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Abstract

For a potential function F W Rk ! RC that attains its global
minimum value at two disjoint compact connected submanifolds
N˙ in Rk , we discuss the asymptotics, as � ! 0, of minimiz-
ers u� of the singular perturbed functional E�.u/ D

R
�.jruj

2 C
1
�2
F.u//dx under suitable Dirichlet boundary data g� W @� !

Rk . In the expansion of E�.u�/ with respect to 1
�

, we identify the
first-order term by the area of the sharp interface between the two
phases, an area-minimizing hypersurface � , and the energy cF0 of
minimal connecting orbits between NC and N�, and the zeroth-
order term by the energy of minimizing harmonic maps into N˙

both under the Dirichlet boundary condition on @� and a very
interesting partially constrained boundary condition on the sharp
interface � . © 2011 Wiley Periodicals, Inc.

1 Introduction
Because of both its important applications to many subjects in sciences and its

intrinsic mathematical interest and challenges, the theory of singular perturbation
for scalar-valued phase transition problems has drawn great interest in analysis and
computations. A typical energy that models the phase separation phenomena of a
two-phase fluid is given by the Cahn-Hilliard energy functionalZ

�

�
�jrvj2 C

1

�
W.v/

�
dx;
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where � � Rn is assumed to be a bounded, smooth domain in Rn throughout this
paper, v W � ! R is the density of the fluid, and W W R ! RC is a double-
well potential function that has two minima (zeros) at ˙1. The term �jrvj2 is the
interfacial energy contribution that penalizes the formation of interfaces (see Gurtin
[10]). The asymptotic behavior of minimizers v� of the above Cahn-Hilliard energy
functional under the constraint

R
� v� D c, as � ! 0, was first studied by Modica

and Mortola [19], Modica [18], and Luckhaus and Modica [17]; they show that
the separation region between the two stable phases has O.�/ thickness and the
phase transition converges to a minimal hypersurface. Sternberg [26, 27], Kohn
and Sternberg [14], Fonseca and Tartar [9], and Modica and Mortola [19] have
studied it within the framework of De Giorgi’s �-convergence.

To model certain chemical reaction processes, Rubinstein, Sternberg, and Keller
[21, 22] introduced the vector-valued system of fast reaction and slow diffusion
(under the Neumann boundary condition):

@tv� D ��v� � �
�1Wv.v�/ in �;

@v�

@�
D 0 on @�;

where the order parameter v� W � ! Rk represents the concentration vector of
reactants. By the law of mass action during the chemical reaction process, the
potential function W W Rk ! RC can vanish on two disjoint submanifolds in Rk .
In this case, a front develops in �. By the formal WKB analysis on the asymptotic
expansion for potential functions vanishing on two submanifolds, it was found in
[21, 22] that with respect to the slow time variables, the front moves by its mean
curvature, and v� approximates the heat flow of harmonic maps away from the
front.

Although there have been many studies for the rigorous analysis of such an
asymptotics for the scalar case k D 1 (see, for example, [7, 13]), the correspond-
ing analysis has remained an open problem for k � 2 (see Bronsard and Stoth [5]
for some preliminary results). In this paper, we intend to analyze the correspond-
ing time-independent case of the so-called Keller-Rubinstein-Sternberg problem,
associated with suitable Dirichlet boundary conditions. The aim is twofold: (1) the
time-independent case is very delicate and it also arises in various applications; (2)
a complete understanding of the time-independent case sheds light on the dynamics
of the general cases that we plan to investigate in the near future.

First let’s describe the problem. For k � 1, let

N D NC tN� � Rk

be the union of two disjoint, compact, connected, smooth Riemannian submani-
folds N˙ � Rk without boundaries. See Figure 1.1.

For ı > 0, let

Nı �
˚
p 2 Rk W d.p;N / � inf

y2N
jp � yj � ı
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FIGURE 1.1. Target manifold.

denote the ı-neighborhood of N . It is well-known that there exists ıN > 0 de-
pending only on N such that

(1) the nearest-point projection map … W NıN ! N is smooth, and
(2) d2.p;N / D jp �….p/j2 2 C1.NıN /.

Throughout this paper, we will consider the class of double-well potential func-
tions depending only on the distance function from the target manifolds.1 Namely,
we assume

F.p/ D f .d2.p;N //;

where f 2 C1.RC;RC/ satisfies the property that there exist c1; c2; c3 > 0 such
that

(1.1)

(
c1t � f .t/ � c2t if 0 � t � ı2N ;
f .t/ � c3 if t � ı2N :

We will consider the family of energy functionals

E�.u/ D

Z
�

.�2jruj2 C F.u//dx; u 2 H 1.�;Rk/; � > 0;

that are singular perturbations of the functional of phase transitions of high-dimen-
sional wells:

E0.u/ D

Z
�

F.u/dx; u 2 L1.�;Rk/:

We will discuss the gradient theory of phase transitions, namely, study the behavior
of minimizers u� of E�. � / under well-prepared Dirichlet boundary data as � ! 0.

Now we prescribe the boundary data. Let†˙ � @� be two disjoint, connected,
open subsets of @� such that

1 However, Theorem 1.1 actually holds for general potential functions of high-dimensional double
wells satisfying (1.8), which are not necessarily functions of d. � ; N /; see Remark 1.2(3) and the
discussions in Section 3 and Section 7.
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FIGURE 1.2. Boundary of the domain �.

(1) @†C D @†� D † is a connected .n � 2/-dimensional smooth manifold
and

(2) @� D †C t†� t†:

For R > 0, let BkR D fy 2 Rk W jyj � Rg: For any small � > 0, let †� D fx 2
Rn W d.x;†/ < �g be the �-neighborhood of †, and denote

†˙� D †
˙
n†�.� fx 2 †˙ W d.x;†/ � �g/:

See Figure 1.2. We assume that there exist ˇ > 0, R > 0, L > 0, and C > 0 such
that g� W @�! Rk satisfy the following two conditions for all 0 < � < 1:

(1)

(1.2)

g�.†
˙

�ˇ
/ � N˙; g�.@�/ � B

k
R;Z

@�

�
�jr�g�j

2
C
1

�
F.g�/

�
dHn�1

� LI

(2) the extension property: For any p˙ 2 N˙, there exists ˇ 2 .1
2
; 1� and

G˙� W †
˙

�ˇ
� Œ0; �ˇ �! N˙

such that

(1.3)

G˙�
ˇ̌
†˙
�ˇ
�f0g
D g�; G˙�

ˇ̌
†˙
�ˇ
�f�ˇg

D p˙;Z
†˙
�ˇ
�Œ0;�ˇ�

jrG˙� j
2 dx �

C

�
�ˇ

Z
†˙
�ˇ

jr�g�j
2 dHn�1

C
1

�ˇ

Z
†˙
�ˇ

jg� � p
˙
j
2 dHn�1

�
;

where r� is the tangential derivative on hypersurfaces in Rn.
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For such a boundary data g�, set

(1.4) E.�/ WD min
�Z
�

�
jruj2 C

1

�2
F.u/

�
dx W u

ˇ̌
@�
D g�

�
:

We are mainly interested in the asymptotic behavior of E.�/ as � ! 0.
Now we state our first main theorem.

THEOREM 1.1. Assume that the potential function F 2 C1.Rk/ satisfies (1.1),
� � � is an area-minimizing hypersurface with @� D †, and g� W @� ! Rk

satisfies conditions (1.2) and (1.3). Then

(1.5) lim
�!0

�E.�/ D cF0 H
n�1.�/;

where cF0 is the energy of the minimal connecting orbits between NC and N�

defined by

(1.6) cF0 D inf
˚
cF .pC; p�/ W p˙ 2 N˙

	
and

(1.7) cF .pC; p�/ D

inf
�Z

R

.j� 0.t/j2 C F.�//dt W � 2 H 1.R;Rk/; �.˙1/ D p˙
�
:

A few remarks are in order.

Remark 1.2.

(1) Based on the assumption that F D 0 on N˙, it is not hard to see that
cF .pC; p�/ W NC � N� ! RC is Lipschitz-continuous; hence the infimum cF0
is attained.

(2) For general target manifolds N˙, (1.2) is a minor condition, while the
extension property (1.3) does pose some restrictions on g�. However, (1.3) does
hold for an arbitrary map g� 2 H 1.@�;Rk/, provided either

(a) NC and N� are simply connected, i.e.,

…1.N
C/ D …1.N

�/ D f0g;

or
(b) there exists a small �0 > 0 depending only onN such that

for some p˙ 2 N˙,� Z
†˙
�˛

jr�g�j
2 dHn�1

�� Z
†˙
�˛

jg� � p
˙
j
2 dHn�1

�
� �0:
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(a) follows from Hardt and Lin’s extension lemma [11, p. 580, lemma 6.1], and
(b) follows from the extension lemmas due to Schoen and Uhlenbeck [23, p. 24,
lemma 4.4] and Luckhaus [16, p. 354, lemma 1]. Both are well-known facts for
harmonic maps.

(3) The conclusion of Theorem 1.1 remains true if we only assume that the po-
tential functions F satisfy the following condition: there are constants c1; c2; c3 >
0 such that

(1.8)
c1d

2.p;N / � F.p/ � c2d
2.p;N / for p 2 NıN ;

F .p/ � c3 for d.p;N / � ıN :

Notice that potential functions satisfying (1.8) are not necessarily functions of
distance to the target manifold, and the corresponding minimal connecting orbits
may not be straight lines. In fact, the proof of the lower bound estimate can be
done exactly in the same way as Proposition 3.1, and the construction for the up-
per bound estimate can be done by slight modifications of that of Proposition 3.2,
namely, replace z̨� by a truncated version of a minimizer ˇ for cF0 . We leave the
details to the interested reader.

(4) Theorem 1.1 also remains true if we consider the problem on a manifold
M without boundary (or with boundary @M ) by imposing a condition of volume
constraint type. In fact, in this case it is readily seen that the limiting problem
reduces to the one-dimensional problem: the two phases are simply two points
p˙ 2 N˙ that attain cF0 , and they are separated by the sharp interface � � M

(with @� � @M when @M 6D ¿) that is a hypersurface of constant mean curvature
due to the volume constraint.

(5) Under the Neumann boundary condition, or equivalently under the condi-
tion of volume constraints, Z

�

udx D cI

the conclusion of Theorem 1.1 was previously proven by [9, 14, 27] when N D
fp; qg � Rk is a set of two points, by [26] when N � R2 is the union of two
concentric, simple closed curves, and by André and Shafrir [3] for N , the disjoint
union of two simple closed curves in R2.

(6) There are very few works available in the literature that consider the above
asymptotics problem associated with Dirichlet boundary conditions even in the
scalar case. To the best of the authors’ knowledge, an earlier work by Sternberg,
Rubinstein, and Owen [20] that discussed the Gamma-convergence of the scalar-
valued problem subject to a Dirichlet boundary condition seems to be the rare one.

(7) We would like to point out that the analysis of such a problem under the
Dirichlet boundary condition for high-dimensional well potentials is much more
delicate than the Neumann boundary condition, mentioned in (5). It is partially
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because in many cases, even in higher dimensions with higher-dimensional poten-
tial wells, the Neumann boundary condition case often reduces to effectively one-
dimensional problems. We should also point out that when we need to establish
an optimal upper bound estimate through the construction of suitable comparison
maps, we have to employ schemes to glue an almost optimal map profile from the
fast transition region near the sharp interface � with the Dirichlet boundary data on
@� in the complement of the fast transition region that contributes a much smaller
scale of energy (see Proposition 3.2 and Lemma 5.1 below for more details).

(8) We would also like to briefly discuss an earlier work by Ambrosio [1, theo-
rem 4.2, p. 468] in which he considered the Gamma-convergence and convergence
of minimizers of a vector-valued singular perturbation problem for a class of po-
tential functions g. However, the cases he considered are rather different from
what we consider here. In particular, our Theorem 1.1 is independent of his the-
orem 4.2. For example, the boundary condition considered in his theorem 4.2 is
the Neumann boundary condition. And thus in many cases, the sharp interfaces in
that problem reduce again to a one-dimensional problem. It is unknown what addi-
tional properties the set of jump discontinuities for the limit map enjoy in his the-
orem 4.2. One would expect that the limiting problems are isoperimetric problems
or partition problems with volume-type constraints, and the maps describing sharp
transitions between various regions behave essentially like in a one-dimensional
problem. The Dirichlet boundary conditions often capture sharp transitions be-
tween higher-dimensional wells, and thus it is more interesting and technically
more involved.

Theorem 1.1 implies that for small �, we can expand E.�/ as

(1.9) E.�/ D
cF0
�
Hn�1.�/C D.�/; D.�/ D

o.1/

�
:

In particular, the leading order of E.�/ is

cF0
�
Hn�1.�/:

The next important question is whether D.�/ is of zero order O.1/ as � ! 0 and
how to characterize D.�/.

There are some major new difficulties to attack the asymptotics problem for the
phase transition of high-dimensional wells. For example, let fu�g be a sequence of
minimizers of E.�/, and u W �! Rk be a limit of u� in suitable spaces. Then we
have the following:

(1) For k D 1 (the case of double-point wells), it is rather easy to see that the
limiting map u is completely determined by the condition F.u/ D 0 (in
fact, u D ˙1).

(2) For k � 2 and double wells that are higher dimensional, since the phase
fields are the manifolds N˙, the limiting map u cannot be determined by
F.u/ D 0 alone. In particular, the analysis of the limiting map u over�˙,
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its one-sided traces on � , and its role in the expansion of E.�/ are very
delicate and constitute the second main result in this paper.

It turns out that for general potential functions F vanishing on N˙, the shape
of minimal connecting orbits � between NC and N� that attain the minimal con-
necting energy cF0 given by (1.6) can be very complicated (see, for example, [26]).
To characterize D.�/, we will assume that F satisfies (1.1). For this class of po-
tential functions, we will show in Theorem 2.1, that the minimal connecting orbit
� attaining cF0 is a straight-line segment. This property plays very important roles
in the proof of our main theorem, Theorem 1.3: First, it asserts that the value of
cF0 equals that of the corresponding scalar double-well potential function, which is
needed to show the optimal lower bound estimate in Section 4. Second, the optimal
upper bound estimate in Section 5 relies heavily on the straight-line profile of the
minimal connecting orbit.

Now let’s briefly describe some basic properties of minimal orbits. Let

dN D inffjpC � p�j W p˙ 2 N˙g .> 2ıN /

be the euclidean distance between NC and N�, and

MC D fpC 2 NC W 9p� 2 N� s.t. jpC � p�j D dN g;

M� D fq� 2 N� W 9qC 2 NC s.t. jqC � q�j D dN g
(1.10)

be the pair of sets of points in N˙ achieving dN . Theorem 2.1 shows that

cF0 D 4

Z dN
2

0

q
f .�2/ d�;(1.11)

cF0 D c
F .pC; p�/(1.12)

for p˙ 2 N˙” p˙ 2M˙ and jpC � p�j D dN ;

and the corresponding minimal connecting orbit 
 2 H 1.R;Rk/ attaining cF0 is

(1.13) 
.t/ D
pC C p�

2
C ˛.t/

pC � p�

jpC � p�j
; t 2 R;

where ˛ 2 H 1.R/, with ˛.˙1/ D ˙dN
2

, is a solution to the associated scalar-
valued minimal connection problem (see (2.1)–(2.6)):

min
�Z

R

�
j�0.t/j2 C zF .�.t//

�
dt W � 2 H 1.R/; �.˙1/ D ˙

dN

2

�
;(1.14)

zF .�/ D

(
f
�
.dN
2
C �/2

�
if � � 0;

f
�
.dN
2
� �/2

�
if � � 0:

(1.15)

To characterize D.�/, we also require additional properties on the sharp inter-
face � and better-prepared boundary data g�. For � , we assume:
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FIGURE 1.3. Domain �.

(A1) � � � is the unique area-minimizing hypersurface with @� D † and is
smooth.

(A2) � is strictly stable, i.e.,

(1.16)
d2

dt2

ˇ̌̌̌
tD0

Hn�1.fx C t�.x/��.x/ W x 2 �g/ > 0 80 6� � 2 C10 .�/;

where �� is the unit normal vector field of � .
For g�, we assume that the behavior of g� near † is almost optimal in the sense
that it gives the minimal connecting orbits between NC and N� as � ! 0. In
particular, the limiting map

g D lim
�!0

g� W @�! Rk

satisfies

(1.17)
g 2 H 1.†˙; N˙/; g.x˙/ 2M˙;

with jg.xC/ � g.x�/j D dN for Hn�2 a.e. x 2 †;

where g.x˙/, for x 2 †, is the one-sided trace value of g 2 H 1.†˙/ on †
(D @†˙). We note that conditions such as (1.15) above for g� also seem to be
necessary in order to establish that D.�/ is uniformly bounded. One can easily
construct a large class of such boundary data g�. In fact, let �˙ be the connected
components of � n � such that

@�˙ D †˙ [ �:

Define the signed distance function to � on � by

d�.x/ D

(
d.x; �/ if x 2 �C;
�d.x; �/ if x 2 ��:

For any ı > 0, let

�ı D
[

�ı���ı

�.�/; �.�/ D fx 2 � W d�.x/ D �g for �ı � � � ı:

See Figure 1.3.
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FIGURE 1.4. Graphs of both ˛ and ˛�

For small ı0 > 0, let
ˆ W � � Œ�ı0; ı0�! �ı0

be a C 2-diffeomorphism such that ˆ. � ; t /.�/ D �.t/ for any t 2 Œ�ı0; ı0�. For
ˇ 2 .1

2
; 1/ and 0 < �ˇ � ı0, let

‰� W �
˙
n ��ˇ ! �˙

be a C 2-diffeomorphism such that

‰�.@�
˙
n ��ˇ / D †

˙; ‰�
ˇ̌
�.˙�ˇ/

D ˆ�1. � ;˙�ˇ /;

and jr‰� � Idj � C�ˇ :

For a minimizer ˛ of (1.14), let

˛� W Œ��
ˇ�1; �ˇ�1�!

�
�
dN

2
;
dN

2

�
be a truncation of ˛ defined by (see also (A.7)):

(1.18) ˛�.t/ D

8̂<̂
:
�
2tC2�ˇ�1

�ˇ�1

�
˛.� �

ˇ�1

2
/C

�
�ˇ�1C2t

�ˇ�1

�
dN
2

if � �ˇ�1 � t � � �
ˇ�1

2
;

˛.t/ if � �ˇ�1

2
� t � �ˇ�1

2
;

2t

�ˇ�1
˛. �

ˇ�1

2
/C

�
2t��ˇ�1

�ˇ�1

�
dN
2

if �
ˇ�1

2
� t � �ˇ�1:

See Figure 1.4.
For g given by (1.17), define g� W @�! Rk by

(1.19) g�.x/ D

8<:g.‰�.x// if x 2 @�˙ n ��ˇ ;
g.x
C
� /Cg.x

�
� /

2
C ˛�

� d� .x/
�

� g.xC� /�g.x�� /
jg.x
C
� /�g.x

�
� /j

if x 2 @� \ ��ˇ ;

where x� 2 † (D @�) is uniquely determined by

ˆ.x�; d�.x// D x; x 2 @� \ ��ˇ :

For these boundary values g�, we will show the uniform boundedness of D.�/.
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Throughout the paper, we will let v.x˙/, for x 2 � , denote the one-sided trace
value of v on � D @�˙ \ � for any map v 2 H 1.�˙/. For g given by (1.17),
define the space A by

(1.20) A �
˚
v 2 H 1.�˙; N˙/ W v

ˇ̌
@�
D g; jv.xC/ � v.x�/j D dN a.e. x 2 �

	
:

Now we state our second main theorem.

THEOREM 1.3. Assume F.p/ D F.d2.p;N // satisfies (1.1), � satisfies (A1) and
(A2), and g� W @� ! Rk is given by (1.19). If A is nonempty and there exists at
least one minimizer v 2 A attaining

(1.21) D D inf
�Z
�C

jrvj2 dx C

Z
��

jrvj2 dx W v 2 A
�

that satisfies v.x˙/ 2 H 1.�;N˙/, then

(1.22) E.�/ D
cF0
�
Hn�1.�/C DC o.1/:

Furthermore, if fu�g is a sequence of minimizers of E.�/, then there exists u 2
A attaining the minimum of D such that after taking possible subsequences, u�
converges to u in L1.�;Rk/.

We would like to make a few remarks on the problem of minimizing harmonic
maps under the Dirichlet and partially constrained boundary conditions as in (1.20).

Remark 1.4.
(1) By the direct method in the calculus of variations, we know that D is finite

and can be attained whenever the space A is nonempty. Furthermore, we can show
by slightly modifying the argument of [12] that A 6D ¿ provided that

(1.23) …1.N
C/ D …1.N

�/ D f0g:

(2) In a forthcoming article [15], we will study the boundary regularity of
minimizing harmonic maps u 2 A that attain the minimum of D. We will prove
that for n � 3, if

g 2 C1.†C [†;NC/ \ C1.†� [†;N�/;

then there exist closed subsets S1 and S˙2 , where S1 b � is discrete for n D 3 and
dimH.S1/ � n � 3 for n > 3, and S˙2 b �˙ with dimH.S˙2 / � n � 3 such that

u 2 C1
�
�C n .S1 [ SC2 /; N

C
�
\ C1

�
�� n .S1 [ S�2 /; N�

�
:

(3) In [15], we will also show that if M˙ � N˙ are Lipschitz submanifolds
and

(1.24) …1.M
C/ D …1.M

�/ D f0g;

then any minimizing harmonic map u 2 A attaining the mimimum of D satisfies
the property that its one-sided traces u.x˙/ on � satisfy u.x˙/ 2 H 1.�;M˙).
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FIGURE 1.5. Two-dimensional example.

(4) For n D 2, A can be empty and D.�/ may be unbounded. For example,
let N˙ � S1 be two disjoint unit circles in R2, � D B1 be the unit ball of R2,
† D f.0;˙1/g, †C D @B1 \ f.x1; x2/ W x1 < 0g, and †� D @B1 \ f.x1; x2/ W

x1 > 0g. Then � D f.0; x2/ W jx2j < 1g, �C D B1 \ f.x1; x2/ W x1 < 0g,
�� D B1\f.x1; x2/ W x1 > 0g, and the pair of minimal setsM˙ D fa˙g � N˙.
If we choose a boundary data g 2 H 1.†˙; N˙/ such that

g..0;˙1/C/ D aC; g..0;˙1/�/ D a�; deg.g; @�˙/ D d 6D 0;

then A D ¿, and by the work of Brezis, Bethuel, and Hélein [4] we have

D.�/ � 2�jd j log
�
1

�

�
:

See Figure 1.5.

The rest of the paper is organized as follows. In Section 2, we will classify the
minimal connecting orbits. In Section 3, we will prove Theorem 1.1. In Section 4,
we will establish the lower bound estimate of E.�/. In Section 5, we will show
the upper bound estimate of E.�/ by explicit constructions. In Section 6, we will
prove Theorem 1.3. In Appendix A, we will provide some needed properties for
the semidistance function dF . � ; � / that seem to be standard to experts. For the
convenience of readers, we will provide a list of notations in Appendix B.

2 Minimal Connecting Orbits

In this section, we will assume the potential function F W Rk ! RC satisfies
(1.1), and will prove an explicit formula for cF0 and characterize the minimal con-
necting orbits, which play crucial roles in the optimal estimate of upper bounds
of E.�/.

First we review some properties of the associated, scalar-valued minimal con-
nection problem:

(2.1) c
zF
0 WD min

�Z
R

�
j�0.t/j2 C zF .�.t//

�
dt W � 2 H 1.R/; �.˙1/ D ˙

dN

2

�
;
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where zF W R! RC is the even function induced from F and defined by (1.15) in
Section 1. Then it is well-known [9, 26] that the following statements are true:

(1) It holds that

(2.2) c
zF
0 D 4

Z dN
2

0

q
zF .�/ d�

�
D 4

Z dN
2

0

q
f .�2/ d�

�
:

(2) There exists a minimizer

˛ 2 C1
�

R;

�
�
dN

2
;
dN

2

��
of (2.1) that is odd and strictly monotone increasing, and satisfies

�˛00.t/C
1

2
zF 0.˛.t// D 0; t 2 R; ˛.˙1/ D ˙

dN

2
;(2.3)

c
zF
0 D

Z
R

�
j˛0.t/j2 C zF .˛.t//

�
dt;(2.4)

˛0.t/ D

q
zF .˛.t// 8t 2 R;(2.5)

j˛0.t/j C

ˇ̌̌̌
˛.t/C

dN

2

ˇ̌̌̌
� C1e

C2t as t ! �1;

j˛0.t/j C

ˇ̌̌̌
˛.t/ �

dN

2

ˇ̌̌̌
� C3e

�C4t as t !C1;
(2.6)

for some Ci > 0 (1 � i � 4).

Now we have the following:

THEOREM 2.1. Consider the following two statements:

(i) cF0 D 4
R dN

2

0

p
f .�2/ d�.

(ii) .pC; p�/ 2 NC �N� and � 2 H 1.R;Rk/, with �.˙1/ D p˙, satisfy

(2.7) cF0 D c
F .pC; p�/ D

Z
R

�
j� 0.t/j2 C F.�.t//

�
dt:

Statements (i) and (ii) hold if and only if

.pC; p�/ 2MC �M� and jpC � p�j D dN ;(2.8)

�.t/ D
pC C p�

2
C ˛.t/

pC � p�

jpC � p�j
8t 2 R;(2.9)

where ˛ 2 H 1.R;R/, with ˛.˙1/ D ˙dN
2

, is the minimizer for c zF0
given by (2.1).

PROOF.
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(i) For .pC; p�/ 2 NC �N� and � 2 H 1.R;Rk/ with �.˙1/ D p˙, let

�1 < t1 � t2 < t3 � t4 < t5 � t6 < C1

be such that

(2.10)

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

d.�.t/; N�/ � ıN for �1 � t � t1; d.�.t1/; N�/ D ıN ;
ıN � d.�.t/; N�/ � dN

2
for t2 � t � t3;

d.�.t2/; N�/ D ıN ; d.�.t3/; N�/ D dN
2
;

ıN � d.�.t/; NC/ � dN
2

for t4 � t � t5;
d.�.t4/; NC/ D dN

2
; d.�.t5/; NC/ D ıN ;

d.�.t/; NC/ � ıN for t6 � t � C1I d.�.t6/; NC/ D ıN :

Observe that

j� 0.t/j �

ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌
8t 2 R

where

d.�.t// D

(
d.�.t/; N�/ if d.�.t/; N�/ � dN

2
;

d.�.t/; NC/ if d.�.t/; NC/ � dN
2
:

Applying both the Hölder inequality and Federer’s co-area formula, we obtainZ
R

�
j� 0.t/j2 C F.�.t//

�
dt

� 2

Z
R

q
f
�
d2.�.t//

�
j� 0.t/jdt

� 2

� Z t1

�1

C

Z t3

t2

C

Z t5

t4

C

Z C1
t6

�q
f
�
d2.�.t//

�
j� 0.t/jdt

� 2

�Z t1

�1

C

Z t3

t2

C

Z t5

t4

C

Z C1
t6

�q
f
�
d2.�.t//

�ˇ̌̌̌ d
dt

�
d.�.t//

�ˇ̌̌̌
dt

D 2

Z ıN

0

q
f .�2/H 0

�
ft 2 .�1; t1� W d.�.t/; N�/ D �g

�
d�

C 2

Z ıN

0

q
f .�2/H 0

�
ft 2 Œt6;C1/ W d.�.t/; NC/ D �g

�
d�

C 2

Z dN
2

ıN

q
f .�2/H 0

�
ft 2 Œt2; t3� W d.�.t/; N�/ D �g

�
d�

C 2

Z dN
2

ıN

q
f .�2/H 0

�
ft 2 Œt4; t5� W d.�.t/; NC/ D �g

�
d�

� 4

�Z ıN

0

q
f .�2/ d�C

Z dN
2

ıN

q
f .�2/ d�

�
D 4

Z dN
2

0

q
f .�2/ d�:(2.11)
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Taking the infimum over all such � and all .pC; p�/ 2 NC �N� yields

cF0 � 4

Z dN
2

0

q
f .�2/ d�:

To show the other direction of (2.7), let .pC0 ; p
�
0 / 2 M

C �M� be such that
jpC0 � p

�
0 j D dN . Let ˛ 2 C1.R; Œ�dN

2
; dN
2
�/ be a minimizer of (2.1). Define

(2.12) �0.t/ D
pC0 C p

�
0

2
C ˛.t/

pC0 � p
�
0

jpC0 � p
�
0 j
; t 2 R:

Then �0 2 H 1.R;Rk/ satisfies �0.˙1/ D p˙0 . Hence we have

cF0 �

Z
R

�
j� 00.t/j

2
C F.�0.t//

�
dt:

Since
j� 00.t/j D j˛

0.t/j; t 2 R;

and

d.�0.t// D

(
dN
2
C ˛.t/ if � dN

2
� ˛.t/ � 0;

dN
2
� ˛.t/ if 0 � ˛.t/ � dN

2
;

equation (2.4) implies

cF0 �

Z
R

�
j� 00.t/j

2
C F.�0.t//

�
dt D

Z
R

�
j˛0.t/j2 C zF .˛.t//

�
dt

D 4

Z dN
2

0

q
f .�2/ d�:

Hence we prove (i).
(ii) If part: For .pC0 ; p

�
0 / 2M

C �M� with jpC0 � p
�
0 j D dN , if

˛ 2 H 1

�
R;

�
�
dN

2
;
dN

2

��
with ˛.˙1/ D ˙

dN

2

is a minimizer of (2.1) and �0 2 H 1.R;Rk/ is given by (2.12), then the second
part of the proof of (i) gives

cF0 D c
F .p0; q0/ D

Z
R

�
j� 00.t/j

2
C F.�0.t//

�
dt:

Only if part: Suppose .pC; p�/ 2 NC � N� and � 2 H 1.R;Rk/, with
�.˙1/ D p˙, satisfies (2.8). Let

�1 < t1 � t2 < t3 � t4 < t5 � t6 < C1

be given by (2.11). Set

p1 D ….�.t1// 2 N
� and q1 D ….�.t6// 2 N

C:
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Denote d.�/ D d.�; N / and define z� W R! Rk by

z�.t/ D

8̂<̂
:
p1 C d.�.t// �.t1/�p1

j�.t1/�p1j
if �1 < t � t1;

�.t/ if t1 � t � t6;
q1 C d.�.t// �.t6/�q1

j�.t6/�q1j
if t6 � t < C1:

Then z� 2 H 1.R;Rk/ satisfies

z�.�1/ D p1 2 N
� and z�.C1/ D q1 2 N

C:

Hence

cF0 �

Z
R

�
jz� 0.t/j2 C F.z�.t//

�
dt

D

Z t1

�1

�ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌2
C f

�
d2.�.t//

��
dt

C

Z t6

t1

�
j� 0.t/j2 C f

�
d2.�.t//

��
dt

C

Z 1
t6

�ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌2
C f

�
d2.�.t//

��
dt:(2.13)

On the other hand, we have that for any t 2 .�1; t1� [ Œt6;C1/,

�.t/ D ….�.t//C d.�.t//�.t/;

�.t/ D
�.t/ �….�.t//

j�.t/ �….�.t//j
? T….�.t//N:

Direct calculations then give

� 0.t/ D
d

dt

�
….�.t//

�
C
d

dt
.d.�.t//�.t/C d.�.t//�0.t/:

Since �
d

dt

�
….�.t//

�
; �.t//

�
D h�0.t/; �.t/i D 0;

we have

j� 0.t/j2 D

ˇ̌̌̌
d

dt

�
….�.t//

�ˇ̌̌̌2
C

ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌2
C d2.�.t//j�0.t/j2

� 2d.�.t//A
�
….�.t//

�� d
dt

�
….�.t//

�
;
d

dt

�
….�.t//

��
�

ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌2
C .1 � CıN /

ˇ̌̌̌
d

dt

�
….�.t//

�ˇ̌̌̌2
C d2.�.t//j�0.t/j2

�

ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌2
C
1

2

ˇ̌̌̌
d

dt

�
….�.t//

�ˇ̌̌̌2
C d2.�.t//j�0.t/j2
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provided ıN � 1
2C

, where A.….�.t///. � ; � / is the second fundamental form of N
at ….�.t//. Hence we have

cF0 D

Z
R

�
j� 0.t/j2 C F..�.t//

�
dt

�

�Z t1

�1

C

Z t6

t1

C

Z 1
t6

��
j� 0.t/j2 C F.�.t//

�
dt

�

Z t1

�1

�ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌2
C f

�
d2.�.t//

��
dt(2.14)

C

Z t6

t1

�
j� 0.t/j2 C f

�
d2.�.t//

��
dt

C

Z 1
t6

�ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌2
C f

�
d2.�.t//

��
dt

C

�Z t1

�1

C

Z 1
t6

��
1

2

ˇ̌̌̌
d

dt

�
….�.t//

�ˇ̌̌̌2
C d2.�.t//j�0.t/j2

�
dt:

Combining (2.13) with (2.14), we conclude thatˇ̌̌̌
d

dt

�
….�.t//

�ˇ̌̌̌2
D j�0.t/j2 D 0 on .�1; t1� [ Œt6;C1/:

Hence p1 D p�, q1 D pC, and �..�1; t1�/ � .N�/ıN and �.Œt6;C1// �
.NC/ıN are straight-line segments. In particular, we have

�.t/ � z�.t/ 8t 2 .�1; t1� [ Œt6;C1/:

Recall that the first part of proof of (i) yields

(2.15)
�Z t1

�1

C

Z 1
t6

��
j� 0.t/j2 C F.�.t//

�
� 4

ıNZ
0

q
f .�2/ d�

andZ t6

t1

�
j� 0.t/j2 C F.�.t//

�
dt �

�Z t3

t2

C

Z t5

t4

��
j� 0.t/j2 C f .d2.�.t///

�
dt

� 2

�Z t3

t2

C

Z t5

t4

�q
f
�
d2.�.t//

�
j� 0.t/jdt

� 2

�Z t3

t2

C

Z t5

t4

�q
f
�
d2.�.t//

�ˇ̌̌̌ d
dt

�
d.�.t//

�ˇ̌̌̌
dt

� 4

Z dN
2

ıN

q
f .�2/ d�:(2.16)
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Combining (2.15) and (2.16) with (2.14) yields

t1 D t2; t3 D t4; t5 D t6;

and

j� 0.t/j D

ˇ̌̌̌
d

dt

�
d.�.t//

�ˇ̌̌̌
on Œt1; t3� [ Œt3; t6�:

This is possible only if(
�.t/ � p� ? Tp�N

� and d.�.t// D j�.t/ � p�j for t1 � t � t3;
�.t/ � pC ? TpCN

C and d.�.t// D j�.t/ � pCj for t3 � t � t6:

Thus �.R/ is a straight line connecting p� and pC. Moreover, since

dN � jp
C
� p�j � jp� � �.t3/j C j�.t3/ � p

C
j D

dN

2
C
dN

2
D dN ;

we conclude that .p�; pC/ 2 M� � MC satisfies jp� � pCj D dN . This
proves (ii).

�

3 Proof of Theorem 1.1
This section is devoted to the proof of the asymptotic formula (1.5). First,

we will establish the lower bound. Then we will construct a map whose energy
matches the lower bound.

For the part of the lower bound, we have the following:

PROPOSITION 3.1. Under the assumptions of Theorem 1.1, if u� 2 H 1.�;Rk/
satisfies u� D g� on @�, then

(3.1) lim inf
�#0

Z
�

�
�jru�j

2
C
1

�
F.u�/

�
dx � cF0 H

n�1.�/:

PROOF. Without loss of generality, we may assume that

ƒ WD lim inf
�#0

Z
�

�
�jru�j

2
C
1

�
F.u�/

�
dx < C1:

For any fixed ı 2 Œ ıN
2
; ıN �, define the two disjoint measurable subsets

�˙�;ı D fx 2 � W d.u�.x/; N
˙/ < ıg

and the subset

E�;ı D � n .�
C

�;ı
[���;ı/ � fx 2 � W d.u�.x/; N / � ıg:

By (1.8), there exists C > 0 depending on N and F such that

F.u�.x// � C > 0 for all x 2 E�;ı :
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Hence

(3.2) jE�;ı j �
1

C

Z
�

F.u�/dx �
ƒ�

C
! 0 as � ! 0:

Now we need three claims.

Claim 1. There exist ı0 2 Œ ıN2 ; ıN � and C1 > 0 such that

(3.3) Hn�1.@�C
�;ı0
\�/CHn�1.@���;ı0 \�/ � C1:

To prove (3.3), first observe that

jrd.p;N /j D 1 for p 2 N˙ıN :

This, (1.8), the Cauchy-Schwarz inequality, and Federer’s co-area formula imply

ƒ � 2

Z
fx2�Wd.u�.x/;NC/�ıN

or d.u�.x/;N�/�ıN g

p
F.u�.x//jru�.x/jdx

� C

Z
fx2�Wd.u�.x/;NC/�ıN

or d.u�.x/;N�/�ıN g

d.u�.x/; N /jru�.x/jdx

� CıN

Z
fx2�W

ıN
2
�d.u�.x/;NC/�ıN

or ıN
2
�d.u�.x/;N�/�ıN g

ˇ̌
r.d.u�.x/; N //

ˇ̌
dx

D CıN

Z ıN

ıN
2

Hn�1
�
fx 2 � W d.u�.x/; NC/ D ıg

[ fx 2 � W d.u�.x/; N�/ D ıg
�
dı:

Thus, by Fubini’s theorem, there exists ı0 2 Œ ıN2 ; ıN � such that (3.3) holds and
Claim 1 follows.

From (3.2) and (3.3), we may assume that there are two subsets E˙ � � with
finite perimeters such that, after passing to possible subsequences,

�
�˙
�;ı0

! �E˙ as � ! 0;

weakly in BV.Rn/ and strongly in L1.Rn/. Moreover, it is easy to see that

j� n .EC [E�/j D 0; jEC \E�j D 0:

For � > 0, let �� W �! R be defined by

(3.4) ��.x/ D d
F
N�.u�.x//; x 2 �;

where dFN�. � / is given by (A.2). Then Proposition A.3 implies

(3.5) jr��.x/j � 2
p
F.u�.x//jru�.x/j a.e. x 2 �:
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This and the Cauchy-Schwarz inequality yield

(3.6)
Z
�

jr��jdx �

Z
�

�
�jru�j

2
C
1

�
F.u�/

�
dx � ƒC 1:

Proposition A.2 and (1.2) imply that

(3.7) ��.x/ D 0 8x 2 †��˛ ;

where †��˛ is defined in Section 1. Since

Hn�1.†��˛ / � C0 > 0 for all small � > 0;

from this and (3.7) we can apply the Poincaré inequality to getZ
�

j��jdx � C

Z
�

jr��jdx � C.ƒC 1/:

Hence f��g � BV.�/ is bounded, and we may assume that there exists a nonneg-
ative � 2 BV.�/ such that �� ! � weakly in BV.�/ and strongly in L1.�/. By
the lower semicontinuity, we have

ƒ D lim inf
�#0

Z
�

�
�jru�j

2
C
1

�
F.u�/

�
dx

� lim inf
�#0

Z
�

jr��jdx � jD�j.�/:

(3.8)

Now we need the following:

Claim 2. For the function � obtained as above, we have

(3.9)

(
�.x/ D 0 for a.e. x 2 E�;
�.x/ � cF0 for a.e. x 2 EC:

To prove (3.9), we observe that Proposition A.2 implies

dFN�
�
….u�.x//

�
D 0 for any x 2 ���;ı0 :

Hence, by Fatou’s lemma, we haveZ
Rn

j�j2�E� dx � lim inf
�#0

Z
Rn

j��j
2���

�;ı0
dx

D lim inf
�#0

Z
Rn

ˇ̌
�� � d

F
N�.….u�//

ˇ̌2
���

�;ı0
dx �
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� C


rdFN�. � /

L1.Nı0 / lim inf

�#0

Z
��
�;ı0

ju� �….u�/j
2 dx

� C lim inf
�#0

Z
�

F.u�/dx D 0:

This implies �.x/ D 0 for a.e. x 2 E�.
It is easy to see from the definition of dF0 and Proposition A.1 that

dFN�
�
….u�.x//

�
� cF0 for any x 2 �C

�;ı0
:

Similar to the above argument, we also have that for any 0 < � < cF0 ,

�
ˇ̌˚
x 2 �C

�;ı0
W ��.x/ � c

F
0 � �

	ˇ̌
�

Z
Rn

ˇ̌
dFN�.u�.x// � d

F
N�

�
….u�.x//

�ˇ̌
�
�
C

�;ı0

dx

� C


rdFN�. � /

L1.Nı0 /

Z
Rn

ju�.x/ �….u�.x//j��C
�;ı0

dx

� C

Z
�

p
F.u�/ dx � C�

1=2:

After sending � to 0, this implies �.x/ � cF0 for a.e. x 2 EC. So Claim 2 is true.
It follows from Claim 2 that the set EC can be represented as

(3.10) EC D fx 2 � W �.x/ > tg 8t 2
�
0; cF0

�
:

In the following, for a set E � Rn of finite perimeter, we also view E as a n-
dimensional current in Rn and @E denotes the boundary of the currentE. Then we
have the following:

Claim 3. If we view both @.@EC �/ and † as .n � 2/-dimensional currents, we
have

(3.11) @.@EC �/ D †:

In fact, (3.11) follows directly from the fact that

@.@�C
�;ı0

�/ D fx 2 @� W d.g�.x/; NC/ D ı0g* † as � ! 0

as weak convergence of currents, which follows from the properties of g� given in
Section 1.

PROOF. Now we prove (3.1). It follows from (3.10), (3.11), and the area mini-
mality of � that

Hn�1.@�fx 2 � W �.x/ > tg �/ � Hn�1.�/ 8t 2
�
0; cF0

�
;
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where @�E denotes the reduced boundary of E. Thus, using the co-area formula
for BV functions [6] and (3.8), we have

ƒ � jD�j.�/ D

Z
RC

Hn�1.@�fx 2 Rn W � > tg �/dt

�

Z cF0

0

Hn�1.@�fx 2 Rn W � > tg �/dt � cF0 H
n�1.�/:

So (3.1) is true. This completes the proof of Proposition 3.1. �

The next step is to show by explicit constructions that the lower bound obtained
in Proposition 3.1 is also a upper bound for �E.�/.

To do it, we first introduce some additional notation. For small � > 0, set

�� D fx 2 � W d.x; @�/ > �g; �˙� D �� \�
˙;

and

O� D �� \ .� n��/; U˙� D .�
˙
n�˙� / nO�; U� D U

C
� [ U

�
� :

Now we have the following:

PROPOSITION 3.2. Under the same assumptions as in Theorem 1.1, we have

(3.12) lim
�#0

�E.�/ � cF0 H
n�1.�/:

PROOF.
Step 1. Let .pC; p�/ 2 MC � M� be such that jpC � p�j D dN . For

ˇ 2 .1
2
; 1/, it is easy to see that we can identify U˙

�ˇ
by †˙

�ˇ
� Œ0; �ˇ � via the

differomorphisms

T˙� W .@U
˙

�ˇ
\ @�/ [ .@U˙

�ˇ
\ @��ˇ /! .†˙

�ˇ
� f0g/ [ .†˙

�ˇ
� f�ˇ g/

such that
1

2
� krT˙� .x/ � xkL1.U˙

�ˇ
/
� 2:

Hence condition (1.3) implies that there are extension maps

G˙� W U
˙

�ˇ
! N˙

such that

(3.13) G˙�
ˇ̌
@U˙
�ˇ
\@�
D g�; G˙�

ˇ̌
@U˙
�ˇ
\@�

�ˇ
D p˙;

and Z
U˙
�ˇ

jrG˙� j
2 dx �

C

�
�ˇ

Z
@U˙
�ˇ
\@�

jr�g�j
2 dHn�1

C
1

�ˇ

Z
@U˙
�ˇ
\@�

jg� � p
˙
j
2

�
dHn�1:

(3.14)



PHASE TRANSITION FOR HIGH-DIMENSIONAL WELLS 23

By Fubini’s theorem, we can assume that there exists �0 2 .1; 2/, depending on �
and ˇ, such that

(3.15)

Z
fx2U˙

�ˇ
Wd�.x/D˙�0�ˇg

jrG˙� j
2 dHn�1

�
2

�ˇ

Z
U˙
�ˇ

jrG˙� j
2 dx

� C

� Z
@U˙
�ˇ
\@�

jr�g�j
2 dHn�1

C
1

�2ˇ

Z
@U˙
�ˇ
\@�

jg� � p
˙
j
2 dHn�1

�
:

Set G� W U�ˇ n ��0�ˇ ! Rk by letting

G� D G
˙
� on U˙

�ˇ
n ��0�ˇ :

Denote by S � � the singular set of � . By both the boundary regularity theorem of
Hardt and Simon [12, p. 440] and the interior partial regularity theorem of Federer
[8, p. 796, theorem 1], we may assume that

� 2 C1.� n��ˇ /; S � ��ˇ ; and dimH.S/ � n � 7:

Hence we have

(3.16) Hn.S�ˇ / � C�6ˇ ;

where
S�ˇ D fx 2 � W d.x;S/ � 2�ˇ g

is the 2�ˇ -neighborhood of S.
Step 2. Now we construct a comparison map v� 2 H 1

g�
.�;Rk/ as follows.

Applying Proposition 7.4 in Section 7, with L D �ˇ�1, we obtain a map z̨� such
that

z̨� 2 H
1

�
Œ��0�

ˇ�1; �0�
ˇ�1�;

�
�
dN

2
;
dN

2

��
;

z̨� D

8̂<̂
:
�
dN
2

on Œ��0�ˇ�1;��ˇ�1�;
˛�ˇ�1 on Œ��ˇ�1; �ˇ�1�;
dN
2

on Œ�ˇ�1; �0�ˇ�1�:

Then z̨� satisfies

(3.17)
Z �0�

ˇ�1

�0�ˇ�1

�
jz̨
0
�.t/j

2
C zF .z̨�.t//

�
dt � cF0 C c2 exp.�c1�ˇ�1/:
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FIGURE 3.1. Comparison maps (˛ D ˇ).

The value of v� on ��ˇ is defined by

v�.x/ WD

8̂<̂
:
p� if x 2 ��

�ˇ
n ��0�ˇ ;

pCCp�

2
C z̨�.

d�.x/
�
/ p
C�p�

jpC�p�j
if x 2 ��0�ˇ ;

pC if x 2 �C
�ˇ
n ��0�ˇ :

Let

H� W .� n��ˇ / \ ��0�ˇ ! Rk

be the harmonic function with the Dirichlet boundary data:

H�.x/ D

8̂<̂
:
g�.x/ if x 2 @� \ ��0�ˇ ;
G�.x/ if x 2 @.��0�ˇ / \ .� n��ˇ /;
v�.x/ if x 2 @��ˇ \ ��0�ˇ :

Then we define the value of v� on � n��ˇ by

v�.x/ D

(
G�.x/ if x 2 .� n��ˇ / n ��0�ˇ ;
H�.x/ if x 2 .� n��ˇ / \ ��0�ˇ :

One can see Figure 3.1 for the construction.
Step 3. Now we estimate the energy of v� on � as follows:Z
�

�
�jrv�j

2
C
1

�
F.v�/

�
dx D

� Z
�
�ˇ

C

Z
�n�

�ˇ

��
�jrv�j

2
C
1

�
F.v�/

�
dx

D I� C II�:
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We first estimate I�. We have

I� D
Z

�
�ˇ
\�

�0�
ˇ

 
�

ˇ̌̌̌
r

�
z̨�

�
d�.x/
�

��ˇ̌̌̌2
C
1

�
zF

�
z̨�

�
d�.x/
�

��!
dx

D
1

�

Z
�
�ˇ
\�

�0�
ˇ

 �
z̨
0
�

�
d�.x/
�

��2
jrd�.x/j2 C zF .z̨�

�
d�.x/
�

��!
dx

�
1

�

Z
�
�ˇ
\S

�ˇ

 �
z̨
0
�

�
d�.x/
�

��2
jrd�.x/j2 C zF

�
z̨�

�
d�.x/
�

��!
dx

C
1

�

Z
�
�ˇ
\.�

�0�
ˇ nS�ˇ /

 �
z̨
0
�

�
d�.x/
�

��2
jrd�.x/j2 C zF

�
z̨�

�
d�.x/
�

��!
dx

D III� C IV�:

For the term III�, we use the fact that jrd�.x/j � 1 and Proposition A.4 to get

max
jt j��0�ˇ�1

�
jz̨
0
�.t/j

2
C zF .z̨�.t//

�
� C:

We have, by (3.16),

III� �
C

�
Hn.��ˇ \ S�ˇ / � C�6ˇ�1 � C�2:

For the term IV�, since

jrd�.x/j D 1 for x 2 ��ˇ \ .��0�ˇ n S�ˇ /;

we have, by both the co-area formula and the formula of change of variables,

IV� D
Z �0�

ˇ�1

��0�ˇ�1

�
jz̨
0
�.s/j

2
C zF .z̨�.s//

�
�Hn�1

�
fx 2 ��ˇ \ .��0�ˇ n S�ˇ / W d�.x/ D �sg

�
ds:

Since � n S�0�ˇ is a smooth hypersurface, we have that

fx 2 � \ .��0�ˇ n S�ˇ / W d�.x/ D �g

is a family of smooth hypersurfaces, which converges to � nS locally in C 2.�nS/
uniformly with respect to � 2 Œ��0�ˇ ; �0�ˇ �. This, combined with the boundary
regularity of � and (3.16), implies that for any ı > 0, there exists �.ı/ > 0 such
that for any � � �.ı/,

(3.18) max
j� j��0�ˇ

Hn�1
�
fx 2 ��ˇ\.��0�ˇ nS�ˇ / W d�.x/ D �g

�
� Hn�1.�/Cı:



26 F. LIN, X.-B. PAN, AND C. WANG

This and (3.17) imply

lim
�#0

IV� � .Hn�1.�/C ı/ lim
�#0

Z �0�
ˇ�1

��0�ˇ�1

�
jz̨
0
�.s/j

2
C zF .z̨�.s//

�
ds

� .Hn�1.�/C ı/cF0 :(3.19)

Putting the estimates of III� and IV� into I� gives

(3.20) lim
�#0

I� � .Hn�1.�/C ı/cF0 :

Now we estimate II�. We have

II� D
� Z
.�n�

�ˇ
/\�

�0�
ˇ

C

Z
.�n�

�ˇ
/n�

�0�
ˇ

��
�jrv�j

2
C
1

�
F.v�/

�
dx

D V� C VI�:

For the term VI�, we use (3.14) to get

VI� D
Z

.�n�
�ˇ
/n�

�0�
ˇ

�jrG�j
2 dx

� C

�
�ˇ
Z
@�

�jr�g�j
2 dHn�1

C �1�ˇ
�
� C.�ˇ C �1�ˇ /:(3.21)

For the term V�, since v� D H� is harmonic on .� n��ˇ /\ ��0�ˇ and g�.@�/ �
BkR by (1.2), the maximum principle implies

kv�kL1..�n�
�ˇ
/\�

�0�
ˇ / � kH�kL1.@..�n��ˇ /\��0�ˇ //

� C

for some C > 0 depending only on N and R. Thus we have

(3.22)
Z

.�n�
�ˇ
/\�

�0�
ˇ

1

�
F.v�/dx �

C

�
Hn..� n��ˇ / \ ��0�ˇ / � C�

2ˇ�1:

For the Dirichlet energy of v� on .� n��ˇ / \ ��0�ˇ , we haveZ
.�n�

�ˇ
/\�

�0�
ˇ

jrv�j
2 dx

� C�ˇ
Z

@..�n�
�ˇ
/\�

�0�
ˇ /

jr�H�j
2 dHn�1

D
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D C�ˇ
� Z
@�\�

�0�
ˇ

jr�g�j
2 dHn�1

C

Z
@�

�ˇ
\�

�0�
ˇ

jr�v�j
2 dHn�1

C

Z
@.�

�0�
ˇ /\.�n��ˇ /

jr�G�j
2 dHn�1

�
:(3.23)

Now we estimate each term in the right-hand side of (3.23). Condition (1.2) impliesZ
@�\�

�0�
ˇ

jr�g�j
2 dHn�1

�
L

�
;

inequality (3.15) impliesZ
@.�

�0�
ˇ /\.�n��ˇ /

jr�G�j
2 dHn�1

� C

� Z
@�n�

�0�
ˇ

jr�g�j
2 dHn�1

C ��2ˇ
�

� C.��1 C ��2ˇ /;

and a direct calculation, using the formula of v� on @��ˇ \ ��0�ˇ , givesZ
@�

�ˇ
\�

�0�
ˇ

jr�v�j
2 dHn�1

�
1

�2

Z
@�

�ˇ
\�

�0�
ˇ

ˇ̌̌̌
z̨
0
�

�
d�.x/
�

�ˇ̌̌̌2
dHn�1

�
C

�2
Hn�1.@��ˇ \ ��0�ˇ / � C�

ˇ�2:

Putting all these estimates into (3.23), we obtain

(3.24)
Z

.�n�
�ˇ
/\�

�0�
ˇ

�jrv�j
2 dx � C.�ˇ C �1�ˇ C �2ˇ�1/:

Now we combine (3.22) and (3.24) to get an estimate of the term V�:

(3.25) V� � C.�ˇ C �1�ˇ C �2ˇ�1/:

Combining (3.21) and (3.25) we obtain

(3.26) II� � .�ˇ C �1�ˇ C �2ˇ�1/:

Finally, we use (3.20) and (3.26) to obtain

lim
�#0

Z
�

�
�jrv�j

2
C
1

�
F.v�/

�
dx � cF0 H

n�1.�/C CıI

this implies (3.12), since ı > 0 is arbitrary. The proof of Proposition 3.2 is com-
plete. �

It is clear that Theorem 1.1 follows directly from the above two propositions.
�
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4 Refined Lower Bound Estimates of E.�/
This section is devoted to the refined estimate of lower bounds of E.�/. To state

it, we need to introduce some additional notation.
For t 2 Œ��ˇ ; �ˇ �, define

†.t/ D fx 2 @� W d�.x/ D tg .D @�.t//:

In particular, †.0/ D †. For any such t , let S.t/ � � be a minimal hypersurface
spanned by †.t/:

Hn�1.S.t// D
minfHn�1.S/ W S is an integral .n � 1/ current in �; @S D †.t/g:

In particular, we may assume S.0/ D � . The aim of this section is to prove the
following lemma:

LEMMA 4.1. Assume � satisfies (A1), g� W @� ! Rk satisfies (1.17), and u� 2
H 1
g�
.�;Rk/. Then there exists C D C.N/ > 0 such that for any 0 < ı � ıN , it

holds that Z
�

�
jru�j

2
C
1

�2
F.u�/

�
dx

� .1 � Cı/

Z
�
C

�;ı
[��

�;ı

jr.….u�//j
2 dx

C
2

�

Z dN
2

�
dN
2

Hn�1
�
S.�˛�1� .�//

�q
zF .�/ d�:

(4.1)

PROOF. For 0 < ı � ıN , recall that, for x 2 �C
�;ı
[��

�;ı
,

u�.x/ D ….u�.x//C d.u�.x//��.x/;

��.x/ D
u�.x/ �….u�.x//

ju�.x/ �….u�.x//j
;

Calculations similar to those for Theorem 2.1 imply that, for x 2 �C
�;ı
[��

�;ı
,

jru�.x/j
2
D
ˇ̌
r
�
….u�.x//

�ˇ̌2
C
ˇ̌
r.d.u�.x//

ˇ̌2
C d2.u�.x//

ˇ̌
r.��.x//

ˇ̌2
� 2d.u�.x//A.….u�.x//

�
r
�
….u�.x//

�
;r
�
….u�.x//

��
�
ˇ̌
r
�
d.u�.x//

�ˇ̌2
C .1 � Cı/

ˇ̌
r
�
….u�.x//

�ˇ̌2
;
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where A. � /. � ; � / is the second fundamental form of N and C D 2kA. � /kL1.N/.
Thus we obtain

(4.2)

Z
�

�
jru�j

2
C
1

�2
F.u�/

�
dx

� .1 � Cı/

Z
�
C

�;ı
[��

�;ı

ˇ̌
r.….u�//

ˇ̌2
dx

C

Z
�
C

�;ı
[��

�;ı

�
jr.d.u�//j2 C

1

�2
F.u�/

�
dx

C

Z
�n.�

C

�;ı
[��

�;ı
/

�
jru�j

2
C
1

�2
F.u�/

�
dx:

By the Cauchy-Schwarz inequality and Federer’s co-area formula, we haveZ
�
C

�;ı
[��

�;ı

�
jr.d.u�//j2 C

1

�2
F.u�/

�
dx

�
2

�

Z
�
C

�;ı
[��

�;ı

q
f .d2.u�//jr.d.u�//jdx

D
2

�

ıZ
0

Hn�1
�
fx 2 � W d.u�.x/; N˙/ D �g

�q
f .�2/ d�:(4.3)

Define

H˙�;ı D

�
x 2 � W ı � d.u�.x/; N˙/ �

dN

2

�
:

Since

d.u�.x// D d.u�.x/; N˙/ and
ˇ̌
r
�
d.u�.x//

�ˇ̌
� jru�.x/j for x 2 H˙�;ı ;

we have Z
�n.�

C

�;ı
[��

�;ı
/

�
jru�j

2
C
1

�2
F.u�/

�
dx

�

Z
H
C

�;ı
[H�

�;ı

�
jru�j

2
C
1

�2
F.u�/

�
dx �
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�
2

�

Z
H
C

�;ı
[H�

�;ı

q
f .d2.u�//jru�jdx

�
2

�

Z
H
C

�;ı
[H�

�;ı

q
f .d2.u�//

ˇ̌
r.d.u�//

ˇ̌
dx

D
2

�

Z dN
2

ı

Hn�1
�
fx 2 � W d.u�.x/; N˙/ D �g

�q
f .�2/ d�:(4.4)

Putting (4.3) and (4.4) together, we haveZ
�
C

�;ı
[��

�;ı

�
jr.d.u�//j2 C

1

�2
F.u�/

�
dx

C

Z
�n.�

C

�;ı
[��

�;ı
/

�
jru�j

2
C
1

�2
F.u�/

�
dx

�
2

�

Z dN
2

0

Hn�1
�
fx 2 � W d.u�.x/; N˙/ D �g

�q
f .�2/ d�:

(4.5)

For 0 < � < dN
2

, since

@fx 2 � W d.u�.x/; N˙/ D �g D fx 2 @� W d.g�.x/; N˙/ D �g;

(1.17) implies

@

�
x 2 � W d.u�.x/; NC/ D

dN

2
� �

�
D fx 2 @� W d�.x/ D �˛�1� .�/g

D †.�˛�1� .�//;

@

�
x 2 � W d.u�.x/; N�/ D

dN

2
� �

�
D fx 2 @� W d�.x/ D �˛�1� .��/g

D †.�˛�1� .��//:

Hence

Hn�1

��
x 2 � W d.u�.x/; N˙/ D

dN

2
� �

��
�

Hn�1
�
S.�˛�1� .˙�//

�
8� 2

�
0;
dN

2

�
:
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Thus we have

(4.6)

Z
�
C

�;ı
[��

�;ı

�ˇ̌
r.d.u�//

ˇ̌2
C
1

�2
F.u�/

�
dx

C

Z
�n.�

C

�;ı
[��

�;ı
/

�
jru�j

2
C
1

�2
F.u�/

�
dx

�
2

�

Z dN
2

�
dN
2

Hn�1
�
S.�˛�1� .�//

�q
zF .�/ d�:

Substituting (4.6) into (4.2) yields (4.1). The proof is complete. �

As an immediate consequence of (4.1), we have the following estimate in di-
mension 1:

COROLLARY 4.2. Suppose u� 2 H 1.Œa; b�;Rk/, with u�.a/ 2 N� and u�.b/ 2
NC. Then there exists C D C.N/ > 0 such that for any 0 < ı � ıN , we have

(4.7)
Z
Œa;b�

�
ju0�.t/j

2
C
1

�2
F.u�.t//

�
dt �

.1 � Cı/

Z
Œa;b�

C

�;ı
[Œa;b��

�;ı

ˇ̌̌̌
d

dt

�
….u�.t//

�ˇ̌̌̌2
C
cF0
�
:

PROOF. For any 0 � � � dN
2

, there exists t˙
�
2 Œa; b� such that

d.u�.t˙� /; N
˙/ D �:

Hence

H 0
�
ft 2 Œa; b� W d.u�.t/; N˙/ D �g

�
� 1 8� 2

�
0;
dN

2

�
:

This and (4.1) imply (4.7). �

For higher dimensions, we have the following crude estimate:
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COROLLARY 4.3. Under the same assumptions as in Lemma 4.1, there exists C D
C.N/ > 0 such that for any 0 < ı � ıN , it holds thatZ

�

�
jru�j

2
C
1

�2
F.u�/

�
dx

� .1 � Cı/

Z
�
C

�;ı
[��

�;ı

ˇ̌
r.….u�//

ˇ̌2
dx C

cF0
�
Hn�1.�/

� C

Z dN
2

�
dN
2

j˛�1.�/j

q
zF .�/ d�C o.1/;

(4.8)

where ˛ 2 H 1.R/ with ˛.˙1/ D ˙dN
2

is a minimizer of (2.1).

PROOF. Define the hypersurface ƒ.t/ by

ƒ.t/ D

(
fx 2 @� W t � d�.x/ � 0g if � �ˇ � t � 0;
fx 2 @� W 0 � d�.x/ � tg if 0 � t � �ˇ :

Then we have
@.S.t/ [ƒ.t// D @� 8t 2 Œ��ˇ ; �ˇ �:

Hence the area minimality of � implies that for all t 2 Œ��ˇ ; �ˇ �,

Hn�1.�/ � Hn�1.ƒ.t/ [ S.t// D Hn�1.ƒ.t//CHn�1.S.t//
� Hn�1.S.t//C C jt j:(4.9)

Therefore we have

2

�

Z dN
2

�
dN
2

Hn�1
�
S.�˛�1� .�//

�q
zF .�/ d�

�
2

�

Z dN
2

�
dN
2

�
Hn�1.�/ � C�j˛�1� .�/j

�q
zF .�/ d�

D
4Hn�1.�/

�

Z dN
2

0

q
zF .�/ d� � C

Z dN
2

�
dN
2

j˛�1� .�/j

q
zF .�/ d�:

This, (4.1), and (A.11) imply (4.8). �

5 Refined Upper Bound Estimates of E.�/
In this section, we will prove an optimal estimate for the upper bound of E.�/ by

constructing a comparison map that is approximately a minimal connecting orbit
in the transition region near � and an approximate minimizing harmonic map asso-
ciated with D outside the transition region. More precisely, we have the following:
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LEMMA 5.1. Assume � satisfies (A1), g� W @� ! Rk satisfies (1.17), and there
exists a minimizing harmonic map v 2 A such that v.x˙/ 2 H 1.�;M˙/. Then

(5.1) E.�/ �
2

�

Z dN
2

�
dN
2

Hn�1
�
�.�˛�1� .�//

�q
zF .�/ d�C DC o.1/:

PROOF. For � > 0, define the comparison map u� 2 H 1
g�
.�;Rk/ by

(5.2) u�.x/ D(
v.‰�.x// if x 2 �˙ n ��ˇ ;
v.T .x/C/Cv.T .x/�/

2
C ˛�

�
d�.x/
�

�
v.T .x/C/�v.T .x/�/

jv.T .x/C/�v.T .x/�/j
if x 2 ��ˇ ;

where T .x/ 2 � is the unique solution of

ˆ.T .x/; d�.x// D x for x 2 ��ˇ :

Since v
ˇ̌
†˙
D g, it follows from (5.2) and (1.17) that u�

ˇ̌
@�
D g�. Now we

want to estimate the energy of u�:Z
�

�
jru�j

2
C
1

�2
F.u�/

�
dx D

� Z
�Cn�

�ˇ

C

Z
��n�

�ˇ

�
jru�j

2 dx

C

Z
�
�ˇ

�
jru�j

2
C
1

�2
F.u�/

�
dx

D IC II;

where we have used the fact that F.u�/ D 0 on �˙ n ��ˇ , since u�.�˙ n ��ˇ / �
N˙.

For I, since u�.x/ D v.‰�.x// and jr‰�.x/ � Idj � C�ˇ for x 2 �˙ n ��ˇ
(see its definition in Section 1), by a simple change of variables we have

(5.3)
ˇ̌̌̌
I �

�Z
�C

jrvj2 dx C

Z
��

jrvj2 dx

�ˇ̌̌̌
� C�2ˇ � C�;

where C > 0 depends only on the value D.
For II, since jv.T .x/C/ � v.T .x/�/j D dN for x 2 ��ˇ , we see that

(5.4) F.u�.x// D zF

�
˛�

�
d�.x/
�

��
; x 2 ��ˇ :
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Moreover, for x 2 ��ˇ ,

ru�.x/ D r

�
v.T .x/C/C v.T .x/�/

2

�
Cr

�
˛�

�
d�.x/
�

��
v.T .x/C/ � v.T .x/�/

jv.T .x/C/ � v.T .x/�/j

C ˛�

�
d�.x/
�

�
r

�
v.T .x/C/ � v.T .x/�/

jv.T .x/C/ � v.T .x/�/j

�
:

Observe that

r

�
v.T .x/C/C v.T .x/�/

2

�
D

r

�
v.T .x/�/

�
C
dN

2
r

�
v.T .x/C/ � v.T .x/�/

jv.T .x/C/ � v.T .x/�/j

�
:

Since

r
�
v.T .x/�/

�
2 Tv.T .x/�/N

�;

v.T .x/C/ � v.T .x/�/

jv.T .x/C/ � v.T .x/�/j
? Tv.T .x/�/N

�;

ˇ̌̌̌
v.T .x/C/ � v.T .x/�/

jv.T .x/C/ � v.T .x/�/j

ˇ̌̌̌
D 1;

we have�
r

�
v.T .x/C/C v.T .x/�/

2

�
; r

�
˛�
�d�.x/

�

��
v.T .x/C/ � v.T .x/�/

jv.T .x/C/ � v.T .x/�/j

�
D 0

and�
r

�
˛�

�
d�.x/
�

��
v.T .x/C/� v.T .x/�/

jv.T .x/C/� v.T .x/�/j
; ˛�

�
d�.x/
�

�
r

�
v.T .x/C/� v.T .x/�/

jv.T .x/C/� v.T .x/�/j

��
D 0:

Hence we have, by the Cauchy-Schwarz inequality,

(5.5)

ˇ̌̌̌
ru�.x/

ˇ̌̌̌2
�

ˇ̌̌̌
r

�
˛�

�
d�.x/
�

��ˇ̌̌̌2
C 2

ˇ̌̌̌
r

�
v.T .x/C/C v.T .x/�/

2

�ˇ̌̌̌2
C
d2N
2

ˇ̌̌̌
r

�
v.T .x/C/ � v.T .x/�/

jv.T .x/C/ � v.T .x/�/j

�ˇ̌̌̌2
:

Since

ˆ.T .x/; d�.x// D x for x 2 ��ˇ ;

it is not hard to see that

(5.6) jrT .x/j � C.kˆkC1 ; kˆ
�1
kC1/ 8x 2 ��ˇ :
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Putting (5.4) and (5.5) together, we have

(5.7)

II �
Z
�
�ˇ

�ˇ̌̌̌
r

�
˛�

�
d�.x/
�

��ˇ̌̌̌2
C
1

�2
zF

�
˛�

�
d�.x/
�

���
dx

C

Z
�
�ˇ

�
2

ˇ̌̌̌
r

�
v.T .x/C/C v.T .x/�/

2

�ˇ̌̌̌2
C
d2N
2

ˇ̌̌̌
r

�
v.T .x/C/ � v.T .x/�/

jv.T .x/C/ � v.T .x/�/j

�ˇ̌̌̌2�
dx

D IIIC IV:

Now we estimate the terms III and IV. Direct calculations employing (5.6)
imply

(5.8) jIVj � C�ˇ
�Z
�

jr�v.x
C/j2 dHn�1x C

Z
�

jr�v.x
�/j2 dHn�1x

�
for some C > 0 depending only on dN and ˆ.

For III, since jrd�.x/j D 1 for x 2 ��ˇ , Federer’s co-area formula implies

III D
1

�2

Z
�
�ˇ

�ˇ̌̌̌
˛0�

�
d�.x/
�

�ˇ̌̌̌2
C
1

�2
zF

�
˛�

�
d�.x/
�

���
dx

D
1

�

Z �ˇ�1

��ˇ�1
Hn�1.�.��// �

�
˛0�.�/

2
C zF .˛�.�//

�
d�

Since (A.10) givesˇ̌
˛0�.�/

2
� zF .˛�.�//

ˇ̌
� C2e

�C1�
ˇ�1

8� 2 Œ��ˇ�1; �ˇ�1�;

it follows thatˇ̌
˛0�.�/

2
C zF .˛�.�// � 2j˛

0
�.�/j

q
zF .˛�.�//

ˇ̌
� C2e

�C1�
ˇ�1

8� 2 Œ��ˇ�1; �ˇ�1�:

Therefore we have

III �
2

�

Z �ˇ�1

��ˇ�1
Hn�1.�.��//j˛0�.�/j

q
zF .˛�.�// d�C C�

�2e�C1�
ˇ�1

�
2

�

Z dN
2

�
dN
2

Hn�1
�
�.�˛�1� .�//

�q
zF .�/ d�C C��2e�C1�

ˇ�1

:(5.9)

Combining (5.3), (5.7), and (5.9) with (5.8) yields (5.1). The proof is now com-
plete. �

An immediate consequence of Lemma 5.1 is the following:
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COROLLARY 5.2. Under the same assumptions as in Lemma 5.1, there exists C >

0 such that

(5.10) E.�/ �
cF0
�
Hn�1.�/C DC C

Z dN
2

�
dN
2

j˛�1.�/j

q
zF .�/ d�C o.1/:

PROOF. Since � is smooth, it is easy to see that

Hn�1.�.t// � Hn�1.�/C C jt j; t 2 Œ��ˇ ; �ˇ �:

Thus we have

2

�

Z dN
2

�
dN
2

Hn�1
�
�.�˛�1� .�//

�q
zF .�/ d�

�
2

�

�Z dN
2

�
dN
2

q
zF .�/ d�

�
Hn�1.�/C C

Z dN
2

�
dN
2

j˛�1� .�/j

q
zF .�/ d�

D
cF0
�
Hn�1.�/C C

Z dN
2

�
dN
2

j˛�1� .�/j

q
zF .�/ d�:

This, (5.1), and (A.11) imply (5.10). �

By comparing Corollary 4.3 with Corollary 5.2, we find that the expansions of
both the lower bound and the upper bound of E.�/ have the same leading-order
term

cF0
�
Hn�1.�/:

Based on this, we have the following:

COROLLARY 5.3. Under the assumptions as in Lemma 5.1, if u� 2 H 1
g�
.�;Rk/

is a minimizer of E.�/, then, for any small ı > 0, there exists C > 0, independent
of �, such that the map zu� defined by

(5.11) zu�.x/ D

(
….u�.x// if x 2 �C

�;ı
[��

�;ı
;

u�.x/ if x 2 � n .�C
�;ı
[��

�;ı
/;

satisfies

(5.12)
Z
�

jrzu�j � C:

PROOF. First observe that Corollaries 4.3 and 5.2 imply that

(5.13)
Z

�
C

�;ı
[��

�;ı

ˇ̌
r
�
….u�.x//

�ˇ̌2
dx � DCC

Z dN
2

�
dN
2

j˛�1.�/j

q
zF .�/ d�Co.1/:
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On the other hand, there exist C > 0 independent of � and c D c.ı/ > 0 such that

E.�/ �
C

�

and

F.u�.x// � c for all x 2 � n .�C
�;ı
[���;ı/:

So we have Z
�n.�

C

�;ı
[��

�;ı
/

jru�jdx �
1

c

Z
�n.�

C

�;ı
[��

�;ı
/

p
F.u�/jru�jdx

�
�

c

Z
�

�
jru�j

2
C
1

�2
F.u�/

�
dx � C:(5.14)

It is clear that (5.12) follows from (5.13) and (5.14). �

6 Proof of Theorem 1.3
Preliminaries

This section is devoted to the proof of Theorem 1.3. First, we will show that the
sequence of maps

….u�/��C
�;ı
[��

�;ı

converges to a map v 2 A weakly in SBV.Rn/. Then we will show that v is
a minimizing harmonic map in A, under the assumption (A2) that � is strictly
stable.

Recall from [2] that SBV.�/, a subspace of BV.�/, consists of all functions of
bounded variations such that the Cantor part of the distributional derivatives is 0,
i.e.,

u 2 SBV.�/” Du D rudx C .uC � u�/Hn�1 Ju;

where Ju denotes the set of jump discontinuity of u. Set

SBV.�;Rk/ D fu D .u1; : : : ; uk/ W ui 2 SBV.�/ for i D 1; : : : ; kg:

The crucial step to prove Theorem 1.3 is the following:

LEMMA 6.1. Assume � satisfies (A1), g� W @�! Rk satisfies (1.17), and A 6D ¿,
and there exists at least a minimizing harmonic map u 2 A such that u.x˙/ 2
H 1.�;M˙/. Then there exist ıi ! 0, �i D �i .ıi / ! 0, and v 2 SBV.�;N /
such that after passing to subsequences, the maps vi defined by

vi � ….u�i /��C
�i ;ıi
[��

�i ;ıi
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converge to v in L1.�;Rk/, rvi ! rv weakly in L1.�;Rnk/. Moreover, the
following statements hold:

(6.1)
v 2 H 1.�C; NC/ \H 1.��; N�/; v

ˇ̌
@�
D g;

jv.xC/ � v.x�/j D dN for Hn�1 a.e. x 2 �;

and

(6.2)
Z
�C

jrvj2 dx C

Z
��

jrvj2 dx � lim inf
i!1

Z
�
C

�i ;ıi
[��

�i ;ıi

jr.….u�i //j
2 dx:

Furthermore, u�i ! v in L1.�;Rk/.

PROOF. The proof of the lemma consists of six claims.

Claim 1. There exist ıi ! 0 and �i .� ı
4=˛
i /! 0 such that

Hn�1.�/ � �˛i � H
n�1.@�C

�i ;ıi
\�/ � Hn�1.�/C �

˛=2
i ;

Hn�1.�/ � �˛i � H
n�1.@���i ;ıi \�/ � H

n�1.�/C �
˛=2
i :

(6.3)

To prove this claim, observe that Corollary 5.2 and the proof of Lemma 4.1
imply that there exists C > 0, independent of �, such thatZ dN

2

0

�
Hn�1.@�C

�;�
\�/CHn�1.@���;� \�/

��
2

q
f .�2/

�
d� �

cF0 H
n�1.�/C C�:

It follows from the area minimality of � that (see (4.9) in the proof of Corollary 4.3)

(6.4) Hn�1.@�˙�;� \�/ � H
n�1.�/ � C�˛ 8� 2

�
0;
dN

2

�
:

Hence, for any ı > 0, we haveZ ı

ı
2

�
Hn�1.@�C

�;�
\�/CHn�1.@���;� \�/

��
2
p
f .�2/

�
d�

� cF0 H
n�1.�/C C�

� 2

� Z ı
2

0

C

Z dN
2

ı

�
Hn�1

�
.@�C

�;�
\�/ [ .@���;� \�/

�p
f .�2/ d�

� cF0 H
n�1.�/C C� � 4Œ.Hn�1.�/ � C�˛�

�� Z ı
2

0

C

Z dN
2

ı

�p
f .�2/ d�

�
� 4Hn�1.�/

Z ı

ı
2

p
f .�2/ d�C C�˛;
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where we have used (2.7) in the last step. This, combined with Fubini’s theorem,
implies that there exists zı 2 . ı

2
; ı/ such that

(6.5) Hn�1.@�C
�;zı
\�/CHn�1.@��

�;zı
\�/ � 2Hn�1.�/C C

�˛

ı2
:

Hence (6.3) follows from (6.4) and (6.5) provided

�i � ı
4=˛
i ; ıi ! 0:

Claim 2. We have

�
�
C

�i ;ıi

* ��C ; ���
�i ;ıi

* ��� weakly in BV.�/ as i !1:

It follows from (6.3) that there exist two sets E˙ � � with finite perimeters
such that, after taking subsequences,

�C
�i ;ıi

* EC; ���i ;ıi * E�;

as weak convergence of sets of finite perimeters. In particular,

@�˙�i ;ıi � * @E˙ �

as weak convergence of currents. By the lower semicontinuity and (6.3), we have

(6.6) Hn�1.@�E˙ �/ � Hn�1.�/:

On the other hand, since

@
�
@�˙�i ;ıi �

�
D fx 2 @� W d.g�.x/; N˙/ D ıig* †

as weak convergence of currents, we have

@.@E˙ �/ D †:

Hence the area minimality of � implies

(6.7) Hn�1.@�E˙ �/ � Hn�1.�/:

(6.6) and (6.7) imply that @E˙ � is also area minimizing with @.@E˙ �/ D †.
By the uniqueness assumption (A1), we conclude

@E˙ � D �:

On the other hand, since

@�˙�i ;ıi .Rn n�/! †˙;

as weak convergence of currents, we conclude

@E˙ .Rn n�/ D †˙:

Therefore E˙ D �˙ and Claim 2 is proved.

Claim 3. For any � > 0, it holds

(6.8) lim
i!1

Hn�1
�
@�˙�i ;ıi \ fx 2 � W d�.x/ � �g

�
D 0:
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To prove it, we denote

�˙i D H
n�1

�
@�˙�i ;ıi \�

�
:

Then we have
�˙i *Hn�1 �

as weak convergence of Radon measures. By the lower semicontinuity of Radon
measures, we have

Hn�1.�/ D Hn�1.� \ fx 2 � W d�.x/ < �g/

� lim inf
i!1

�˙i .fx 2 � W d�.x/ < �g/:

Since (6.3) implies
lim
i!1

�˙i .�/ D H
n�1.�/;

(6.8) follows and Claim 3 is proved.

Claim 4. For the sequence fvig given above, there exists v 2 SBV.�;Rk/ such
that, after taking possible subsequences,

(6.9) vi ! v in L1.�;Rk/ and rvi ! rv weakly in L1.�;Rnk/:

It follows from the definition of vi that the absolute continuous part of its distri-
butional derivative is

rvi D r.….u�i //��C
�i ;ıi
[��

�i ;ıi

;

so that (5.12) implies

(6.10)
Z
�

jrvi j
2 dx �

Z
�
C

�i ;ıi
[��

�i ;ıi

jr.….u�i //j
2 dx � C:

The set of jump discontinuities of vi satisfies

Jvi � @
�
�C
�i ;ıi
[���i ;ıi

�
\�;

so

Hn�1.Jvi / � H
n�1

�
@�C

�i ;ıi
\�

�
CHn�1

�
@���i ;ıi \�

�
� 2Hn�1.�/C 1:

(6.11)

On the other hand, it is easy to see that

(6.12) kvikL1.�/ � C:

It follows from (6.10), (6.11), and (6.12) that fvig � SBV.�;Rk/ is a weakly
compact sequence (see [2, p. 128]). Hence we may assume that there exists v 2
SBV.�;Rk/ such that (6.9) holds. Thus Claim 4 is proved.

Claim 5. The map v obtained in Claim 4 has all properties stated in Lemma 6.1.
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Since vi .x/ 2 N˙ for a.e. x 2 �˙
�i ;ıi

and vi ! v in L1.�;Rk/, we have

(6.13) v.x/ 2 N˙ for a.e. x 2 �˙:

By lower semicontinuity, we have

(6.14)
Z
�˙

jrvj2 dx � lim inf
i!1

Z
�˙

jrvi j
2 dx D lim inf

i!1

Z
�˙
�i ;ıi

ˇ̌
r.….u�i //

ˇ̌2
dx:

This implies (6.2).
Now we want to show that the set of jump discontinuities of v satisfies

(6.15) Hn�1.Jv \�
˙/ D 0:

For any � > 0, by lower semicontinuity and (6.8), we have

Hn�1.Jv \ fx 2 �
˙
W d�.x/ > �g/

� lim inf
i!1

Hn�1.Jvi \ fx 2 �
˙
W d�.x/ > �g/

� lim inf
i!1

Hn�1
�
@�˙�i ;ıi \ fx 2 � W d�.x/ � �g

�
D 0:

Sending � ! 0 in the above inequalities yields (6.15). It follows from (6.13),
(6.14), and (6.15) that v 2 H 1.�˙; N˙/. It is easy to see that v D g on @�, and
the traces v.xC/ 2 NC and v.x�/ 2 N� exist for Hn�1 a.e. x 2 � .

Next we need to show that

(6.16) jv.xC/ � v.x�/j D dN for Hn�1-a.e. x 2 �:

Suppose that (6.16) were false. Then there exist �0 > 0, and an Hn�1-measurable
set E � � \��0 , with Hn�1.E/ � �0, such that

(6.17) jv.xC/ � v.x�/j � dN C �0 8x 2 E:

From the definition of one-sided traces of v on � and L1-convergence of vi to v
on generic slices fx 2 � W d�.x/ D tg (t > 0), we may assume that there exists
ti # 0, with ti

�i
!1, such that

(6.18) fx ˙ ti��.x/ W x 2 Eg � �
˙
�i ;ıi

;

where �� is the unit normal vector field of � , pointed inward to �C, and

(6.19) jvi .x C ti��.x// � vi .x � ti��.x//j � dN C
�0

2
8x 2 E:

(6.18) and the definition of vi imply that (6.19) holds with vi replaced by ….u�i /
and �0

2
replaced by �0

4
. In fact, since

ju�i �….u�i /j � ıi on �˙�i ;ıi ;

we have

(6.20) ju�i .x C ti��.x// � u�i .x � ti��.x//j � dN C
�0

4
8x 2 E:
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We will show that (6.18) and (6.20) give a desired contradiction. To see it, we need
the next claim:

Claim 6. For any � > 0, there exists ı > 0 such that

(6.21) cF .pC; p�/ � cF0 C ı for p˙ 2 N˙) jpC � p�j � dN C �:

Suppose that (6.21) were false. Then there exist �0 > 0 and p˙i 2 N
˙ such that

.cF0 �/ c
F .pCi ; p

�
i / � c

F
0 C

1

i
; but jpCi � p

�
i j � dN C �0 8i:

We may assume that there are p˙0 2 N
˙ such that p˙i ! p˙0 . Then jpC0 �p

�
0 j �

dN C �0. Since cF . � ; � / is Lipschitz-continuous, we have cF .pC0 ; p
�
0 / D cF0 .

Hence Theorem 2.1 implies jpC0 � p
�
0 j D dN . We get a contradiction.

Let Ei be the subset of �ti defined by

Ei D fx C t��.x/ W x 2 E; �ti � t � tig:

Since � 2 C1 and ti is sufficiently small, by a simple change of variables we haveZ
Ei

�
jru�i j

2
C
1

�2i
F.u�i /

�
dx

� .1 � o.1//

Z
E

Z
Œ�ti ;ti �

�ˇ̌
rt .u�i

�
x C t��.x//

�ˇ̌2
C
1

�2i
F.u�i

�
x C t��.x//

��
dt dHn�1.x/

D
1 � o.1/

�i

Z
E

Z
�
�
ti
�i
;
ti
�i

�
�ˇ̌
rt

�
u�i .x C �i t��.x//

�ˇ̌2
C F

�
u�i .x C t��.x//

��
dt dHn�1.x/

�
1 � o.1/

�i

Z
E

˛i .x/dH
n�1.x/;

where ˛i .x/, x 2 E, is given by

˛i .x/ WD inf
� Z ti

�i

�
ti
�i

.jX 0j2 C F.X//dt W

X 2 H 1

��
�
ti

�i
;
ti

�i

�
;Rk

�
; X

�
˙
ti

�i

�
D u�i .x ˙ ti��.x//

�
:
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It follows from (6.18) and (6.20) that for x 2 E, there exist p˙.x/ 2 N˙ such
that

u�i .x ˙ ti��.x//! p˙.x/ and jpC.x/ � p�.x/j � dN C
�0

4
:

This and (6.21) imply that there exists �1 > 0 such that

cF .pC.x/; p�.x// � cF0 C �1; x 2 E:

It is not hard to see from the definition of ˛i .x/ and cF . � ; � / that we have

˛i .x/ � c
F .pC.x/; p�.x// � o.1/; x 2 E:

Therefore we obtainZ
Ei

�
jru�i j

2
C
1

�2i
F.u�i /

�
dx

�
1 � o.1/

�i

Z
E

.cF .pC.x/; p�.x// � o.1//dHn�1.x/

�
cF0 C �1 � o.1/

�i
Hn�1.E/:(6.22)

Notice that arguments similar to those for Corollary 4.2 imply that

(6.23)
Z

�nEi

�
jru�i j

2
C
1

�2i
F.u�i /

�
dx �

cF0
�i
Hn�1.� nE/ � C:

Combining (6.22) with (6.23), we obtain that for �i sufficiently small,Z
�

�
jru�i j

2
C
1

�2i
F.u�i /

�
dx �

cF0
�i
Hn�1.�/C

�1

2�i
Hn�1.E/ � C:

This contradicts the upper bound obtained by Corollary 5.2. Thus (6.16) holds and
hence Claim 5 is proved.

To show u�i converges to v in L1.�;Rk/, let zu�i be given by (5.11). Then by
Corollary 5.3, we have Z

�

jrzu�i jdx � C:

Since zu�i
ˇ̌
@�
D g�i and g�i is uniformly bounded on @�, it follows from the

Sobolev and Poincaré inequalities thatZ
�

jzu�i j
n
n�1 dx � C:
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Since zu�i D u�i on � n .�C
�i ;ıi
[��

�i ;ıi
/,ˇ̌

� n
�
�C
�i ;ıi
[���i ;ıi

�ˇ̌
� C

�i

ı2i
� Cı

4
˛
�2

i ! 0I

we have Z
�n.�

C

�i ;ıi
[��

�i ;ıi
/

ju�i jdx � kzu�ikL
n
n�1 .�/

j� n
�
�C
�i ;ıi
[���i ;ıi

�
j
1
n ! 0:

On the other hand,Z
�˙
�i ;ıi

ju�i �….u�i /jdx � C

Z
�˙
�i ;ıi

d.u�i ; N /dx

� C

Z
�˙
�i ;ıi

q
F.u�i / dx � C

p
�i ! 0:

These two inequalities, combined with

….u�i /��C
�i ;ıi
[��

�i ;ıi

! v in L1.�/;

imply u�i ! v in L1.�/. Thus we prove all the conclusions of Lemma 6.1. �

Remark 6.2. We would like to remark that without the strict stability assumption
(A2) on � , Lemma 5.1 and Lemma 6.1 imply that the following weaker version of
Theorem 1.3 holds:

(6.24)
ˇ̌̌̌
E.�/ �

cF0
�
Hn�1.�/ � D

ˇ̌̌̌
� C

Z dN
2

�
dN
2

j˛�1.�/j

q
zF .�/ d�C o.1/;

where ˛ 2 H 1.R/, with ˛.˙1/ D ˙dN
2

, is given by (1.13). In other words,
modulo the correction term

O

�Z dN
2

�
dN
2

j˛�1.�/j

q
zF .�/ d�

�
;

D is the zeroth-order term in the expansion of E.�/ with respect to 1
�

.

Completion of Proof of Theorem 1.3
With the help of Lemmas 4.1, 5.1, and 6.1, there are two more steps needed to

prove Theorem 1.3. The first step is to show the leading-order term in the lower-
bound estimate (4.1) matches that in the upper-bound estimate (5.1), i.e.,

(6.25)
ˇ̌̌̌ Z dN

2

�
dN
2

�
Hn�1

�
S.�˛�1� .�//

�
�Hn�1

�
�.�˛�1� .�//

��q
zF .�/ d�

ˇ̌̌̌
D o.�/:

To show (6.25), we need the following:



PHASE TRANSITION FOR HIGH-DIMENSIONAL WELLS 45

Claim 7. Under condition (A2), there exist �0 > 0 and C0 > 0 depending only on
� and � such that

(6.26) Hn�1.�.�// � Hn�1.S.�//C C�2 8� 2 Œ��0; �0�:

It suffices to show (6.26) for � 2 Œ0; �0�. First observe that since � is the unique
minimal hypersurface spanned by † and †.�/ ! † in the C 2;˛-norm for any
˛ 2 .0; 1/ as �! 0C, we have

S.�/ * S.0/ � � as �! 0C

as weak convergence of currents. Also, since

lim
�!0C

Hn�1.S.�// D Hn�1.�/

and � is smooth up to its boundary, the standard interior regularity and boundary
regularity of area-minimal hypersurfaces (cf. [24, chap. 7] and [12, p. 440]) imply
that there exists �0 such that S.�/; � 2 Œ0; �0�; is a family of minimal hypersur-
faces smooth up to the boundaries, and S.�/ converges to � both in the Gromov-
Hausdorff distance and the C 2;˛-topology as � ! 0C. Notice also that the S.�/
all lie in�C, one side of � for all 0 � � � �0. Thus we may assume that there ex-
ists a family of smooth unit vector fields on � , V.�; x/ 2 C1.Œ0; �0� � �; Sn�1/,
with the property that

(6.27) lim
�#0C

kV.�; � / � ��. � /kC2;˛.�/ D 0;

and a family of smooth functions on � , � W Œ0; �0� � � ! RC, with the property

(6.28) k�.�; � /kC2;˛.@�/ � C� 8� 2 Œ0; �0�;

such that

S.�/ D fx C �.�; x/V .�; x/ W x 2 �g 80 � � � �0:
In order to complete the proof of Claim 7, now we need to show the following
claim.

Claim 8. There exists C0 > 0 depending only on � and � such that

(6.29) k�.�; � /kC0.�/ � C0� 8� 2 Œ0; �0�:

For otherwise there exists �i ! 0C such that

k�.�i ; � /kC2;˛.�/ ! 0; but
1

j�i j
k�.�i ; � /kC0.�/ D ki !C1:

Set ˆ.�; x/ D �.�; x/V .�; x/ for .�; x/ 2 Œ0; �0� � � . Consider the functions

ˆi .x/ D
ˆ.�i ; x/

k�.�i ; � /kC0.�/
; x 2 �:

Then we have

kˆikC0.�/ D 1; kˆikC2;˛.@�/ �
C0

ki
! 0 as i !1:
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Let M denote the minimal surface operator. Since � and S.�i / are minimal sur-
faces, we have

MŒx� DMŒx Cˆ.�i ; x/� D 0; x 2 †:

It is easy to check that ˆi . � / satisfies an almost Jacobi field equation:2

LixŒˆi � D 0 on �;

where

Lix D
Z 1

0

.DxM/Œx C tˆ.�i ; x/�dt:

Notice that Lix is a family of second-order uniformly elliptic equations whose co-
efficients are uniformly bounded in C 2;˛. Thus the regularity theorem for linear
elliptic equations implies that

sup
i

kˆikC2;˛.�/ � C:

Hence, after taking possible subsequences, we can assume that ˆi ! ˆ in C 2.�/
as i ! 1 so that ˆ 2 C 2.�/ is a normal vector field on � , which satisfies the
Jacobi field equation

LxŒˆ� D 0 on �;

where Lx is the Jacobi field operator on � , and

kˆkC0.�/ D 1; ˆ
ˇ̌
@�
D 0:

In particular, ˆ is a nontrivial Jacobi field on � . This contradicts the strict stability
assumption (A2) for � . This proves Claim 8.

Now we continue to prove Claim 7. For simplicity, we may assume that there
exists  2 C1.Œ0; �0� � �/ with

k .�; � /kC0.�/ � C� 8� 2 Œ0; �0�

such that
�.�/ D fx C  .�; x/V .�; x/ W x 2 �g:

Then by (6.29) we have

k�.�; � /kC0.�/ C k .�; � /kC0.�/ � C� 8� 2 Œ0; �0�:

Consider the area function

A�.t/ D Hn�1
�
fx C .t .�; x/C .1 � t /�.�; x//V .�; x/ W x 2 �g

�
; t 2

�
�
1

2
; 1

�
:

Since S.�/ is area minimizing, and

@
�
fx C .t .�; x/C .1 � t /�.�; x//V .�; x/ W x 2 �g

�
D @S.�/ 8t 2

�
�
1

2
; 1

�
;

2 This type of argument is standard in the theory of minimal hypersurfaces; the interested reader
can refer to [25] for more details.
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we have A�.0/.D Hn�1.S.�/// � A�.t/ for t 2 Œ�1
2
; 1�. Hence

A0�.0/ D 0:

Moreover, by the inequality (6.29) and direct calculations, we have that there exists
C > 0 independent of � 2 Œ0; �0� such that

jA00�.t/j � Ck�.�; x/ �  .�; x/k
2
C0.�/

� �2 for t 2 Œ0; 1�:

Hence by Taylor’s expansion, we have

Hn�1.�.�// D A�.1/ � A�.0/C C�2 D Hn�1.S.�//C C�2 8� 2 Œ0; �0�:

This proves Claim 7.
Now we continue to prove Theorem 1.3. As an immediate consequence of

Claim 7, we obtainZ dN
2

�
dN
2

Hn�1
�
S.�˛�1� .�//

�q
zF .�/ d�

�

Z dN
2

�
dN
2

Hn�1
�
�.�˛�1� .�//

�q
zF .�/ d�

�

Z dN
2

�
dN
2

Hn�1
�
S.�˛�1� .�//

�q
zF .�/ d�

C C

Z dN
2

�
dN
2

.�˛�1� .�//2
q
zF .�/ d�

D

Z dN
2

�
dN
2

Hn�1
�
S.�˛�1� .�//

�q
zF .�/ d�

C C�2
Z dN

2

�
dN
2

.˛�1� .�//2
q
zF .�/ d�

�

Z dN
2

�
dN
2

Hn�1
�
S.�˛�1� .�//

�q
zF .�/ d�C C�2;(6.30)

where we have used in the last step the following estimate:Z dN
2

�
dN
2

.˛�1� .�//2
q
zF .�/ d� � C:

Thus we prove (6.25).
It is clear that Lemma 4.1, Lemma 5.1, and (6.25) imply, after taking � to 0, thatZ

�C

jrvj2 dx C

Z
��

jrvj2 dx � D:
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On the other hand, by Lemma 6.1 we have v 2 A so thatZ
�C

jrvj2 dx C

Z
��

jrvj2 dx � D:

Hence v is a minimizing harmonic map in the class A, and

(6.31) E.�/ D
2

�

Z dN
2

�
dN
2

Hn�1
�
�.�˛�1� .�//

�q
zF .�/ d�C DC o.1/:

To show (1.22), first observe that, by the definition of ˛� (see (A.7)), a change
of variables, and Proposition A.4, we have

2

�

Z dN
2

�
dN
2

Hn�1
�
�.�˛�1� .�//

�q
zF .�/ d�

D
2

�

Z �ˇ�1

2

� �
ˇ�1

2

Hn�1.�.�t//

q
zF .˛.t// ˛0.t/dt C o.1/

D
2Hn�1.�/

�

Z �ˇ�1

2

� �
ˇ�1

2

q
zF .˛.t// ˛0.t/dt

C 2

Z �ˇ�1

2

� �
ˇ�1

2

�
Hn�1.�.�t// �Hn�1.�/

�t

�
t

q
zF .˛.t// ˛0.t/dt C o.1/

D IC IIC o.1/:(6.32)

For the term I, we observe that by Proposition A.4 and (2.4), we have

I D
2Hn�1.�/

�

Z
R

q
zF .˛.t// ˛0.t/dt C o.1/ D

cF0
�
Hn�1.�/C o.1/:

To estimate II, observe that since there exists �0 > 0 such that

B.�/ D Hn�1.�.�// 2 C 1.��0; �0/;

we have
B.�/ D B.0/C B0.0/�C o.�/; � 2 .��0; �0/:

This implies

Hn�1.�.�t// �Hn�1.�/

�t
D

B.�t/ � B.0/
�t

D B0.0/C o.1/ 8t 2
�
�
�ˇ�1

2
;
�ˇ�1

2

�
:

Thereforeˇ̌̌̌
ˇII � 2B0.0/

Z �ˇ�1

2

� �
ˇ�1

2

t

q
zF .˛.t// ˛0.t/dt

ˇ̌̌̌
ˇ � o.1/

Z �ˇ�1

2

� �
ˇ�1

2

jt j

q
zF .˛.t// ˛0.t/dt:
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Since t
q
zF .˛.t// ˛0.t/ is an odd function of t , we have

2B0.0/
Z �ˇ�1

2

� �
ˇ�1

2

t

q
zF .˛.t// ˛0.t/dt D 0:

Moreover, by Proposition A.4 we haveZ �ˇ�1

2

� �
ˇ�1

2

jt j

q
zF .˛.t//˛0.t/dt � C:

Hence
II D o.1/:

Putting these estimates into (6.32) and (6.31) yields (1.22). The proof of Theorem
1.3 is now complete.

Appendix A: The Semidistance Function
In this appendix, we will first discuss some properties of the semidistance func-

tion dF . � ; � / on Rk induced by any potential function F satisfying (1.1), which is
needed for the proof of lower-bound estimates of �E.�/ in Theorem 1.1.

The semidistance function dF . � ; � / on Rk induced by the potential function F
is defined as follows: For p˙ 2 Rk ,

(A.1) dF .p�; pC/ D

inf
�
2

Z 1

�1

p
F.�.t//j� 0.t/vjdt W � 2 H 1.Œ�1; 1�;Rk/; �.˙1/ D p˙

�
:

Since the integral in (A.1) is invariant under parametrization, we have that for any
L > 0,

dF .p�; pC/ D inf
�
2

Z L

�L

p
F.�.t//j� 0.t/jdt W � 2 H 1.Œ�L;L�;Rk/; �.˙L/ D p˙

�
D inf

�
2

Z
R

p
F.�.t//j� 0.t/jdt W � 2 H 1.R;Rk/; �.˙1/ D p˙

�
:

It is easy to check that dF .p�; pC/ D 0 if and only if either pC D p� or p˙ 2
N� or p˙ 2 NC. Using dF . � ; � /, we also define

dFN�.q/ D inf
p2N�

dF .p; q/ 8q 2 Rk;(A.2)

dF0 D inf
˚
dFN�.q/ W q 2 N

C
	
:(A.3)

The following relation between cF0 and dF0 follows directly from the proof of
Theorem 2.1.
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PROPOSITION A.1. Let cF0 and dF0 be defined by (1.5) and (A.3), respectively.
Then it holds that

(A.4) dF0 D c
F
0

�
D 4

Z dN
2

0

q
f .�2/ d�

�
:

Now we prove several important properties of dFN�. � / and dF0 .

PROPOSITION A.2. dFN�.q/ D 0 if and only if q 2 N�.

PROOF. If q 2 N�, then for any p 2 N� we choose 
0 2 H 1.Œ�1; 1�; N�/

such that 
0.�1/ D p and 
0.1/ D q. Since F.
0.t// D 0 for t 2 Œ�1; 1�, we
have dF .p; q/ D 0. Hence dFN�.q/ D 0.

If q 62 N�, then d.q;N�/ D ı0 > 0. For any p 2 N� and � 2 H 1.Œ�1; 1�;Rk/
with �.�1/ D p and �.1/ D q, there exists �1 < t0 < t1 � 1 such that

ı0

2
� d.�.t/; N�/ � ı0 8t 2 Œt0; t1�;

d.�.t0/; N�/ D
ı0

2
; d.�.t1/; N�/ D ı0:

Since F satisfies (1.1), there exists C0 > 0 depending on f and ı0 such that

inf
t2Œt0;t1�

F.�.t// � C 20 :

Hence

2

Z 1

�1

p
F.�.t//j� 0.t/jdt � 2

Z t1

t0

p
F.�.t//j� 0.t/jdt

� 2C0

Z t1

t0

j� 0.t/jdt � 2C0j�.t1/ � �.t0// � ı0C0:

Taking the infimum over all such paths � yields

dF .p; q/ � ı0C0I

this implies dFN�.q/ > 0. �

PROPOSITION A.3. dFN�. � / 2 W
1;1

loc .Rk/ and

(A.5) jrdFN�.q/j D 2
p
F.q/ a.e. q 2 Rk :

PROOF. The proof is similar to [26, lemma 11], and we sketch it here.
To see that dFN�. � / is locally Lipschitz, we pick any two points y1, y2 2 Rk

and let


.t/ D
1C t

2
y2 C

1 � t

2
y1; �1 � t � 1;
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be the line segment joining y1 to y2. For any p 2 N�, it is easy to see that

dFN�.y2/ � d
F .p; y2/ � d

F .p; y1/C 2

Z 1

�1

p
F.
.t//j
 0.t/jdt

� dF .p; y1/C 2
�

max
�1�t�1

p
F.
.t//

�
jy2 � y1j:

Taking the infimum over p 2 N 1, we have

dFN�.y2/ � d
F
N�.y1/C 2

�
max

y2By1 .jy2�y1j/

p
F.y/

�
jy2 � y1j:

Interchanging y1 and y2 implies

(A.6)
ˇ̌
dFN�.y1/ � d

F
N�.y2/

ˇ̌
� 2

�
max

y2By1 .jy2�y1j/

p
F.y/

�
jy2 � y1j:

Hence dFN�. � / is locally Lipschitz on Rk .
Applying (A.6) with y1 D y and y2 D yi ! y, we have

lim
yi!y

ˇ̌
dFN�.yi / � d

F
N�.y/

ˇ̌
jyi � yj

� 2
p
F.y/:

Hence, by Rademacher’s theorem (see, for example, the book [6]) we haveˇ̌
rdFN�.y/

ˇ̌
� 2

p
F.y/ a.e. y 2 Rk :

To prove the other direction of (A.5), let y 2 Rk be a differentiable point of
dFN�. � / and p0 2 N� be such that

dFN�.y/ D d
F .p0; y/:

For any ı > 0, let � 2 H 1.Œ�1; 1�;Rk/ be such that �.�1/ D p0, �.1/ D y, and

ı C dFN�.y/ � 2

Z 1

�1

p
F.�.t//j� 0.t/jdt:

For any small 0 < r < jy � p0j, let 0 < tr < 1 be such that �.t/ 2 Br.y/ for
tr < t � 1 and j�.tr/ � yj D r . Then we have

ı C dFN�.y/ � d
F
N�.�.tr//

� ı C dF .p0; y/ � d
F .p0; �.tr//

� 2

� Z 1

�1

p
F.�.t//j� 0.t/jdt �

Z tr

�1

p
F.�.t//j� 0.t/jdt

�
D 2

Z 1

tr

p
F.�.t//j� 0.t/jdt

� 2
�

inf
´2Br .y/

p
F.´/

� Z 1

tr

j� 0.t/jdt � 2
�

inf
´2Br .y/

p
F.´/

�
r:
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Therefore, after sending ı # 0 and r # 0, we obtain

ˇ̌
rdFN�.y/

ˇ̌
� lim sup

r#0

ˇ̌
dFN�.y/ � d

F
N�.�.tr//

ˇ̌
r

� 2
p
F.y/:

This completes the proof. �

In order to obtain the upper-bound estimate of E.�/ in Theorem 1.3 for poten-
tial functions F satisfying (1.1), we need to introduce the approximate minimal
connecting orbit ˛2L W Œ�2L; 2L�! R, L > 0, given by

(A.7) ˛2L.t/ D

8̂<̂
:
tC2L
L

˛.�L/C tCL
L

dN
2

if � 2L � t � �L;
˛.t/ if � L � t � L;
2L�t
L
˛.L/C t�L

L
dN
2

if L � t � 2L;

where ˛ 2 H 1.R/, with ˛.˙1/ D ˙dN
2

, is a minimizer of (2.1). For ˛2L, we
have the following:

PROPOSITION A.4.

(i) ˛2L is monotonically increasing,

�
dN

2
< ˛2L.t/ <

dN

2
; ˛2L.˙2L/ D ˙

dN

2
;

and there exists C > 0 such that

(A.8) max
jt j�2L

�
j˛02L.t/j

2
C zF .˛2L.t//

�
� C:

(ii) There exist L0 > 0 and c1; c2 > 0 such that for any L � L0, we haveZ 2L

�2L

�
j˛02L.t/j

2
C zF .˛2L.t//

�
dt � cF0 C c2e

�c1L;(A.9)

max
jt j�2L

ˇ̌
j˛02L.t/j

2
� zF .˛2L.t//

ˇ̌
� c2e

�c1L;(A.10) ˇ̌̌̌ Z dN
2

�
dN
2

j˛�12L.�/j

q
zF .˛2L.t// d� �

Z dN
2

�
dN
2

j˛�1.�/j

q
zF .˛.t// d�

ˇ̌̌̌
� C2e

�c1L:

(A.11)

PROOF. All the above properties of ˛2L follow directly from the following
property of ˛: 9L0 > 0 such that(

j˛0.t/j C
ˇ̌
˛.t/ � dN

2

ˇ̌
� C1e

�C2t if t � L0;
j˛0.t/j C

ˇ̌
˛.t/C dN

2

ˇ̌
� C1e

C2t if t � �L0:
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Consequently, we only sketch the proof of (A.9). Direct calculations imply that for
L � L0, � Z �L

�2L

C

Z 2L

L

��
j˛02L.t/j

2
C zF .˛2L.t//

�
dt

� C

�
1

L

ˇ̌̌̌
˛.�L/C

dN

2

ˇ̌̌̌2
C L

ˇ̌̌̌
˛.�L/C

dN

2

ˇ̌̌̌2�
C C

�
1

L

ˇ̌̌̌
˛.L/ �

dN

2

ˇ̌̌̌2
C L

ˇ̌̌̌
˛.L/ �

dN

2

ˇ̌̌̌2�
� C1e

�C2L:

Thus Z 2L

�2L

�
j˛02L.t/j

2
C zF .˛2L.t//

�
dt

D

Z L

�L

�
j˛0.t/j2 C zF .˛.t//

�
dt

C

� Z �L
�2L

C

Z 2L

L

��
j˛02L.t/j

2
C zF .˛2L.t//

�
dt

� cF0 C C1e
�C2L:

This completes the proof. �

Appendix B: List of Notations
�: bounded smooth domain in Rn

†: smooth .n � 2/-dimensional closed submanifold of @�
� : area-minimizing hypersurface in � with @� D † � @�
�� : unit normal vector field on �
Lx : Jacobi field operator on �
†˙: two connected components of @� with @† D †
r� : tangential derivative on hypersurfaces in Rn

�˙: two disjoint subdomains of � with @�˙ D †˙ [ �
N˙: two disjoint compact Riemannian manifolds without boundary in Rk

d. � ; N /: distance function to N D NC [N�

dN : euclidean distance between NC and N�

M˙: pair of sets in N˙ of minimal distance dN
Nı : ı-neighborhood of N D NC [N�

…: nearest-point projection from Nı to N
F : potential function of high-dimensional wells
zF : scalar-valued potential function induced by F
BkR : ball of radius R in Rk

†� : �-neighborhood of †
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†� : complement of †� in †˙

�.t/: hypersurface in � whose distance to � equals t
�t : t -neighborhood of � in �
g� : Dirichlet boundary data
g: Dirichlet boundary data obtained as limit of g�
g.x˙/: one-sided trace value of g on † for x 2 †
E.�/: minimal energy of the singular perturbation functional with boundary

data g�
u� : minimizer of E.�/
cF .pC; p�/: minimal connecting energy between a pair of points p˙ 2 N˙

cF0 : minimal connecting energy between N˙

Hn�1: .n � 1/-dimensional Hausdorff measure in Rn

D.�/: second term in the expansion of E.�/ with respect to 1
�

dimH: Hausdorff dimension of sets in Rn

d�.x/: signed distance function to �
ˆ: diffeomorphism map from � � Œ�ı0; ı0� to �ı0
‰� : diffeomorphism map from �˙ n ��˛ to �˙

˛: minimal connecting orbit for the double-well potential functions zF
˛� : truncated version of ˛ in Œ��˛�1; �˛�1�
A: Sobolev space with the Dirichlet and partially constrained boundary con-

dition
D: value of Dirichlet energy of minimizing harmonic maps in A
v.x˙/: one-sided trace value of v 2 A on x 2 �
�˙
�;ı

: subset where u� is in the ı-neighborhood of N˙

E�;ı : subset where u� is outside the ı-neighborhood of N
�� : subdomain of � that has distance to @� larger than �
�˙� : intersection of �� and �˙

O� : intersection of �� and .� n��/
U˙� : complement of O� in .�˙ n�˙� /
U� : union of U˙�
†.t/: intersection of �.t/ and @�
S.t/: area-minimal hypersurface in � with @S.t/ D †.t/
BV.�/: space of functions with bounded variations in �
SBV.�/: space of special BV functions in �
@�E : reduced boundary of set E of finite perimeters
�E : characteristic function of a set E
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