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Abstract
For a bounded domain Q equipped with a piecewise Lipschitz continuous
Riemannian metric g, we consider harmonic map from (€2, g) to a compact Rie-
mannian manifold (N, 1) — R¥ without boundary. We generalize the notion of
stationary harmonic maps and prove their partial regularity. We also discuss the
global Lipschitz and piecewise C!*-regularity of harmonic maps from (€, g) to
manifolds that support convex distance functions.

1 Introduction

Throughout this paper, we assume that €2 is a bounded domain in R", separated by a
C"!-hypersurface I into two subdomains Q* and Q~, namely, Q = Q*UQ"UT, and g
is a piecewise Lipschitz metric on Q that is g € C®'(Q*) N C*!(Q") but discontinuous
at any x € I'. For example, Q = B; € R"is the unit ball, I' = B; N {x = (x’,0) € R"},
and

_ g8 X€B]={x,>0}NnkB,

gx) = -

kgo x€ By ={x,<0}N By,

where go(x) = dx? is the Euclidean metric and 1 # k is a positive constant.

Let (N, h) — R be a [-dimensional, smooth compact Riemannian manifold with-
out boundary, isometrically embedded in the Euclidean space R¥.

Motivated by the recent studies on elliptic systems in domains consisting of com-
posite materials (see Li-Nirenberg [17]) and the homogenization theory in calculus of
variations (see Avellaneda-Lin [1] and Lin-Yan [18]), we are interested in the regular-
ity issue of stationary harmonic maps from (€2, g) to (N, h).

In order to describe the problem, let’s first recall some notations. Throughout this
paper, we use the Einstein convention for summation. For the metric g = g;; dx' dx/,

let (g") denote the inverse matrix of (g;;), /g = /det(g;;), and dv, = /g dx denotes
the volume form of g. For 1 < p < +00, define the Sobolev space W'”(Q, N) by

)4
W'P(Q, N) = {u QR ux)eNae xeQ, E,(u,g) = f(|Vu|§)2 dvg < +oo},
Q
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where P
u u
\v/ 2 _ l] - -
[Vul, = 8¢ ox. Ox, )
is the L?-energy density of u with respect to g, and (-, -) denotes the inner product in
R¥. Denote W'2(Q, N) by H'(Q, N).

Now let’s recall the concept of stationary harmonic maps.

Definition 1.1. A map u € H'(Q, N) is called a (weakly) harmonic map, if it is a
critical point of E,(-, g), i.e., u satisfies

Agu + A(u)(Vu,Vu), = 0 (1.1

in the sense of distributions. Here

1
A i
" \/_ ox; ( ves axj)

is the Laplace-Beltrami operator on (€2, g), A(:)(:, -) is the second fundamental form of
(N, h) — R, and

A)(Vu, Vi), = gTA) (g” g“ )

Definition 1.2. A (weakly) harmonic map u € H'(Q, N) is called a stationary har-
monic map, if, in additions, it is a critical point of E,(-,g) with respect to suitable
domain variations:

d

— f V| dvy = 0, with u'(x) = u(F,(x)), (1.2)
dt =0 JQ 8

where F(t, x) := F,(x) € C([-6,6],C'(Q, Q)) is a C! family of differmorphisms for
some small 6 > 0 satisfying

Fo(x)=x VxeQ
F.(x)=x Y(x,1) € 0Q X [0, 0] (1.3)
F,(E) cQf Vre[-6,5)

It is readily seen that any minimizing harmonic map from (€, g) to (N, h) is a
stationary harmonic map. It is also easy to see from Definition 1.2 that a stationary
harmonic map on (£, g) is a stationary harmonic map on (Q*, g) and hence satisfies
an energy monotonicity inequality on Q*, since g € C*!(Q*). We will show in §2 that
a stationary harmonic map on (€2, g) also satisfies an energy monotonicity inequality
in Q under the condition (1.4) below.

The first result is concerned with both the (partial) Lipschitz regularity and (par-
tial) piecewise C'“-regularity of stationary harmonic maps. In this context, we are
able to extend the well-known partial regularity theorem of stationary harmonic maps
on domains with smooth metrics, due to Hélein [12], Evans [5], Bethuel [2]. More
precisely, we have



Theorem 1.1. Let u € H'(Q, N) be a stationary harmonic map on (Q, g). If. in addi-
tions, g satisfies the following jump condition on T forn > 3 ' : for any x € T, there
exists a positive constant k(x) # 1 such that

lim g(y) = k(x) yeglzifr{}ﬂg(\/), (1.4)

yeQt y—x
then there exists a closed set T C Q, with H"*(X) = 0, such that for some 0 < a < 1,
() u € Lipn (Q\ Z,N), (i) ueCLo((Q UD)\X,N)NCL(Q UD)\ X, N).

We would like to remark that when the dimension n = 2, since the energy mono-
tonicity inequality automatically holds for H'-maps, Theorem 1.1 holds for any weakly
harmonic map from domains of piecewise C%!-metrics, i.e., any weakly harmonic map
on domains with piecewise Lipschitz continuous metrics is both Lipschitz continuous
and piecewise C'** for some 0 < @ < 1.

Through the example constructed by Riviere [19], we know that weakly harmonic
maps on domains with smooth metrics may not enjoy partial regularity properties in
dimensions n > 3. Here we consider weakly harmonic maps on domains with piece-
wise Lipschitz continuous metrics into any Riemannian manifold (N, ), on which
dy (-, p) is convex. Such Riemannian manifolds N include those with non-positive
sectional curvature Ky, and geodesic convex ball in any Riemannian manifold. In
particular, we extend the classical regularity theorems on harmonic maps on domains
with smooth metrics, due to Eells-Sampson [8] and Hildebrandt-Kaul-Widman [13],
and prove

Theorem 1.2. Let g be the same as in Theorem 1.1. Assume that on the universal cover
(N, h) of (N, h)?, the square of distance function d}%(-, p) is convex for any p € N. If
u € H'(Q, N) is a weakly harmonic map, then for some 0 < a < 1,

(i) u € Lipy (Q, N), (i ueC Q" ULLN)NCH(Q UL, N).

The idea to prove Theorem 1.1 is motivated by Evans [5] and Bethuel [2]. How-
ever, there are several new difficulties that we have to overcome. The first difficulty
is to establish an almost energy monotonicity inequality for stationary harmonic maps
in Q, which is achieved by observing that an exact monotonicity inequality holds at
any x € I, see §2 below. The second one is to establish a Hodge decomposition in
LP(B,R"), for any 1 < p < +0c0, on a ball B(= B,(0)) equipped with certain piecewise
continuous metrics g, in order to adapt the argument by Bethuel [2]. More precisely,
we will show that the following elliptic equation on B:

ae(aijze) = div(f) in B,
v=20 on 0B

Ithis condition is needed for both energy monotonicity inequalities for u in dimensions n > 3 and
the piecewise C'?-regularity of u.
2Here the covering map IT : N — N is a Riemannian submersion from (N, 4) to (N, h).



enjoys the W!P-estimate: for any 1 < p < +oo,

74

<
LP(B) LP(B)

provided that (a;;)) € C (E) NncC (B‘S) for some 6 > 0 is uniformly elliptic, and is

discontinuous on dB* \ B, where B’ = {x € B : dist(x,0B) < 5}.

This fact follows from a recent theorem by Byun-Wang [3], see §3 below. The
third one is to employ the moving frame method to establish a decay estimate in suit-
able Morrey spaces under a smallness condition, which is similar to [14]. To obtain
Lipschitz and piecewise C!?-regularity, we compare the harmonic map system with
an elliptic system with piecewise constant coeflicients and extend the hole-filling ar-
gument by Giaquinta-Hildebrandt [10].

The paper is organized as follows. In §2, we derive an almost monotonicity in-
equality for the renormalized energy. In §3, we show the global W!* (1 < p < o0) es-
timate for elliptic systems with certain piecewise continuous coeflicients, and a Hodge
decomposition theorem. In §4, we adapt the moving frame method, due to Hélein [12]
and Bethuel [2], to establish an e-Holder continuity. In §5, we establish both Lipschitz
and piecewise C'** regularity for Holder continuous harmonic maps. In §6, we con-
sider harmonic maps into manifolds supporting convex distance square functions and
prove Theorem 1.2.
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2 Energy monotonicity inequality

This section is devoted to the derivation of energy monotonicity inequalities for sta-
tionary harmonic maps from (€2, g) to (N, h). More precisely, we have

Theorem 2.1. Under the same assumption as in Theorem 1.1, there exist C > 0 and
ro > 0 depending only on T and g such that if u € W'*(Q, N) is a stationary harmonic
map on (€, g), then for any x, € €, there holds

- 2 _ 2
s f Vu| dv, < e f |Vul dv, 2.1
B ¢ B ¢

for all 0 < s < r < min{ry, dist(xg, 0)}.

Since the metric g € C%!'(Q%*), it is well-known that there are K > 0 and ry > 0
such that (2.1) holds for any xo € Q* and 0 < s < r < min{r, dist(xy, 9Q*)}. In

particular, (2.1) holds for any xy € Q\I™ and 0 < s < r < min{ry, dist(xy, )}, where



I ={xeQ: dist(x,I') < ro}. We will see that to show (2.1) for x, € I'", it suffices
to consider the case xo € I'.

It follows from the assumption on I'" and g, there exists ry > 0 such that for
any xo € I there exists a C!!-differmorphism ®, : B, — B, (xp), where r; =
min{ry, dist(xy, Q)}, such that

Oy(B7) = Q* N B, (x0)
®y(I'y) =I'N B,,(x9), where I'} = {x € B, : x, = 0}.

Define u(x) = u(®y(x)) and g(x) = (®y).(g)(x), x € By. Then it is readily seen that
(i) g is piecewise C%!, with the discontinuous set I';, and satisfies (1.4) on T} 3,
(ii) u : (By, g) — (N, h) is a stationary harmonic map, if u : (B, (xo), g) — (N, h) is
a stationary harmonic map.

Thus we may assume that Q = B, g is a piecewise C*!-metric which satisfies
(1.4) on the set of discontinuity I'y, and u : (B, g) — (N, h) is a stationary harmonic
map. It suffices to establish (2.1) in Bi. We first derive a stationarity identity for u.

Proposition 2.2. Let u € W'"2(B,, N) be a stationary harmonic map on (B, g). Then

. 0u Ou 0 - ou Oou
20 (== ——\Y* — |Vul*divY d :f— Uyyk(—, —\d 2.2
fBl(g G g Y~ IV )«/g v= | (VG T @)

holds for all Y = (Y',--- ,Y"',Y") € Cy(B,,R") satisfying

>0 forx,>0
Y'"(x){=0 forx,=0 2.3)
<0 forx,<0,

oY+ = Y

here Yf = — anddivY = ) —.

where Y, o, and div ; P

Proof. Let Y satisfy (2.3), it is easy to see that there exists 6 > 0 such that F,(x) =

x + tY(x), t € [-09,0], is a family of differmorphisms from B; to B; satisfying the
condition (1.3). Hence

d d
0= ELO fB | IVu(F(x); dv, = EL:O( fB : IV(F (X)) dv, + fB .- V(F ()} dv,)-

aq)k 1
3In fact, since (D). (g)i;(x) = gkl(d)o(x))a—o(x)a—o(x), (1.4) implies that for any x € T,
Xi X

lim (®p).g(y) = k(®p(x)) lim (Pp).g().
yeQt y—x yEQ y—=x



For t € [-6,0], set G, = F;!. Direct calculations yield
& W Ray
dt =0 B ! g %Vs
d . ou ou
_ 4 i, Ou Ou | o 4
= dtLO fB  V8(0g” (x) o ayﬁ(“ 1Y (X))(6i + tY))(6); + tY5) dx

ou Ou
= f\/_”(a— o )(5k,Yl+(5lek)dx
B* X
ou

+f _' (tJ(G (X)) Ve(G(x)JG (X)) gu ax, >

ou JOu . Ou
= g’ ,— VY — o= —)\divY d
fB;( o an 178 oy, a>1")\/§x

_f i(\/_ ) k(% @)d

B OX

where we have used

4 _JGix) = —divY,
d% G0 ==Y (),
4 ( U(G(x) 3(Gi(1) = — 7= /gs")Y~.
This completes the proof. O

Proposition 2.3. Let u € W'*(B,, N) be a stationary harmonic map on (By,g). Then
there exists C > 0 such that

(i) for any x° = (xo,xg) € 31 \ I'y, there exists 0 < Ry < mln{ , [xgl}, such that

r f Vulidv, < € R*™ f Vulzdv,,  0<r<R<Rp. (24)
B,(x") Br(x0)

(ii) for any x° € B% N1y, there holds

1
rl—nf Vu2dv, < eCRRz‘”f Vulydve,,  O0<r<R<—. (2.5
B, (x0) Bg(x0)

I

In particular, for any x° € B%, there holds

r f Vulidvy < € R*™ f \Vulgdvy, 0<r<R<
B, (x%) Br(x0)

Proof. (i) By choosing Y € CZ(B],R") or Y € CZ(B},R"), we have that u is a sta-
tionary harmonic map on ( B{, g) and ( By, g). Thus the monotonicity inequality (2.4)
is standard.

(2.6)

A



(i) For simplicity, consider x° = (0’,0). Fore > 0 and 0 < r <

1
2’
xne(x), where n.(x) = n(|x]) € C5’(B) satisfies

O0<n.<Lipg(s)ys=lfor0<s<r—e n(s)=0fors>rn. <0; .| <

Then

. Xy
(Yo)! = dime(Ix)) + nE(IXI)H-

Substituting Y, into the right hand side of (2.2), and using

0 y
‘a—x](( \/Eg ])‘ < C,
we have

ou Ou

0 g
- ij\yk, 2% % ) )
‘\L:l axk(\/gg )YE<(9)C," axj>dx' < Cr ‘L:r |Vl/l| d_x < Cr Lr |Vl/t|g dvg.

Substituting (2.7) into the left hand side of (2.2), we obtain

. Ou  Ou k 5 4
f (2g J<0_xj’ a—)ﬁ()(Yf)i - |Vu|gd1VYe) Vg dx

B

=Q2-n | |Vuln.(x)vgdx - f Vul | xl(x) Vg dx
B B
o Ou Ou xrx/
28—, —)—1. dx.

Set the piecewise constant metric g by

lim g(y) ifx">0
g(xl xn) — y—0, y">0
' lim g(y) ifx"<0.

y—0, y"<0

Then we have
lg(x) — g(x)| < Clx|, Yx € By.

It follows from (1.4) that we can assume

_ g0 if x>0
g(x) = e
kgy if X" <0,

for some positive constant k # 1. Thus we can estimate

f 2g""<@ %>ﬁn;(x) Vg dx
B

(')x,- ’ 8Xk |X|

- Ou Ou  xrx - . Ou Ou x*x/
2 -] _’__/ d 2 lj__l] _,__I
fB G o) 0V fB @ =G T
I+ 11

let Y.(x) =

2

E.

2.7)

(2.8)

(2.9)

(2.10)

(x) Vg dx
2.11)



Since

ol Ou  Ou >xka B = P ifx">0
x;” 0" | Lxl&p if x7 <0,
and h(x) > 0 for x € By, we have
I. = f h(x)n.(|x]) v/gdx < 0. (2.12)
B
For 11, by (2.10) we have
1| <Cr f IVul* dv, < Cr f Vul; dv,. (2.13)
B, B,

First substituting (2.12) and (2.13) into (2.11), and then plugging the resulting (2.11)
into (2.9), and finally combining (2.9) and (2.8) with (2.2), we obtain, after sending €
to zero,

2-n) f Vulodvy +r f Vul; VgdH"" > —Cr f Vul3dv,.
B, 0B, B,

d ro.Z—n
- (ec r’ j; ,4 |Vu|§dvg) >0

which clearly yields (2.5).
To show (2.6), it suffices to consider the case

This implies

x" € By \T1, |Br(x") N Bf| > 0 and |Bx(x") N Bj| > 0.

For simplicity, assume x” € B;. We divide it into two cases:
(i) d(x°,Ty) = |x5] > iR

e If R > r > 1R, then it is easy to see

r f Vulydv, < 4R f Vulidv,.
B,(x0) Bg(x")

o If 0 < r < IR(< d(x°,T))), we have Bg(xo) C Bj so that (2.4) implies

R 2-n
— f Vv, < ¢(3) f Vuldv, < eR42R> f Vuldv,.
B.(x0) A Iy Brx?)
1

(ii) d(x°,T) = Ix)| < 3R
e I[fR>r> iR,then

r f Vulidv, < 4"2R*™ f Vul dv,.
B,(x%) Br(x?)



e If0O<r<dixI) =< iR, then by setting x° = (2%, ,x2,0) we have

B,(x") € By(x’) C Byg(x") € Bs(X’) C Bg(x")

so that (2.5) yields

r f Vulidv, < |x™" f \Vulodv,
B,(x0) B,o,(x")

< 2" f \Vulodv,

40
Bz‘xg‘(x )

R 2-n
< 272K (—) f Vuldv,
2 0 &
Br(x")
2
< R f Vuledv,.
Bgr(x0)

o If d(x°,T)(= [x)]) < r < R, then we have
B,(x*) ¢ By(3') c By(@) C Br(x").

so that (2.5) yields

P f Vulydv, < 2"2(2r)*™" f Vulbdv,
B,(x9) By (3%
R 2-n
<22 f Vuldv,
2 B (@)
2
< R f Vul3dv,.
Br(x%)

Therefore (2.6) is proven. O

3 W!r-estimate for elliptic equations with certain piece-
wise continuous coefficients

In this section, we will show the global W!*-estimate for elliptic equations with cer-
tain piecewise continuous coefficients, for 1 < p < +oc0. As a corollary, we will estab-
lish the Hodge decomposition Theorem 3.2 for certain piecewise continuous metrics
g, which is a key ingredient to prove Theorem 1.1 and may also have its own interest.

For a ball B = B,(0) c R", denote B = {x € B : dist(x,dB) < €} for € > 0.
Let (a;j(x))1<ij<n be bounded measurable, uniformly elliptic on B, i.e., there exists
0 <A< A < +co such that

AEP < aij(0EE] < AEP, ae.x € B, YE€R". (3.1)



Theorem 3.1. Assume (a;;) satisfies (3.1), and there exists € > 0 such that (a;;) €
C (E) N C (B) and is discontinuous on 0B* \ B¢. For 1 < p < +oo, let f € L’(B,R").

Then there exists a unique weak solution v € Wé’p (B,R") to

i (aij%) =2 % in B,
o (3.2)
u=0 on 0B,

and
IVVllos) < ClIf Lo (3.3)

for some C > 0 depending only on p and (a;;).

Proof. By our assumption, it is easy to verify that for any 6 > 0, there exists R =
R(6) > 0 such that the coeflicient function (a;;) satisfies the (6, R)-vanishing of codi-
mension 1 conditions (2.5) and (2.6) of Byun-Wang [3] page 2652. In fact, we have a
stronger property:

lim max _
rl0 x0=(x(,x;)EB

a;ii(x', X"y — a;;i(x), x") =
‘ Y O s (B )

Thus the conclusion of Theorem 3.1 follows by direct application of [3] Theorem 2.2,
page 2653. O

As an immediate consequence of Theorem 3.1, we have the following Hodge de-
composition on B equipped with suitable piecewise continuous metrics g.

Theorem 3.2. Let g be a piecewise continuous metric on B such that g € C (E) N
C (B‘S) for some § > 0, and is discontinuous on B* \ B°. Then for any 1 < p < +o0,
F=(F---,F,) € LP(B,R"), there exist G € Wé’p(B) and H € L?(B,R") such that

9

1
F=VG+H, 0=divgH (:= —
V& 0xi

(\/28"H})) in B, (3.4)

and there exists C = C(p,n, g) > 0 such that
IVGllrsy + 1 H I ps) < CNIF |l o) - (3.5)

Proof. Set a;; = +/gg" on B for 1 < i, j < n. It is easy to verify that (a;;) satisfies
the conditions of Theorem 3.1. Thus Theorem 3.1 yields that there exists a unique
solution G € W(;’p (B) to

%(‘/??”3—5) = a%(‘/?giij)’ in B (3.6)
G=0 on 0B, '
and -
VGl < C|[NEEES, , < CIFlw.

10



Set H = F — VG. Then we have
1 0 i, oG
div,H = —— | +/gg”|F;,— —]|=0o0n B,
it =~ (VB (= 5 =0en

and
WH e,y < WF e,y + IVGllo@) < CIFllzp) -
2 2

This completes the proof. |

4 Holder continuity

In this section, we will prove that any stationary harmonic maps on (B, g), with a
piecewise Lipschitz continuous metric g € CO’I(BT U I), is Holder continuous under

a smallness condition of f |Vu|§ dv,. The idea is based on suitable modifications

B
of the original argument by i3ethuel [2] (see also Ishizuka-Wang [14]), thanks to the
energy monotonicity inequality and the Hodge decomposition theorem established in
previous sections. More precisely, we have

Theorem 4.1. There exist ¢y > 0 and ay € (0, 1) depending only on n, g such that if
the metric g € Co’l(Bli U T)) satisfies the condition (1.4) on T, and u € W'*(B;, N) is
a stationary harmonic map on (B, g) satisfying

e f \Vul dv, < € 4.1)
Bro(xO)

for some x; € B% and Q0 <rg < }L, then u € CQO(B%O(Xo),N) and

[u]C‘YO(Brg(xQ)) < C(ro, &). 4.2)

Proof of Theorem 4.1. The proof is based on suitable modifications of [2] and [14].
First, observe that if xo = (x;, xj) € B, it follows from the monotonicity inequality
(2.6) that we may assume (4.1) holds for some 0 < ry < [x|. Then the &-regularity
theorem by Bethuel [2] (see [14] for domains with C%!' metrics) implies that for some
0<ayg<1,ue C®Brn(x)) and (4.2) holds. Hence it suffices to consider the case
xo = (x,0) € F%. By translation and scaling, we may assume x, = (0, 0) and proceed
as follows.

Step 1. As in [2] [12] [14], assume that there exists an orthonormal frame on u*TN 5
1

For 0 < 6 < 1 to be determined later, let {e,}!_, € W'?(Byy, R") be a Coulomb gauge

l
a=

orthonormal frame of «*TN 5
20

divy(Ves,e5) =0 inBy (1<aB< ),

l (4.3)
) Jo,, IVealidvy < C [, [Vulidv,.

11



For 1 < a < [, consider (V ((# — uzq)n) , €,), where uyg = J[ u is the average of u on
B
By, and i € C’(B)) satisfies i

0<n<1; n=1in By, n=_0outside B%H; |Vn| < %
Let g be the standard metric on R”. We define a new metric g on By, by letting
8(x) = n(x)g(x) + (1 = n(x))go(x), x € Bay.
Then it is easy to see that
¢ = gon By, g = gyoutside By, and g € C(B_;—'e) N C(By \ By).

In particular, g satisfies the condition of Theorem 3.2. Hence, by Theorem 3.2, we

have that for 1 < p < " T there exist ¢, € Wé’p (Bag) and ¥, € LP(Byy) such that

n —
(V((u—u0)m) , €a) = Vo + Yo, divg(ho) =0 in By, 44)
IV@allLr By + IWallirsyy < NIV (1 = w20)0) l|LrBy) S IVUtllLr(Byg)-
Since u satisfies the harmonic map equation (1.1), we have
divy ((Vu, e,)) = §'Vau(V eq, e5) e in Bay. (4.5)
Thus we obtain )
Ag¢a = glJVl'l/t<Vj€a, eﬁ) eg in By. (46)
Set ¢, = 04 (/)2,2), where ¢$) solves
Ay =0, in By,
{EJ’ “ 4. ondB, @D
and ¢sz ) solves
At = 7Viu(V jeq, eg) es, in By,
?) (4.8)
o =0, on 0By.

Step 2. Estimation of ¢} : It is well-known (cf. [11]) that ¢}’ € C®(By) for some
@y € (0,1), and forany 0 < r < %

(0] o, S 6" f VoD dx < COP™" f \Vul” dx, (4.9)

() ~
¢ (B% ) By By

and
,VO< 1<, (4.10)

MP-P(By)

(T6)"™" f Ve IP < Cr
BTF}

Vu'

where M”?(-) denotes the Morrey space:

MPP(E) = {f : E > R:|Iflhp = sup {r”_”f Vil dx} < +oo}, ECR".
B, (x)NE

B,(x)CR”

12



Step 3. Estimation of ¢f): First, denote by H'(R") the Hardy space on R” and
BMO(E) the BMO space on E for any open set £ C R". By (4.13) of [14] page

435, for p’ = P 7 > n, there exists i € WS””(BQ), with [[VA|, 5,y = 1, such that

[ve:

)
| osy < C fB (V9. Vg
Hence by the equation (4.8), (4.4), and the duality between ' and BMO, we have
962,05, < € [ ETT 05 it
By

=-C @gij(vjea, ep))Vilegh)u dx

By
< CH Vgg(Vea, eﬁ>>vi(e,3h)H(H1(Rn)[M]BMO(Bze)

S 1VEg"(V jews ep)llr2 s, IV (esml 28, []BMO(B,0)

< ||Vu||L2(Bzy)||vu||MP~l’(Bl) “Gr2, (4.11)
where we have used: ’ )
(i) Since div,({Ve,, e5)) = 0in Byand h € Wé’p (By), we have /gg"(Ve,, ep))Vi(egh) €
H'(R™) and

| Ve (View eppVitesh)||, <[N8 Vsews e Vsl 25

7.{1(er)
(i1) Since p’ > n, the Sobolev embedding implies & € Cl_ﬁ(Bg) and
1All o,y < €O,

so that

IV(eshllizzy < IVegllrzplihllemy + IVAll@) 072 < CO»~2,
(iii) By Poincaré inequality, it holds
[“]BMO(Bzg) < ClIVullpres,)-

Putting the estimates of ¢ and ¢3 together, we obtain

((79)1’-" f |V¢a|”dx) <C[r™ + 1" & IVullrrpy, YO<T<1. (4.12)
B‘rﬁ
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Step 4. Estimation of i,: Since divz(,) = 0 on By, we have

f Waldvg = | (W + Vo) Yadzdvg
By

By

= f V(= u20)n), €a), Ya)zdvy
By

_ f (U = 1)1 (Ve WaYzdvy

B
< | VEEviewi|,, |
< ||lﬁa||L2(Bzg)||V€a||L2(Bzg) [(u - Mza)’?]BMo

S WVull2gop W all 2o IV Ul igr (8,

(u— 1429)77]]31\/10

where we have used the fact

[(M - u29)77]BMO <C [u]BMO(Bzg) <C ||VM||M1LP(B]) .

This, combined with Holder’s inequality, implies

1
(9”_"[ |¢’a|”) < Ce ||Vullyrr(s,) - (4.13)
By

Step 5. Decay estimation of Vu: Putting (4.12) and (4.13) together, we have that for
some 0 <y <1,

1
((Tﬁ)p_"f IVul”)p < C(eo + 7% + TI’%EO)HVM‘
BTH

holds forany 0 < 7 < 1and 0 < 6 < 1 Now we claim that for some a; € (0, 1), it

2
holds

(4.14)

MPP(By)

Vellyrrisy) < Ceo + 7 + 77 ) IVullym-ncs,y » YO <7 < 1. (4.15)

To show (4.15), let By(y) C B:. We divide it into three cases:

(a)y e B: N B* and s < |y,|. As remarked in the begin of proof, we have that for some
O<ap<l1,

1

14 KY @ %
(S"‘"f IVul”) <C —) Iynl"‘”f [Vul?
B, [Vl By

<C —) ((2|yn|)”‘” f IVul”]
|yn| BZlyn\(y/’O)

1

p—n P
<C (I) f [VulP | (since |y,| < I)
2 B%(yfo) 4

< Cley + 1% + 777 &) ||Vl ygrocs,) (by (4.14)).
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(b) y € B: N B* and s > [y,|. Then we have B,(y) C By, +,()’,0) C Ba,(y’, 0). Hence

1 1

P n—p P

(s”_” f IVul”) <25 ((2s)”_” f IVulp)
Bs(y) By (y',0)

< C(e + 7 + 7' 7 &) | Vullygogayy (by (4.14)).

(c)y € B: NIy, i.e. y, = 0. Then it follows directly from (4.14) that

1
P n
(s”_”f IVul”) < C(eo + 7% + 71760) Vullyror s, -
Bs(y)

Combining (a), (b) and (c) together and taking supremum over all B(y) C B:, we
obtain (4.15).

It is now clear that by first choosing sufficiently small T and then sufficiently small
€, wWe have

1
Vel < 5 Vel -

Iterating this inequality finitely many time yields that there exists @ € (0, 1) such that

for any x € B and0 <r < %, it holds

r"_”f |Vul? dx < C rP"||Vu|l}
B,(x)

MP(By) *

This immediately implies u € C*' (B1). The proof is now completed. O

5 Lipschitz and piecewise C'-estimates

In this section, we will first establish both Lipschitz and piecewise C'*-regularity for
stationary harmonic maps on domains with piecewise C%!-metrics, under the small-
ness condition of renormalized energies. Then we will sketch a proof of Theorem
1.1.

Theorem 5.1. There exist € > 0 and By € (0, 1) depending only on n, g such that if
the metric g € C%'(Bf UT)) satisfies the condition (1.4) on T\, and u € W"*(By,N) is
a stationary harmonic map on (By, g) satisfying

re f \Vul dvy < & (5.1
Br()(x())

for some xo € By and 0 < ry < 1, then u € Cl’ﬁO(B%o(X()) N E,N), and u €
C*! (B (x0), N)

Proof. The proof is based on both the hole filling argument and freezing coefficient
method. It is divided into two steps.

15



Step 1. u € C*(B3y(xp), N) for any 0 < a < 1. To see this, recall Theorem 4.1 implies
4
that there exists 0 < @y < 1 such that u € C*(B,(xp)) and for any y € B, (xp), it
8 8
holds

2aq
s*" f Vu dx < C (f) P f VuPdx, 0<s<r<Z,  (52)
By() r B:(») 8

and ;
oscamu < Cr™, 0 <r< — (5.3)
Fory € Buy(xp) and 0 < r < 2, let v : B,(y) — R* solve
8
Ay =0 in B.(y) (5.4)
v=u on 0B,(y).

Then by the maximum principle and (5.3), we have

0SCp,(y)V < 0SChp, U < Cr™.

Moreover, since g € C*'(Bf U TI), it is well-known (cf. [17] Theorem 1.1) that
v e C¥(B;(y),R") and v € C'¥(B;(y) N B*,R") forany 0 < B < 1.

Now multiplying both the equations (1.1) and (5.4) by (# —v) and subtracting each
other and then integrating over B,(y), we obtain

f IV(u —v)[dx < f IVul|u —v| < P23,
B,(y) B (y)

2
f IV dx < CHV\/” rt,
B; () L=@By)

we obtain that if 0 < ag < %, then

Since

2-n
.
() f VP dx < C(IVVBeq, o 7 + 70) < CP™.
2 Bf(y) 2

This, combined with Morrey’s decay lemma, yields u € C 3%(B@ (x0)). Repeating this
8
argument, we can show that u € C*(B3, (xp)) forany 0 < @ < 1, and
P

ro

1 (5.5

P f IVul? dx < Cr*®, ¥y € Bay(xp), 0 < r <
B(y) 4

Step 2. There exists 0 < By < 1 such that u € CI’BO(B%O(XO) N B*, N). The proof is
divided into two cases.

Case I. xo = (xy,x5) € Bf. We may assume 0 < ry < |xg| so that B, (xo) € B*. For
B.(x) C B, (x0), letv : B,(x) = R solve

{Agv =0 inB(x), 56

v=u on 0B, (x).
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Then by Step 1, we have that for any < @ < 1,

f Vu-v)Pdx < C f \Vul*lu — v|dx < C r?*"2, (5.7)
B (x)

B(x)

Moreover, since g € C*'(B,,(xo)), we have that for any 0 < 8 < 1, v € C'#(B;(x)) and

2
dx, 0<s<

JE Vv - (Vv)Bs(x)|2 dx < CCy* f |V = (Vu)g, (5.8)
By(x) r By(x)

N~

1

Henceforth, we will denote JC f=—
E |E]

that forany 0 < 6 < 1,

f Vi~ (Vg 0| dx < 2| f Vu — VP2 dx + JC | = (VW) da]
By, (x) By (x) By, (x)

< Cle* Ji,m Vi = (Vg 0| dox+ 67772

f f dx. Combining (5.7) and (5.8)*, we obtain
E

For 322 < 8, < 8,1et 0 < 6 < 1 be such that C6;° = 6. Then we have

f Vi — (Vuyg, o dx < 67 JC Vi = (Vg o dx+Cro2 (5.9)
By r(x) By (x)

Iterating (5.9) m-times, m > 1, yields

JC Vi = (Vi) o
ngtr(x)

Yo @ - Gl dx

B,(x)
+C(081r)3(y—2 Z 96(2'30_(30_2)) (5 10)
=

< @7 f ) Vi = (Vi) o dx + cre?|.
B,(x

This clearly implies that Vu € C* (B, (xo)).
Case Il. xo = (x,0) € I';. For simplicity, we assume x; = 0. Define the piecewise
constant metric g on B; by letting
lim, o+ g(0', ¢ € B
3(x) = Tnog(,) x i
hm,m— g(O , 1) XE€ B1 .
Then we have
lg(x) — g(x)| < Clxl, x € By. (5.11)

Moreover, by suitable dilations and rotations of the coordinate system, (1.4) implies
that there exists a positive constant k # 1 such that

g§(x) = (1 + (k= L)y (x))go, X € By,

“note that (5.8) trivially holds for § < s < r.
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where y . 1s the characteristic function of Bj.
For0 <r <2, letv: B,(0) — R* solve

(5.12)

Azv =0 in B,(0),
v=u on 0B,(0).

Then we have

0scg, )V < oscpu < Cre, f
B,(0)

IVv?dx < C f |Vul> < Cr2+2e,
B.(0)

Multiplying (1.1) and (5.12) by (« — v) and integrating over B,(0), we obtain

f IV(u —v)]* dx
B,(0)

f 87— v)i(u — Vv)j\Vgdx
B(0)

IA

IA

Cf IVul2lu — v| dx +f | Ve — \ag"Ivill(u - v),| dx
B,(0) B,(0)

1
Coscp )V f \Vul* dx + Cr* f Vv + = f IV(u —v)|* dx
B, (0) B,(0) 2 Jg0

1
< P ot g - f V(@ - v)I* dx.
2 U0

IA

This implies
f IV(u = v)[>dx < Cr'=2+3e, (5.13)
B,(0)

It is well-known that v € C“(B?(O)) for any 0 < s < r. In fact, (5.12) is equivalent to:
0 2 ov :
8—)@((1 + (k% - I)XBT)a_xi) = 0, in B,(0), (5.14)

we conclude
(1) 6‘77” satisfies the jump property on I';:

ov v

lim (X, x,) = k? lim (X', x,), Y(x',0) €'} N B,(0).

0" 00X, x,10" 0X,
(ii) V*v € C%(B,.(0)) for any « = (a, - - , @,_1,0) € N".
(iii) Vv € L*(B,(0)) for any 0 < s < r, and

IVVIZes, @) < CP" f Vul*. (5.15)
2 B,(0)
For f : B.(0) — R, set
~. _(Of of p of
Dfi= (g e 1+ K= Dy z) (5.16)
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and let (5 f )S = JC D f dx denote the average of D f over By(0). Then we have that

By(0)
forany 0 < g < 1,

— — 9 §\28 — —
f By = D dx <) JC |Du - (Du),
B,(0) r B,(0)

Combining (5.13) with (5.17) yields that for any 0 < 6 < 1,

f |Du — (Duo,

As in Case I, iteration of (5.18) yields that for any 0 < s < r, it holds

~ — 2 s 3a-2 ~ ~
f |Du— (Du),|” dx < C (—) f |Du — (Du),
B,(0) r B,(0)

This, combined with Case I, further implies that for any B,(x) C B, (xp) and0 < s < r,

— - 2 g\3a-2 — —
JC |Du— (Du),,|” dx < C (—) f |Du — (Du),,
Bs(x) By(x)

’
where (Eu)“ denotes the average of Du over By(x). Itis readily seen that (5.20) yields
Vu e CL%(B%O()CO) NB*) andu € Co’l(B%o(xo)). This completes the proof. O

dx, M0 <s<r.  (5.17)

Pdx+CO (5.18)

" dx < CO¥ f |Du — (D),
B,(0)

2 dx+Cs (5.19)

2 dx+Cs2 (5.20)

Now we sketch the proof of Theorem 1.1.

Proof of Theorem 1.1 . Define the singular set

Z:{er: li_mrz_"f IVulzdx2€§}.
r—0 B, (x)

Then by a simple covering argument we have H"*(Z) = 0 (see, for example, Evans-
Gariepy [7]). For any xy € Q \ X, there exists 0 < ry < dist(xg, Q) such that

" f Vul dx < €.
By (x)

Hence by Theorem 2.1, Theorem 4.1, and Theorem 5.1, we have
ue C(By(x) N Q= N)and u € C*'(By(x),N),

for some 0 < @ < 1. In particular, we have

lim =" f IVul> dx = 0, ¥x € B (xp)
ri0 B,(x) :

so that B 0 (x0) N X = 0 and hence X is closed. This completes the proof. O
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6 Harmonic maps to manifolds supporting convex dis-
tance functions

In this section, we consider weakly harmonic maps u from (€2, g), with g the piecewise
Lipschitz continuous metric as in Theorem 1.1, to (N, &), whose universal cover (ﬁ ,h)
supports a convex distance function square div(" p) for any p € N. We will establish
both the global Lipschitz continuity and piecewise C!*-regularity for such harmonic
maps u. This can be viewed as a generalization of the well-known regularity theorem
by Eells-Sampson [8] and Hildebrandt-Kaul-Widman [13].

The crucial step is the following theorem on Holder continuity.

Theorem 6.1. Assume that the metric g is bounded measurable on Q, i.e. there exist
two constants 0 < A < A < +o0 such that AL, < g(x) < Al, fora.e. x € Q. Assume also
that the universal cover (N, h) of (N, h) supports a convex distance function square
dl%(-,p) for any p € N. If u € H'(Q, N) is a weakly harmonic map, then there exists
a € (0,1) such that u € C*(€, N).

Proof. Here we sketch a proof that is based on slight modifications of that by Lin [16].
Similar ideas have been used by Evans in his celebrated work [6] and Caffarelli [4]
for quasilinear systems under smallness conditions. First, by lifting u : Q — N to
a harmonic map u : Q — N, we may simply assume (N, h) = (ﬁ ,h) and dlz\,(-, p) is
convex on N for any p € N.
We first claim that
Ad*(u, p) > 0. (6.1)

In fact, by the chain rule of harmonic maps (cf. Jost [15]), we have
Agd*(u, p) = V,,d*(u, p)(Agu) + Vid*(u, p)(Vu, Vu),.

Since A,u L TN, V.d*(u, p) € T,N, the first term in the right hand side vanishes. By
the convexity of dlzv, the second term in the right hand side satisfies

Vad*(u, p)(Vu, Vu), > 0.

Since u € H'(Q, N), by suitably choosing p € N and applying Poincaré inequality and
Harnack’s inequality, (6.1) implies u € Li";) C(Q, N).

Foraset E C N, let diamy(E) denote the diameter of E with respect to the distance
function dy(+, -). For any ball B,(x) C €, we want to show thatu € C “(B%(x)) for some
0 < a < 1. To do it, denote

C, := diamy (u(B,(x))) < +oo.

We may assume C, > 0 (otherwise, u is constant on B,(x) and we are done). Now we

want to show that there exists 0 < §y = 6p(IV) < % such that

diamy (u(Bs, (x))) < %c,. (6.2)
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Since u,(y) = u(x + ry) : B;(0) — N is a harmonic map (B;(0), g,), with g,(y) =
g(x + ry), we may, for simplicity, assume x = 0 and r = 2. For any 0 < € < %, since
u(By) C N is a bounded set, there exists m = m(e) > 1 such that u(B,) is covered by m
balls B!, --- , B" of radius €C;. Now we have
Claim: There exists a sufficiently small € > 0 such that u(B%) can be covered by at
most (m — 1) balls among B, --- , B".

To see this, let x; € By such that B' C By, (p), pi = u(x;), for 1 < i < m. Let
1 < m’ < m be the maximum number of points in {p;}! | such that the distance between
any two of them is at least 3—12()1. Thus we may assume B%CI (p),1 <i <m, covers

u(By). Then there exists iy € {1,--- ,m’} such that
1
7C1 < supdy(u(x), pi)) < G, 6.3)
X€By
and |
H”l (u_l BN(pi()a 1_661 )) N Bl) > Co, (64)

for some universal constant ¢, > 0, where BY(p;,, R) is the ball in N with center p;,
and radius R.
In fact, since

m 1
B, C U u! (BN(Pi, 1—601)) ,
i=1

we have

m’ 1

DH (u‘1<BN<p,-, €N Bl) > H'(By).
i=1

Hence there exists iy € {1,--- ,m’} such that

1 1
H" (u_l(BN(piO, Cl))) > cp = %H”(Bl).

16
This implies (6.4). By the triangle inequality, (6.3) also holds.

Define
f(x) = sup dy(u(2), piy) = dy(u(x), p,), x € By.
ZED)
It is clear that f > 0 in By, and (6.1) implies

A.f <0, in B,

By Moser’s Harnack inequality, we have

inffZCJCfZCf fch f
By By B, By 0w (B (pig15C1)

1
>C [sup djzv(u, Diy) — sup dlz\,(u, p,-o)] H" (Bi N u‘l(BN(p,-O, 1—601))
B

Binu~' (BN (piy» 15C1))

[S]

1

>Cl=C*- —
- ( i~ %56

C%) co 1= 63C? (6.5)
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for some universal constant 8, > 0. This implies

sup dy(u(z), pi,) — sup dy(u(z), pi,) = 6oC1 = (1 — 6)C}. (6.6)

Z€By Z€B |
2

Now we argue that the claim follows from (6.6). For, otherwise, we would have
that u(B%) N By, (pj) # 0 forall 1 < j < m. Let zy € B; be such that

€C + dy(u(20), piy) = sup dy(u(z), pi,)-
B

Since u(B;) C U} By, (p:), there exists p;, € {p1,- -, pm} such that u(zy) € Baec,(pi)-
Since u(B%)ﬁBzec1 (pi,) # 0, there exists z; € B% such that u(z;) € Baec,(pi,). Therefore
we have dy(u(z1), u(zp)) < 2eC;. Therefore we have

AN

sup dy(u(z), piy) — sup dy(u(z), pi,) < €Cy + dn(u(z0), pi,) — dyv(u(z1), piy)
Z€B) €8
2

IA

€Cy + dy(u(zo), u(z1)) < 3eCy,

this contradicts (6.6) provide that € > 0 is chosen to be sufficiently small.
From this claim, we have either

1
@) diamN(u(B%)) < ECI' Then (6.2) holds with 6y = 5, or

1
2 b
(ii) diamy (u(B))) > %Cl.

Then we consider v(x) = u(%x) : By — N so that

1
e v is a harmonic map on (B, g%), with the metric g%(x) = g(ix).

1
. ECI < diamy(v(B))) < C;y.

e Vv(By) is covered by at most (m — 1) balls By, - -, B"™ ! of radius €C;.

Thus the claim is applicable to v so that u(B%) = v(B%) can be covered by at most
(m — 2) balls among B',--- , B™!,

If diamy(v(B 1 )) < =C,, we are done. Otherwise, we can repeat the above argu-
ment. It is clear that the process can at most be repeated m-times, and the process will
not be stopped at step ky < m unless diamyu(B,-,) < EC 1. Thus (6.2) is proven.

It is readily seen that iteration of (6.2) implies Holder continuity. O

Proof of Theorem 1.2. First, by Theorem 6.1, and the argument from §4, we can show
that for some 0 < a < 1,

f [Vul> dx < Cr""#** ¥B,.(x) c Q.
B,(x)

Then we can follow the same proof of Theorem 5.1 to show that u € C*'(Q) and
ueCQ*UT,N). O
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