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ABSTRACT. For a bounded domain @ C R"™ and g € C(01), assume that H € C*(R")
is convex, coercive, and {p € R" : H(p) = mingr» H} has no interior points. Then we
establish the uniqueness for viscosity solutions to the Dirichlet problem of Aronsson’s

equation:

Alu] == Hy(Vu) ® Hy(Vu) : V2u =0, in Q
u = g, on 0.

For H = H(p,z) depending on z, we illustrate the connection between uniqueness &

nonuniqueness of Aronsson’s equation and that of Hamilton-Jacobi equation H(Vu, z) = c.

§1 Introduction

Calculus of variations in L> was initiated by Aronsson [A1,2,3] in 1960’s. Because of
both analytic difficulty and many potential applications, there have been great interests
by many people to investigate this subject in the last few years. The basic problem is to

study the minimization of the L°°-functional:
F(u, Q) = esssup,cq H(Vu(z),u(z),7), Q CR", ue W >(Q). (1.1)

As evident by studies on the model case H(p) = [p|*> by [A1,2,3], Jensen [J], and

Crandall-Evans-Gariepy [CEG|] and many others, the correct notation of minimizers for
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Le°-functional is absolute minimizer (there is an excellent survey article by Aronsson-
Crandall-Juutinen [ACJ] on its recent development). More precisely, u € Wllo’:o (Q) is an

absolute minimizer of H, if
F(u,U) < F(v,U), VU CC Q, v e W->(U) with v|ay = ulsv. (1.2)

Through Barron-Jensen-Wang [BJW], it is known that the natural condition for the
existence of absolute minimizer is quasiconvexity (or level set convexity) of H(-,z,x):
{p € R" : H(p, z,x) < ¢} is convez, for any ¢ € R and (z,z) € R x Q. It is shown by
[BJW] and Crandall [C] that if H(p,z,z) € C*(R™ x R x ) is quasiconvex in p-variable,

then any absolute minimizer u € Wllo’zo () is a viscosity solution to Aronsson’s equation:
Alu] := V(H(Vu(z),u(x),z)) - Hy(Vu(x),u(x),z) =0, in Q. (1.3)

The readers can refer to Crandall-Ishii-Lions [CIL] for the background on the theory of
viscosity solutions. Very recently, Crandall-Wang-Yu [CWY] extend the above result of
[BJW] and [C] to H € CY(R™ x Q). Moreover, Yu [Y] has showed that if H(p,z,z) €
C?(R™ x R x Q) is convex in p-variable, then any viscosity solution of Aronsson’s equation
(1.3) is an absolute minimizer of H. For a quasiconvex Hamiltonian H = H(p) € C?(R"),
inspired by [CEG], Gariepy-Wang-Yu [GWY] have developed the comparison principle
of generalized cones C’,f () for both absolute minimizers of H and viscosity solutions of

Aronsson’s equation (see §2 below).

Among many outstanding issues on Aronsson’s equation (1.3), the uniqueness and
regularity issue of its viscosity solutions are most challenging problems. Notice that for
the model case H(p) = |p|?, Aronsson’s equation (1.3) reduces to the infinity Laplace
equation:

Asu=Vu®Vu:V*u=0 inQ, u=g on dQ. (1.4)

In a seminal paper [J], Jensen proved the uniqueness of viscosity solutions to (1.4). See
Juutinen [Jp] for some extensions of [J]. Later, Barles-Busca [BB] found an alternative
proof of Jensen’s uniqueness theorem. Very recently, Crandall-Gunnarsson-Wang [CGW]
rediscovered another proof based on the new observation of an approximation of infinity
subharmonic functions that allows one to assume that gradients are bounded away from
zero. Moreover, this observation enables [CGW] to extend Jensen’s uniqueness of infinity
harmonic functions to some unbounded domains and with respect to other norms s well.
We would like to point out that a similar observation has also been employed by Barron-

Jensen [BJ] on absolute minimizing functions with an Dirichlet energy constraint. For the
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regularity issue, Savin [S] and Evans-Savin [ES] have proved that any infinity harmonic
function in R? is C1* for some 0 < a < 1. Wang-Yu [WY], based on some extensions of
ideas by [S] and the technique of discrete gradient flow for Aronsson’s equations, proved
the C'-regularity for viscosity solutions to Aronsson’s equation in R? for any uniformly

convex H.

In this paper, we are mainly interested in the uniqueness issue of Aronsson’s equations.

First, let’s recall the definition of viscosity solutions to Aronsson’s equation.

Definition 1.1. A function v € C(2) is a viscosity sub(super)solution of Aronsson’s
equation (1.3), if for any (zg,¢) € Q x C%(Q), with

0= (u—¢)(0) > (<)(u—§)(x), Vo € L, (15)

then
Algl(zo) := Va(H(V9, ¢, 2)) - Hy(VP, 6, 2)|o=z, = (Z)0. (1.6)

A u e C() is a viscosity solution of Aronsson’s equation (1.3), if it is both viscosity
subsolution and supersolution of (1.3). Notice that it is easy to check that u is a viscosity
supersolution of Aronsson’s equation (1.3), if —u is a viscosity subsolution of (1.3) with H
replaced by H(p, z,x) = H(—p, —z, ©).

Now we are ready to state the uniqueness theorem.

Theorem 1.2. For any bounded domain Q@ C R™ and g € C(0N2), assume that H €
C?(R") satisfies

(A1) H is conver, i.e., V>H(p) > 0 for any p € R",

(A2) H is coercive:

lim H(p) = +o0, (1.7)
|p|—+o0

(A3) the minimal level set, {p € R™ : H(p) = min H}, has no interior points.

Then there exists a unique, viscosity solution u € C(2) to:

Alu] = > H,, (Vu)H,, (Vu)uy; =0, in Q, (1.8)
i,j=1

u=yg, on . (1.9)

We would like to point out that by suitably modifying H near infinity, one can always
assume that H satisfies (A2). Notice that both the arguments by [J] and [BB] don’t seem
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to be applicable for the proof of theorem 1.2. In fact, the proof of [J] relies heavily on
the homogenity of H(p) = |p|?, while the proof of [BB] depends on that a strong type
maximum principle for viscosity solutions to the PDE under consideration. This is not
true for our case here. For example, let H(p1,p2) = |p1]? : R? — R. Then it is easy to see
that u(x1,x2) = —23 is a smooth solution of the corresponding Aronsson equation, which

is not locally constant but has a local maximum point.

From [GWY], we know that for any viscosity subsolution u of (1.8), a upper semicon-
tinuous representation of H(Vu(z)), ST(H,u,z), exists for any = € . There are several
crucial ingredients in the proof of theorem 1.2. First, for any ¢ > 0, we apply the Perron’s
method to solve the Hamilton-Jacobi equation in the open set Q. = {x € Q: ST(H,u,x) <
€}

e—H(Vv.) =0, in Q,, ve =wu, on 0f),. (1.10)

Second, we approximate any viscosity subsolution u of (1.8) by u. : 2 — R:

Ue = uin O\ Qe, ue = ve in Q. (1.11)
Third, we show that u. is also a viscosity subsolution of (1.8), which is highly nontrivial
to achieve for xg € 0. NQ. To do it, we modify the argument by [CWY] to show that for

any upper test function ¢ € C?(Q) of u, at x¢, there exists z, € dB,(zo) N (2 \ Q) such
that

¢(xr) — 3(20) > CH (9 () (Tr — T0)- (1.12)

This turns out to be sufficient.
The uniqueness issue is much more complicated for Aronsson’s equation (1.3) when
H(p,x) depends on z. In general, it may fail. Here is an example pointed out by [Y].
For H(p,z) = |p|> +sin®z : R x [0,27] — R, then u; = 0 and uy(x) = sinx are smooth

solutions to Aronsson’s equation:
v (u'v”" +sinzcosz) =0 in [0,27], u(0) = u(27) = 0.
However, we believe that the following should be true.
Conjecture 1.3. For any bounded domain QQ C R™ and g € C(09), let H(p,x) € C*(R"™ x
Q)NC(R™ x Q) satisfy (1) H(-,x) is convex for any x € Q, and (2) 0 = H(0,z) < H(p, x)

for any 0 # p € R"™ and x € Q. Then there exists a unique viscosity solution u € C(Q) to

Aronsson’s equation:

Alu] = Z Hy,, (Vu,z)H,, (Vu, z)u;; + Z H,,(Vu,z)H,,(Vu,x) =0 in Q, (1.13)
ij=1 i=1
u=g on Q. (1.14)



A plausible approach to attack the conjecture is to first modify the proof of theorem
1.2 to obtain a viscosity subsolution u. of (1.13) such that H,(Vu.,x)-Vu. > c(e) > 0, and
then use the super-convolution to deform such a subsolution to a strict subsolution. Here
speical cares need to be taken, due to the presence of z-variable. We plan to investigate

Conjecture 1.3 in the future.

For H(p,z) that may not satisfy the condition (2), we show in §5 that there are
interesting connections between the nonuniqueness of Aronsson’s equation and that of

viscosity solution to Hamilton-Jacobi equation:
H(Vu(x),z) =coin 2, u=gon 0%, (1.15)

where

co = inf sup H(V¢,x). (1.16)
PeC(Q)NCL(Q) 2N

More precisely, we show in §5

Theorem 1.4. If u € C()) is a viscosity solution of (1.15), then there exists a viscosity
solution U = T(u) € C(Q) of (1.13)-(1.14). Moreover, if u; # us € C(Q) are two different
solutions of (1.15), then Uy = T'(uy) # Uy = T'(u2).

In §5, utilizing theorem 1.4, we provide three typical examples in which Aronsson’s

equation has infinitely many solutions.

The paper is organized as follows. In section 2, we review and collect some preliminary
results on Aronsson’s equations. In section 3, we provide the construction of Hamilton-
Jacobi equation as a nondegenerate approximation of subsolutions of Aronsson’s equation.
In section 4, we prove theorem A. In section 5, we discuss nonuniqueness of Aronsson’s
equation for Hamilton functions depending on z-variables, and its connection to Hamilton-

Jacobi equations.

62 Some preliminary properties of Aronsson’s equations

This section is devoted to some basic properties of viscosity solutions to Aronsson’s
equations that are needed in this paper. We refer the readers to [GWY] for more details.
Throughout this section and §3, the Hamiltonian H is assumed to satisfy:
(H1) H € C?*(R"™) is nonnegative, and H(0) = 0.

(H2) H is quasiconvex:
H(tp+ (1 —t)q) <max{H(p), H(q)}, Yp,q e R", 0 <t < 1. (2.1)
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(H3) H is coercive:
lim H(p) = +oc. (2.2)
|p| =00

(H4) For any ¢ > 0, {p € R" | H(p) = ¢} has no interior points.

First we would like to point out that for any H € C?(R") satisfying H2-H3, one can
check that if po € R™ satisfies H(pg) = minyern H(p), then H(p) = H(po + p) — H(po),
p € R", satisfies H1-H3. Therefore, without loss of generality, we may always assume

throughout this paper that H satisfies H1.

Definition 2.1. For k£ > 0, a generalized cone centered at 0 with slope k, C’,f(w), is
defined by

CH(z) = max ,r), r € R™. 2.3

flo) = max (p.a) (23)

It is proved by [GWY] that if H satisfies (H1-H3), then C¥ () is Lipschitz continuous,

convex, positively homogeneous of degree 1, and satisfies the triangle inequality:
Cl(x+vy) < CH(x) + C (y), Vr,y € R™. (2.4)

Definition 2.2. A upper semicontinuous function u € USC(2) enjoys comparison with
generalized cones from above in Q (or abbreviated u € CGCA(Q)) if, for any V CC ,
20 €Q, and k > 0,

u(z) < u(zo) + CH (x — x0), Yo € 9V, (2.5)

then
u(z) < u(zo) + CH (x — x0), Vz € V. (2.6)

The following two theorems by [GWY]| will be needed throughout this paper. The
first the upper semicontinuous representation of H(Vu) for viscosity subsolutions u of

Aronsson’s equation.

Theorem 2.3. Under the assumptions (H1-H4). If v € C(Q) N CGCA(Q), then u €

Wllo’zo (Q), and

(i) For any xg € Q, 0 < r < d(zg,01),
SH(H,u,x0) = inf{k >0 | u(z) < u(xo) + CH (x — x0), Vo € OB (o)} (2.7)
exists and is monotonically nondecreasing with respect to r. In particular
ST(H,u,zq) = }1_{% ST (H,u,0) (2.8)
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exists and is upper semicontinuous.

(ii) If xog € Q is a differentiable point of u, then

ST(H,u,z0) = H(Vu(xg)). (2.9)
In particular,
| H(Vu)| ey = mea[}(SJr(H,u,x), VYU C (. (2.10)

(111) For zg € Q, 0 < r < d(z9,00), if x, € OB, (x¢) satisfies
u(mT) - U(IL‘Q) = CSHJF(H,u,:cO)(‘,ET - xo)

then
ST(H,u,z,) > S’ (H,u,p). (2.11)

Proof. See [GWY] Proposition 3.1, Proposition 3.3, and Proposition 3.4. [ |
The property (iii) in Theorem 2.3 is called an end point estimate. The next is the

equivalence between viscosity subsolutions of Aronsson’s equation and CGCA(£2), namely,

Theorem 2.4. Under the assumptions (H1-H4). Then the following statements are

equivalent:

(a) u € C(R) is a viscosity subsolution of Aronsson’s equation (1.8).

(b) ue C(Q) is in CGCA(Q).

Proof. See [GWY] §5. [ |

§3. Hamilton-Jacobi equation and viscosity subsolutions of Aronsson’s equation

The major difficulty to show uniqueness for viscosity solutions to Aronsson’s equation
is that ST(H,u,-), the upper semicontinuous representive of H(Vu), may vanish some-
where. To overcome this difficulty for the infinity Laplace equation, Jensen [J] constructed
subsolution approximations that have nondegenerate gradients by employing a L? approx-

imation scheme, namely,
max{—Ayv,e — |Vv|} =0, in Q.

Very recently, Crandall-Gunnarsson-Wang [CGW] (cf. also Crandall [C]) and Barron-

Jensen [BJ] discovered another approximation scheme by solving the Eikonal equation in
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the domain where the solution has degenerate gradients. Here we undergo a similar surgery

procedure for Aronsson’s equations.

Throughout this section, H satisfies the assumptions (H1-H4), and u € C(Q) N

Wllozo(Q) is a viscosity subsolution to Aronsson’s equation (1.8).

For any € > 0, define
Qo={recQ:ST(H,uzx)<e}, T.:=Q\Q ={xcQ:ST(H uzx)> e}
Theorem 2.3 implies that T, is a closed subset of {2 and hence (). is an open subset of 2.
For € > 0, assume Q. # (). Define
Ie={v e Wh(Q) N C@) | [HV)lpmon S € vloo, =uloa,}.  (31)
It is clear that u € I'.. We define v, : Q. — R by
ve(z) = inf{v(z) | v €T}, z € Q.. (3.2)
It is clear that v. = u on 0€.. Moreover, since u € I'., we have v, < u on €.
Now we have

Proposition 3.1. Under the assumptions (H1-H4), assume that u € C(2) N Wllozo (Q) is

a viscosity subsolution of Aronsson’s equation (1.8). For e > 0, assume that Q2. # 0. Then
(1) ve € T..
(2) ve is a viscosity solution of the Hamiltonian-Jacobi equation:

e—H(VY)=0 inQ, »=u on 0f.. (3.3)
(8) ve is a viscosity subsolution of Aronsson’s equation (1.8) in .
Proof. It follows from H3 that there is a constant K. > 0 such that

V| Loy < Ke, Yo € Te. (3.4)
By the definition (3.2), this implies
Ve[ Lo () < Ke.

To show ve € C(£¢). Assume z € Q¢ and y € Q.. Let = € 9Q, be such that |x — z| =
dist(z, 9Q¢). Then we have

Ve () = ve(Y)] < [ve(T) — ve(T)] + |0e(T) — ve(y)]
< Kelo — 2|+ [u(Z) — u(y)]
< K|z —y| + |u(@) — u(y)], (3.5)
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where we have used the fact that |x — Z| < |z — y| in the last step. Hence we have, for any
y € 09,

l o(z) —ve(y)| = 0.
pedm fve(z) —ve(y)]

| H(Vve)|[ 0.y < € follows from H2. In fact, it is not hard to show that there exist
{v;} C T'c such that v; — v, uniformly on Q., and Vv; — Vo, weak* in L>°(Q.). Hence,

by the lower semicontinuity, we then have
| H(Vve) | Loe () < limiinf | H (V)| Lo (.) < € (3.6)

Hence v, € T'..

(2) is obvious. Here, for the completeness, we sketch it. It suffices to prove v, is a
viscosity subsolution of (3.3). For this, let (xq, ¢) € Q. x C1(Q,) be such that

0= (ve — ¢)(wo) < (ve — @) (), Vo € Qc \ {wo} (3.7)

Suppose that H(V¢@)(xg) < e. Then there exists a dg > 0 such that H(V¢)(x) < € for

any x € Bs,(z¢). Observe that if 6; > 0 is sufficiently small, then there exists an open set
Vi C Bs, (o) such that v. > ¢ — 1 in V; and v, = ¢ — &; on V;. Define w, : Q. — R by

we(z) = (¢ —€)(x), €W (3.8)

= v (z), € Q\ V1. (3.9)

Then we have w, € I'.. Hence we have

Ve(o) < we(x0) = P(x0) — 01 < ve(0)- (3.10)

This yields a desired contradiction. Hence ¢ — H(V¢)(z) < 0 and v, is a viscosity subso-
lution of (3.3).

To prove (3), first recall the super-convolution of v, (cf. [CIL]). For any 6 > 0, let

1 —
v (z) = sup {ve(y) — %]:c —y?}, Vz € Q.. (3.11)
ISR

For any 7 > 0, define Q7 = {x € Q. : d(x,98) > 7}. We have

Lemma 3.2. Under the same conditions as in Proposition 3.1, for any T > 0 there exists
S0 = 60(7) > 0 such that for any 0 < § < &g, if v° is differentiable at xo € QT , then

H(Vo)(zo) = e. (3.12)
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In particular, if v° is twice differentiable at xo € QT, then

Afv?) (o) = 0. (3.13)

Proof. The proof of (3.12) is similar to [GWY] Lemma 2.2. For convenience of readers,
we outline it as follows. For zy € Q7, denote p = Vuo(xg). For any a > 0, there is
ro = ro(7) > 0 such that B, (zo) C Q2 and

s 5 V2
ve(x) < vl(zo) + (p,x — xo) + (V2 — 1)rg, Vo € By (x0). (3.14)

€

By the definition, there exists yo € Q. such that

1
ve(w0) = ve(yo) = 55170 = pol* (= ve(wo))- (3.15)
It is easy to see that |zg — yo| < 2(5HVUE||LOC(§€) < 6. Therefore there is a 0 < dg < 55
such that [y — xo| < § and yo € QZ. Tt follows from (3.14) and (3.15) that for any

x € By (z0) and y € Q7

1 1
ve(y) + 2—5|$ —y? < ve(yo) — 2—5|$0 —yo|*> + (p,x — x0) + (V2 — 1)ry. (3.16)

Notice that y € 0B, (yo) implies x = z¢g — yo + y € 0B, (z¢). Hence (3.16) gives

Ve(y) < 9e(y) = ve(yo) + (p,y — yo) + (/73 + [y — yo|> = r0), Yy € 0By (yo). (3.17)

Since ve(yo) = ¢e(yo), it follows that there exists y. € By, (yo) such that

(ve = de)(yx) = max  (ve(y) = ¢e(y))- (3.18)

YEBry (o)

Since v, is a viscosity subsolution of (3.3), we have
H(Voe(ys)) = € (3.19)

By direct calculations, we have

a(y* - yO)
\/|y* - y0|2 + T%

V¢6(y*) =p+ (320)

and hence

Oz(y* - yO)
Hp+ ) > e (3.21)
VI« — ol +73
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Taking « to zero, this implies H(Vv?(xg)) > e.
To prove another direction, notice that (3.18) imply that for v € R™ with |v| = 1 and
0<t< 3,
Pe(yx) = Pe (Y — t0) S Ve(Ys) = V(Y — tv). (3.22)
Since Vo, exists a.e. in QF, H(Vv,) = e a.e. in Q7. Hence ||[H(Vv,)|p=@r) = € This,

combined with H2 and standard approximations, implies
Ve(Y) — Ve(ys — tv) < tCH (v). (3.23)

Therefore we have .
Qbe(y*) - ﬁe(y* - U) < CGH(’U)

(3.24)

By taking t into zero, this implies
(Vo (ys),v) < CH(v), Yv € R" with |v] = 1.

Hence H(V¢.(y.)) < e. Taking a into zero, this yields H(Vv?(xg)) < e. This proves
(3.12).

If v? is twice differentiable at xo € Q7, then v, is differentiable for any = near zo.
Hence, by (3.12) we have H(Vv®)(z) = € for x near zo. Taking one derivative of this
equation, we have

Hy(V?) - V20| = 0.

This clearly implies (3.13). The proof of Lemma 3.2 is complete. [ ]

Remark 3.3. It is well-known (cf. [CIL]) that v? is semiconvex and hence is twice
differentiable for a.e. z € Q7. Therefore (4.13) holds for a.e. z € Q7.

To conclude that v? is a viscosity subsolution of Aronsson’s equation (1.8) in €2, we

need the following useful lemma (see also [ACJ] Remark 6.7).

Lemma 3.4. Let u € C(€2.) be semiconvex and satisfy that if u is twice differentiable at
To € e, then
Alu](zg) > 0. (3.25)

Then u is a viscosity subsolution of Aronsson’s equation (1.8) in Q.
Proof. Let (zg,¢) € Q. x C?(Q.) be such that
0= (u—9¢)(xo) > (u— ¢)(z), YV € Q..
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Since u — ¢ is semiconvex, Jensen’s maximum principle ([J]) on semiconvex functions
implies that there exist {z;} C Qe, {p;} € R", with lim; . x; = ¢ and lim; . p; = 0,
such that (Vu + p; — V¢)(z;) = 0, and V?(u + p;x — ¢)(z;) exist and

V2(u 4+ piz — ¢)(x;) < 0.
Hence
Vu(z;) = Vo(x;) +pi, Vu(z;) < V3(x). (3.26)

Since u is twice differentiable at z;, (3.25) implies
Alul(z;) = 0.
Since
Alu(z:) < Al¢ + pixl(w:) = Hp(Vo(i) +pi) @ Hy(Vo(ai) + pi) : V(i)

we have, by taking ¢ into infinity,

Al¢](zo) > 0.

This implies that u is a viscosity subsolution of Aronsson’s equation (1.8) in ). [ ]

84 Nondegenerate approximation of Aronsson’s equation and proof of Theorem 1.2

In this section, we first use the viscosity solution to the Hamilton-Jacobi equation con-
structed by Proposition 3.1 to approximate viscosity subsolutions to Aronsson’s equation
(1.8). Then we prove theorem 1.2.

For any € > 0, construct an approximation u, for a viscosity subsolution u of (1.8) as
follows. Let v, : Q. — R be defined by (3.2). Define u. : Q@ — R by

ue(x) =u(z), = €T, (4.1)
=ve(x), = € Q. (4.2)

The first result of this section is the following theorem on ..

Theorem 4.1. Under the assumptions (H1-H4), and assume that u € C(£2) is a viscosity

subsolution of Aronsson’s equation (1.8) and u. € C(§2) is defined by (4.1)-(4.2). Then it
holds

(1) ue < wuin , and ue = u on .
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(2) ST (H,ue, ) exists for any x € Q, and

ST(H,uc,z) = ST(H,u,z), Vx € T,, (4.3)
=¢€, Vo € Q.. (4.4)

In particular, ST (H,ue, ) > € for any x € Q.

(3) uc is a viscosity subsolution of Aronsson’s equation (1.8) on Q.

Proof. (1) follows directly from (1) of Proposition 3.1. For (2), we will show
ST(H,uc,v) = S} (H,u,x), Vz € T,, 0 <r < d(z,09Q). (4.5)
In fact, it is easy to see from the definition of S* and (1) that
ST(H,ue,z) < ST(H,u,z), Vz € T, 0 < r < dist(x, 9Q).

On the other hand, if x € T, and 0 < r < dist(x, 02), then there exists x,, € 0B, (z) such
that

u(z,) = u(x) + C’é(H’uw)(xr —x). (4.6)
By theorem 2.3, we have
ST(H,u,x,) > S (H,u,z) > St (H,u,z) > e. (4.7)

Therefore z, € T,, and u.(z,) = u(x,). Since u.(z) = u(x), (4.7) implies

Ue(zr) = ue(x) + C’;F(H%m)(xr —x). (4.8)

This clearly implies that
ST(H,uc,z) > St (H,u,x)

and hence (4.5) follows. Taking r into zero, (4.5) implies (4.3). For (4.4), notice that
Proposition 3.1 implies that u. is a viscosity subsolution of Aronsson’s equation on ().
Hence, by theorem 2.3, we have u. € Wll(;ZO(QE) and ST (H,uc,r) exists for any = € Q..
Since u. is differentiable for a.e. x € €2, (3.3) yields that for a.e. x € Q¢, H(Vue(z)) = €.
Therefore, by (2.9), we have

ST(H,uc,z) = e, for a. e. z € ..

This, combined with the definition of v. and the upper semicontinuity of S™(H,u.,-),
implies S*(H, u.,z) = € for any x € Q..
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For (3), since by Proposition 3.1, v, is a viscosity subsolution of Aronsson’s equation
(1.8) on Q, and u is a viscosity subsolution of Aronsson’s equation (1.8) on the interior
of T, it suffices to prove that u. is a viscosity subsolution of Aronsson’s equation (1.8) on
OT.NQ = 00N Q. For any xo € T, N Q, let ¢ € C?(Q) satisfy

0= (¢ —ue)(zg) < (¢ —ue)(x) Vre

If H,(V¢p(xo)) = 0, then A[p](z9) = 0 and we are done. Hence we may assume
H,(V¢(z0)) # 0. For r > 0, it follows from the definition of S} (H,u, z¢) that there exists
x, € 0B, (x() such that

u(z,) = u(xg) + C?’;"(H,u,mo)(xT — ). (4.9)
Since ST (H,u,xo) = ¢, Theorem 2.3 implies

ST(H,u,z.) > ST (H,u,x9) =€

and hence z, € T, and u(z,) = u(z,). Notice also that u(xg) = u(zg) = ¢(z0). Therefore

we have

P(wr) = P(x0) = ue(wr) — ue(wo) = ule,) — u(wo)

- Cg(H,u,mo)(xT — o) = C§I+(H,u7x0)(a:r — xg)
= CeH(xr - IL'Q). (410)
Now we claim
ST(H,u,z0) > H(V(x0))- (4.11)

In fact, by [CWY] Proposition 2.3, we have

H(V(wo)) < Um[|H (Vue)|l 2= (55 (xa)
= limmax{[| H(Va) | 1o (55 (woyore) [H (Voo [ (3 oy
= limmax{||H(Va) | 1= (5 (wo)r2) €}
= lim [ H (V)| Lo (85 (20)nT.)

=lim sup ST(H,u,x). (4.12)
610 x€Bs(x0)NTe

Since ST (H,u, ) is upper semicontinuous, we have

lim max ST(H,u,x) < ST (H,u,xp),
510 2€By (z0)NT.
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this, combined with (4.12), implies (4.11).
It follows from (4.10) and (4.11) that

QS(I'T) o ¢(x0) > Cﬁ(v¢(m0)) (xr - ZL’()). (413)

Since ¢ € C%(2), we have

¢(x) — d(z0) = Vo(wo) - (, — z0) + O(r?). (4.14)
We may assume that there is a ¢ € R™ with |¢g| = 1 such that lim,_, ﬁ = ¢q. Hence,

by taking r to 0, (4.13) and (4.14) imply

Vé(0) - 4> Cll v g(ao) (@) (4.15)

In particular,

max -q=Volzy)-q.
Hp)=H (Vo) #(20) -4

Hence, by the Lagrange multiple theorem, we have

Hp(Vo(xo))

g = —P\YOT0)) (4.16)
[Hp(Vo(20))|
It also from from (4.13) that there exists # = 6, € (0,1) such that
CIZI(VM%))(W —x0) < Vo(lz, + (1 —0)x) - (x, — x0)
< CH (v (0r+(1—-0)20)) (Tr — T0). (4.17)
This implies that there exists 6, € (0,1) such that
H(NV¢(0rzr + (1 —6,)x0)) > H(Vp(xp)). (4.18)

Hence

0 < lim H(V¢(Orx, + (1 —997;0):30)) — H(Vé(xp))

= H,(Vé(x0)) ® q : V(o)

B 1 L2
= o) (V) & Hy(V6) : V6o,

This implies A[¢p|(xg) > 0 and u, is a viscosity subsolution of Aronsson’s equation (1.8)
on (. u
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We are ready to prove theorem 1.2. First, as mentioned in §2, we can assume that
H(0) =0 and H(p) > 0 for any p € R™. Second, observe that the conditions H1-H4 are
satisfied if H satisfies the conditions (A1-A3) of theorem 1.2. The idea is to first use (A3)
to show that u., constructed as above, converges uniformly to u, and then use (4.3)-(4.4)
to show that u. can be deformed into a strict viscosity subsolution of Aronsson’s equation
(1.8).

Lemma 4.2. Under the assumptions as in theorem 1.2. Let ue be defined by (4.1)-(4.2).
Then we have

!gr%) Hue - UHCO(Q) =0. (4.19)

Proof. For e > 0, let A. = {p € R" | H(p) < €}. Since Ap is a compact, convex set

without interior points, we know that Aj is contained in a hyperplane of R™ and hence
lim |cofp — ¢ | p,g € A} =0, (4.20)
where co(F) denotes the convex hull of a set F, and | - | denotes the Lebesgue measure in
R™.
Let v = u—u,. Then, by Theorem 4.1, we have v > 0. By the Alexandroff-Bakelman-

Pucci estimate (cf. [GT]), we have
|ue — ullco) = ggﬁ(u — ue) ()
< C(n)diam(Q)|co{Vo(z) | z € Q}|=
< C(n)diam(Q)[co{p — ¢ | p,g € AJ|* (4.21)

where diam(§2.) is the diameter of 2. and C'(n) > 0 is a constant depending only on n.
Taking € into zero, (4.20) and (4.21) imply (4.19). [ |

Proof of Theorem 1.2.

The conclusion of theorem 1.2 follows from the comparison principle. Let u € C()

(v € C(R2), resp.) be any viscosity subsolution (supersolution, resp.) of Aronsson’s equa-

tion (1.8), we need to prove

I;lea%((u —v)(x) = ;2%)5(“ —v)(z). (4.22)

For any a > 0, let Q, = {z € Q | dist(z,9) > a}. Notice that it suffices to prove (4.22)
with Q replaced by €. Since, by theorem 2.3, u,v € Wllo’cc’o (©), we have

max{||Vullp< @), IVVl[ze@)} < Ca < +oo.
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Hence we assume for simplicity that u,v € W1 (Q).

Let u. € C(Q) be given by theorem 4.1. Then we have S*(H,u.,z) > € >0 for z € Q
that u. is a viscosity subsolution of (1.8) on 2. Since u, — w uniformly on €2, it suffices to
prove (4.22) with u replaced by u.. Therefore we may assume that for sufficiently small
€>0,ST(H,u,z) > ¢ for x € Q.

For any § > 0, let u’ € C(Q) be the sup-convolution of u defined by (3.11), and
: 1 2 =
us(e) = i (o(9) + gl — o), @ €D
ye

be the inf-convolution of v. It is well-known (cf. [J], [CIL], [ACJ]) that (i) ||[Vul||fe(q) <
IVull (o) and ||Vus|| L) < [|Vo|[r=(0), u® — uw and vs — v uniformly on Q as § — 0,

(ii) u® is semiconvex and vs is semiconcave, i.e.,
V2l (z) > =867 21,, V3vs(x) <85 %I,, x€Q (4.23)

in the sense of distributions, and (iii) u® (or vs, resp.) is a viscosity subsolution (or

supersolution, resp.) of Aronsson’s equation (1.8). Moreover, it is easy to check
SHH,ul,x) >e, e (4.24)

Since u® + ¢ is also a viscosity subsolution of Aronsson’s equation (1.8) for any ¢ € R, we

further assume u°(x) > 1 for x € Q.

For sufficiently large m > 0, define

1
Gm(t) =t — —e ™ Yt > 0.
m

Then
¢ (t)=1+e ™, ¢’ (t)=—me ™, t>0.

m m

This implies that there exists a unique u%, :  — R such that
u (x) = dpm (Ul (), = € Q. (4.25)
Moreover, direct calculations imply

Vul = ¢l (ud )Vud

m m?

V2 = ¢, (uh,)V2ul, + 6, (ud,) Vus, @ Vud, < ¢, (ud,) Vul,. (4.26)

m

17



0

9 is also semiconvex on €.

Hence u

We want to show (4.22) with u (v, resp.) replaced by u? (vs, resp.). To do it, we

argue by contradiction. Suppose that this were false. Then there exists a g € §2 such that

(u®, — vs)(xo) = max(u’, — vs)(x). (4.27)
e
. 5 . . 5 . .. . .
Since u?, — vs is semiconvex, Jensen’s maximum principle for seminconvex functions (cf.

[J] [CIL]) implies that Vud, (xg) and Vuvs(zo) exist and
Vul (z0) = Vus(xo),

and there exist {py} C R™ with |px| < k71, and 2 € Q with 2 — o such that both
V2ul (z1) and V2vs(wy,) exist, and ud () — vs(z) + pi, - = attains its local maximum at

z1.. Hence we have
Vul (z1) + pr = Vus(zr), V2l (xr) < VZus(zp). (4.28)
Since vy is a viscosity supersolution of (1.8), this implies

A[u‘fn + pi - zl(x)) = Hp(Vufn +pr) ® Hp(Vufn + pk) : V2ufn\x:mk
< H,(Vvs) ® Hy(Vs) - V20s| o=z
= Alvs](zx) <0. (4.29)

)

On the other hand, since u° is a viscosity subsolution of (1.8), by using (4.26) we have, at

L,

B (U
H,(Vu’) ® Hy(Vul) : V2ul, > —ﬁ(Hp(Vué),Vuéf
me—mufn

> €
- (1_{_m€fmufn)3

Here we have used the condition (Al):
(H,(Vul (z1)), Vb (z)) > H(Vu® (21)) = ST(H,u’,z) > e (4.31)
Observe that (4.23) and (4.26) imply

—160721, < VS (z1) < 85 21,. (4.32)
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Moreover, at x;, we have

|Hp, (V) — Hy(Vud, + pi)| < C|¢), (up,) — 1)V, — pil
<Ok 4 em™mum) (4.33)

where C' = C(6, H, ||Vu||p~(q)) > 0. Therefore, putting all these inequalities together, we
have
me—mufn(a:k)GQ S C(]C_l + e—mufn(:r:k)).
Taking k into infinity, this implies
me < C.

This is impossible if m is sufficiently large. We get the desired contradiction. Hence (4.22)
holds. The proof of theorem 1.2 is complete. [ |

§5 Connection between Hamilton-Jacobi equations and Aronsson equations

In this section, we discuss the nonuniqueness of Aronsson’s equation (1.13) and its

connection with Hamilton-Jacobi equations.

It is well-known that if H € C(R") is convex and ¢ > ming» H, then the Hamilton-
Jacobi equation
H(Vu)=c
has at most one viscosity solution with any given boundary data. See Ishii [I] for example.

If ¢ = ming» H > —o0, by the proof of Lemma 5.2 below, we have

Theorem 5.1. If H € C(R") is conver and the set {p € R"| H = ming~ H} has no
interior points, then for any g € C(0S2), the Hamilton-Jacobi equation

H(Vu) = rlr%ing inQ, u=g on df) (5.1)

has at most one solution.

Next we want to discuss the case that H = H(p, x) depends on z-variable. If H(p,x) €
C?2(R™ x Q)N C(R™ x Q) satisfies (i) H(-,z) is convex for all z € Q, (ii) 0 = H(0,2) <
H(p,z) for all p # 0 and = € Q, then, as stated Conjecture 1.3 in §1, we believe that
suitable modifications of the proof of theorem 1.2 can lead that there exists at most one

viscosity solution to the following Aronsson’s equation

> Hy, (Vu,z)Hy, (Vu, 2 g0, + Hy, (Vu,2)Hy, (Vu,z) = 0, in Q (5.2)
i,j=1
u=g on Of).
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In general, the uniqueness of Aronsson’s equation (5.2) is complicated and may fail in some

interesting situations.

In this section, we indicate how to construct viscosity solutions of equation (5.2) from

viscosity solutions of the Hamilton-Jacobi equation:
H(Vu(x),z) =c inQ, u=g on 0. (5.3)

Henceforth we assume that 9< is smooth, H(p,z) € C2(R" x Q)NC(R" x Q), H(-, )

is convex for all z € Q, and

‘ |lim H(p, ) = +oo uniformly in Q. (5.4)
pl—+o0

Solutions to equations (5.2) and (5.4) are refered to be viscosity solutions. By the main
theorem of [I], we have that if

c>co= inf sup H(Vo(z),x), (5.5)
$eC(QNC(Q) zeQ

then equation (5.3) has at most one solution. If ¢ = ¢y, then equation (5.3) may have
infinitely many solutions even if H is strictly convex in p-variable. This permits us to

construct infinitely many solutions of equation (5.2).

First we want to investigate nonuniqueness of solutions to the equation (5.3). Our
method is motivated by Fathi-Siconolfi [F'S]. We say that xg € Q is a strict point, if there

exists a Lipschitz continuous function v in €2 such that
esssup,cqH (Vv(z),z) = co,

and

esSSUP,err, H(Vu(z),z) < co

for some neighborhood U, of zy. Denote
O ={r € Q:zisastrict point in Q}, T'=Q\O. (5.6)

It is readily seen that O is an open subset of {2 and I' is a closed subset of €2. The following
theorem asserts that any solution of equation (5.3) is uniquely determined by its value on
Ir.

Theorem 5.2. Assume I' # 0. If both u and v are solutions of equation (5.3) with ¢ = co,

and

U|F = vlF?
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then u = v on Q. Also, if w is a subsolution of equation (5.3), then there exists a unique

viscosity solution u of equation (5.3) such that

u’p = w|1".

Proof. Let w be an arbitrary open set, with w C @ C O. For each z € @, it follows from
the definition of strict points that there exists a Lipschitz continuous function v, and a
neighborhood U, of x such that

esssup, ey, H(Vvz(y),y) < co, esssup,cqH (Vv.(y),y) = co. (5.7)

Since w is compact, there exists finite many points {z;}7, C @ such that w C U™, U,,.
Define

m

U:%Z%.

i=1

Then, since H(-,z) is convex, Jensen’s inequality implies
m
1
esssup,c,, H (Vu(z),z) < — ZesssupyeUz‘H(vai (y),y) < co. (5.8)
M= '

Hence, by the main theorem of [I], the equation
H(Vw(z),x) =co in O, wlpo = u(=v).

has at most one solution w. This implies u = v on O.

Next we prove the second part of theorem 5.2. By (5.4) and Perron’s method, there

exists a solution w of the following equation

H(Vu(x),z) =co in O, ulpo =w. (5.9)
In fact, u is given by
u = supwv, (5.10)
veSs
where
S = {veWh>®(Q) | esssup,cqH(Vv(x),z) = co and v|r = wr}. (5.11)

By the first part of theorem 5.2, we know that such a u is unique. Now we claim that

u is a viscosity solution of H(Vu(z),z) = ¢p in Q. It is clear that u is a subsolution of
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H(Vu(x),z) = ¢o in Q. So we need to show that u is a viscosity supersolution on the set

I', but this directly follows from the definition of strict points. [ |

The following is an easy consequence of theorem 5.2.

Corollary 5.3. For I' # 0, if equation (5.3) has more than one solution, then it has

infinitely many solutions.

Proof. Suppose that u; and us are two distinct solutions. Then, by theorem 5.2, we have
uy # uz on I'. For each t € [0,1], let

uy = tug + (1 — t)us.

It is clear that u; is a subsolution of equation (5.3). By theorem 5.2, we conclude that for

any ¢t € (0,1), there exists a solution v; to equation (5.3) on € such that
vy =u; onl.

Since for any tq,to € (0,1), vy, (= ut,) # v, (= ug,) on I') we get infinitely many distinct
solutions to (5.3). [}

Next we indicate that there is an injective map from the solutions of equation (5.3)
to the solutions of equation (5.2). Under the above assumptions on H, it is known that

u is a solution of equation (5.2) if and only if it is an absolute minimizer for H with the
boundary value g (see [Y], [BJW], and [C]).

Theorem 5.4 Assume I' # 0, let u be a solution of equation (5.3). Then there exists an

absolute minimizer v for H on  such that

Ulp = ulp.

Proof. Using the standard LP-approximation scheme, we can find an absolute minimizer
v for H on Q\ T such that

v|p = ulp.

We want to show that such a v is an absolute minimizer for H on 2. To see this, let
V CC Q be any open set and w € WhH(V) with v|gy = wlay. If VNT = 0, then
V cc Q\T and hence

esssup,cy H(Vu(z), z) < esssupey H(Vw(x), x).
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If VNI # 0, then, by the choice of v, we have
esssup,cy H(Vou(z), ) < esssup,cqH (Vu(z),z) < esssup,cqH (Vu(z),x) = co.
On the other hand, if we define

i=u, inQ\V

=w,in V,
then, by the the definition of strict points, we have
esssup,cy H(Vw(x), ) = esssup,cy H(Va(x),x) > co > esssup,cy H(Vo(z), x).

This completes the proof. [ |

In general, it is a difficult task to determine the set I'. Here we investigate three typical
cases. We will illustrate concrete examples where I' N €2 is nonempty and equation (5.3)
has infinitely many solutions. Hence by Theorem 5.4, equation (5.2) also has infinitely

many solutions.
Case 1: H(p,z) = H(p) + V(z).
In this case, it is easy to see

co =maxV + min H,
Q pER™

and
r=0QU{reQ|V(r)=maxV}.
)

Assume that {z € Q| V(r) = maxgV'} is not empty and contains finitely many points.
Then Proposition 5.4 in [L] implies that the Hamilton-Jacobi equation

H(Vu)+V(z)=c¢cy in€Q, u=0onoad

has infinitely many solutions. Hence Theorem 5.4 implies that there are infinitely many
absolute minimizers for H with boundary value 0.

For example, let H(p, ) = |p|*+sin®*z : Rx [0,7] = R. Thency=1and ' = {Z}. It
is easy to see that both u; = sinx and us = — sinx are smooth solutions to the Hamilton-
Jacobi equation

lu'|? +sin®? 2 = 1, in (0,7),u(0) = u(7) = 0.
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Hence u; and uy are solutions of Aronsson’s equation for H(p, z) = |p|? + sin® z, with the

boundary value u(0) = u(7) = 0.

Case 2: H(p,z) = a(z)H (p).

This is essentially a variant of Case 1. In fact, u is a solution of a(z)H (Vu) = c if
and only u is a solution of H(Vu) — a =0

For example, let H(p,z) = 5——=—(|p|* + 1) : R x [0,7]. Then both u; = sinz and
ug = —sinx are smooth solutions of the following Hamilton-Jacobi equation

1 .
m(|u/|2 + ].) =1 1n (0,7'('), U(O) = ’LL(T(') = 0

Hence both u; and uy are solutions of Aronsson equation on [0, 7] for H, with boundary

value u(0) = u(m) = 0.

Case 3: H(p,z) = |p — B(x)|?.

Here we assume that B(z) is a smooth vector field in R™. For n = 1, this case
is equivalent to the case H(p) = |p[?, since v’ — B(z) = (u — [y B(z)dz)’. Hence the
uniqueness holds. But for n > 2, these two cases are different since there may not exist
a smooth function w such that Vw = B. For this case, it is usually not an easy task to
determine the set I'. Here we will employ some ideas from the weak KAM theory (cf. [FS])
to construct an example where I' can be determined and the equation (5.3) has infinitely

many solutions.

Example 5.5. Denote by T2 = (—1,1) x (—1,1) an open square in R?. Let B . T° _ R2

be a continuous vector field such that maxy2 |B| =1,
— 1
{z €T | |B(2)| = 1} = 9B, (0)(= {z € R?| |a| = 2 b, (5.12)

and B(z) = 2(z2, —z1) for = (21, 22) € 0B1(0).
Claim I ¢ = 1. Since maxy: |0—B(z)| =1, ¢o < 1. Let ¢ € C1((—1,1) x (—1,1)). Denote
&(t) = (5 cost, zsint) for 0 < ¢ < 2. Since ¢(£(0)) = ¢(£(27)), there exists ¢y € (0,2m)

such thazt do(E(t
0= PO, — ot €(to)

Notice that B(£(tg)) = —2&'(to). Hence we have

(Vo(&(to)) — B(E(to))) - B(&(to)) = —1.
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This, combined with the Cauchy inequality, implies that

IVo(&(to)) — B(&(to))] = 1.
Therefore
supp2 Vo (z) — B(z)| = [Do(E(to)) — B(£(to))] = 1.
and ¢g > 1.
Claim, II. T' 1 (=1,1) x (=1,1) = 9B, (0).
By (5.12), it is clear ' (—1,1) x (~1,1) C 8By (0). To show the equality, let L(q,z)
2

be the Lagrangian of H = [p — B(z)|*. Then, by a simple calculation, we have

Lig.2) = laP + B@) -
Suppose that the claim were false. Then there exists v € W1°°(T?) such that
esssupp2 H (Vu(z),z) = ¢g = 1,
but

esssupUtlH(Vv(m),x) <cp=1 (5.13)

for some ¢; € [0,27] and a neighborhood Uy, of {(t1). Let s(t) = {(4t) for 0 < ¢ < 7. Then
2B(s(t)) = —s'(t). A standard argument then shows that

0= v(s(g)) —(s(0)) < /05 1+ L(s'(t),s(t)) dt = 0, (5.14)

where the strict inequality is due to (5.13). This is a contradiction. Hence the claim holds.

Claim III. There are infinitely many solutions of the following equation:
|Vu— B(z)| =1 in T?, u|gp2 = 0. (5.15)

In fact, by [L] and (5.12), there exists € > 0 such that for any 0 < ¢ < ¢, the following

equation has a solution ug

[Vus — B(z)| =1 in T*\dB4(0) (5.16)
U5|3T2 =0 (5.17)
U5|BB%(O) = 0. (5.18)

25



Therefore, by Theorem 5.2, u; is also a solution of equation (5.2). [ |
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