 0,z j,andz+ d | yields the following formula, wherer = (d 1) |
(the x-coordinate ofz j)ands=(2d 1 j) (the x-coordinate ofz+ d j):

d2k2

CO§A(j )=1 (k4 + (r2+ s?)k? + r2s?)
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Sinced is a constant, this quantity is minimized wherk? = rs, and increases (thus
A(j) decreases) monotonically in both directions ak& gets further from this point.
Now, we move on to the speci c applications fod = 3 and d = 4. For d = 3,

simply applying the above formula yields (by numerical comgation):

(A(0);A(1); A(2)) (0:45,0:65;1:58);

z+d ]

the sum of these is less than, so the relevant “* ; * all lie in a half-plane.

For d = 4, we need to consider cases. Using the monotonicity ressuilbbtained

above, we divide into the casek? 2 andk? 2. Fork? 2 we have:

(A(0);A(1); A(2);A3)) (0:24,0:380:70; 1.58);

while for k2 2 we have:

(A(0);A(1);A(2);A3)) (0:41,0:530:73 1.23);

in both cases the sum of these angles is less thanand so in both cases the relevant
#+¢ 1 again all lie in a half-plane. This completes the proof thatlazeroes lie in the

vertical strip for d=3;4:. 2

Experimental data suggests that the vertical strip conjecatre might hold for SNN

polynomials of higher degree, as demonstrated in Figure2aand 3.3.
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Figure 3.2: The roots of all non-zero degree 7 SNN polynonsakith h; 2 f 0; 1g for
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Figure 3.3: The roots of 1000 random degree 7 SNN polynomials

While these results and data sets are promising, surprisilygthe vertical strip
conjecture is not generally satis ed by SNN polynomials. Teroduce examples illus-
trating this we x dand pick a desired rootz for which the numbers ”3 I do not lie
in a half-plane with boundary through the origin. We then praluce a positive linear
combination of these numbers which is equal to zero, and thelgnomial encoded by
these coe cients will have a root equal toz. For d large enough, we can nd suclz

which lie outside the vertical strip, as the following examigs demonstrate.

39



Example 3.14. The polynomial

t+5 t
f(t) = +33

satisesf(z)=0for z 4:00019 + 300963.

We obtain this polynomial by noting that for d = 5 and z = 4 + 3i, the sum
of the A(j) de ned in the proof of Theorem 3.13 exceeds. Therefore, by taking a
convex combination of the values Z*‘F_ZS }:0 j 5 equaling zero, we obtain a SNN
polynomial with root 4 + 3i. By perturbing the coe cients to their nearest integral
value, we obtain a new SNN polynomial with integrah -vector having a root of real
part strictly greater than 4. However, this polynomial is né an Ehrhart polynomial.
In particular, hy; = 33 but h, = 0, which is impossible for Ehrhart polynomials by
Theorem 2.26. By bumping up the degree and using a similar ajgach, we can nd

candidate Ehrhart polynomials that may or may not be actual Brhart polynomials

of polytopes.

Example 3.15. Consider the polynomialg(t) of degree 26 with

Numerical approximation produces

2647331467 2851231238

as a root ofg(t).
This leads us to the following, currently unresolved, queisin:

Question 3.16. Is the polynomialg(t) from Example 3.15 an Ehrhart polynomial?
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This question illustrates the limits of our understanding 6 Ehrhart polynomials
and series. Computing an Ehrhart series or polynomial from given lattice polytope
is a hard computational problem, and only recently has softave been developed to do
so. At the moment, there are no known methods for constructina lattice polytope
with a given h -vector. In general, our ability to computeh -vectors for polytopes of
high dimensions is very limited. The next chapter will prowle one way to partially

overcome this limitation.
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Chapter 4

h -vectors of Lattice Polytopes

In this chapter we discussh -vectors of lattice polytopes. Our main goal is to prove
that Ehrhart series behave well with respect to the free sunperation when a re exive
polytope is involved. The result is a method for producing nmeh -vectors from certain
pairs of knownh -vectors. Much of the material in this chapter is adapted fnm [7],

where the results of Section 4.3 appeared.

4.1 h-vectors for Cohen-Macaulay algebras

We obtained as a corollary to Theorem 2.46thatih = ,; A isa nitely generated
N-graded Cohen-MacaulayC-algebra of Krull dimensiond with a regular system of
parameters all of degree one, then the Hilbert seriés(A; x) is of the form

ho+ hix + hox2+  + hgx®S
(1 x)d ’

H(A;x) =

with each 0 h; 2 Z. Itis a well known fact in algebraic combinatorics that one @n
construct such algebras withh; arbitrary for j > 0 andhg = 1, see Exercise 32.10 in
[13].

It therefore makes sense to restrict our algebraic consid¢ions as far as possible
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beyond the Cohen-Macaulay condition if we want to obtain iréresting results about
h -vectors of lattice polytopes via commutative algebra. Foexample, Ehrhart alge-
bras are clearly integral domains; this observation lead® tthe following due to R.

Stanley.

Theorem 4.1. ([22]) Given a lattice polytopeP of dimensiond and anyr 2 N such

that 0 r % , the h -vector of P satis es

ho+h;+ +h

Theorem 4.1 follows from a general result about-vectors of semi-standard Cohen-
Macaulay domains, see [22] for detalils.

Theorem 4.1 is one of many indicators that identifying vects of non-negative
integers that areh -vectors of lattice polytopes is a non-trivial problem. Thepoly-
nomial violating the Vertical Strip Conjecture given in Question 3.16 is of degree 26,
a much larger polynomial than that given in Example 3.14. Oneeason that our
potential counterexample has a comparatively large degrée that our algorithm for
nding SNN polynomials violating the Vertical Strip Conjecture does not immedi-
ately produce polynomials withh -vectors satisfying the known linear constraints on
h -vectors for Ehrhart polynomials such as that given in Theam 4.1. From all of
these observations, a central question arises: how mighteooonstruct large vectors of
non-negative integers which are known to ble -vectors for lattice polytopes? Further,
can we do so in a way which leads to constructions for latticeofytopes correspond-
ing to thoseh -vectors? One answer to these questions comes from previglksiown

constructions involving polytopes and duality.
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4.2 Products, Sums, and Duality

Given two convex lattice polytopesP R%® and Q R% of dimensionsds and
do, respectively, we can form the product polytopd> Q. It is easy to show that
the product polytope is also a lattice polytope, as illustreed by Figure 4.1 where the

cartesian product of [ 1;1F and [ 1;1] is shown.

@ © Q ©
O O O O
C, © ) O
P=[ L1  Q=[ L1 P Q=[ L1P

Figure 4.1: A product polytope.

For a product polytopeP  Q, the Ehrhart polynomial of P Q satisesLp oft) =
Le (t)Lo(t). Thus, Ehrhart polynomials are multiplicative with respect to cartesian
products, which provides an easy way to obtain Ehrhart polyomials of higher degree
from those of lower degree. This does not, however, transtainto a simple formula
for Ehrhart series, i.e.h -vectors.

Another important concept is that of a dual polytope.

De nition 4.2.  For a convex lattice polytope® R% of dimensionds, the dual of
P is
P = x2R¥*:x p 1forallp2P

This idea of duality is the usual one, in the sense tha® is the set of all points
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P =

Figure 4.2: A polytope and its dual.

in R% , considered as a space of linear functionals, that evaluateless than or equal
tolonP. If02 P , whereP denotes the interior ofP, then P is also a convex
polytope and P ) = P, see [25] for details. IfP is a lattice polytope, it is not
necessarily the case thalP is a lattice polytope, as illustrated by Figure 4.2.

A natural question to ask is how the product operation and theualizing operation

interact. This leads us to the notion of a free sum.

De nition 4.3.  For two polytopesP R% andQ R% of dimensionds and do,
the free sum ofP andQ isP Q=convf(0p Q)[ (P 0g)g R *d,

The free sum of [ 1;1F and [ 1;1] is shown in Figure 4.3. The free sum is
important because if 02 P and 02 Q , then the free sum operation is dual to the

product operation, i.e.

P Q =(P) Q)

see [12]. A basic example of this duality is given by thé-dimensional crosspolytope
and its dual the d-dimensional cube. These are the free sumatopies of the interval

[ 1;1] and the product ofd copies of [ 1; 1], respectively. The free sum of two lattice
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o O O 0
O—oe—0 O
P=[ L1F Q=[ L1] P Q

Figure 4.3: A free sum.

polytopes is also a lattice polytope, with vertices in one tone correspondence with
the vertices of the summands.

Another motivating question for this chapter is whether or ot there is a nice
formula for the Ehrhart polynomial or series of a free sum, ithe way that Ehrhart
polynomials are multiplicative across cartesian productsTo answer this question,
thereby providing one answer to our questions about -vectors as a corollary, we
must introduce the special class of re exive polytopes. Ini§ure 4.2, we saw that
the dual of a lattice polytope is not necessarily also a latte polytope. When both

P and P are lattice polytopes, there are lots of interesting consegnces.

De nition 4.4. SayP R% is a lattice polytope of dimensiord, with 02 P . If

P is also a lattice polytope, we sal is re exive.

Re exivity is preserved by the operations of free sum and casian product, as
these operations preserve the lattice polytope property dnare linked via duality.
Re exive polytopes were rst investigated in the early 1998 in separate investigations

by V. Batyrev and T. Hibi, and exhibit the following remarkable properties.

Theorem 4.5. ([14]) P is re exive if and only if P is a lattice polytope with02 P

that satis es one of the following (equivalent) conditions
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1. P is a lattice polytope.

2. Lp (t+1) = Lp(t) forallt 2 N, i.e. all lattice points in R% sit on the boundary

of some non-negative integral dilate d®.

3. hy = hy, ; for all i, whereh; is the i" coe cient in the numerator of the

Ehrhart series forP.

The equivalence of the rst and third conditions of Theorem 4 is often referred
to as Hibi's Palindromicity Theorem, as it implies that the rumerator of the Ehrhart
series for any re exive P is a palindromic polynomial, i.e. exhibits the indicated
symmetry in its coe cients. Hibi's proof of this characterization of re exive polytopes
relies heavily on Ehrhart-Macdonald reciprocity, which isiot surprising given that the
second condition above relates the number of lattice poinis a dilation of P to the
number of lattice points in a smaller dilation ofP. From this characterization, it would
appear that re exive polytopes are a very restricted clasd ¢attice polytopes. In some
ways, this is true; for example, it is known that there are oyl nitely many re exive
polytopes in each dimension up to lattice preserving a ne tansformations. However,
re exive polytopes are also very general, in the sense of tf@lowing theorem due to

C. Haase and I. Melnikov; for the de nition of lattice equivdent and a proof, see [11].

Theorem 4.6. ([11]) Every lattice polytope is lattice equivalent to a face of s@m

re exive polytope.

Re exive polytopes are a rich source of open problems and gectures. They
are related to the Mirror Symmetry Conjecture in theoreticé physics, see [1], to
various questions in toric geometry, and to questions abowdrror-correcting codes
and random walks. For more about the last topic see [3], whehee sums of re exive
polytopes play an important role. Re exive polytopes are ab exactly what we need

to construct largeh -vectors.
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4.3 h -vectors for Free Sums

The following is the main result of this chapter.

Theorem 4.7. If P is a dp-dimensional re exive polytope inR% and Q is a do-

dimensional lattice polytope inR% with 02 Q , then
Ehrp o(X) =(1  X)Ehrp (X)Ehro(x): (4.1)

The key point in the following proof is that the R% and R% components of lattice
points in t(P Q) cannot simultaneously be far from the origin. For what fobbws,

consider vectors inP and Q as actually being inP  0g and G-  Q, respectively.
Proof. Note that (4.1) is equivalent to

Xt
Lo o) = Lo®+ Lot K(Le(K) Le(k 1) (4.2)

k=1

for everyt 2 N. This equivalence is seen by expanding the product on the highand

side of (4.1) as follows:

X X
(I X)Ehrp(X)Ehro(x)=(1  X)( Lo(r)x")(  Lp(s)x%)
r 0 s 0

X X X
= Lo(MxXD(  Le(9)x° Le(s  1)x%)

r 0 s 0 s 1

X X
=( Lox)(@+  (Le(s) Le(s 1)x°)
1

r 0 S

Xt
= [Lo(t) + Lo(t Kk)(Lp(k) Lp(k 21))x"
t o k=1
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We will therefore show that (4.2) holds for everyt 2 N.
Suppose rst that k is a real number between 0 and, t 2 N. For p 2 kP,

g2 (t Kk)Q, we have 2 3 2 3
0

19PL,p. 1 85200
k 0 t k q

and we see that
2 3 2 3 2 3
0
ke tgbz,  t kv 8Y2_8PLop w=tr 0
t k" t t kg q

Thus there is a copy okkP  (t k)Q int(P Q) for any suchk.
S
5 Wse will now show thatt(P Q) = ,,0ykP (t k)Q. Supposep 2 @kP) and

9 P &Z;. 2 t(P Q). We will show that g cannot be outside { k)Q.
q

Note that (tP) = P . So,

P Q) =) Q)

If &2 @Pthen there exists somg 2 P suchthatp £ =1. Thus

1k p _ k.
PP =t P k¢
If 92 @Qwhere > (t k), then similarly there existsq 2 Q such that
1 q _ t Kk
L
But, we know that
P Q =P Q
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and thus 2 3

8P Lolp o)
t q t
2 3

has a dot product withg P E 2 t(P Q) of greater than one, a contradiction.
q
Thus, every lattice point in t(P Q) can be assigned uniquely to a lattice point

in tP by projection onto the R% coordinate. Further, asP is re exive, each lattice

point in R% is contained in the boundary ofkP for somek 2 N. Therefore,

dp+dp —
82 3t(P Q)\ z Q = 9
2 =
QP L. p2@kP)\ z%:q2(t KO\ Z% (4.3)
k2f0;:::;tg> : ’ S - .
. q H

It is immediate that (4.2) counts the lattice points int(P Q) using this partition.

2

Note that the product on the right hand side of (4.1) is obtaied by multiplying
the numerators of Ehp(x) and Ehrg(x) and dividing by (1 x)%*%*1  So, just
as the product polytopeP  Q induces a product of Ehrhart polynomials, we see
that, subject to some restrictions, the free sum induces a @duct of the numerators
of the Ehrhart series of the summands. It is exactly this obseation that allows us

to produce large newh -vectors from existing ones.

Example 4.8. The polytope P = convf( 1; 1);(1;0);(0;1)g is re exive with h -

vector (1;1;1). Given any other lattice polytopeQ with 0 2 Q , where Ehip(x) =
j =0

I, the h -vector of P  Q is

T X
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It is interesting that the Ehrhart polynomial and the Ehrhart series are \dual”
to each other in the sense of Theorem 4.7. It would be interé@sy to nd other
examples of duality involving polynomials and their assoaied series where similar
patterns arise, in particular to nd a general theorem from vhich Theorem 4.7 follows
as a corollary.

A simple example shows that Theorem 4.7 does not hold for antairy polytopes.

Given P =[ 2;2], we see that

1+3x
Ehrp (x) = a x?
while
1+10x +5x2
=re PO = s

However, re exivity is not necessary either. If 02 Q, the pyramid over Q is

de ned to be [0;1] Q. Though [0, 1] is not re exive, it is well known that
Ehrio, o(X) = (1 x)Ehrpo,(X)Ehrgo(x):

Despite not being re exive, [0 1] shares the property with re exive polytopes that the
lattice point in t[0;1] (t 1)[0; 1] lies on the boundary ot[0; 1]. Since [Q1] is \half"

of a re exive polytope, the lattice points int([0; 1] Q) are \ ltered" uniquely by the
lattice points in t[0; 1] and hence we get our result. This example can be generalize

as follows:

Corollary 4.9. Suppose thatP and Q are as in Theorem 1 and thaff H;g&, and
fK;g., are halfspaces of the fornH; = y2 R% :y & 0 for somea 2 R%
andK; = u2R% :u b 0 for someh 2 R%, respectively. SetH = \ H; and
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K=\K;. If H\ P andK \ Q are lattice polytopes, then
Ehr(H\ P) (K\ Q)(X) = (l x)EhrH\ p(x)EhrK\ Q(X): (44)

Proof. We can extendH; and K; to halfspacesdl; R%*% and K; R%*d% by

setting 8 2 3

2 a 2
B = z2R%*%-§ %L, o

> 0 >
. Q 1

and 8 2 3 9
2 2

0
K, = z2R%*% 8L 7 o

> >
. b ,

We will rst show that

t(HVP) (K\ Q)= \iAi \ \ K \t(P Q): (4.5)
2 3
Letg g g 2t(H\ P) (K\ Q)). Then
q
2 3
p X X
9 g: mpm + nch
q

P P
where eachp, 2t (H \ P), eachqg, 2 t (K \ Q), m + n=1,and ,; , O.

Thus, for all i, 2 32 3 2 3 2 3
P
§2L8PL-§%2§, "™ o
OQ q OQ nCh
and, for all j, 2 3 2 3 2 3 2 3
P
0 0
§rE§PE-9"L8, ™ o
h q q nCh
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2 3

HenceweseethaﬁpEZ Vil v LR V(P Q).

2 3 “

LetngZ \H \,-I@j \ t(P Q). We know that p & 0 for all i,
a 2 3

g b Oforallj and (from the proof of Theorem 4.7) thatg P &Z;. 2kP (t kQ
q

for some real number 0 k t. Thus, P2 H\ P, 4. 2 K\ Q, and

2 3

2 3
k t p t Kk t 0z P .
kol 90g+ = ﬁq%-ﬁq?,zt«mp) (K\ Q);

hence we are done with (4.5).

Using (4.3), we see that

gy
3 9

=
£

'p2 H\ @kP)\ Z%;q2 K\ (t k)Q\ZdF’>: (4.6)

Since (4.5) shows that

Lanvey iy =Ly ene o)
our partition above shows that
Ehrimiey ki(X) =@ x)Ehry p(X)Ehric\ o(X); (4.7)

as the right hand side of (4.7) enumerates the elements of tlgsjoint union (4.6).

2
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We end this chapter by mentioning an application of Theorem.Z due to S. Payne.
T. Hibi conjectured in [13] that the h -vector of any re exive polytope is unimodal,
e. hy hy hbgc' This conjecture was disproved in a recent paper due
to M. Mustad and S. Payne, [18], in which counterexamplesvere found in all even
dimensions greater than 6. The following theorem provides larger class of coun-

terexamples.
Theorem 4.10. (Payne, [19]) For any positive integersm and n, there exists a
re exive polytope P and indicesi; <j ; <i << <im<]m<im+ such that

h.

T and h,

l1+1

hj|

n,
for1 | m. Furthermore, P can be chosen such thatim(P) = O(mloglogn).

The method of proof of this theorem is to use two special farngk of re exive
polytopes with known h -vectors and apply Theorem 4.7 with summands from these

families to produce the requirech -vectors.
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