COUNTABLE COHEN-MACAULAY TYPE AND ISOLATED

BRANDEN STONE

QUESTION [HUNEKE-LEUSCHKE]. Let R be a
complete local Cohen-Macaulay ring of countable Cohen-
Macaulay type, and assume that R has an isolated sin-
gularity. Is R then necessarily of finite Cohen-Macaulay

type?

DEFINITION. A Cohen-Macaulay local ring (R, m) is
said to have finite (resp., countable) Cohen-Macaulay type
if it has only finitely (resp., countably) many isomorphism
classes of maximal Cohen-Macaulay modules.

[ HYPERSURFACES ]

EXAMPLES OF FINITE TYPE. The complete ADE
plane curve singularities over an algebraically closed field
k are the rings k[x,y,z,...,z:]/(f), where f is one of the
following polynomials:
(Ap) X" 2 4224 422, n>1
(D) :x" VP 254 422, >4
Eg):x*+y> +23+ - +22
):
):
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(E7) : Xy +y° +25++27
(Es) : x>+ + 23+ + 27

SINGULARITIES

DIMENSION ONE, REDUCED

DROZD-ROITER CONDITIONS. If (R, m, k) is a
one dimensional, reduced, local, Noetherian ring with in-
tegral closure S, finitely generated as an R-module, then
Wiegand et al showed R has finite Cohen-Macaulay type
when the following conditions occur:

dim; (S/mS) < 3; (dr1)
. R +mS
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DEFINITION. LetR be a homogeneous, Noetherian,
Cohen-Macaulay ring with dimension d. Then we say R
is Super-Stretched provided

dim, (L) <1
(.Xl,. ..,xd) i

for all system of parameters x, ..., x; and for all

d
i>) degxj—d+1.
j=1

THEOREM [KARR-WIEGAND]. Let R be as
above with k an uncountable field, then countable type
implies finite type.

PROPOSITION. Let x be a minimal reduction of the
maximal ideal m. The Drozd-Roiter conditions are equiv-
alent to the following;:

e(R) <3 1)
A(m2/xm) <1, 2)

EXAMPLES OF SUPER-STRETCHED.
e The ADE plane curve singularities, along with the
two hypersurfaces of countable type, are Super-
Stretched.

o The ring R = k[x,y]/(x*y — xy®) is not Super-
Stretched:

. R _
i (), =2

THEOREM [B-G-S]. A complete hypersurface sin-
gularity over an algebraically closed uncountable field k
has (infinite) countable Cohen-Macaulay type iff it is iso-
morphic to one of the following

k[x, v, 22, ..., 2]/ (V2 + 25+ - - - +22);
KX, v, 22, .-, 2]/ (xy* + 25 + -+ 22).

REMARK. A complete hypersurface singularity of (in-
finite) countable Cohen-Macaulay type has non-isolated
singularities.

EXAMPLE. The following are not finite type:
o R=k[3t"];e(R) = 3and A(m2/t*m) = 2.
o R=k[x,y]/ (x> — xy®); e(R) = 4 and
A(m2/(x +2y)m) = 1.

[ ARBITRARY DIMENSION ]

EXAMPLE. The following has finite type and e(R) = n:

X1 ... Xn
R =klx{,...,x /det ,n=2
[ n1] 2<x2 xn+1>

MAIN THEOREM [—]. A homogeneous, Noethe-
rian, Cohen-Macaulay ring of countable type and un-
countable residue field is Super-Stretched.
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