Phase Transition for Potentials of High-Dimensional Wells

FANGHUA LIN

Courant Institute

XING-BIN PAN
East China Normal University

AND

CHANGYOU WANG
University of Kentucky

Abstract

For a potential function F : R*¥ — R that attains its global
minimum value at two disjoint compact connected submanifolds
N= in R¥, we discuss the asymptotics, as € — 0, of minimiz-
ers ue of the singular perturbed functional E¢(u) = [ (|Vu 12 +
ELZF (u))dx under suitable Dirichlet boundary data g : Q2 —

RX. In the expansion of E¢ (u¢) with respect to %, we identify the
first-order term by the area of the sharp interface between the two
phases, an area-minimizing hypersurface I', and the energy c(f of
minimal connecting orbits between N+ and N ~, and the zeroth-
order term by the energy of minimizing harmonic maps into N *
both under the Dirichlet boundary condition on €2 and a very
interesting partially constrained boundary condition on the sharp
interface I'. © 2011 Wiley Periodicals, Inc.

1 Introduction

Because of both its important applications to many subjects in sciences and its
intrinsic mathematical interest and challenges, the theory of singular perturbation
for scalar-valued phase transition problems has drawn great interest in analysis and
computations. A typical energy that models the phase separation phenomena of a
two-phase fluid is given by the Cahn-Hilliard energy functional

/(e|vu|2 + é W(v))dx,
Q

Communications on Pure and Applied Mathematics, 0001-0056 (PREPRINT)
© 2011 Wiley Periodicals, Inc.



2 F. LIN, X.-B. PAN, AND C. WANG

where  C R” is assumed to be a bounded, smooth domain in R” throughout this
paper, v : @ — R is the density of the fluid, and W : R — R is a double-
well potential function that has two minima (zeros) at £1. The term €|Vv|? is the
interfacial energy contribution that penalizes the formation of interfaces (see Gurtin
[LO). The asymptotic behavior of minimizers v of the above Cahn-Hilliard energy
functional under the constraint fQ Ve = ¢, as € — 0, was first studied by Modica
and Mortola [[19], Modica [18], and Luckhaus and Modica [17]; they show that
the separation region between the two stable phases has O(¢) thickness and the
phase transition converges to a minimal hypersurface. Sternberg [26] 27]], Kohn
and Sternberg [14], Fonseca and Tartar [9]], and Modica and Mortola [19]] have
studied it within the framework of De Giorgi’s I'-convergence.

To model certain chemical reaction processes, Rubinstein, Sternberg, and Keller
[21} 22]] introduced the vector-valued system of fast reaction and slow diffusion
(under the Neumann boundary condition):

0
d1ve = €Ave — e Wy (ve) in Q, % =0 ond%2,
v

where the order parameter ve : Q2 — R represents the concentration vector of
reactants. By the law of mass action during the chemical reaction process, the
potential function W : R¥ — R can vanish on two disjoint submanifolds in R¥.
In this case, a front develops in 2. By the formal WKB analysis on the asymptotic
expansion for potential functions vanishing on two submanifolds, it was found in
[21) 22] that with respect to the slow time variables, the front moves by its mean
curvature, and ve approximates the heat flow of harmonic maps away from the
front.

Although there have been many studies for the rigorous analysis of such an
asymptotics for the scalar case k = 1 (see, for example, [7, [13]), the correspond-
ing analysis has remained an open problem for k > 2 (see Bronsard and Stoth [5]
for some preliminary results). In this paper, we intend to analyze the correspond-
ing time-independent case of the so-called Keller-Rubinstein-Sternberg problem,
associated with suitable Dirichlet boundary conditions. The aim is twofold: (1) the
time-independent case is very delicate and it also arises in various applications; (2)
a complete understanding of the time-independent case sheds light on the dynamics
of the general cases that we plan to investigate in the near future.

First let’s describe the problem. For k > 1, let

N=NtTuUN" CcR*

be the union of two disjoint, compact, connected, smooth Riemannian submani-
folds N* C R¥ without boundaries. See Figure
For § > 0, let

Ns ={peRF:d(p,N)= inf |[p—y| <6}
yeN
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FIGURE 1.1. Target manifold.

denote the §-neighborhood of N. It is well-known that there exists §y > 0 de-
pending only on N such that

(1) the nearest-point projection map IT : N5, — N is smooth, and
(2) &(p.N) = |p — IL(p)|* € C®(Nsy).
Throughout this paper, we will consider the class of double-well potential func-

tions depending only on the distance function from the target manifolds Namely,
we assume

F(p) = f(d*(p,N)).

where f € C*° (R4, R ) satisfies the property that there exist ¢1, ¢2, ¢3 > 0 such
that

(1.1) {Cltff(f)fczl if0 <1 <383%,

f(t) > c3 ift > 8%

We will consider the family of energy functionals

Ec(u) = /(62|Vu|2 + F(u)dx, ue HYQ,R¥), e¢>0,
Q

that are singular perturbations of the functional of phase transitions of high-dimen-
sional wells:

Eo(u) = / Fu)dx, ue LY (Q,R5).
Q
We will discuss the gradient theory of phase transitions, namely, study the behavior
of minimizers u¢ of E¢(-) under well-prepared Dirichlet boundary data as € — 0.

Now we prescribe the boundary data. Let % C 9 be two disjoint, connected,
open subsets of €2 such that

1 However, Theoremactually holds for general potential functions of high-dimensional double
wells satisfying (I.8), which are not necessarily functions of d(-, N); see Remark [[.2[3) and the
discussions in Section 3 and Section 7.
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FIGURE 1.2. Boundary of the domain €2.

(1) 9T = X~ = X is a connected (n — 2)-dimensional smooth manifold
and
Q) IR=xTux ux.

For R > 0, let Bﬁ ={y e R¥: |y| < R}. Forany small > 0, let £" = {x €
R™ : d(x, ¥) < n} be the n-neighborhood of ¥, and denote

5F =%\ 2= {x e 2F 1 d(x. 2) > n}).

See Figure[1.2] We assume that there exist 8 > 0, R > 0, L > 0, and C > 0 such
that g, : 9Q — R¥ satisfy the following two conditions for all 0 < € < 1:

(1)
ge(TH) C N:,  g.(09) C B,

1
/(E|Vrge|2 + - F(ge))a’H”_1 <L;
IQ

1.2)

(2) the extension property: For any pT € N*, there exists B € (%, 1] and

GE: 3% x[0,f] > N*

such that
G€:|:|Efﬁ><{0} = 8e G;E‘Eg:ﬂx{eﬁ} = p*.
IVGE|? dx <
(1.3) zjﬁx[o,eﬁ]
C{eﬂ / Vegel?dH" ™' + eiﬂ [ g — pT[PdH" L,
% =4

where V is the tangential derivative on hypersurfaces in R”.
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For such a boundary data g, set
. 1
(1.4) E(e) := m1n{/(|Vu|2+€—2F(u))dx 3”|asz =g€}.
Q

We are mainly interested in the asymptotic behavior of E(¢) as ¢ — 0.
Now we state our first main theorem.

THEOREM 1.1. Assume that the potential function F € C®(RK) satisfies (T.1),
I' C Q is an area-minimizing hypersurface with 3T = %, and g¢ : 9Q — R¥
satisfies conditions (1.2) and (1.3). Then

(1.5) lim €E(e) = ¢ H"1(I),
e—>0

where c(f is the energy of the minimal connecting orbits between N and N~

defined by

(1.6) c(f = inf{cF(p+,p_) : pjE € Ni}
and

17 FptopD) =

inf%/(lé/(t)l2 + F(E)dr - & € H'(R,R¥), E(+o00) = p*{.
R

A few remarks are in order.

Remark 1.2.

(1) Based on the assumption that F = 0 on N'*, it is not hard to see that
cF(pt.p7) : Nt x N~ — Ry is Lipschitz-continuous; hence the infimum c(f
is attained.

(2) For general target manifolds N T, is a minor condition, while the
extension property (1.3) does pose some restrictions on g.. However, does
hold for an arbitrary map ge € H (32, R¥), provided either

(@) NT and N~ are simply connected, i.e.,
I (NT) = I (N7) = {0},

or
(b) there exists a small 5o > 0 depending only on N such that
for some p* € N*,

(/ |vrge|2dHn_l)(f |g€_p:|:|2dHn—1) 5770

S =%,

€ €
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(a) follows from Hardt and Lin’s extension lemma [11, p. 580, lemma 6.1], and
(b) follows from the extension lemmas due to Schoen and Uhlenbeck [23] p. 24,
lemma 4.4] and Luckhaus [16} p. 354, lemma 1]. Both are well-known facts for
harmonic maps.

(3) The conclusion of Theorem [I.T|remains true if we only assume that the po-
tential functions F satisfy the following condition: there are constants c1, ¢, c3 >
0 such that

c1d?*(p,N) < F(p) < c2d*(p,N)  for p € Nsy,

(1.8)
F(p)=cs3 ford(p,N) > dn.

Notice that potential functions satisfying (I.8]) are not necessarily functions of
distance to the target manifold, and the corresponding minimal connecting orbits
may not be straight lines. In fact, the proof of the lower bound estimate can be
done exactly in the same way as Proposition [3.1] and the construction for the up-
per bound estimate can be done by slight modifications of that of Proposition [3.2]
namely, replace @ by a truncated version of a minimizer 8 for cé’ . We leave the
details to the interested reader.

(4) Theorem [I.T]also remains true if we consider the problem on a manifold
M without boundary (or with boundary dM) by imposing a condition of volume
constraint type. In fact, in this case it is readily seen that the limiting problem
reduces to the one-dimensional problem: the two phases are simply two points
pT € N7 that attain c(f , and they are separated by the sharp interface I' C M
(with 0" C OM when 0M # @) that is a hypersurface of constant mean curvature
due to the volume constraint.

(5) Under the Neumann boundary condition, or equivalently under the condi-
tion of volume constraints,
/ udx =c;

Q

the conclusion of Theorem [I.1] was previously proven by [9, (14, 27] when N =
{p.q} C R¥ is a set of two points, by [26] when N C R? is the union of two
concentric, simple closed curves, and by André and Shafrir 3] for NV, the disjoint
union of two simple closed curves in R?.

(6) There are very few works available in the literature that consider the above
asymptotics problem associated with Dirichlet boundary conditions even in the
scalar case. To the best of the authors’ knowledge, an earlier work by Sternberg,
Rubinstein, and Owen [20] that discussed the Gamma-convergence of the scalar-
valued problem subject to a Dirichlet boundary condition seems to be the rare one.

(7) We would like to point out that the analysis of such a problem under the
Dirichlet boundary condition for high-dimensional well potentials is much more
delicate than the Neumann boundary condition, mentioned in (5). It is partially
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because in many cases, even in higher dimensions with higher-dimensional poten-
tial wells, the Neumann boundary condition case often reduces to effectively one-
dimensional problems. We should also point out that when we need to establish
an optimal upper bound estimate through the construction of suitable comparison
maps, we have to employ schemes to glue an almost optimal map profile from the
fast transition region near the sharp interface I" with the Dirichlet boundary data on
d<2 in the complement of the fast transition region that contributes a much smaller
scale of energy (see Proposition [3.2]and Lemma [5.1| below for more details).

(8) We would also like to briefly discuss an earlier work by Ambrosio [1, theo-
rem 4.2, p. 468] in which he considered the Gamma-convergence and convergence
of minimizers of a vector-valued singular perturbation problem for a class of po-
tential functions g. However, the cases he considered are rather different from
what we consider here. In particular, our Theorem [I.1]is independent of his the-
orem 4.2. For example, the boundary condition considered in his theorem 4.2 is
the Neumann boundary condition. And thus in many cases, the sharp interfaces in
that problem reduce again to a one-dimensional problem. It is unknown what addi-
tional properties the set of jump discontinuities for the limit map enjoy in his the-
orem 4.2. One would expect that the limiting problems are isoperimetric problems
or partition problems with volume-type constraints, and the maps describing sharp
transitions between various regions behave essentially like in a one-dimensional
problem. The Dirichlet boundary conditions often capture sharp transitions be-
tween higher-dimensional wells, and thus it is more interesting and technically
more involved.

Theorem [I.1)implies that for small €, we can expand E(¢) as

F
c 1
(1.9) E© = 2 gm1) + D), D) = 2.
€ €
In particular, the leading order of E(¢) is
CF
0 gD,
€

The next important question is whether D(¢) is of zero order O(1) as € — 0 and
how to characterize D(¢).

There are some major new difficulties to attack the asymptotics problem for the
phase transition of high-dimensional wells. For example, let {u.} be a sequence of
minimizers of E(¢), and u : € — R¥ be a limit of u, in suitable spaces. Then we
have the following:

(1) For k = 1 (the case of double-point wells), it is rather easy to see that the
limiting map u is completely determined by the condition F(u) = 0 (in
fact,u = £1).

(2) For k > 2 and double wells that are higher dimensional, since the phase
fields are the manifolds N *, the limiting map u cannot be determined by
F(u) = 0 alone. In particular, the analysis of the limiting map u over Q%,
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its one-sided traces on I', and its role in the expansion of E(¢) are very
delicate and constitute the second main result in this paper.

It turns out that for general potential functions F vanishing on N*, the shape
of minimal connecting orbits £ between N ™ and N~ that attain the minimal con-
necting energy cé: given by (I.6)) can be very complicated (see, for example, [26]).
To characterize D(¢), we will assume that F satisfies (I.1)). For this class of po-
tential functions, we will show in Theorem [2.1] that the minimal connecting orbit
¢ attaining c(‘; is a straight-line segment. This property plays very important roles
in the proof of our main theorem, Theorem [I.3} First, it asserts that the value of
c(f equals that of the corresponding scalar double-well potential function, which is
needed to show the optimal lower bound estimate in Section 4. Second, the optimal
upper bound estimate in Section 5 relies heavily on the straight-line profile of the
minimal connecting orbit.

Now let’s briefly describe some basic properties of minimal orbits. Let

dy =inf{|p* = p7|: pT e NF} (> 26y)
be the euclidean distance between Nt and N, and
(L10) Mt ={pTeNT:3p e N st |pt —p | =dy}.
' M ={qg eN gt eNTst gt —¢g7| =dy}

be the pair of sets of points in N* achieving dy . Theorem shows that

an
1.11 r =4/ ’ A2)dA,
(1.11) Co | v f(A?)

(1.12) of =cFpt.p)
for p* e N <= p* e M and|pT — p7| = dy,

and the corresponding minimal connecting orbit y € H (R, R¥) attaining cé’ is

+ - + -
+ —
P P + a(t) 4 4

(1.13) y@t) = ——>— Y —., lER,
2 lpt —p7
where o € H'(R), with a(£00) = :I:dTN, is a solution to the associated scalar-

valued minimal connection problem (see (2.1)—(2.6)):

(1.14) min{/(|§’(z)|2 + F@C@)dt : L € H'(R), {(Fo0) = idTN ,
R
= A&+ ?) fa <o,
(1.15) F(A) = f((é—m) 1> 0.

To characterize D(¢), we also require additional properties on the sharp inter-
face I' and better-prepared boundary data g.. For I", we assume:
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FIGURE 1.3. Domain 2.

(A1) T C Q is the unique area-minimizing hypersurface with dI' = X and is
smooth.
(A2) T is strictly stable, i.e.,
2
(1.16) % H'" ' ({x +t¢p(x)vr(x) :x €T >0 VO£ e CP),
t=0
where vr is the unit normal vector field of T".

For g¢, we assume that the behavior of g near ¥ is almost optimal in the sense
that it gives the minimal connecting orbits between N* and N~ as € — 0. In
particular, the limiting map

g = lim g¢ : 9Q — R¥
e—>0
satisfies
ge HY(Z* N, g(xT)eMm™,

(1.17)
with |g(xT) —g(x7)| = dy for H* 2 ae.x € =,

where g(x%), for x € %, is the one-sided trace value of g € H(Z%) on =
(= azi). We note that conditions such as (1.15]) above for g¢ also seem to be
necessary in order to establish that D(€) is uniformly bounded. One can easily
construct a large class of such boundary data gc. In fact, let Q% be the connected
components of 2 \ I" such that

It =2*UT
Define the signed distance function to I" on €2 by

_)d(x.T)  ifxeQT,

d —
PO =9 40Ty ifx e

For any § > 0, let
s = U A, T'A)={xeQ:dr(x) =A} for—§ <A <3$.
—8<A<é
See Figure[1.3]
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FIGURE 1.4. Graphs of both « and «,

For small ¢ > 0, let

® : " x [-d9, 0] — T,
be a C2-diffeomorphism such that ®(-,)(I') = I'(¢) for any ¢ € [—8g, §o]. For
B € (%, 1) and 0 < B < 8y, let

U, QF\T s - QF
be a C2-diffeomorphism such that
V(3% \Tep) = =7, \I’Eh‘(:l:eﬁ) =& (-, xef),

and |VV¥,.—1Id| < CeP.

For a minimizer « of (T.14), let
1 B dy dy
ac: [P P [—77}

be a truncation of « defined by (see also (A.7)):

2042671 A1 B=1ioi\dy - _ B—1
(CrFE—)a (5 + () G i —eP T =< -

(1.18)  ae(t) = {a(r) if — S <r <
Fra( ) + ()Y if <t =l
See Figure[[.4]
For g given by (I.T7), define g. : 9Q — R¥ by

(1.19) g(We(x)) if x € 9Q* \ g,
: 8e(¥) = 4 gacHte) ar(0y e -gts)
e T AR

where xx € X (= 0I') is uniquely determined by
D (x4,dr(x)) =x, xe€dQNTls.

For these boundary values g, we will show the uniform boundedness of D(¢).
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Throughout the paper, we will let v(xT), for x € T, denote the one-sided trace
value of v on I' = dQ* N Q for any map v € H'(Q¥). For g given by (T.17),
define the space A by
(1200 A= {v e HY(QE N%): U‘BQ =g vxT) —v(x7)| =dyae x¢€ F}.
Now we state our second main theorem.

THEOREM 1.3. Assume F(p) = F(d?(p, N)) satisfies (I.1), T satisfies (A1) and
(A2), and g : 9Q — R¥ is given by (T.19). If A is nonempty and there exists at
least one minimizer v € A attaining

(1.21) D= inf%/ |Vv|? dx + / |Vv|?dx :veA
Q+ Q—
that satisfies v(x*) € HY (T, N*), then
CF
(1.22) E(e) = 2L H" 1) + D + o(1).
€

Furthermore, if {uc} is a sequence of minimizers of E(€), then there exists u €
A attaining the minimum of D such that after taking possible subsequences, e
converges to u in L1 (2, R¥).

We would like to make a few remarks on the problem of minimizing harmonic
maps under the Dirichlet and partially constrained boundary conditions as in (1.20).

Remark 1.4.

(1) By the direct method in the calculus of variations, we know that D is finite
and can be attained whenever the space A is nonempty. Furthermore, we can show
by slightly modifying the argument of [12] that A # @ provided that

(1.23) I (NT) = (N7) = {0}

(2) In a forthcoming article [15], we will study the boundary regularity of
minimizing harmonic maps # € A that attain the minimum of D. We will prove
that for n > 3, if

geC®EZTUZ,NH)NCR®E U, N),

then there exist closed subsets S; and S5, where S; € T is discrete for n = 3 and
dimg (S1) <n—3forn > 3,and S§ € QF with dimg (S5) < n — 3 such that

ue C®(QT\(S1USH, NT)NC®(Q™\ (S1USy), N7).

(3) In [15], we will also show that if M + c N*are Lipschitz submanifolds
and

(1.24) My(M*)=T(M") = {0},

then any minimizing harmonic map u € A attaining the mimimum of D satisfies
the property that its one-sided traces u(x¥) on I satisfy u(x*) € H1(I', M*).
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g Nt N-

BY
(G: _1)

FIGURE 1.5. Two-dimensional example.

(4) For n = 2, A can be empty and D(¢) may be unbounded. For example,
let N* ~ S! be two disjoint unit circles in R, @ = Bj be the unit ball of R2,
Y = {0,£1)}, 2T = 9By N {(x1,x2) : x; < 0}, and ™ = 3By N {(x1,x2) :
x1 > 0). Then T' = {(0,x3) : |x2] < 1}, QT = By N {(x1,x2) : x1 < 0},
Q™ = By N{(x1,x2) : x1 > 0}, and the pair of minimal sets M+ = {a*} c N*.
If we choose a boundary data g € H'(X*, N*) such that

g((0.£D)T) =a™, g((0.£1)7) =a~, deg(g.0Q¥) =d #0,
then A = &, and by the work of Brezis, Bethuel, and Hélein [4] we have

1
D(e) ~ 2n|d|10g(—).
€
See Figure[I.5]

The rest of the paper is organized as follows. In Section 2, we will classify the
minimal connecting orbits. In Section 3, we will prove Theorem [I.1] In Section 4,
we will establish the lower bound estimate of E(¢). In Section 5, we will show
the upper bound estimate of E(¢) by explicit constructions. In Section 6, we will
prove Theorem [I.3] In Appendix [A]l we will provide some needed properties for
the semidistance function d ¥ (-,-) that seem to be standard to experts. For the
convenience of readers, we will provide a list of notations in Appendix

2 Minimal Connecting Orbits

In this section, we will assume the potential function F : R* — R4 satisfies
(L.1)), and will prove an explicit formula for c(f and characterize the minimal con-
necting orbits, which play crucial roles in the optimal estimate of upper bounds
of E(e).

First we review some properties of the associated, scalar-valued minimal con-
nection problem:

- - d
2.1 cé: = min{/ (|§"(t)|2 + F(L(@t)))dt : ¢ € H(R), ¢(+00) = :I:TN ,
R
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where F : R — R is the even function induced from F and defined by (T.13) in
Section 1. Then it is well-known [9, [26]] that the following statements are true:

(1) It holds that

2.2) o =4/0£12N \/?A)d/\ (=4/0dzN ,/f(AZ)dA).

(2) There exists a minimizer

)
2 2

of (2.1) that is odd and strictly monotone increasing, and satisfies

(2.3) —a" (1) + %f’(a(r)) =0, teR, a(too)= idTN,
2.4) of = / (1 ()% + F(a(t)))dt,
R
(2.5) o' (1) = \F(a(t)) VieR,
lo/(1)] + |a(t) + ‘%" < Ci1e®?" ast — —oo,
(2.6) J
lo/ ()] + |a(t) — TN < Cze " ast — +oo,

forsome C; > 0(1 <i <4).
Now we have the following:
THEOREM 2.1. Consider the following two statements:

0 cF =4/[,2 JFOD)da

() (pt.p7) e Nt x N~ and € € H' (R, R¥), with £(+o0) = p¥, satisfy

@) o§ =F ot = [(EOP + Few)ar
R
Statements (1) and (ii) hold if and only if
(2.8) (pT.p)eMT xM™ and |pT—pT|=dn,
+ 4 +_ -
29) e =T o =L vier,
2 lp* —p~|
where a € H'(R,R), with a(£o0) = :I:dTN, is the minimizer for cf
given by (2.1).

PROOF.
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(i) For (pt,p7) e Nt x N~ and § € H'(R, R¥) with £ (+o00) = p¥, let
—00 < ZJIh<I13=<1Il4<1l5=<1g<—+00

be such that

d(£(1),N7) < 8n for —oo <t <11, d(§(11), N7) = éw,
Sy <dE@).NT) <Y fornp <t <1,
(2.10) d(E(t2), N7) = bw, d(E(13), N7) = 4,

Sy <d(E@),N*) <D forty <t <ts,
d(E(1a), N*) = 4, d(E(ts). NT) = S,
d(g(r),Nt) < én forts <t < +o0: d(€(t6). N1) = én.

Observe that

d
&) = ‘E(d(é(t)))‘ Vi eR

where

d(E(r), N7) ifd(E(r), N7) < 4,
d(E(r), N*) ifd(E(r), N*t) < 4

Applying both the Holder inequality and Federer’s co-area formula, we obtain

/ (IE' O + F(E@)))dt

d(1) = §

= / F2ED))E 0)dr

ts +o00
2 ! d
2{] +/ +/t4 +/ } F@E)EWdr
ts +o00
o [C [ [T [T o)
SN
- 2/0 JF02) HO (1t € (—0o.1] 1 d(E(D). N7) = A})dA
SN
+2/ JF02) HO (it € 16, +00) - d(E(). N+) = A})dA
0
v 2/32 JFO2) HO(it € [t2.13] - d(E (). N7) = A})dA

+ 2/52 VSO HO({ € [ta,ts] 1 d(E(@), NT) = A})d A

2.11) 34[/08N ,/f(x2)d/\+/5déV ,/f()\z)d)t} :4[0@ V f(A2)da.

A%
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Taking the infimum over all such £ and all (p™, p~) € NT x N~ yields

cf > 4/@V V(A2 dA.
0

To show the other direction of (2.7), let ( p0 Po) € M x M~ be such that
|P —po| =dn.Leta € C*(R, [—d—N d—N]) be a minimizer of (2.1). Define

+
M a(t)L po’ t € R.
2 |P — Dol

Then & € H!(R,R¥) satisfies £y(+o0) = Po . Hence we have

cgffﬂ%@P+F@mmm.

(2.12) §o(r) =

R
Since
o] = 1'(D)], teR,
and
d(£0(1)) = py + «) if — 4 < a(gf o
a(r) if0 < Ol(t) =5
equation (2.4) implies

cf < / (18 + F(¢o(0)))dr = /(Io/(t)l2 + Fa())dt
R

R
an.
2
=4/ V(A2 dA.
0
Hence we prove (i).

(i) If part: For(p('f,pa) € Mt x M~ with |pJ—pa| =dp,if

dy d d
Qe HI(R, [——N, —ND with a(+00) = + -~
22 2

is a minimizer of @.1) and & € H'(R,R¥) is given by (2.12), then the second
part of the proof of (i) gives

c{zcﬁmﬂwzjﬂ%wF+F@mmm

R

Only if part: Suppose (pT,p7) € Nt x N~ and £ € H'(R,R¥), with
£(£oo) = p¥, satisfies (2.8). Let
—00 <1 <th <t3<t4<t5<tg<—+00
be given by (2.11). Set
=M¢E@m) € NT and g1 = T(E(e) € NT.
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Denote d(§) = d(&, N) and define 'g“: R — R¥ by
3 p1+dEE)EHZEL if —co <1 <1,
§() =

£(1) ifty <t <te,

g1+ dEO) FS=L  ifte <1 < +oo.

Then E e HY(R, R¥) satisfies
g(—oo) =pre€N~ and §(+oo) =qeNT.

Hence

¢y = / (€' 0> + FE@)))dt
R

1 d
[ || 5tecon
e
4 [ (€O + f(E0))]dr

®r| d
(2.13) + [ |:
te

2
+ f(dz(é(t)))]dt

2
S| + f (@ Jar

On the other hand, we have that for any ¢ € (—o0, 1] U [tg, +00),
§(@) = II(EQ@)) + dE()v(),
_ ) -1EQ)

O =0 - neay T meoN
Direct calculations then give
€)= S (MED) + S @EOO) +dEON ),
Since
(G e ) = 00,0} =0,
we have

d 2 |4 2
(0> = ‘E(H(é(t))) +‘E(d(é(t))) + 2 E@)) (1)

d d
- 20O AME) (4 (MEW). 3 (ME0) )

d 2 d 2
> E(d(é(t))) +(1_C5N)'E(H(§(t))) + 2 E@)) (1)

>ddt21dl'[t2d2t "(t)?
= |G| + 3|5 meo)| +Econol
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provided §y < %, where A(IT(£(¢)))(-,-) is the second fundamental form of N
at T1(£(¢)). Hence we have

F = [ (EOF + F(E@))di

{/tl [6 /}|§(I)|2+F($(z)))

e = [l aeon| + o]

te
4 /t (1)) + f(dz(é(t)))]dt
+ / H ey

S <[ 1GE ()|

Combining (2.13)) with (2.14), we conclude that

i f(dz(sa)))}dz

+ d2<5(z>)|v/(r)|2)dr

W ()> =0 on (—o0, ] U [tg, +00).

d 2
S (EW)| =

Hence p1 = p~, q1 = p*, and £((—o0,11]) C (N7)s, and &([t, +00)) C
(N)s y are straight-line segments. In particular, we have

E(r) = E(1) Vi € (—o0,11] U [t6, +00).
Recall that the first part of proof of (i) yields

SN
2.15) { /_ :+ /t }(|5’(r>|2+F(s<r>)) >4 / Jro2an
6 0

and

13 t5
[ (€02 + FE@)dr { / ; f }Ié(t)|2+f(d2($(t))))
1 t4

(
{ - } f(@2E))IE )ldt
} f (@2 @)

2{ +
t

(2.16) >4 + F(2)dA.
[
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Combining (2.13)) and (2.16) with (2.14)) yields

=1, I3=1, I5=1Is,

and
()| = ‘%(d@a)))] on [t1, 73] U [13. t6].
This is possible only if
{s(z) —p~ LTp-N~andd(E() = () — p~| fory <1 <13,
(1) — pT LT+ NT and d(§(1) = [5(r) — pT| forss <1 <te.

Thus £(R) is a straight line connecting p~ and pT. Moreover, since

_ - dy  dn
dy =1p" =PI =17 — @) + [E(a) — pTI = - + - =dw,

we conclude that (p~, pt) € M~ x M7 satisfies |p~ — pT| = dy. This
proves (ii).
O

3 Proof of Theorem [I.1]

This section is devoted to the proof of the asymptotic formula (I.5). First,
we will establish the lower bound. Then we will construct a map whose energy
matches the lower bound.

For the part of the lower bound, we have the following:

PROPOSITION 3.1. Under the assumptions of Theorem ifue € HY(Q,R¥)
satisfies u¢ = g¢ on 0%2, then

1
(3.1 liniionf/(eWudz + - F(ue))dx > cEHI(D).
€ €

PROOF. Without loss of generality, we may assume that

1
A= liminf/(e|Vue|2 + - F(ue))dx < +o00.
€0 €

For any fixed § € [STN, dn], define the two disjoint measurable subsets
QFs = {x € Q:d(ue(x). N¥) < §}
and the subset
Ecs =9\ (QZS UQs) = {x € Q:d(ue(x), N) > &}
By (1.8), there exists C > 0 depending on N and F such that
F(ue(x)) = C >0 forall x € Ecs.
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Hence

1 Ae
(3.2) |E€5|§—/F(ue)dx§——>0 ase€ — 0.
’ C C
Q
Now we need three claims.

Claim 1. There exist §p € [871\/ dn]and C; > 0 such that
(3.3) H”_I(GQZSO NQ)+ H" (39 5 NQ) < C1.
To prove (3.3), first observe that
IVd(p.N)| =1 for p € Ni: .
This, (1.8), the Cauchy-Schwarz inequality, and Federer’s co-area formula imply

A2 / Flte )| Vite (x)|dx

{xeQ:d(ue(x),N1T)<én
or d(ue(x),N7)<8n}

>C / d(ue(x), N)|Vue(x)|dx

{xeQ:d(ue(x),NT)<én
or d(ue(x),N7)<8n}

> Céy / |V (d(ue(x), N))|dx

{xeQ: 20 <d(uc (x),N F)<by
or 2 <d(ue (x),N ") =8n}
SN
=Céy [, H" '({x € Q:d(e(x), N*) = 8}
ON.
2
U{x € Q:d(ue(x). N7) = §})ds.
Thus, by Fubini’s theorem, there exists §p € [‘STN, Sn] such that (3.3) holds and
Claim [Tl follows.
From (3.2) and (3.3)), we may assume that there are two subsets E* C Q with
finite perimeters such that, after passing to possible subsequences,

Xt — Xgpt ase—>0,
6,50

weakly in BV(R”) and strongly in L!(R"). Moreover, it is easy to see that
IQ\(EYUET)| =0, |[EYNE|=0.
For € > 0, let ¢ : @ — R be defined by
(3.4) Pe(x) = dy-(ue(x)), x€Q,
where d jf]?_ (+) is given by (A.2). Then Propositionimplies

(3.5) [Vpe(x)| <2+ F(ue(x))|Vue(x)| ae. x € Q.
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This and the Cauchy-Schwarz inequality yield

(3.6) /|V¢€|dx < /(E|Vu5|2 + é F(uf))dx <A+1
Q Q

Proposition [A.2]and (I.2) imply that
3.7 Pe(x) =0 Vx e X,
where Ze—"‘ is defined in Section 1. Since
H" 1 (Z%) > Co >0 forall small € > 0,

from this and (3.7) we can apply the Poincaré inequality to get

/ |peldx < C / [Vépe|dx < C(A + 1).
Q Q

Hence {¢} € BV(R2) is bounded, and we may assume that there exists a nonneg-
ative ¢ € BV(Q) such that ¢, — ¢ weakly in BV(R2) and strongly in L!(S2). By
the lower semicontinuity, we have

1
A= liminf/(equel2 + - F(ue))dx
€l0 €

(3.8)
> timinf / Veldx = | Dg|(R).
Q

Now we need the following:

Claim 2. For the function ¢ obtained as above, we have

¢(x) =0 forae.x e E™,
d(x) > c(f forae.x € ET.

(3.9 {
To prove (3.9), we observe that Proposition A.2 implies

dﬁ_ (H(ue(x))) =0 foranyx e Q_g .

Hence, by Fatou’s lemma, we have

/ lp1>xg—dx < liminf/ pel®xa-, dx
€l0 €.8¢
R~ R~

C. F 2
= lnenﬁ)nf/ |q>e —dy- (H(ue))‘ xe_s, dx <
Rn
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< CHVd]I\;_(-)”LOO(NJO)lirend)nf / lue — M(ue)|? dx

Res

<C liminf/ F(ue)dx = 0.
€l0
Q

This implies ¢(x) = 0 fora.e. x € E™.
It is easy to see from the definition of d{ and Proposition A.1 that

dll\;_(H(ue(x))) > cé: for any x € 9:80‘

Similar to the above argument, we also have that for any 0 < n < c(f ,

n|{x € QFy 1 pe(x) < cf —n}l

= / |df—(ue(x)) — dp— (T(ue(x)))] Xo, 4%
R”?

SCHdel\;—()”LOO(NSO)/|M€(X)—H(u€(x))|xgj_80 dx
Rﬂ

<C / VF(ue)dx < Cel/2,
Q

After sending € to 0, this implies ¢ (x) > c(f fora.e.x € E*. So Claimis true.
It follows from Claim [2|that the set £ can be represented as

(3.10) ET={xeQ:p(x) >t} Veelocl).

In the following, for a set £ C R” of finite perimeter, we also view E as a n-
dimensional current in R” and dE denotes the boundary of the current E£. Then we
have the following:

Claim 3. If we view both d(dET L Q) and X as (n — 2)-dimensional currents, we
have

(3.11) JOETLQ) =2X.
In fact, (3.11)) follows directly from the fact that
8(89:80 LQ)={xecdQ:d(ge(x),NT) =8} =% ase—>0

as weak convergence of currents, which follows from the properties of g given in
Section 1.

PROOF. Now we prove (3.1). It follows from (3.10), (3.11)), and the area mini-
mality of I that

H" N0 x € Q:p(x) > 3L Q) > H" () Vvt e[0,¢f),
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where 0* E denotes the reduced boundary of E. Thus, using the co-area formula
for BV functions [6] and (3.8), we have

A > |D¢|(R) = / H" 1(0*{x e R" : ¢ > 1} L Q)dt
Ry

CF
> / ’ H'" Y 0*{x eR" : ¢ > 1} L Q)dt > c¢F H"I(I).
0

So (3.1)) is true. This completes the proof of Proposition 3.1} O

The next step is to show by explicit constructions that the lower bound obtained
in Proposition [3.1]is also a upper bound for €E(¢).
To do it, we first introduce some additional notation. For small 1 > 0, set

Qp={xeQ:dx.0Q) >n}. QFf=q,nae*
and
0, =T, N(Q\Q,). Uf=(@@T\QH\0, U, =UUU;
n n n’s n n UM n n n:
Now we have the following:

PROPOSITION 3.2. Under the same assumptions as in Theorem[1.1] we have

(3.12) lim €E(e) < ¢ H" ().
€l0
PROOF.
Step 1. Let (pT,p~) € M+ x M~ be such that |[p™ — p~| = dy. For

B € (%, 1), it is easy to see that we can identify Ujg by Zfﬁ x [0, €#] via the
differomorphisms
TE: (QUENIQ)UQUSE NIQs) — (55 x {(0) U (S5 x {F})
such that
<2.

1 +
E =< ”‘77L (x) _-X:”LOO(Ugg)

Hence condition (1.3 implies that there are extension maps
N L +
GE: UL >N
such that
+ + +
(3.13) Gyt roa =8 G laytrag . =P
eB B eB

and

[ IVGE|?dx <
+

U

(3.14) <* 1

C[eﬂ / Vegd? " + / |g€—pi|2]dH"—1.

+ +
0U%No% 0U%NI%
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By Fubini’s theorem, we can assume that there exists 6y € (1, 2), depending on ¢
and S, such that

/ IVGE|2dH" !
{(xeU%dr (x)=£6€P}
VGE|?dx

(3.15 ﬂ/' ‘|

7
1
§C|: / |Vrge|2dHn_l +ETIB / |ge—Pi|2dHn_1:|-

UEHNdQ AUE N0

Set Ge : Ugp \ Ty — R¥ by letting
Ge=GZF onUZ\Ty .

Denote by S C T the singular set of I". By both the boundary regularity theorem of
Hardt and Simon [12} p. 440] and the interior partial regularity theorem of Federer
[8L p. 796, theorem 1], we may assume that

FeC®Q\ Q). SCQsp, and dimg(S) <n—7.
Hence we have
(3.16) H"(S.8) < Ce%P,
where
S.p={x e Q:d(x.8) <28}
is the 2¢# -neighborhood of S.

Step 2. Now we construct a comparison map ve € H gle (Q,R¥) as follows.
Applying Proposition 7.4 in Section 7, with L = #~1, we obtain a map & such

that
dy d
Ge € H'([-00eP 1. 00eP 1) | -2 21 | ).
2 2
—dTN on [—0pef 1, —eP1],
e = {QAp—1  ON [—ef—1, e,
dTN on [eA~1, 6yeP 1.
Then @, satisfies
Qoeﬁ_l -
(3.17) / (|622(t)|2 + F(&e(t)))dt < Cé: ) exp(—cleﬂ_l).
9()6‘9_1
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| e

NN

Fast transition region

FIGURE 3.1. Comparison maps (& = f).

The value of ve on Qg is defined by

P L e Q5 \ T,
ve(x) 1= Eg P 4 () 2= if x € T s,
pt if x € Q% \ Ty es.

Let
He: (Q\ Q)N Ty s — RF
be the harmonic function with the Dirichlet boundary data:
ge(x) ifx €9Q N Ty s,

He(x) = { Ge(x) i x € 3(Tgpes) N (2 \ 2),
ve(x) ifx €dQ N Feoeﬁ'

Then we define the value of ve on 2 \ Q.5 by

Ge(x) ifx € (Q\ Q) \ gyes,

UE(X) = He(.x) ifx e (Q \ Qeﬁ) N FG()GB'

One can see Figure [3.1]for the construction.

Step 3. Now we estimate the energy of ve on 2 as follows:

/(6|Vv€|2+éF(ve))dx=%/ + / }(€|Vv5|2+éF(v5))dx
Q

Qp  Q\Qp
=1 + IL.
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+§ﬁ(&'s(dre(x))))dx

We first estimate I.. We have

S

Q50T .8
2
T () )
€
9630F80€B
2
[ () o2
€ €
QEBHSSB
2
s ((&;(dr(”)) Vdr(ol? + ﬁ(ae(d“x))))dx
€ € €
Q2pNTy)8\Sc8)
= 1ML, + IV..

For the term Ill, we use the fact that |[Vdr(x)| < 1 and Proposition[A.4]to get

max  (|@L()]? + F(@e(1))) < C.

|t]|<Bpeh—1
We have, by (3.16)),
Il < %H"(szeﬁ NS.5) < Ce%~1 < Ce.
For the term IV, since
[Vdr(x)| =1 forx € QN (Fgyes \ Ses),

we have, by both the co-area formula and the formula of change of variables,

905[’—1 -
Ve[ 80P + F@o)
T X H N ({x € Qup N (Tgyen \ Ses) : dp(x) = es})ds

Since I' \ Sy, .5 is a smooth hypersurface, we have that
{xeQn (Feoeﬂ \ Sep) :dr(x) =1}

is a family of smooth hypersurfaces, which converges to I\ S locally in C?(2\ S)
uniformly with respect to t € [—6pe?, peP]. This, combined with the boundary
regularity of I' and (3.16), implies that for any § > 0, there exists €(5) > 0 such
that for any € < €(9),

(3.18) max H"'({x € Qs N(Tgyes\Sep) :dr(x) = t}) < H* /() +6.

|T|<Bpeh
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This and (3.17) imply

Goeﬂ_l

leif(} IVe < (H"Y(T) +§) leif(}/ a.(s)|> + f(&e(s)))ds

|
—fpeB—1 (
(3.19) < (H" YD) + 8)cf.

Putting the estimates of Il and IV into I¢ gives

(3.20) liinle < (H"YT) + 8&)cf.
€l0
Now we estimate II.. We have

1
I, = { / + / }(elee|2 + - F(ve))dx
€
(@\Qp)NTy 8 (R\Qp\Ty 5

= Ve +VI€.

For the term VI, we use (3.14)) to get

VI = / €|VGe|? dx
(@\Q )\l 5
(3.21) < c[eﬂ / €|Vege?dH" ' + el—ﬂ] < C(P +€17h).
Q2
For the term Ve, since ve = He is harmonic on (2 \ Q2.) N T'g s and g¢(32) C
B ;‘Q by (I.2)), the maximum principle implies

lellzoe @\ p)nr, 5) = IHellL=@u@\2 0001, 50 = €

for some C > 0 depending only on N and R. Thus we have

1 c
(3.22) / ~ F(ve)dx < — H"((2\ Q¢p) NTgyep) < Ce?P1
€ €

(Q\QEB)OI‘QOGB

For the Dirichlet energy of ve on (2 \ 2.5) N Feoe,s, we have

|Vve|? dx

(Q\Qeﬁ)ﬂFQOGﬁ

< CéP / V. He|> dH"! =

E\Q2 )Ny )
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= c&[ / |Vegel?dH" ! + / |Vove|? dH™ !
3QﬂF90€/3 aQGereosg
(3.23) + f |V,Ge|2dH”_1].
T, es)NE\R2 p)
Now we estimate each term in the right-hand side of (3.23)). Condition (1.2) implies

L
/ |vtge|2dHn_1 < -,

€
3QﬂF90€5

inequality (3.15) implies
|V:Ge|?dH" ! < c[ / |Vegel? dH" 1 + 6_25j|
3T AINR\L 5) IQ\T, s
< C(e_1 + 6_2‘3),

and a direct calculation, using the formula of ve on 9Q s N T 5, gives

1 2
/ |Vrve|2 dH"! < ~ / &;(dr(x))
€ €

dHn—l
BQGBHFGO& 3Q€ﬂﬂr'6063
C _ _
< S H" 1(0Q2ep N Tgyes) < CP2

Putting all these estimates into (3.23)), we obtain

(3.24) / €|V P dx < C(eP + 7P 4+ 2P71),
(@\Q, )N, 5
Now we combine (3.22)) and to get an estimate of the term V:
(3.25) Ve < C(eP + €178 + 2871,
Combining and we obtain
(3.26) e < (ef 4+ 78 4 2871,

Finally, we use (3.20) and (3.26) to obtain

1
1% (6|Vv€|2 + - F(ve))dx <cfH"Y(I) + C8;
€ €

this implies (3:12), since § > 0 is arbitrary. The proof of Proposition [3.2]is com-
plete. O

It is clear that Theorem [I.1] follows directly from the above two propositions.
O
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4 Refined Lower Bound Estimates of E(¢)

This section is devoted to the refined estimate of lower bounds of E(¢). To state
it, we need to introduce some additional notation.
Fort € [—Eﬂ , 6’3], define

(1) = {x € 9Q 1 dr(x) =1} (= T (1))

In particular, ¥(0) = X. For any such ¢, let S(¢#) C €2 be a minimal hypersurface
spanned by X(¢):
H"(S(1) =
min{ H"~1(S) : S is an integral (n — 1) current in Q, 35 = X (¢)}.

In particular, we may assume S(0) = I'. The aim of this section is to prove the
following lemma:

LEMMA 4.1. Assume T satisfies (A1), ge : 9Q — RX satisfies (T17), and uc €
Hgle (Q,R¥). Then there exists C = C(N) > 0 such that for any 0 < § < 8, it

holds that
5 1
|Vuel” + — Fue) |dx
€
Q
_ 2
) =(-c) [ IV@@Pdx
QU
iy

2 S n—1 —1 -
+ Z/dN H" " (S(ea (M) y F (L) dA.

PROOF. For 0 < § < 8, recall that, for x € Q1 UQ_,
ue(x) = H(ue(x)) + d(ue(x))ve(x),
ue(x) — Tl(ue(x))

Jue(x) — M(ue(x)|

ve(x) =

Calculations similar to those for Theorem imply that, for x € Q:S U,

Ve ()2 = [V(TTue()))|* + | V(e (x)] + @ (x)|V(ve () [*

— 2d(ue (x)) AT (e (x)) (V (T (we (x))), V (T (e (x))) )
> |V(dwe)|” + (1 = C8)|V(M(ue ()|
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where A(-)(-,-) is the second fundamental form of N and C = 2| A(-)| poo(n)-
Thus we obtain

/(|Vu€|2 + iz F(ue))dx
€
Q

=-co [ |V dx

+ —
QE,8UQ€,8

s [ (e + 5 P )ax

+ —
QG,SUQG.S

+ / (|Vu€|2 + }2 F(ue))dx.

a\@f;ue;,)

4.2)

By the Cauchy-Schwarz inequality and Federer’s co-area formula, we have

/ (|V(d(ue))|2 + 12 F(ue))dx
€

Q:SUQ;S
2
> 2 [ £ o) | V(d(ue))ldx

€

Q:SUQZS
8
2 n— .
(4.3) == / H" ' ({x € Q : d(ue(x), N%) = 1))/ f(A2) d .
0
Define

HY = {x €Q:8 <d(ue(x),N¥) < %N}

Since

d(ue(x)) = due(x). N¥) and  |V(d(ue(x)))| < |Vue(x)| forx € H,

/ (|we|2 + iz F(ue))dx
€

Q\(@uez,)

/ (IVueI2 - iz F(ue))dx >
€

+ —
H sUH_ s

€,

we have

A%
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/ £ (@2 we)) Vel dx
H
z% f J F(@20) | V[d(e))|dx

+
HeSU

%

m N

2dN

- [8 H' ' ({x € Q : d(ue(x), N¥) = 1}),/ f(A2) dA.

Putting (4.3)) and (@.4) together, we have

4.4)

/ (|V(d(ue))|2 + % F(ue))dx
€

+ _
Q€,8UQ€,8

(4.5) + f (IVue|2 + eiz F(ue))dx

Q\@uezy)

=2 [T H (e @ dlnen, V) = 1) 707 an,

For0 < A < dTN, since

dx € Q:due(x), NT) = 1} = {x € 9Q : d(ge(x), N*) = 1},
(T.17) implies

dn A} = {x € 0Q : dp(x) = e, (M)}

B{x € Q:d(uc(x),NT) = - -
= B(ea; ' (1)),

dn

a{x € Q:d(ue(x),N7) = >

—)L} ={x €dQ :dr(x) = eae_l(—)k)}
= X(ea 1 (-N)).
Hence

dn

H"_l({x € Q:d(ue(x), N*) = > —)\})

H" (S(ea(£1)) VA€ (o, %"’)
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Thus we have

1
[ (V@ + 5 Foo)ax
€

+ —
Q7 sUQ

(4.6) + / (|Vu€|2 + eiz F(ue))dx

e\@fuasy

2 dTN n—1 -1 il
> Z/_dNH (S(eas () F(A) dA.

2

Substituting (4.6) into (4.2) yields @.I)). The proof is complete. O

As an immediate consequence of (4.1), we have the following estimate in di-
mension 1:

COROLLARY 4.2. Suppose ue € H'([a,b],R¥), withuc(a) € N~ and ue(b) €

N7, Then there exists C = C(N) > 0 such that for any 0 < § < 8§y, we have

47 /Q%mﬁ+§mesz

2

[a.b] d cf
1-C$ — (T (ue(t 2
a-co [ | meo) +
[a.b]7 5Ula.b] 5
PROOF. Forany 0 < A < dTN, there exists tf € [a, b] such that
d(ue(tF), NF) = 1.
Hence
0 + dn
HO({t € [a.b] - d(ue(). N¥) =23) = 1 VA e 0.2 |.
This and @.I) imply @.7). O

For higher dimensions, we have the following crude estimate:
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COROLLARY 4.3. Under the same assumptions as in Lemma[A.1] there exists C =
C(N) > 0 such that for any 0 < § < by, it holds that

/(|Vu€|2 + —12 F(ue))dx
€
Q

2 cf
> (1 —C$) / |V(IT(ue))|” dx + % H" YT
el v,

—c/dzN le W)V F Q) dA + o(1),

2

(4.8)

where @ € H'(R) with a(£00) = :I:dTN is a minimizer of (2.1).
PROOF. Define the hypersurface A(¢) by

A = {(x€dQ:r<dr(x) <0} if —ef <1 <o,
C {x€dQ:0<dr(x) <t} if0<t<eb.

Then we have
ASE)UA®)) =T Vi e [—€P, .

Hence the area minimality of I implies that for all 1 € [—€?, €],

H" ') < H" (A0 US@) = H"H(A@) + H"1(S(1))

(4.9) < H" YS8@)) + Clt].
Therefore we have
an
2 2 . _ ~
o H" 1 (S(ea, (M) F(X)dA
2

> g/_?; (H" () - Ce|a€_1()t)|)\/%dk
_ @fog \/%dx_c/_j; = Ol ) da.

This, @.1), and (A.TT) imply (@.8). O

5 Refined Upper Bound Estimates of E(¢)

In this section, we will prove an optimal estimate for the upper bound of E(¢) by
constructing a comparison map that is approximately a minimal connecting orbit
in the transition region near I" and an approximate minimizing harmonic map asso-
ciated with D outside the transition region. More precisely, we have the following:
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LEMMA 5.1. Assume T satisfies (A1), g¢ : 9Q — R¥ satisfies (T.T7), and there
exists a minimizing harmonic map v € A such that v(x¥) € HY(I', M*). Then

an

2 (2 _ ~
(5.1) MQEE/QNH Y(C(ea (M) F(A) dA + D +o(1).

2

PROOF. For ¢ > 0, define the comparison map ue € H ;E (Q,R¥) by

(5.2) ue(x) =

v(We(x)) if x € QF \ I'g,

V(T X)) +u(T(x)7) + o (dr(X)) V(T (X)) —v(T(x)7)
2 €\ e [v(T () T)—v(T ()|

if x € T,

where T'(x) € T is the unique solution of
®(T(x),dr(x)) =x forx e I'e.

Since U‘Ei = g, it follows from (5.2)) and (1.17) that ”E|asz = g¢. Now we
want to estimate the energy of ue:

/(|Vue|2+€i2F(ue))dx=( [+ ] )IVuE|2dx
Q

Qt\I s Q \Ig

+ / (quelz—i-eizF(ue))dx

Féﬁ
=1+1I,

where we have used the fact that F(u¢) = 0 on QT \ T'_g, since u(Q* \ T,5) C
NZE,

For I, since u¢(x) = v(We(x)) and [VW(x) — Id| < CeP for x € QF \ I.s
(see its definition in Section 1), by a simple change of variables we have

(5.3) P—(/Wm%m+/ﬂwwd0
s

Q+

< Ceb < Ce,

where C > 0 depends only on the value D.
For II, since |v(T (x)T) — v(T(x)7)| = dy for x € T'.5, we see that

(5.4) Fwax»::ﬁck(mi”)), x el
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Moreover, for x € I's,

Vi (x) = v(v(T(X)+) + v(T(X)‘))
el 2

n v(ae (dr(X))) v(T()F) —v(T(x)7)

€ (T (x)") = v(T(x)7)]
ta (dr(X))v( (T ()™*) —v(T(x)7) )
\ e (T ) —v(T )

Observe that

V(1)(T(X)+) + v(T(X)_)) _

2
N\ dy o o(TE) = o(TE))
V(”(T(x) )) * 7V(|v<T(x>+) . v(T(x)—>|)'

Since

V(u(T(x)7)) € Tyrx)-)N .
v(T(x)") —v(T(x)7) v(T(x)") —v(T(x)7) _1
[o(T (x)*) — v(T(x)7)] V(T (x)") —v(T(x)7)| ’
we have

<V(v(T(x)+) + v(T(x)-)) V(a (dr(x))) v(T(x)*) — v(T(x)7) >
2 U e (T (x)F) — v(T(x)7)|

L Tyr@-HN .

and

(o ()t iz () (i i)

Hence we have, by the Cauchy-Schwarz inequality,

2 2 2

Vue(X) < V(ae(dre(x))) +2 V(U(T(X)+) ‘2i‘ U(T()C)_))
(5.5) , X . ]
e v( v(T()7) —v(T(x)7) ) |
2 | (T (x)F) = v(T(x)7)
Since

®(T(x),dr(x)) =x forx e g,
it is not hard to see that

(5.6) IVT(x)| < C(|®lcr. @7 1) Vax € Tes.
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2
12 ~( e(dF(X)))}
€ €

2

Putting (5.4)) and (3.5)) together, we have

o= ff(e(22)

N [ (2t )
r

(5.7) 2

d2
N
— |V
+2

( v(T(x)") —v(T(x)7) )
(T (X)) = v(T(x)7)]

2
}dx

Now we estimate the terms III and IV. Direct calculations employing (5.6)
imply

=III + IV.

(5.8) |IV| < Ceﬂ(/|Vrv(x+)|2dH”_1x+/|Vrv(x_)|2dH”_1x)
T T

for some C > 0 depending only on dy and ®.
For 111, since |Vdr(x)| = 1 for x € I' g, Federer’s co-area formula implies
T.p

2
m= {a;(dr(x)) +i2ﬁ(ae(dr(x)))$dx
€ € €
ef1

€2
1 ~
- 2/ L HTHIT(E) - [ae)? + F(ae(A)]dA
B
Since (A10) gives
0L ~ Flae(h)] = Coe O™ vie [P 1)
it follows that

|0l ()2 + Flae(V) = 2lal W)y F@ch)] < Coe= €™
VA e [P BN

Therefore we have
e~

% 1 n—1 / ~ —2 —Cyeb!
me>[ @)l e dr+ ce e
ay
6o =2 [, HT(NE ) F ah+ cee
2

Combining (3.3), (3.7), and (5.9) with (5.8) yields (5.I). The proof is now com-
plete. O

An immediate consequence of Lemma[5.1]is the following:
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COROLLARY 5.2. Under the same assumptions as in Lemmal5.1| there exists C >
0 such that

an

dTN e IV F Q) dA + o(1).

PROOF. Since I' is smooth, it is easy to see that

H" YT(1)) < H" ')+ Clt|, 1 e [—€P,€P).

F
(5.10)  E(e) < % H"™ 'T)+D+C /

Thus we have

2

= TH”_l(F(ea;l(k)))\/f(k)dk

€ J_4dN

an

< %(f_i VEwma )iy [ et ol Fods

2

F ay
_ % pgn-1 2 - =
- n (r)+c/dN e ()| F(A) dA.

2
This, (5.1)), and (A.TT)) imply (5.10). O

By comparing Corollary 4.3] with Corollary [5.2] we find that the expansions of
both the lower bound and the upper bound of E(¢) have the same leading-order

term
F

c
0 D).
€
Based on this, we have the following:

COROLLARY 5.3. Under the assumptions as in Lemma if ue € Hgle (Q,R¥5)
is a minimizer of E(¢€), then, for any small § > 0, there exists C > 0, independent
of €, such that the map ¢ defined by

1 fxeQr uQ-,,
(5.11) A e A
Ue(x) ifxeQ\ (Qe’(S U Qe,b’)’
satisfies
(5.12) /|Vfte| -c
Q

PROOF. First observe that Corollaries 4.3]and [5.2]imply that

ay.
(5.13) / !V(H(ue(x)))|2dx §D+C/;N le™ (W) F (L) dA+o(1).

+ —
Q. sUQ 5
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On the other hand, there exist C > 0 independent of € and ¢ = ¢(§) > 0 such that

C
E(e) < —
€
and
F(ue(x)) = ¢ forallx € Q\ (9:5 U 9;5).
So we have
1
/ Vueldx < - VF@o)|Vucldx
C
e\@fuasy e\@fuasy
1
(5.14) < S/(|Vu€|2 += F(ue))dx <C.
C €
Q

It is clear that (5.12)) follows from (5.13)) and (5.14). O

6 Proof of Theorem

Preliminaries
This section is devoted to the proof of Theorem|[I.3] First, we will show that the
sequence of maps
IT(u _
( E)Xgisuge’s

converges to a map v € A weakly in SBV(R”). Then we will show that v is
a minimizing harmonic map in A, under the assumption (A2) that I" is strictly
stable.

Recall from [2] that SBV(£2), a subspace of BV(£2), consists of all functions of
bounded variations such that the Cantor part of the distributional derivatives is 0,
ie.,

u € SBV(Q) <= Du = Vudx + u™ —u")H" 'L J,,
where J,, denotes the set of jump discontinuity of u. Set
SBV(Q,R¥) = {u = (u',....u*) : u’ € SBV(Q) fori = 1,... k).
The crucial step to prove Theorem [1.3]is the following:

LEMMA 6.1. Assume T satisfies (A1), ge : 92 — R satisfies (T17), and A # @,
and there exists at least a minimizing harmonic map u € A such that u(x¥) e
HY(T, M¥*). Then there exist §; — 0, €; = €;(8;) — 0, and v € SBV(Q, N)
such that after passing to subsequences, the maps v; defined by

v = H(“E,’)XQ:" 5, UQC 5
171 171
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converge to v in LY(2,RK), Vv; — Vv weakly in L' (2, R"¥). Moreover; the
following statements hold:

1o+ n+ lio— nN— —
ve H'QT NHNHYQT.NT), v|q =23

6.1
lw(xT) —v(x7)| =dny for H" ' ae x €T,
and
(6.2) / |Vv|? dx + / |Vu|?dx < liminf [ V(M (ue,;))|? dx.
1—>00

Furthermore, ue, — v in LI(Q,Rk).
PROOF. The proof of the lemma consists of six claims.
Claim 1. There exist §; — 0 and ¢; (< 8?/05) — 0 such that

H' (D) —¢f < B 09F 5 n @) < B/ + €2,
(6.3) -
HYHD) = < BTN 00 5 N 9) < HNO) + ¢

To prove this claim, observe that Corollary [5.2] and the proof of Lemma [.1]
imply that there exists C > 0, independent of €, such that

dTN n—1 + n—1 - 2
| (H 0Q;, NQ) +H (BQE,AHQ))@ f(A2)dA <
cEH"I(T) + Ce.
It follows from the area minimality of T that (see (4.9) in the proof of Corollary[4.3)

d
(6.4) H"™ 10, nQ)> H" /() - Ce* Ve [0, TN]
Hence, for any § > 0, we have

§
/ (H" 102, nQ) + H"' (09, N Q) (2v//(A2))dA

8

2

<cFH"Y(T) + Ce

_2{/2+/52 }Hn_l((agzxOQ)U(BQ;AHQ))WCI'A
0

}de}

an
2

<cEH" YD) + Ce —4[(H"(T) - Ce“][{ /j +[8
0

§
< 411'1—1(1“)/:s V f(A2)d A + Ce®,
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where we have used (2.7) in the last step. This, combined with Fubini’s theorem,
implies that there exists § € (%, 8) such that

o
65  H"'OQYNQ) + H'TN 09 ;N1 Q) < 20" + c;—z.
Hence ({6.3) follows from (6.4) and (6.5)) provided

?/a, 8; — 0.

€~
Claim 2. We have
XQ:;.&,- = Xat,  Xe_, — Xe- weakly in BV(Q2) asi — oo.

It follows from that there exist two sets EX C Q with finite perimeters
such that, after taking subsequences,
Qf s ~ET, Q_; —E,
as weak convergence of sets of finite perimeters. In particular,

00T ; LQ —~E*LQ
as weak convergence of currents. By the lower semicontinuity and (6.3]), we have
(6.6) H" YO*ETLQ) < H" (D).
On the other hand, since
0097 5, LQ) = {x €02 : d(ge(x), N*) = §;} =~ =

as weak convergence of currents, we have

IQETLQ) = .
Hence the area minimality of I" implies
(6.7) H" YO*ETLQ) > H" (D).

(6.6) and imply that dE* | is also area minimizing with d(QETL Q) = X.
By the uniqueness assumption (A1), we conclude

EXLQ =T.
On the other hand, since
00T s LR"\ Q) » =%,
as weak convergence of currents, we conclude
IETL(R"\ Q) = =%,
Therefore E*¥ = QF and Claimis proved.
Claim 3. For any n > 0, it holds
(6.8) lim H"71(0QZ 5 N{x € Q:dr(x) = n}) = 0.
i—00
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To prove it, we denote
pit=H"TL(0QL 5 NQ).

Then we have
pE —~ H"ILT

as weak convergence of Radon measures. By the lower semicontinuity of Radon
measures, we have

H" ()= H" YT N{x € Q :dr(x) < n})
< liminfufc({x € Q :dr(x) < n}).
1—>00
Since (6.3) implies
lim pF(Q) = H'U(T),
1—>00
(6.8) follows and Claim[3]is proved.

Claim 4. For the sequence {v;} given above, there exists v € SBV(Q,R¥) such
that, after taking possible subsequences,

(6.9) v; > v in LI(Q,Rk) and Vwv; — Vv weakly in LI(Q,R”k).

It follows from the definition of v; that the absolute continuous part of its distri-
butional derivative is

Vvi = V(H(usl))XQ:‘ 5UQE_ Y )
so that (5.12) implies
(6.10) / |Vv;|? dx < / V(I (ue,))|* dx < C.
@ Q:;,&l‘ UQG_[,zSi

The set of jump discontinuities of v; satisfies

Jo CO(QL s uQ )N,

€i,0;
SO
H"'(Jy) < H'1(0Q] s nQ) + H"1 (99 5 N Q)
1D <2H" Y (T) + 1.
On the other hand, it is easy to see that
(6.12) [villLoo(@) = C.

It follows from (6.10), (6.11), and (6.12) that {v;} C SBV(Q,R¥) is a weakly
compact sequence (see [2, p. 128]). Hence we may assume that there exists v €
SBV(2, R¥) such that (6.9) holds. Thus Claimis proved.

Claim 5. The map v obtained in Claim []has all properties stated in Lemma[6.1]
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Since v; (x) € N* fora.e. x € Q;t s, and v; > vin LY(2,R¥), we have
1-Y1

(6.13) v(x) € Nt forae.x € Q%.
By lower semicontinuity, we have
(6.14) / |Vv|?dx < liminf/ |Vv;|? dx = liminf / |V(H(uel.))}2 dx.
1—>00 1—>00
Q* Q* ef
This implies (6.2)).
Now we want to show that the set of jump discontinuities of v satisfies
(6.15) H" '(J,n Q%) =o0.
For any 1 > 0, by lower semicontinuity and (6.8)), we have
H" Y (Jy, N{x € QF :dr(x) > n})
< liminf H" 71 (Jy, N {x € QF :dr(x) > 7}
1—>00
<liminf "1 (0QE ; N{x € Q:dr(x) > n}) = 0.
i—>00 e
Sending 7 — 0 in the above inequalities yields (6.15). It follows from (6.13),
(6.14), and that v € H1(Q*, N*). It is easy to see that v = g on 9L, and

the traces v(x ) e Nt and v(x™) € N~ existfor H* 1 ae. x e T.
Next we need to show that

(6.16) lo(xT) —v(x7)| =dy for H" l-ae.x eT.

Suppose that (6.16)) were false. Then there exist 79 > 0, and an H"~!-measurable
set E C T'NQy,, with H""1(E) > no, such that

(6.17) lv(xT) —v(x7)| >dy +n0 Vxe€E.

From the definition of one-sided traces of v on I" and L!-convergence of v; to v
on generic slices {x € @ : dr(x) = ¢} (# > 0), we may assume that there exists
t; 1 0, with é—’ — 00, such that

l

(6.18) {x+hr(x):x € E}CQF ;.
where vr is the unit normal vector field of I', pointed inward to Q1. and
(6.19) |vi(x + tivr(x)) —vi(x —tivpr(x))| > dy + 71_20 Vx € E.

(6.18) and the definition of v; imply that (6.19) holds with v; replaced by IT(u;)
and R replaced by 2. In fact, since

4
+
[ue; — M(ue;)| <6 on Qei,b’i’
we have

620)  Jue, (x + tivp(x)) — e, (x — tivp ()] = dy + ”740 Vx € E.
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We will show that (6.18)) and (6.20) give a desired contradiction. To see it, we need
the next claim:

Claim 6. For any € > 0, there exists § > 0 such that
©21)  Fpt.p)<cef +6 foopreNT= pt—pT<dy+e

Suppose that (6.21)) were false. Then there exist € > 0 and p € N* such that
- 1 _ :
(c§ )" (ppD) =eg + 5. butlpf —pi| = dy +eo Vil

We may assume that there are p(:)t € N¥* such that pii — p(:)‘:. Then | p;r —pol =
dy + €o. Since ¢ (-,-) is Lipschitz-continuous, we have ¢ ¥ (p(J)r . Do) = C(I; .
Hence Theoremnimplies | par — po | = dn. We get a contradiction.

Let E; be the subset of I'y; defined by
Ei={x+tvr(x):x€eE, —t; <t <t}
Since I' € C*° and ¢; is sufficiently small, by a simple change of variables we have

1
/ (|Vue,. 1> + = F(uei))dx

1
i

A%

(1—o(1)) / / (!vt(uel. (x + tr ()P
E [—t;,t;]
+ — Fug (x + tvr(x))))dt dH" (x)
€

1

_ 1—6_"(1)/ / (}V,(uel.(x—i-eitvr(x)))‘z
Fl-a.x]
+F(ug (x + tvr(x))))dt dH"(x)

l1—o0

(1) n—1
> — 27 [ i (x)dH" (),
' E/

€

where o; (x), x € E, is given by
4
ai(x) = inf{ /? (1X']? + F(X))dt

Y e H1(|:_t_i,t_i]’Rk)’ X(it_i.) =ue, (x tivr(x));.

€ €
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It follows from (6.18)) and (6.20) that for x € E, there exist pT(x) € N¥ such
that

ue; (x £tivr(x)) — pi(x) and |p+(x) —p ()| =dny + %

This and (6.21)) imply that there exists n; > 0 such that
Fpt ). p () =¢f +m. xeE.
It is not hard to see from the definition of &; (x) and ¢ (-, -) that we have
o (x) 2 ¢ (p*(x). p(x) —o(1). x€E.
Therefore we obtain
2 1
|Vu€[-| + _2 F(uel) d.x
€
1

> 1‘6—"(” / (" (p* (x). p~ () — o(1))dH" " (x)
E

F _
- ¢y +nm—o(l)
> —Gi

(6.22) H" Y(E).

Notice that arguments similar to those for Corollary 4.2]imply that

(6.23) / (|Vu€i 1> + iz F(uel.))dx > i H" YT\ E)-C.
Q\E; €i “

Combining (6.22)) with (6.23)), we obtain that for ¢; sufficiently small,

1 ck
/ (|Vue,. 2+ F(uel.))dx = 0 H"N D) + 5 HYNE) - C.
; l 15

1

This contradicts the upper bound obtained by Corollary[5.2] Thus (6.16) holds and
hence Claim [5is proved.

To show u,; converges to v in LY(Q,R¥), let ile; be given by (5.11). Then by
Corollary we have

/ Vil |dx < C.
Q

Since il¢; |5, = &e; and ge; is uniformly bounded on 92, it follows from the
Sobolev and Poincaré inequalities that

f|ﬁq|nfl dx < C.
Q
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. ~ _ J’- —
Since Ue; = ue; on Q2 \ (Qez',é’i U Qei,b’i)’

12\ (Q;,&_ U Q;’Sl_)} < Cg—; < C(S?_z — 0:

1

we have
/ lue; |[dx < |ug; ||L,1"TI(Q)|Q \ (Q:;,S,- U Q;&)ﬁ 0.
Q@R 5, U9 )
On the other hand,
/ |ue; — M(ue; )|dx < C [ d(ue;, N)dx
2,5,- Q*

€;.8;
<C / V Flue)dx < C/ei — 0.
Qisb’i

These two inequalities, combined with
M (ue, - in L'(Q
(uel)XQ:;,s,-UQei,Si — UV 1 ( )s
imply u¢, — v in L1(Q). Thus we prove all the conclusions of Lemma 6.1. [

Remark 6.2. We would like to remark that without the strict stability assumption
(A2) on I', Lemma [5.T]and Lemma 6.1]imply that the following weaker version of

Theorem [[.3]holds:
aN.
2 ~
<C /_dN e W)V F(A) dA + o(1),

2

CF
(6.24) ’E(e) — % H" Y()-D

where @ € H'(R), with a(+o00) = :I:dTN, is given by (I.13). In other words,
modulo the correction term
aN

o(fdzN la™ (L) F(A)d)t),

2
D is the zeroth-order term in the expansion of E(€) with respect to %

Completion of Proof of Theorem [1.3|

With the help of Lemmas 4.1] [5.1] and [6.1] there are two more steps needed to
prove Theorem [I.3] The first step is to show the leading-order term in the lower-
bound estimate (4.1) matches that in the upper-bound estimate (3.1)), i.e.,

(6.25) ‘ / dTN [H" 1 (S(ea ' (1)) —H" 1 (T(ea (1)) F (V) dx‘ = o(e).

To show (6.25)), we need the following:
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Claim 7. Under condition (A2), there exist no > 0 and Cp > 0 depending only on
I' and 2 such that

(6.26) H" YT (X)) < H""H(S(A) + CA* VA € [-10,70]-

It suffices to show (6.26) for A € [0, no]. First observe that since I is the unique
minimal hypersurface spanned by ¥ and £(1) — ¥ in the C?®-norm for any
a € (0,1)as A — 0, we have

SA) —~S0)=T asA—0"
as weak convergence of currents. Also, since
lim H" Y(S) = H" (')
A—0t

and I' is smooth up to its boundary, the standard interior regularity and boundary
regularity of area-minimal hypersurfaces (cf. [24, chap. 7] and [12| p. 440]) imply
that there exists 7o such that S(1),A € [0, no], is a family of minimal hypersur-
faces smooth up to the boundaries, and S(A) converges to I" both in the Gromov-
Hausdorff distance and the C2**-topology as A — 0T. Notice also that the S(1)
all lie in Q, one side of I" for all 0 < A < 5. Thus we may assume that there ex-
ists a family of smooth unit vector fields on T', V(1,x) € C®([0, no] x T, S*71),
with the property that

6.27 lim ||[V(A,-) —vr(- o =0,

(6.27) A¢0+” (A,2) —vr()llczem)

and a family of smooth functions on I', ¢ : [0, o] X ' — R4, with the property
(6.28) [¢A. )llc2a@ry = CA YA €[0,n0],

such that

SA) ={x+oA,x)V(A,x):xeT} VO<A<n,.

In order to complete the proof of Claim [/, now we need to show the following
claim.

Claim 8. There exists Cop > 0 depending only on I' and €2 such that
(6.29) oA, )coay < Cor VYA € [0, nol.

For otherwise there exists A; — 07 such that

1
(i, ) lc2e@y — 0, but ] l¢Ai, ) lcoay = ki — +oo.
l
Set (A, x) = dp (A, x)V (A, x) for (A, x) € [0, no] x I'. Consider the functions
d(A;
®;(x) = #, x el

l¢(Ai. )l cocr)

Then we have

Co .
[®illcory =1, 1 ®illc2eapry < T 0 asi—oo
1
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Let M denote the minimal surface operator. Since I" and S(A;) are minimal sur-
faces, we have

Mx] = M[x + ®(A;,x)] =0, xeX.
It is easy to check that ®; (- ) satisfies an almost Jacobi field equation:ﬂ
Li[®;]=0 onT,
where

. 1
ci =/ (Dx M)[x + t DA, x)]dt.
0

Notice that £§C is a family of second-order uniformly elliptic equations whose co-
efficients are uniformly bounded in C2**. Thus the regularity theorem for linear
elliptic equations implies that

sup [[®i |2y = C.
1
Hence, after taking possible subsequences, we can assume that ®; — & in C2(T")

as i — oo so that ® € C2(T") is a normal vector field on I', which satisfies the
Jacobi field equation

Lx[®]=0 onT,
where Ly is the Jacobi field operator on I', and
||(I)||C0(I") = l, cb‘al—‘ =0.

In particular, @ is a nontrivial Jacobi field on I'. This contradicts the strict stability
assumption (A2) for I". This proves Claim|[g]

Now we continue to prove Claim [/} For simplicity, we may assume that there
exists ¥ € C*°(]0, o] x I') with

¥, )lcoaqy = CA VA €[0,n0]

such that
F'A) ={x+v@A,x)V(A,x):x eT}.
Then by (6.29) we have

¢, o) + 1V )licoqy = CA VA €0, 70].

Consider the area function
1
An@) = H" \({x + (A x) + (1= DA, x)V(A.x) s x €T}), 1€ [_E’ 1]
Since S(A) is area minimizing, and

A({x + ¥ (r,x) + (1 =D, x)V(A,x) s x €T}) = 0S(A) Vi € [—% 1},

2 This type of argument is standard in the theory of minimal hypersurfaces; the interested reader
can refer to [25]] for more details.
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we have A; (0)(= H" 1(S(L))) < Ay (¢) fort € [—%, 1]. Hence

A’ (0) = 0.
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Moreover, by the inequality (6.29) and direct calculations, we have that there exists

C > 0 independent of A € [0, no] such that

AL O] < Clg G x) = ¥ (o) 2oy < A2 fort € [0.1]

Hence by Taylor’s expansion, we have

H" N (T'(A) = Au(1) < Au(0) + CA2 = H"1(S(A) + CA* VA € [0, no].
This proves Claim 7]

Now we continue to prove Theorem [I.3] As an immediate consequence of
Claim[7] we obtain

an

a H" 1 (S(ea (1)) F(A) dr

N

H" N (T(ea (1)) F (1) dA
H" (S(ea () F(R) dA

+C /_ (eagl(x))z\/% dx

/;N H" 1 (S(ea (M) F(A) dA

an

+ Cé? / dTN (@ (A)2 F(A) dA

an.
(6.30) < ;N H" Y (S(ea (W) F(A) dA + Ce2,
2

where we have used in the last step the following estimate:

=

R R

R

an

[ o @ 2VEmar=c.

Thus we prove (6.23).

It is clear that Lemmad.T| Lemmal[5.1] and imply, after taking e to 0, that
[ |Vv|? dx + / |Vv|? dx < D.

Q-+ Q-
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On the other hand, by Lemma 6.1 we have v € A so that

/|Vv|2dx+/|Vv|2dxzD.
Q+ Q-

Hence v is a minimizing harmonic map in the class A, and

an
2 [ -
(6.31) E(e) = —/ H" 1 (T(ea.' (1)) F(A)dA +D +o(1).
€ J_an
2
To show (1.22), first observe that, by the definition of «¢ (see (A.7)), a change
of variables, and Proposition[A.4] we have

an

%/; H™ (T (ea=' (W) Q) dA

2

B—1
2 (2 —
T e /;eﬁz_l H" YT (en)y F(a(0) &' (1)dt +o(1)

GB_I
_2H"'(I) /
N € —

AV F@@o) o ()di

er-

A1
2 H"_l(r(et)) _ H"_I(F) — /
H/_eﬂ;l( P )lvF(a(t))a (t)dt + o(1)
(6.32) =I+1I+o(1).
For the term I, we observe that by Proposition[A.4]and (2.4), we have

n—1 F
= wf(r)/ VE@o) @' (0dt +o(1) = L H71T) + o).
R

To estimate II, observe that since there exists 79 > 0 such that

B(k) = H" 1 (T'(A)) € C'(=no,no),

we have
B(A) = B(0) + B (0)A + o(A), A € (=10, no).
This implies
H" 1(T(et)) — H" 1 (I') _ B(et) — B(0)
et N et

—B0) +0(1) Vie —eﬁ_l,eﬂ_l .
2 2

Therefore
1

eB—
<o) [, il Fawawar.

B
2
B

1 —23’(0)/ _1 t\/f(oz(t))oz’(t)dt
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Since 7/ F(a(t)) & (¢) is an odd function of 7, we have

é'B_l
28'(0) /_ eﬁ;_lz\/ﬁ(oz(z))o/(t)dt —0.

Moreover, by Proposition we have
eﬁ -1

/_;_] ey Fle@)a ()dt < C.

Hence
I =o0(1).

Putting these estimates into (6.32)) and (6.31) yields (I.22)). The proof of Theorem
[I.3]is now complete.

Appendix A: The Semidistance Function

In this appendix, we will first discuss some properties of the semidistance func-
tion d¥ (-,-) on R¥ induced by any potential function F satisfying (L.1)), which is
needed for the proof of lower-bound estimates of €E(¢) in Theorem |1.1

The semidistance function 4% (-, -) on R¥ induced by the potential function F
is defined as follows: For p* € R,

Al dF(pm.ph) =
1
inf{z [ VGO Wuldr 1§ € (111 BY), §(1) = pi}.

Since the integral in (A.T)) is invariant under parametrization, we have that for any
L >0,

L
dF (. ph) = inf{z [ VFEOIE 0ldr s ¢ € 1 (L. LB, 6L = pi}
- inf{z [ VGO wldr & € 1R B9, (00 = p*}.
R

It is easy to check that ¥ (p~, pT) = 0 if and only if either p* = p~ or p* €
N~ or p* e Nt. Usingdf (-,-), we also define

(A2) dy-(q) = inf d"(p.q) VqeRF,
pPEN—
(A.3) df =inf{df_(q):q e NT}.

The following relation between c(l): and dOF follows directly from the proof of
Theorem 2.11
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PROPOSITION A.1. Let cf and df be defined by (I3) and (A3), respectively.
Then it holds that

(Ad) af = cf (: 4 / = Jror dx).
0

Now we prove several important properties of d ]I\,? —(-)and d{ .
PROPOSITION A.2. df;_(q) = 0 ifand only ifq € N™.

PROOF. If ¢ € N, then for any p € N~ we choose yo € H'([~1,1],N7)
such that yo(—1) = p and yo(1) = ¢. Since F(yo(t)) = 0 fort € [—1,1], we
have d ¥ (p, q) = 0. Hence djf;_ (g) = 0.

Ifg ¢ N~ ,thend(q, N~) = 8o > 0. Forany p € N~ and § € H'([-1, 1], R¥)
with £(—1) = p and £(1) = ¢, there exists —1 < #9p < ¢; < 1 such that

870 <dE@),N7) <8y Vt €ty 1],

.%o _
d(é([0)7N ) = 5s d(s(tl)a N ) = 8()'
Since F satisfies (I.1)), there exists Cop > 0 depending on f and &y such that

inf F(£(1)) > C§.

t€fto,11]

Hence
1 1
2/_1 VFE)IE @))dt = 2/; VFE)IE (0)|dt

151
> 2, / ()1 = 2ColE () — £(10)) = 80Co.
I {

0

Taking the infimum over all such paths £ yields
d* (p.q) = $0Co:
this implies d};_ (g) > 0. O

PROPOSITION A.3. df_(-) € WL (R¥) and

loc

(A.5) \VdE_(q)| =2VF(q) ae qeRF.

PROOF. The proof is similar to [26, lemma 11], and we sketch it here.
c"ll"i) see that d 1{’;_( -) is locally Lipschitz, we pick any two points y;, y» € RF
and let

(t)_1+t +1—t
y\i) = ) Y2 )

yi, —l=r=1l,
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be the line segment joining y to y,. For any p € N, itis easy to see that

1
dE_(v2) <dF (p.y2) <dF(p.y1) +2 /_ VFGOIY 0ld

=d"(p.y0) +2(_max VF@)ly2 =l

Taking the infimum over p € N'!, we have

df—(y2) <df-(0)+2(  max  VFQ))ly2—»l-
YEBy, (Iy2—»1D

Interchanging y; and y, implies

(A.6) |dy- (1) — dx-(2)] < 2(

VFO)ly2 = »l

ma
YEBy (Iy2—y1)
Hence d ]{;_ () is locally Lipschitz on R¥.

Applying (A.6) with y; = y and yo, = y; — y, we have

df_(y))—dE_
lim ‘ N (i) N ()’)‘ <2JF().
yi=y lyi =yl

Hence, by Rademacher’s theorem (see, for example, the book [6]) we have

‘Vd]{';_(y)} <2y F(y) ae. yce€ R¥.
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To prove the other direction of |i let y € R¥ be a differentiable point of

djl\,r_(-) and po € N~ be such that

df-(y) = d¥ (po, ).

For any § > 0, let £ € H'([—1, 1], R¥) be such that £(—1) = pg, £(1) = y, and

1
§+dE () =2 /_ VFEO)IE Oldr.

For any small 0 < r < |y — pol, let 0 < t, < 1 be such that £(¢) € B,(y) for

tr <t <1land|&()— y| = r. Then we have
8+ df—(y) — dfr—(E(tr))

> 8+ d" (po,y) —d¥ (po.£(tr))

- [ 11 VFEDE Ol - [ VFEOIE 0l
=2 /t,l JEEOE ldr

>2( inf \/%)ft: &' (1)ldt = 2( i;f()\/m)r-

Z€By () Z€by(y
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Therefore, after sending 6 | 0 and r | 0, we obtain

F __JF
Va§-)] = tmsup R N

This completes the proof. U
In order to obtain the upper-bound estimate of E(¢) in Theorem for poten-

tial functions F satisfying (I.T)), we need to introduce the approximate minimal
connecting orbit ap7, : [-2L,2L] — R, L > 0, given by

H2Lg (L) + LAy if 2L <t <L,
(A7) () = () if —L<t<L,
Uty + 172 L <t <2L,

where o € H'(R), with a(+o0) = :I:dTN, is a minimizer of li For ar1,, we
have the following:

PROPOSITION A 4.

(1) apy, is monotonically increasing,

dy

dn dn
- t —_, +2L) = +—,
5 <oapr(t) < 5 azr( ) 5

and there exists C > 0 such that

(A.8) max, (lahy (O1? + F(aar (1)) < C.

(ii) There exist Loy > 0 and c1, ca > 0 such that for any L > L, we have

2L
w9 [ (0P + Faar@n)dr =cf + e
—2L
(A.10) max [loa, OF = Flear )] < eae™ ",
an an
A1D) ‘ [ 2 [GLAIY Flear (1) di - f oy 1€ DY Fla@) dx'
’ T2 T2
< Cze_clL.

PROOF. All the above properties of oy follow directly from the following
property of o: 3L > 0 such that

/()] + [e(t) — G| < Cre™C2"if1 > Lo,
o/ ()] + |a(t) + W | < et ift < —Lo.
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Consequently, we only sketch the proof of (A.9). Direct calculations imply that for
L > Lo,

L 2L B
{ / i / }(|a’2L(r)|2 T Flaa(t))dr
—2L L

2

1 dy dy 1
< C(Z a(—L) + > + L‘(x(—L) + > )
1 dy 2 dn 2
—la(L) — — Lix(L) — —
+C(Loz() > + ‘a() : )
< Cle_ch.
Thus
2L _
[ (e 0P + Flaar )
L ~
:/ (lo' () + F(a(t)))dt
L 2L _
+ {/ +/ }(|0/2L(t)|2 + Faar(1)))dt
—2L L
< cé: + Cle_CZL.
This completes the proof. 0

Appendix B: List of Notations

2: bounded smooth domain in R”

3: smooth (n — 2)-dimensional closed submanifold of 92
I': area-minimizing hypersurface in  with dI' = ¥ C Q2
vr: unit normal vector field on I

Ly Jacobi field operator on I'

»*: two connected components of Q2 with 0¥ = X

V.: tangential derivative on hypersurfaces in R”

Q*: two disjoint subdomains of Q with dQ* = S+ U T
N=*: two disjoint compact Riemannian manifolds without boundary in R*
d(-,N): distance functionto N = NT UN~

dy: euclidean distance between N7 and N~

M®: pair of sets in N* of minimal distance d

Ns: §-neighborhoodof N = NT UN~

IT: nearest-point projection from Ng to N

F: potential function of high-dimensional wells

F: scalar-valued potential function induced by F

BX: ball of radius R in R¥

3": p-neighborhood of ¥
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X y: complement of X7 in »+

I'(z): hypersurface in 2 whose distance to I" equals ¢

I'y: t-neighborhood of I" in 2

ge: Dirichlet boundary data

g: Dirichlet boundary data obtained as limit of g

g(x¥): one-sided trace value of g on X for x € &

E(¢): minimal energy of the singular perturbation functional with boundary
data g

Ue: minimizer of E(¢)

c¢F(p*, p7): minimal connecting energy between a pair of points p* € N+

c(f : minimal connecting energy between N *

H"™1: (n — 1)-dimensional Hausdorff measure in R”

D(¢): second term in the expansion of E(¢) with respect to é

dimpy: Hausdorff dimension of sets in R”

dr(x): signed distance function to I"

®: diffeomorphism map from I" x [-6g, Jo] to I'g,

W, diffeomorphism map from Q% \ 'ew to QF

o: minimal connecting orbit for the double-well potential functions F

ae: truncated version of o in [—e¥~ 1, €%71]

A: Sobolev space with the Dirichlet and partially constrained boundary con-
dition

D: value of Dirichlet energy of minimizing harmonic maps in A

v(xT): one-sided trace value of v € Aonx € T

Qf 5° subset where uc is in the §-neighborhood of N +

E. s: subset where u, is outside the §-neighborhood of N

€2,: subdomain of €2 that has distance to d€2 larger than 7

Q,]i: intersection of €2, and Q*

Oy: intersection of I'y, and (2 \ )

Uni: complement of Oy in (Q*\ Qni)

Uy: union of U,]jE

3(¢): intersection of I'(z) and 02

S(t): area-minimal hypersurface in Q2 with dS(¢) = X(¢)

BV(€2): space of functions with bounded variations in €2

SBV(£2): space of special BV functions in €2

0* E: reduced boundary of set E of finite perimeters

xE: characteristic function of a set £
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