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SUBOPTIMAL AND OPTIMAL CONVER GENCE IN MIXED FINITE
ELEMENT METHODS
ALAN DEMLO WY
Abstract.  An elliptic partial dieren tial equation may be formulated in di eren t but equivalent
ways, and the mixed nite element methods derived from these formulations have di eren t prop erties.
We give general error estimates for two such methods, which are always optimal for the Raviart{

Thomas elemerts, but which are suboptimal for the Brezzi{Douglas{Marini elements in one of the
methods. Computational experiments show that this suboptimal estimate is sharp.
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1. Intro duction. In this paper we considertwo mixed nite elemen methods
corresponding to two equivalent ways of formulating a general second-orderelliptic

scalar problem for u(x), where x 2 is a bounded domain in R", and n 2.
Written in \div ergence"form, the problemisto nd u satisfying

X @ @ X @

— g (X)— + X)—+c(x)u=fin ;
u=gon@;
or, with the matrix A = [g; ] and the vectorb= [b],
(1.1) div(Ar uy+ Br u+ cu=f in ;
u=gon@:

Under minimal smoothness assumptions on the coe cient B, the problem may be
equivalently formulated in the \conservation" (or \strong divergence")form

div(Ar u+bu)+ cu=f in ;

(1.2 u=gon@ :

We note here that, although (1.1) and (1.2) are equivalent forms, they are not the
samedi erential equation (their weak forms are, in fact, adjoints in the casethat A
is symmetric and g = 0), and we shall treat them asdi erent problems.

The main point of this investigation is to show that the corvergenceof the \nat-
ural" mixed nite elemern approximation to the vector variable p= (Ar u + tu)
in (1.2) may be of suboptimal order, while mixed methods basedon (1.1) approx-
imate the vector variable p = Ar u to optimal order for all standard choices of
elemen spaces.Suboptimal corvergencein methods basedon (1.2) may occur when
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the nite elemen spacesemployed have a higher order of approximation for the vec-
tor variable p than for the scalar variable u. This is, in particular, the casefor the
Brezzi{Douglas{Marini (BDM) family of elemeris for simplicial decompositions.

Mixed nite elemen methods for approximating solutionsto (1.1) and (1.2) when
the coe cient D is nonzerowere introducedin [DR82]. Let Q, V,  H(div;)
L,() be a mixed approximating subspace. Then the mixed nite elemen method
corresponding to the divergenceform (1.1) is asfollows: Find apair fpn;ung2 Qn Vi
such that

1.3) (A pn;eh)  (diven;un) = hgen ni;
(divpn;vn)  (BA pnivi) + (Cun;vn) = (F;vn)
for all fen;vig2 Qn  VWh. Here(; ) denotesthe L,() or [L2()] " inner product,
and h; i denotesthe L,(@) inner product. Note that here the vector variable py
approximates p= Ar u.

The corresponding mixed method for the consenation-form problem (1.2) is as
follows: Find fpn;ung2 Qn Vi sud that

(A pn;en)  (diven;un) + (A bup;en) = hge ni;

(1.4 )
(div pn; Vi) + (cun;vh) = (f;vn)

forall feh;vhg 2 Qn Vi The vector variable p, now approximatesp = (Ar u+1hu).

We will take Qn VW, to be any of a number of families of elemens de ned
on decompositions of  into simplices or quadrilaterals of maximal diameter h (see
section 2.3 for preciseassumptions). The BDM family of elemens for triangular (in
the casen = 2) or simplicial (in the casen = 3) decompositions, members of which
are denoted BD My, will be of special interest. In the BDM family, introduced in
[BDM85], we have Qy, = [P«]" and V,, = P¢ 1 on ead elemeri with conditions across
elemen interfacesso that dive, 2 Lo() for ¢, 2 Qn. A local interpolant 1 is
de ned, and

(1.5) e nei,or 0 Ch* il (g o

The local L,-projection Py : Lo() ! VW, is usedasthe scalar- eld interpolant and
satis es

(1.6) v PaviiL,g  ChSjivii

Thus, the vector nite elemer spaceQy is able to approximate to one order higher
than the scalar spaceV,. In cortrast to the BDM elemerns, the commonly used
Raviart{Thomas spacesapproximate the vector and scalar elds to the sameorder.
More important, the BDM elemens approximate the vector eld to a given order
with fewer total degreesof freedom than are required by the Raviart{Thomas ele-
mernts. The e ciency with which the BDM elemeris approximate the vector eld is
advantageous since mixed methods are designedto approximate the vector variable
well.

Existence, uniqueness,and optimal order global L, estimatesfor both the scalar
and vector variables were proven for (1.3) and (1.4) in [DR82] for the casewhere
Qnh VW, is taken to be one of the Raviart{Thomas (n = 2) or Raviart{Thomas{
Nedelec (n = 3) family of spacesand where h is small enough. Global L; results
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and global L, and negative-norm results for the consenation-form method were also
given in [GN88] and [DR85], respectively. Howewer, theseresults are not valid when
the BDMy spacesare used, and similar results for these spacesdo not exist in the
literature. In this paper, we investigatethe order of corvergenceof methods (1.3) and
(1.4) via both theoretical and computational means.

Our main focuswill be on estimatesfor the errorsp pn andp py, in the vector
variables. In cortrast to [DR82] and [DR85], we shall also pay particular attention to
the structure of the error bounds. For the sake of comparison,we rst state results
for the well-studied case(see,e.g., [FO80] and [Du88]) where both B and c are zero.

Theorem 1.1. Assumethat both B and c are zer in (1.1) and (1.3) and that
the assumptionsof section 2 concerning the divergene@-form error equations and the
nite elementspaces are satis ed. Then there exists a constant C independent of h,
u, p, f, and g suchthat

kp Pk, »  Ckp  nBKp,(y n:

For the divergence-formproblem (1.3), we prove a new error estimate which
is valid under general abstract assumptions and which yields an optimal order of
convergencefor all elemen families normally usedin the context of mixed methods
for elliptic problems (including BDMy).

Theorem 1.2. Let the assumptionsgiven in section 2 for the divergene-form
problem be satis ed. Then for h small enough, the solution fpy;ung to (1.3) exists
and is unique, and there exists a constant C independent of h, u, p, f, and g such
that

a.7) kp phk[Lg()] n C(kp hpk[Lz()] n + hku PhUkLz() ):

Remark 1.3. It is possibleto sharpen the estimate (1.7) when the coe cient cis
constart on ead elemen of the mesh. In particular, it then can be shown that for h
small enough,

ke Bnki,op » Ckp Pk, ot

Finally, we prove the following estimate for the consenation-form problem (1.4).

Theorem 1.4. Let the assumptionsgivenin section 2 for the conservation-form
problem be satis ed. Then for h small enough, the solution fpy;ung to (1.4) exists
and is unique, and there exists a constant C independent of h, u, p, f, and g such
that

(18) kp phk[Lz()] n C(kﬁ' hpk[Lz()] n + ku PhUkLz() ):

In the progressionfrom Theorem 1.1to Theorem 1.4, our error estimatesexhibit a
strengthening of the coupling of the vector variable p,, or p, to the scalarvariable uy,.
In Theorem 1.1, the error for the vector variable is not coupledto the approximation
error for the scalarvariable, asthe bound givenfor ks pnkj_,(y » isindependert of u.
The estimate (1.7) for the divergence-formproblem indicates a weak coupling of p  pn,
tou Phuin the presenceof lower-orderterms. That is, the bound for kg prk,(y »
is dependert on u, but only via an approximation term ku Phuk_,(y multiplied by
a factor of h. The estimate (1.8) indicates that when the vector variable p is directly
related to u and not just to its rst derivatives,a strong coupling of p pn tou Phu
results. That is, the bound for kg pnk; ,() » is dependert on ku Phuk,,) but
now without a factor of h multiplying the latter term.
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We next note that combining the approximation estimates (1.5) and (1.6) with
the error bound (1.8) yields a suboptimal order of convergencein the vector variable
for the consenation-form method (1.4) when the BDM spacesare employed. We
are thus naturally led to question whether (1.8) is sharp. In section 4 we presert
numerical examplesfor which the convergenceof p, to p is of suboptimal order. In
particular, we compute estimated rates of convergencefor problemsusingthe BDM;
and BDM, elemerts in R?. Thesespacesare able to approximate the vector variable
to orders 2 and 3, but we compute rates of convergencewhich clearly tend to 1 and
2, respectively, asthe meshis subdivided. That is, the convergenceof py, to p is of
suboptimal order, and the estimate (1.8) is indeed sharp.

We nally commert on the relationship between our work and previous work.
In [Ch94], Chen discussedthe use of BDM elemerns in mixed approximations to
solutions of certain nonlinear equations. In that paper, he preseried two computa-
tional examplesin which the vector variable was poorly approximated when using
the BDM elemeris in a standard mixed method on a meshof xed size. Chen also
conjectured that the rate of corvergenceof the mixed approximation to the vector
variable may be suboptimal when using the BDM elemerns with standard mixed
methods for nonlinear equations, and he further suggestedhat suc suboptimal rates
of convergencemay be due to a coupling between the vector and scalar variables.
In [Ch94], [Ch984d], and [Ch98b], he gave expanded mixed methods for both linear
and nonlinear problems which lead to optimal rates of corvergencewhen the BDM
elemerts are used.

2. Preliminaries and assumptions. In this section, we outline the assump-
tions under which we shall prove our results, and we also describe the BDM family
of elemers usedin our computations.

2.1. Assumptions for the partial dieren tial equation. We assumethat
the matrix of coe cien ts A = [a; (x)] satis es the uniform ellipticit y condition

X . L. P2, n. .
ajj (x) i j Cenj 1% 2R", x2 ;
ij =1

where Cgi > 0. We also assumethat the coe cien ts a; and by are Lipschitz contin-
uous and that c is bounded and Lipschitz corntinuous on eat elemer of the mesh.

We do not require coercivity of the bilinear forms corresponding to (1.1) and (1.2).
Instead, we make wealker assumptionsconcerningexistenceand regularity of solutions
to (1.1) and (1.2). We denoteby H}() membersof H() with vanishing trace and
denoteby H () the dual spaceof H}(). Then weassumethat if f 2 H () and
g= 0, (1.1) and (1.2) have unique solutions. Thusu 2 H() solving (1.1) or (1.2)
satis es

(21) kUkHl() Ckf kH 1() .

Iff 2L,() and 2 HY() weaklysatisfy div(Ar )= f, then we further require
the regularity estimate

(22) k kHZ() Ckf kLz() .

We note that Lipschitz continuity of the coe cien ts a guaranteesthat (2.2) will hold
whenewer @ is C? or s corvex; cf. [Gr85, Thms. 2.3.3.2and 3.2.1.2].
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In our proofs, we shall make use of uniquenessand regularity properties of the
formal adjoints in H3() to (1.1) and (1.2). These properties are equivalert to those
stated above for (1.1) and (1.2), but we collect them here for convenience. For Theo-
rem 1.2, we require existenceand uniguenessof solutions to

dv(Ar +bB)+c =fin ;

(2.3) —0on@:

and we also require that the H?2 regularity estimate
(2.4) K Knz() Ckf ki, ()

holds. The latter estimate follows frorp, (2.1) and (2.2). Let f = divz, wherez 2
H(div;) =fg2[L2()] " s.t. divg= i”:l gTq 2 L,() g. We shall alsorequire the
energy-type estimate

(25) k kH 1() CkZ‘k[LZ()] n,

which is a trivial consequenceof (2.1). In our proof of Theorem 1.4, we require that
solutions  of

dv(Ar )+Br +c¢c =fin ;
=0o0n@;

exist, be unique, and satisfy the H? regularity estimate (2.4).

2.2. Error equations. Theoremsl.1land 1.2 do not require that u be an actual
solution of (1.1) but only that the pair fp pn;u ung satisfy the divergence-form
error equations

(2.6a) (A Y(p pn)ieh) (diven;u up) = 0;
(2.6b) (div(p pn)ive) (A (B Pn)ivn) + (C(U  Un);Vh) = O

for feh;vhg 2 Qn Vi In the caseof Theorem 1.1 here of courseboth B and c are
zero.

Similarly, for Theorem 1.4 we require that the pair fp pn;u ung satisfy the
consenation-form error equations

272) (A (P pn)ith) (diven;u un)+ (A 'BU up)ien) = O
(2.7b) (div(p pn);vh) + (c(u  Uun);vn) =0

forall fen;vig2 Qn  Vh.
In other words, we shall assumethat all integrals are exact, including the bound-
ary integrals hg; ¢ ni and hg; e, ni in the original problems.

2.3. Assumptions for the nite element spaces. Let } be a partition of
into triangles or rectangles (or their higher-dimensional analogues)of maximum
diameter h. Boundary elemeris are allowedto have onecurved edgeasin, for example,
[DR85] and [BDM85]. Let the nite elemen spaceQn VWV, H(div;) Lo() be
de ned with respectto .

We rst require that the commuting diagram property be satis ed. We let W =
H(div; ) \ [LS()] " for some xed s > 2 and let P, : Lo() ! W, bethe L,
projection. Then we require that there exist a projection operator , : W ! Qp sucth
that the following diagram commutes:
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W _ h - Qpy
div div
Lo() —Pn -

The commuting diagram property can also be stated in the form
(2.8) div. hg= Phdiveg

for ¢ 2 W. We also assumethat &, = &, for &, 2 Qp, that is, that  is the
identity on the nite elemen spaceQy (clearly, Py, is the identity on V).
Approximation assumptionsare stated next. Sincethe proofs of Theorems1.1,
1.2,and 1.4 useonly rst-order approximation properties, that is all we shall require
for the presen. For the vector nite elemen spaceQy with interpolant , weassume

(29) kq hqk[Lz()] n ChKQK[H o] n
for all 2 [HY()] ". For the scalar eld spaceV,, with L,-projection P}, we assume
(210) kv PthLz() CthkH 1()

for all v 2 H(). We note that these assumptions place very few restrictions on
the mesh. In general,a minimum angle condition (shape-regularity) is su cien t in
the caseof simplicial decompositions, thus allowing for highly adapted meshes. It
has also been showvn in [AD99] that a maximum angle condition (or an analogous
condition if n = 3) is sucien t in the caseof the lowest-order Raviart{Thomas and
Raviart{Thomas{N edelecspaces.

We also shall require the inf-sup condition

(2.11) sup (dv eh;vn) kvnk,()

e 20, KEKH (div ;)

which may be derived from the commuting diagram property and (2.9); cf. [BF91,
Prop. 2.8]. Here keky (div;) = KeKi,(y » + kdivek,,() -

Thesegeneralassumptionsare satis ed by all the usual nite elemen spacesused
in the context of mixed methods for elliptic problems. We refer the readerto [BF91,
Chap. 3] for an overview of such spaces.

2.4. Description of the BDM family of elements. Here we give a brief
description of the BDM family of elemerns for triangular decompositions in two
dimensions. The same basic description also holds for simplicial decompositions in
three dimensions. We follow [BDM85] and [BF91, Chap. 3].

We assumethat |, is a triangulation of , and we now require that ead triangle
T 2 1, has straight edges. We note that one may de ne the BDM elemers so
that boundary triangles are allowed to have one curved edge,but our computational
examplesdo not involve elemerts with curved edgesand, for brevity, we thus restrict
our de nition to elemens with straight edges. For any given triangle T, we denote
the edgesby e, i = 1;2;3, and denotethe normal vector to the ith edgeby r;. For a
xed integerk 1, wede ne

Qn =fen 2 H(div; ) s.t. ehjt 2 [P(T)]"g;
Vh = fvy 2 La() st vhjt 2 Pk 1(T)g;
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where Py denotesall polynomials having degreelessthan or equal to k. Note that
the condition that e, 2 H(div; ) is equivalert to requiring continuity of the normal
componert ¢, f; acrosselemen interfaces, and note that there are no continuity
requiremerts placed on members of \}, acrosselemen interfaces.

The L,-projection Py, is de ned by

(u Ppu;vp)=0; vy 2 Vg

We next de ne the vector projection operator . We rst de ne the edge space
Rk (@) by

Re(@) =1 2Lp(@)st jo 2P(e); =123
Then for 2 W, wedene g by
e ne) A;pki = 0 pe 2 Re(@);

(8  nesrpe 1)=0 pc 12 P 2(T);
(8 neh KW=0 k2 &

where ¢ = f 2 [P(T)]" sit. div « = 0; « njgr = 0g. The operator 1, is
uniquely de ned by theseconditions, satis es the commuting diagram property (2.8),
and approximates to order k+ 1in L, when ¢ is smooth enoughand the meshsatis es
a minimum angle condition. For proofs of theseproperties, we again referto [BDM85]
and [BF91]. It is alsoclearthat 1§ is the identity when restricted to Qy,.

3. Pro ofs of Theorems 1.1, 1.2, and 1.4.

3.1. Pro of of Theorem 1.1. For the sake of completenessand comparison,we
rst prove Theorem 1.1. Using the triangle inequality, we have

(3.1) ke pnk ke npk+ Kk hp  pnk;

where for the sake of brevity we have abbreviated k kj_,(j; » to k k. We usethe
sameabbreviation for k ki, .

SinceA is uniformly positive de nite with uniformly boundedertries, A ! is also
uniformly positive de nite with uniformly bounded entries. Thus we have

k hp pk?® C(AXA Y np Bn); nP Pn)
CGA *(np B); nP PRI+ I(A Xp Pr); B B)i)
Ckp  npkk np Pk+ (A (B Br); nP Bn)i)
. 1
3.2) Ckkp  npK>+j(A (p Bn); nP Pr)i) + 5K P Pnk?:
Kicking back the last term above and combining (3.2) with (3.1) yields
(3.3) ke pnk® Ckp  npK®+ Cj(A (B Bn); nP B0

Combining the commuting diagram property (2.8) with the error equation (2.6b),
while recalling that D= 0 and ¢ = O, yields div( wp pn) = 0. Then noting that
div( hp pn) 2 Vh and using (2.6a), we obtain

(AP pn); P Pn)=(div( hP Br)iu Up) = O

Combining the last equation with (3.3) yields the desiredresult. ad
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3.2. Pro of of Theorem 1.2. In this sectionwe prove the estimate (1.7). Exis-
tence and uniquenessare proven in section 3.4. The proof of the error estimate (1.7)
from Theorem 1.2 is the sameasthat of Theorem 1.1 through (3.3); that is, we have

(3.9 ke pnk® Ckp  npK?+ Cj(A (B Pn); nP B0t

Using the error equation (2.6a), we obtain

(A Y(p Pn); nP Bn) = (div( hP Pn);U  Un)
(3.5) = (div( np  Pn);Pnu Un):

We next proceedwith a duality argumert. Let be the weak solution to the
boundary value problem

div(Ar +D)+c =div( hp pn)in
=0on@:

Letting = (A r + B ), we may rewrite the above in the mixed form

(3.6a) (A ~d (diveg )+ (A B; §=0

(3.6b) (divev) + (c; v) = (div( np pn);V)
forfgvg2 H(div;) L2(). Combining (3.5) and (3.6b) yields

B7) (A 'p ) np Bn)= (divePau o up)+ (c; Phu up) 1+

Employing the commuting diagram property (2.8) and the error equation (2.6a)
yields

| = (dive;Phu up) = (Phdive,Phu  up) = (Phdiveu  up)
= (div nHu up)= (A Yp pn); nb)
(3.8) =(AYp P nF B+(A P )R

Using (3.6a), we have

39 (AP PhO=(A £p p)=(div(p p); ) (A Dip p):
We next usethe commuting diagram property (2.8), the error equation (2.6b), and
the dual mixed equation (3.6a) to obtain

(div(p pn); )= (div(p pn);  Pn )+ (div(p pn)iPn )

= (div(p  wP);  Pn ) (c(u un)iPh )+ (BA Y(B Pn)iPh )

=(div(p  wP); ) (c(u un)iPn )+ (BA Y pn)iPn )
(3100 =(A ++A Db;p hp)  (c(u  up);Pp )+ (BA (P pn);Ph ):
Combining (3.9) and (3.10) yields

(A Y pn)i®)
B11) =(A r+A D;p P (c(u un);Prn )+ (P pn:A B(Ph ):
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We then combine (3.11) and (3.8) to obtain
I=(A'p m); nF B+(A F+A B;p 4p)
(cu un);Pn )+ (P PnsA B(Pn )
and, after combining with (3.7) and rearranging terms, we have
L+11=[A*p B nt B+ pA BP, )]

+H(A £+ A DB;p np))+ [(Phu un;c) (c(u un);Ph )]
(3.12) [+ 1V +V:

We now estimate the terms above. Using the H? regularity of the dual problem
and the approximation assumptions(2.9) and (2.10) yields

=@ A (o )+ A BPh )
Ckp pnk(kr htk + k Pn K)
Chkp  pnkk Kyz(y Chkp pnkkdiv( np pn)k:

Employing the commuting diagram property (2.8) and the error equation (2.6b), we
have

kdiv( np  pn)K? = (div( np  Bn);div( np  Bn))
= (div(p pn):div( np  pn))

= (mA Y(p pn)idiv( ap Pn)) (c(u un);div( np  Pn))
C(kp pnk+ ku unkkdiv( np pr)k

Thus
kdiv( np pn)k Ckp pnk+ ku uyk);
and for any ;> 0,

[1l1  Chkp prk(kp prk+ ku upk)
2
Chkp pnk®+ C 1kp pnk?+ ﬂku un k?:
1

We next employ the energy-type regularity assumption (2.5) to obtain
IV=(A ++A D;p hp) Ckp hBKK Ky1()
Ckp  npkk np pnk  Ckp  npk(k np pk+ kp pnk)
Ckp  npk?+ Skp hpk? + C 2kp  pnk?
2

forany ,> 0.
Next we compute

V= (Pau up;c) (U un;CPh )
=(u un;Pr(c)) (U up;cky)
=(u up;Pn(c) c)+(u un;c) (U un;CPy )
(3.13) = (U up;Pp(c) c)+(u un;c(  Pp)):
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Again employing the energy-type regularity assumption (2.5) yields
(U Un;Pn(c) c)+(u unic cPy)
ku unk(kPh(c) c k+kc cPy, k)
C(c)hku upkk ky1(y C(c)hku upkk wp prk:
We thus obtain, for any 3> 0,

V  Chku unk(kp pnk+ kp h pK)
ch 1+l K upk?®+ 3kp pnk®+ kp  hpk?
3

We nally collectterms |11, 1V, andV into (3.12), which we substitute back into
(3.7) and nally (3.4) to obtain

ke pnk®> Ci(kp  npk®+ h%ku upk®)+ Co(h+ 1+ 2+ 3)kp  pnk’;
where C; dependson the ;'s but C, doesnot. Taking h and the ;'s small enoughto
kick bad the last term above yields
(3.14) ke pnk C(kp hpk + hku  unk):

The proof of estimate (1.7) from Theorem 1.2 is completed using the following
lemma and a further kick-back argumert for h small enough.

Lemma 3.1. Assumethat all assumptionsof Theorem 1.2 are satis ed and h is
taken to be small enough. Then

(3.15) ku uhkLz() C(ku PhUkLz() + kp phk[Lz()] n):

Proof. Clearly it is su cien t to bound kPhu upk by the right-hand side of (3.15).
Using the inf-sup condition (2.11), the commuting diagram property (2.8), and the
error equation (2.6a), we nd

Pou upk  sup AVGIPRU Un) g (dvehiu un)

@2Q,  KhKu (v )) @20, K6hKH(dv:)

1 )
= sup (A “(P Pn)ith)
6 2 On Keh Kn (div ;)

Ckp Pnki,(y o

This completesthe proof of Lemma 3.1 and thus of (1.7). a

It is possibleto prove an estimate similar to (3.15), which is su cien t to complete
the proof of (1.7), by using a duality argumert similar to that employed in the proof
of Corollary 3.4 instead of using the inf-sup condition.

3.3. Pro of of Theorem 1.4. Focusingour attention rst on the error estimate
(1.8), we again delay the proof of existenceand uniquenessuntil section 3.4. As in
the proof of Theorem 1.1, we have

(3.16) ke pnk® Ckp  wpk®+ Cj(A (p Pn); nP B0t
From (2.7a), we have
(A *p Bn)i np Pn)

= (div( np Pn)iu un) (A 'BU un); wP Pn)
Ckdiv( np pn)kku upk+ ku upkk np  prk

(3.17) Cku upk?+ kdiv( np pn)k2+ Kk np pnk®:
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Noting that k hp pnk® 2 (kp npk?+ kp pnk?), we combine (3.16) with (3.17)
and take small enoughto obtain

(3.18) ke pnk?® C(kp  npk®+ kdiv( hp pn)K?+ ku  upk?):
From the commuting diagram property (2.8) and the error equation (2.7b), we deduce
(div( np pn)idiv( np pn)) = (div(p pn)idiv( np Pn))
= (c(u up);div( hp pn)) Cku upkkdiv( hp pn)k
Substituting kdiv( wp pn)k Cku upkinto (3.18), we obtain
ke prnk C(kp hpK+ ku  upk):

Lemma 3.2 and a kick-back argument for h small enough complete the proof of
the estimate (1.8) from Theorem 1.4.

Lemma 3.2. Assumethat all the assumptionsof Theorem 1:4 are satis ed and
that h is small enough. Then

(3.19) ku uhkLz() C(ku PhUkLz() + kp hpk[Lz()] n + hkp phk[Lz()] n):

Proof. Clearly it is su cien t to bound kPLu unk by the right-hand side of (3.19).
Let be the weak solution to

div(Ar )+Br +c =Pyu uyin
=0on@:
With = A r , wewrite the above problem in the mixed form
(3.20a) (A r¢g (diveg )=0;
(3.20b) (divev)  (BA £ v)+ (c; v) = (Phu  up;v)
for fegvg2 H(div; )  La(). Then
(Phu  up;Phu up)
(3.21) = (divFPhu up)+ ( BA r+c; Phu uy) I +11:

Using the commuting diagram property (2.8) and the error equation (2.7a), we
have
| = (divFPhu  up) = (PhdivePhu  up) = (div hFu up)
= (A Mp pn); wB)+ (A (U un); nB) = (A (P opn) nf B
+(A Y p)ir)+ (A DU un); nE B+ (A BU up)iR):
We next usethe dual mixed equation (3.20a), the commuting diagram property (2.8),
the error equation (2.7b), and then again use the dual mixed equation (3.20a) to
calculate
(A'p p)iR)=(A &p pn)= (div(e )i )
= (div(p pn);  Pn )+ (div(p pn);Pn )
= (div(p  nB);  Pn )+ (div(p pn)iPn )
= (div(p  np)s ) (U uncPy )= (A Y(p PP (U UniCPh )
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Combining the last three equations and rearranging yields

L+11=(A*p pn); nt B+A p ;e (U unichy )
+ (A u up); nF B+ (A U un);p)+( BA r+c; Phu o up)
=[(A NP prtBu un); B+ A e PP
(3.22) + (A (u  Phu);Ol+ [(Phu upic) (uoupicPy )] TTT+IV

Using the de nition of &, the approximation properties (2.9) and (2.10) and H?
regularity yields

= (A Yp pn); nt B+ (A DU un); ne £
+(A Np PO+ (A DU Phu);e)
C(hkp pnk+ hku upk+ kp hpK+ ku  Pruk)k Kiyz(y
C(hkp pnk+ hkPhu upk+ kp npk+ ku  Phuk)kPhu  upk:

We similarly compute

IV =(Phu up;c) (u up;cky)
= (Phnu un;c cPy )+ (Phu un;CPr ) (U UniCPp )
= (Phu unse( Pn )+ (Phu uscPy )
C(hkPru upk®+ ku  PhukkPhu  upk):

We next combine the last two inequalities with (3.21) and (3.22) to obtain

kPhU Uhk2
(3.23) C(hkp pnk+ hkPhu upk+ ku Ppuk+ kp hpK)kPhu  upk:

In order to complete the proof we divide the above inequality by kPh,u upk, then
take h small enoughto kick badk the secondterm in parentheses. O

Remark 3.3. We note here that the proof of Lemma 3.2 requires a duality
argumert, whereasthe proof of the analogouslemma in the divergence-formcase,
Lemma 3.1, requiresonly a simple argumert employing the inf-sup condition.

3.4. Existence, uniqueness, and estimates for u uy. Herewe prove ex-
istenceand uniquenessof solutions to problems (1.3) and (1.4) as stated in Theorems
1:2 and 1:4. We also give estimatesfor the scalarerror u uy,.

We rst obtain estimatesfor ku unk. Here, instead of (2.10), we assumethat
for somek 1 and forallv2 H™(),

3.24 kv. Phvk ChMkvkymy for1 m k:
0

We recall the Kronecker delta j , where j; = 0ifi 6 jand j = 1ifi=j.

Corollar y 3.4. Letfu wuh;p png satisfy error equations (2.6a) and (2.6b)
or (2.7a) and (2.7b), assumethat (3.24) holds, and let the correspnding assumptions
for Theorem 1.2 or Theorem 1.4 hold. Then for h small enough,

ku UhkLz() C(ku PhUkLz()
(3.25) + hkp hpk[Lg()] » + h? wkdiv p Ppdiv pkLg() ):
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Proof. We rst prove the corollary for the divergence-formcase. Clearly, it is
sucient to bound kPhu upk by the right-hand side of (3.25). Let be the weak
solution to

dv(Ar +D)+c

Phu  up in
Oon@ :

With += (A r +1 ), asin the duality argumert usedin the proof of Theorem 1.2,
we rewrite the above in the mixed form

(3.26a) (A rq (dveg )+ (A D; g =0;
(3.26b) (divev)+ (c; v) = (Phu  up;v)
for fe; vg 2 H(div; ) Lo(). Wethen may write (Phu  un;Phu up) = (dive+

c; Phu up). We may manipulate this equation exactly asin (3.7){(3.12) and then
manipulate the term V in (3.12) asin (3.13) to obtain

kPru Uhk2 = (Phu Up; Phu uh)
=(AYp Bn); nF B+ (E pA BP, )
(3.27) +(A +A Db;p )+ (U up;Pr(c) c )+ (u up;( Pn )):

We next usethe mixed equation (3.26a) and the commuting diagram property (2.8)
to nd

(328) (A #+A DB;p np)=(div(p np); )= (dive Ppdive,  Pn ):

Inserting (3.28) into (3.27) and using the approximation assumptions(2.9) and (3.24)
and H? regularity, we thus obtain

kPhu unk?  C(hkp pnk+ h? tkdivp Ppdivpk+ hku unk)k kpyz(
C(hkp pnk+ h? kdivp Py, div pk
+ hku Ppuk+ hkPhu unk)kPhu  upk:

Dividing by kPh,u uhk yields

kPhu upnk C(hku Pruk+ hkp prk
(3.29) + h? wkdivp Ppdivpk+ hkPhu  upk):

To complete the proof, we insert estimate (1.7) into (3.29) and take h small enough
to kick badk the last term above.

The estimate for the consenation-form casemay be obtained in similar fashion
by treating the term (A (p hp); ) in (3.22) asin (3.28) and then proceedingas
above. O

Remark 3.5. One may trivially obtain an estimate of the form

ku upk C(ku Pruk+ kp h PK)

by combining (1.7) with (3.15) or (1.8) with (3.19), but such an estimate would require
HX*1 regularity in order to produce an O(h¥) error. Except in the lowest-order case
k = 1, the estimate (3.25) requiresonly H¥ regularity to produce an O(h¥) error.



SUBOPTIMAL CONVER GENCE IN MIXED METHODS 1951

Existence and uniquenessfor methods (1.3) and (1.4) follow easily from the esti-
matesgivenin Theorem 1.2, Theorem 1.4, and Corollary 3.4. Our argumert is similar
to that of [Scth74] in that we derive a priori error estimates,without rst proving exis-
tence and uniqueness,and we then usethe a priori estimatesto prove uniqueness.We
note that if either (1.3) or (1.4) hastwo solutions fun;png and fOn;Phgin Qn  Vh,
then the pair fu, On;pn  Prg satis es the corresponding error equations (2.6a)
and (2.6b) or (2.7a) and (2.7b), respectively. Taking h small enough allows us to
apply Theorem 1.2 or Theorem 1.4 along with Corollary 3.4 (note that how small
h is required to be is dependert on the coe cients A, B, and ¢ and the domain
, but not on u, p, etc.). Sincefpn;ung is in the mixed approximating spaceand
our projection operators are the identity on this spaceby assumption, we then have
kup,  Opk = kpn  pPnk = 0. Thus uniquenessholds, and since (1.3) and (1.4) are
nite-dimensional systemsof linear equations, existenceholds as well. The proofs of
Theorems1.2 and 1.4 are thus completed. O

4. Computational results. In this sectionwe provide computational evidence
that Theorem 1.4 for consenation-form mixed methods is sharp when the BD My
spacesare used. In particular, the vector variable p, corvergesto p with suboptimal
order in the consenation-form mixed method (1.4).

In our computations, welet bethe unit square(0;1) (0;1) R? and considered
the simple model problem

4.1) diviru+bu)=fin ;
u=0o0on @ ;

where® = (:9;:9) and f wasdened by Dand u(x;y) = x(x 21)y(y 1). Thusin

(1.4), A wasthe 2 2 identity matrix and ¢ 0. The bilinear form assaiated with

(4.1) with the givenBis easily shawvn to be coercive over H}(), and is corvex, so

uniquenessand regularity of the problem and its dual follow immediately. A simple

uniform triangular mesh was employed, and the error kp  prk was computed for

ead pair of results corresponding to a pair (h; h=2) of meshsizes,an obsened rate of
cornvergencewas calculated using the formula

_ ke pnk
rn = log, P

Quadrature rules were obtained from [SF73 p. 184]. For experiments involving
BDM 1, a 7-point quadrature rule which integratesexactly polynomials of up to degree
5 was used. For BDM, experimerts, a 13-point rule integrating exactly polynomi-
als of up to degree7 was used. Thus all integrals in the nite elemen calculations
themselveswere exact, and in computing the error integrals the order of the error in-
troduced by numerical quadrature was higher than the order of approximation given
by the elemen spacesand was thus insigni cant. A standard interelemen Lagrange
multiplier scheme for mixed methods (as described in [BDM85], for example) was
employed to enablethe use of an iterative matrix solver. Sincethe problem at hand
is not symmetric, a conjugate gradiert routine could not be usedto solve the system
of equations obtained from the multiplier method, and a quasi-minimal residual al-
gorithm was used instead with a maximum relative error of about 3 10 1° being
achieved. Results are displayed in Table 4.1.
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Table 4.1
Conservation form.

BDM1 BDM;
i Kp pnki, h ke pnki, h
1 .00263 2.151
2 .00688 1.210 .000593 2.075
3 .00298 1.067 .000141 2.028
4 .00142 1.018 .0000345 2.010
5 .000702 1.005 .00000856 2.004
6 .000350 1.001 .00000214
7 .000175
Table 4.2
Diver gence form.
BDM1 BDM3
n kp  pnkL, Th ke pnkL, h
1 .00141 2.851
2 .00412 1.975 .000195 2.924
3 .00105 1.991 .0000257 2.966
4 .000264 1.997 .00000329 2.983
5 .0000661 1.999 .00000042 2.992
6 .0000165 1.999 .00000005
7 .0000042

Werecall that BD M, canapproximate pto order h?, and B DM, canapproximate
p to order h3. Thus the consenation-form method yields a suboptimal order of
convergencewhen the BDMy elemerns are used.

For comparison,similar computations wereperformedfor two di erent divergence-
form problems. Table 4.2 givesresults for (1.3) whenu = x(x 1)y(y 1), asabove,
and when® = (:9;:9) (in the casek = 1) or b= (0;0) (in the casek = 2). As our
theory predicts, optimal rates of corvergenceare obsened.
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