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Abstract. A number of works concerning rigorous convergence theory for adaptive finite element
methods (AFEM) for controlling global energy errors have appeared in recent years. However, many
practical situations demand AFEM designed to efficiently compute quantities which depend on the
unknown solution only on some subset of the overall computational domain. In this work we prove
convergence of an adaptive finite element method for controlling local energy errors. The first step
in our convergence proof is the construction of novel a posteriori error estimates for controlling a
weighted local energy error. This weighted local energy notion admits versions of standard ingredients
for proving convergence of AFEM such as quasi-orthogonality and error contraction, but modulo
“pollution terms” which use weaker norms to measure effects of global solution properties on the
local energy error. We then prove several convergence results for AFEM based on various marking
strategies, including a contraction result in the case of convex polyhedral domains.
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1. Introduction and Results. Consider the elliptic model problem

—Au=fin Q,

1.1
u =0 on 01, (1.1)

where Q C R", n = 2,3, is a polyhedral domain, and where for technical reasons we
assume that f € L,(£2) for some p > 4. The results presented here can be generalized
to other linear elliptic operators, but we present the simplest case in order to focus
on essential ideas.

In this work we present the first convergence proof for an adaptive finite element
method (AFEM) for controlling local energy errors. An AFEM is an iterative feedback
procedure of the form

solve — estimate — mark — refine. (1.2)

Such adaptive algorithms have for many years been a standard tool for efficiently ap-
proximating solutions to partial differential equations such as (1.1). The convergence
properties of AFEM have become the subject of intense theoretical study only in the
past few years, however. We refer to [12], [20], [19], [7], [22], and [21] for an overview
of progress in basic convergence theory for AFEM for linear elliptic problems.

A common feature of almost all results published to date concerning convergence
of AFEM is that the error estimated in the “estimate” step in (1.2) is the global energy
error. In contrast, the output “quantity of interest” in many practical situations is
related to some other norm or functional of the solution which may depend on u only
in some subset D of Q. In such cases it is desirable to construct an AFEM that takes
advantage of the local nature of the desired output by directing refinement toward the
region of interest. Such algorithms must also control “pollution effects” from outside
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of D. That is, some global refinement is generally necessary even when only local
information is desired.

Here we study an adaptive algorithm based on explicit a posteriori estimates for
controlling global pollution effects on the local energy error. Similar estimators have
been previously considered in the literature (cf. [27], [17], [9]), but we make some
essential modifications that are necessary for proving convergence of the resulting
AFEM. Other AFEM for controlling pollution effects have also been proposed, espe-
cially “goal-oriented” adaptive algorithms in which a computed dual solution is used to
encode the desired error notion (cf. [5], [15], [14]). In contrast to these duality-based
estimators, explicit estimators readily yield rigorous a posteriori upper bounds on the
local energy error. Explicit estimators also form the basis for certain approaches to
parallel adaptive computations (cf. [27], [3]), and in fact the construction of provably
convergent versions of such algorithms is one potential application of our results. The
latter application also leads us to consider in detail the effects of AFEM which mark
using only local energy error indicators.

Let {Z;} (i > 0) be a nested sequence of regular triangulations of 2. Let S; C
H}(Q) be a standard Lagrange finite element space on 7;, and let u; € S; satisfy

Aug,v;) := / Vu; - Vv, doe = / fv;dx, v; € 5;. (1.3)
Q Q

For any U C Q, let ||[v|||y := 4/ [;; [Vu|? dz denote the local energy (semi-)norm.

Nitsche and Schatz proved local a priori energy error estimates in the classical
work [23] (cf. [10] for a proof in the case of adapted grids). Let D be a subdomain of
), and for a fixed d > 0 let Dy = {z € Q : dist(z, D) < d}. Then

. c
Ilu = willlp < € nin [[lu = xlllp, + Zllu = uill Looo)- (1.4)

The local energy error is thus split into a local almost-best-approximation term of
optimal order plus a global “pollution term” which measures the influence of global
solution properties upon the local solution quality in a weaker norm. (1.4) may be
roughly restated as follows.

A priori heuristic for local energy errors: Local finite element energy
errors behave like global finite element energy errors, up to pollution terms.

[27] and [17] contain local a posteriori estimates that are similar in spirit. For
T € T;, let n(T)? = k2| f + Aui|\2L2(T) + hT||[[Vuiﬂ||%2(6T) be the standard energy
residual indicator; here [Vu;] is the jump in normal derivative across 9T and hy =
diam(T). Then

C
lle = willlp < CC 32 malTP)Y? + S lu = il oy, (1.5)
TND4#0

Finally obtaining an a posteriori estimate from (1.5) requires bounding the pollution
error [|u — u;l|L,(q) by a computable estimator npo = (X per Npot (T)?)1/2 a task
which can itself be rather technical (cf. [17]).
Next we list the key ingredients of typical convergence proofs of AFEM for con-
trolling global energy errors. Based on the recent work [7], these are:
1. An a posteriori error estimate. A standard global estimate is given by (1.5)
with D = Dy = Q and the second term on the right hand side omitted.
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2. Orthogonality.
1w = wiga |l = [l = wl [ = Hui = wirall13. (1.6)

3. Estimator reduction. Let M; C T; be the set of elements marked for refine-
ment in the i-th iteration of (1.2), and let 0 < 6 < 1. There exists 0 < A < 1
depending on the refinement algorithm such that

> (T <@+ ma(T)? =X > ma(1)?)

T€Ti11 TeT; TeM,; (17)

C
+§|||Ui—ui+1|||?z-

4. Error contraction. If M, is appropriately chosen, there is stepwise reduction
of error plus estimator: There exist v > 0 and 0 < a < 1 such that

Nu—wirallla+y D min(T)? < A(l[lu—wllla+7 D ma(T)?). (1.8)
TeTi1 TeT;

A chief challenge associated with proving convergence of an AFEM for controlling
local energy errors is defining an error notion which admits orthogonality and estima-
tor reduction properties. The local a posteriori estimate (1.5) exhibits unacceptable
“spread” of the local energy error for purposes of proving convergence: The local en-
ergy norm on the left hand side is taken over D, but the energy residual terms on the
right hand side are summed over Dy. This imbalance makes it difficult to contemplate
proving meaningful local analogs of (1.6), (1.7), and (1.8) based on (1.5).

A main contribution of this work is the definition of a suitable local error notion
which does not exhibit “error spread” as in (1.5), and for which we obtain reliable
a posteriori upper bounds, an estimator reduction estimate, and contraction of the
local energy error-but all modulo pollution terms measured in an L, norm. In order
to introduce our error notion, we note that the local estimates (1.4) and (1.5) are
proved by introducing a smooth cutoff function ¢ which is 1 on D and 0 outside of
Dy. ¢ typically is used only as an analytical aid, but it is not difficult to prove using
the methods of [23] and [10] that in addition to (1.4), we have the sharper estimate

. C
l¢(u = ui)ll[p, < C min [[[pu — x|[|p, + = llu = will Lo (Da)- (1.9)
XES; d

Following (1.9), we choose |||¢(u—u;)|||p, as the “goal quantity” for our adaptive
algorithm. Under suitable restrictions on D, Dy, ¢, and the marking scheme in the
“mark” step in 1.2, we shall establish that modified versions of orthogonality, estima-
tor reduction, and error contraction properties hold for a suitably defined adaptive
algorithm for controlling |||¢(u — u;)|||p,. For T € T;, we define the weighted energy
residual indicator ¢1,;,4(T)? = W7 [|o(f+Aw)|7, 4 +hr[|0[Vulll7, o7 Fixingp =2
if Q is convex and 4 < p < 6 otherwise, define M; = C(d)[n0,i.»(7:)* + n0,i+1,,(7:)?],
where 10 ;,(7;) is an estimator for ||u — ;|| (o) that we define later. Then we have:

1. An a posteriori error estimate.

llé(u—ulllp, <C Y mis(T) +Cdms (1.10)
TNDg#0
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2. Quasi-orthogonality, modulo M;. For any A > 1,

¢(u — uir1)|l|B,

1
< Allp(u = un)lllD, — é(ui —wis)|l[D, +

Ao

3. Estimator reduction, modulo M;. Let M; be the set of elements marked for
refinement in the -th iteration of (1.2). Let 0 < 6 < 1. With A as in (1.7),

> it <O+ mas(T? =X D mis(T)?)

TCDqy TCT TeM;

1
+C[(1 + 5)\|\¢(uz‘ —uip1)|l|B, + M.

4. Error contraction, modulo M;. Define next the local quasi-error E; = |||¢(u—
w)|llb, + 7 X rnp,20 Maie(T)?. There exist 7 > 0 and 0 < o < 1 such that

Ei 1 < &*FE; + M;. (1.11)

We may sum up our results as follows:

Heuristic for local energy AFEM: An AFEM for |||¢(u — w;)|||p, behaves
like a standard global energy AFEM up to pollution terms.

We finally prove three different convergence results for AFEM for controlling
[l|¢(w — w;)|||p,. First we characterize the effects of marking using only the local
energy indicators 7y ; 4, that is, using an AFEM that does not control pollution effects.
In this case we show that the adaptive algorithm converges to a limiting function
Uso € HE(Q)) where in general u., # u even on Dy, but where —Auy, = f in Dy.
Thus local refinement produces in the limit a solution which locally satisfies the correct
partial differential equation, but not generally the correct boundary value problem.

We also prove two convergence results for an AFEM which adaptively controls
pollution by employing an alternating marking based on the local energy estimators
M,i,e and the L, estimators 79 ;p,. The first is a plain convergence result that as
in the recent work [21] does not contain a rate of convergence, though the marking
strategy we consider here is not as general as that allowed in [21]. We also show
that our alternating marking strategy yields a contraction under somewhat more
restrictive assumptions. This contraction result requires that 2 be convex so that we
may measure the pollution error in the Ly norm, that the marking strategy enforces
marking for the pollution error sufficiently often, and that the sequence of meshes {7;}
is “mildly graded” in a sense that is made precise below. The latter result represents
a substantial step towards proving optimality of an AFEM for controlling local energy
errors, and we hope to consider the question of optimality in future work.

An outline of the paper is as follows. In §2 we establish appropriate preliminaries,
including a precise definition of our AFEM and the introduction of an important tech-
nical tool, a local reconstruction of the local energy error. In §3 we establish the four
“convergence ingredients” outlined in (1.10) through (1.11). In §4 we state, and prove,
and discuss the three convergence results outlined above. In §5 we briefly describe
some simple computational experiments that illustrate and confirm our theoretical
results.

2. Preliminaries.
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2.1. Mesh, finite element space, interpolants, and superapproximation.
Let {7;}, i > 0, be a sequence of simplicial decompositions of 2 such that all elements
in all meshes are uniformly shape-regular and conforming (edge-to-edge), and 7;41 is
obtained by bisecting elements in 7; in a manner which we make precise later. If 7,
is shape-regular, then it is possible to guarantee that 7; is shape-regular for all i > 0
by applying for example the newest-node bisection algorithm (cf. [25]). If w C Q, we
define the local mesh with respect to w by 7;, ={T € 7; : T Nw # 0}. For T € T,
let hy = |T\1/ ™. In the next section we also describe a compatibility requirement
between our target subdomain D, its extension Dy, and the family {7;} of meshes.

Next let S; € H}(Q) be a space of continuous Lagrange finite element functions
which are piecewise polynomials of some fixed degree k on 7;. Note that S; C S;11,
since 7,41 is a refinement of 7;. We shall employ two standard finite element (quasi)-
interpolants. The first is the Lagrange interpolant, which we denote by I;. The
following two properties of I, are used in our proofs below.

LEMMA 2.1. Let T € 7; for some i > 0, and let ¢ € P;(T') for some fized j > 0,
where P; denotes the polynomials of degree j. Assume also that

6wy < Cod™, 0 <5 <k+1, (2.1)
for some d > hp. Then for all x € S;, there holds the superapproximation estimate

lox — IL(2X) || Loy FhrlldX — 1L(0X) | (1)

1 1
2
< ChT(EHX”LQ(T) + EHVXHLQ(T)) (2.2)
hr
< CF”X”Lz(T)
In addition, for any T € T;,

L (o)l (ry < Cllox| ey, (2.3)

The constants C' above depend on the constant Cy in (2.1), the degree k of the finite
element space and j of ¢, and the shape reqularity of T;.

Proof. The superapproximation estimate (2.2) may be obtained by applying an
inverse inequality to a standard superapproximation estimate (e.g., to (2.1) of [10])
while noting that hf < C. In order to prove (2.3), we note that ¢y belongs to a
standard Lagrange finite element space of degree k + j. (2.3) may then be obtained
by applying inverse estimates and the L., stability of the Lagrange interpolant. O

We shall also employ the Scott-Zhang interpolant Iz, which is stable in H*' (cf.
[26]). Let D; be a fixed subdomain of € that is a union of elements in 7;. Then we
may define Isz so that

v € HY(D;) = Iszv € HY(D;).

We do not list further properties of Isz here, as its application in the establishment
of residual-type a posteriori upper bounds is now rather standard.

2.2. Subdomain and cutoff function. Next we describe our target subdomain
and cutoff function. For simplicity, we require that D be the intersection of a box
(rectangle if n = 2) with Q. Let Dy be the intersection with Q of the box whose sides
are parallel to and lie a distance d outside of those of D. We assume for simplicity
that d < 1. Thus D C D, and dist(D,0Dg \ 09) is equivalent to d. We may also
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consider sets D and Dy composed of nested connected components of intersections
of such boxes with Q if for example D abuts the crack in a crack domain. Let also
D’ = D4\ D denote the “ring” around D.

We require that D and Dy be mesh subdomains for each i > 0, that is, for each
i>0, D= UTez,DT for some subset 7; p of 7;, and likewise for D, and D’. This is
not difficult to achieve given the geometry of D, Dy, and €.

Next we define a cutoff function ¢ which will play an integral role in our devel-
opment. We require that:

Cl. p € W2 (Dg) NWL(Q).

C2. 0 < ¢ <1 on (the interior of) Dy, ¢ =0 0n 2\ Dy, and ¢ =1 on D.

C3. ¢ is a piecewise polynomial of some fixed degree j with respect to each mesh 7;,
1> 0.

C4. There holds the estimate

|blwi (pa) < Cod ™", i=0,1,..., 5. (2.4)

The construction of ¢ satisfying C1-C4 is straightforward given the restricted geom-
etry of D; it suffices to take the tensor product of functions of one variable satisfying
one-dimensional versions of C1-C4. Note also that (2.1) and (2.2) hold for ¢ satisfying
C1-C4 since for T € D', hTT <C.

We finally note the slightly non-standard Poincaré inequality

lollapr) < CrdllVollynn, v € Hy(Da)- (2.5)

If Dy lies on the interior of Q, (2.2) may be proved by breaking D’ into boxes, each
of which has diameter d and each of which has one side lying on 0D, and applying a
Poincaré inequality on each of the individual subboxes. We may do so because v =0
on one side of each subbox. If Dy abuts 02, we may extend v to be 0 outside of
and then employ the same procedure.

2.3. Error estimators and indicators. We shall employ several different kinds
of local residual-type error indicators at various points in our presentation. As in the
introduction, we define an H' residual indicator weighted by the cutoff function ¢,

Mo (i, T)? = W 6(f + Avi) |17, ¢y + hrllo[Voill7, or), T € T and v; € S;. (2.6)
For 2 < p < oo we define the L, indicator
T]O,i’p('UhT)p = hip“f + Avi”iy(']‘) + h’}“”[[Vvi]]H’L’p(aT), T e 7; and V; € Sl (27)

We will omit v; in the above notation when v; = w;. For example, n1;4(T) =

nl,i,(i)(uh T)
Next we define error estimators. If 7 C 7;, we define

7714‘,(;5(7)1',7)2 = Z nl’i,¢(vivT)27
TeT

10,i,p(Vi, T)P = Z 10,i,p (Vi T)Y,
TeT

If v; = u;, we shall omit the reference to v; in our notation as above.
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2.4. An a posteriori error estimate for |u — u;||, ). We shall measure
the pollution error in an L, norm, and thus we must establish that [u — |1, @) <
Cno,i,p(7;) for appropriately chosen p.

LEMMA 2.2. Let p = 2 if Q is conver and 4 < p < oo otherwise. Then there
exists Cp, depending on p such that

||u - ui”L,,(Q) < Cpno,i,p(z)- (2-8)

Proof. (2.8) is standard if p = 2 and Q is convex (cf. [17]). In the general
case, (2.8) was observed in [9]. The proof relies in a straightforward manner on Wq2
regularity results for polyhedral domains; cf. [8]. O

2.5. Constants. It is important to establish that constants appearing in our
results below do not depend on essential quantities except as explicitly stated. We
shall employ generic constants C and C;, ¢ = 0,1,2... which depend on the shape-
regularity of the family {7;}i>¢ of meshes; the constant Cy appearing in (2.4); the
domain 2 and space dimension n; the polynomial degrees k of the finite element spaces
S; and j of the cutoff function ¢; and the constant Cp in the Poincaré inequality (2.5).
C and C; may also depend on the regularity constant C), in (2.8) in the case p = 2,
but not otherwise.

We also employ a constant C,, which like C), in (2.8) depends on p as well as the
above quantities. The dependence of C}, upon p is difficult to establish in general,
but in the case of smooth domains the p-dependence arises in a WqQ(Q) regularity
result from the Marcinkiewicz interpolation theorem and is bounded by Cp. The
range of values p values allowed in (2.8) and the corresponding constants also depend
on the regularity of the elliptic coefficient matrix if it differs from the identity. In
particular, it may be necessary to choose p to be larger than above if a piecewise-
constant coefficient matrix is considered. Constants which depend upon quantities
other than the above will be defined as necessary.

2.6. Local reconstruction and Galerkin orthogonality. We next introduce
a local reconstruction which will play an important role in our analysis. The local
reconstruction may be viewed as an a posteriori dual to the local finite element pro-
jection used in the classical work [23] of Nitsche and Schatz to prove local a priori
error estimates, and is similar in spirit to the elliptic reconstruction used in [18] to
obtain a posteriori estimates for parabolic problems. Given a finite element solution
u; € S, we let R € H}(Dg) solve

—AR! = ¢f — 2VpVu; — u; Ad. (2.9)

Formally we have —AR! = —A(¢u;) + ¢Au; — ¢Au. Thus R solves a continuous
local elliptic problem whose data lies between —A(¢u) and —A(du;).

We next estimate |||R? — ¢ul||p, and [||R* — R*™|||p,-

LEMMA 2.3. For any 2 < p < 00,

; _1_1
IR — gull|p, < Cd™ % [lu — will 1, () (2.10)
and
i i -1-1
IR = R ||p, < Ca™ % Jus = w1, (o), (2.11)

where C' is the generic constant defined in §2.5.
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Proof. Letting (-, -) represent the Lo inner product, employing the weak forms of
(1.1) and (2.9), noting that V¢ and A¢ are identically 0 on D, and integrating by
parts, we calculate

IR =oulllB,

=[AR",R" = ¢u)] = [(¢Vu, V(R" — ¢u))] — [(uV¢, V(R — ¢u))]

=[(¢f = 2V¢Vu; — uidd, R = ¢u)] = [(Vu, V[6(R' — ¢u)])

=(¢f +2VoV(u—u;) + (u —u;)Ad, R' — du) — (f,¢(R" — pu))

C i L

Sl = will 1) (Z IR = ull 1oy + IR = ull[pr)-
Applying (2.5) to the term |R* — ¢ul|,(py and dividing through by [||R" — ¢ul||p,
completes the proof of (2.10) in the case p = 2. Applying Holder’s inequality while
noting that vol(D’) < Cd completes the proof of (2.10) for 2 < p < co. The proof of
(2.11) is similar. O

We next state a perturbed Galerkin orthogonality result.
LEMMA 2.4. Assume that x € S; N H}(Dy). Then for 2 < p < oo,

AR = pui, x) =(f, dx — IL(dx)) — A(ui, dx — IL(dx))

o (2.12)
<Cd™ 2" " no(Ti,00)|l|XIl| Da-

Proof. Integration by parts yield for x € S; N H}(Dy) that

(ui, ox = 1L(¢x)) + (f, 1L(oX)) — (wilAd, x) — 2(Vui Ve, x).
Applying the weak form of (2.9), we then find that
AR" = pui, x) = (f, ¢x — 1L(6x)) — Alus, dx — IL(9X)),

which is the first equality in (2.12). In order to prove the inequality in (2.12), we use
(2.2) along with standard techniques for manipulating residual-type error indicators
while noting that ¢x — I.(¢x) = 0 on 2\ D’ (including on dD’) to compute

(fsox — Io(éx)) — A(ui, dx — IL(dX))
-3 /f+AuZ (Ox = 1u(ox)) do+ 5 [ [Ful(ox—Tuén)) do

TET, 1

Z 10,i,2(T Hx||L2(T + lxlllr)
TGT D’

<qt Z 10,4212l a0y + Xl
The desired result (2.12) is obtained for p = 2 by applying the Poincaré inequality

(2.5) to the term é”xHLQ(D/). The result for p < 2 < oo may be obtained by applying
Hoélder’s inequality to the residual term. O
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Remark 2.5. Our results below may be proved without employing the local re-
construction, just as local a priori error estimates may be proved without using local
finite element projections (cf. [10]). However, the local reconstruction clearly evokes
the strategy of splitting the overall local error |||¢(u — w;)|||p, into a local energy
term which may be bounded a posteriori, plus a global pollution term measured in a
weaker norm. In addition, we will obtain a posteriori estimates for |||R? — ¢u;||p,
that are in a sense stronger than those for |||¢(u — u;)|||p,-

2.7. Adaptive FEM. In this subsection we give details of our adaptive FEM.
In particular, we give precise definitions of each module solve, estimate, mark, and
refine of the generic adaptive iteration (1.2), with the goal of constructing an AFEM
for reducing the weighted energy error |||¢(u — u;)|||p,. We assume that an initial
shape-regular simplicial mesh 7 is given.
1. Module solve. Given a discrete space S; defined on 7;, solve (1.3) for u;. We
assume that the finite element system is assembled and solved exactly.
2. Module estimate. Let 2 < p < oo be such that [lu — |z, @) < Cnoip(7Zi) as
in Lemma 2.2. We prove below that the local error |||¢p(u — u;)|||p, is then
bounded by

Eroc = Cmi,g(Tip,) + deiéiino,i,p(’]’i)- (2.13)

In principle, the adaptive algorithm is terminated when &, < tol for some
prescribed tolerance tol.

3. Module mark. Our basic marking strategy is a Dorfler marking (cf. [12])
to control the local error. Fixing 0 < § < 1, at each step of the adaptive
algorithm we determine M; C 7; so that

Mm.is(Mi)? > 60*n1.6(Tip,)> (2.14)

The marking (2.14) will be used in §3 in order to prove a “contraction-modulo-
pollution” estimate. In §4, we will modify (2.14) in order to obtain various
convergence results.

4. Module refine. Our results below assume that each marked element T € M, is
bisected b > 1 times in passing from 7; to 7;41 and that additional elements
are refined in the process in order to ensure that 7;,; is conforming. The
newest-node algorithm employed for example by the finite element toolbox
ALBERTA ([25]) enforces these conditions.

2.8. An abstract convergence result for AFEM. The following abstract
lemma will play an important role in obtaining plain convergence results (without
rates of convergence) and characterizing the limiting functions in our adaptive algo-
rithms. We employ Lemma 6.1 of [2]. A more general version is given in [22], where
it plays a fundamental role in establishing plain convergence results for AFEM.

LEMMA 2.6. Let H be a Hilbert space and let S1 C S C...CS; CS;1 C...CH
be a nested sequence of closed subspaces. Let P; denote the orthogonal projection onto
S; and let Py denote the orthogonal projection onto Soe = U2,S;. Then for any
u € H,

Piu — Pyou as i — oo. (2.15)
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3. Ingredients for convergence. In this section we prove an a posteriori er-
ror estimate, a quasi-orthogonality property, an estimator reduction inequality, and
error contraction and stability properties, but all modulo terms which are roughly
equivalent with global L, norms of the error and which measure “pollution effects” of
global solution properties upon local solution quality. Note also that the statement
of results and proofs in this section require only that u and wu; solve (1.1) and (1.3)
locally on Dy. Thus u may solve a PDE which could for example be degenerate elliptic
or change type to hyperbolic outside of Dy.

3.1. A posteriori error estimate. In this section we establish a posteriori
upper bounds for |||R* — ¢u;|||p, and |||¢(u — w;)|||p,-

THEOREM 3.1. There exists a positive constant Cy as defined in §2.5 such that
for 2 < p < oo,

IR = puill|D, < Cilm.ie(Tip,)® +d P nop(Tin)?]- (3.1)

Proof. Noting that |||R" — ¢us|||p, = SUPye 1 (D), ||[4]]] p, =1 A(R" — ¢uy, ), we
let v € H}(Dg) with |[|¢]]|p, = 1. Using (2.12) and standard techniques for proving
residual-type a posteriori bounds while noting that —AR? + A(du;) = ¢(f + Au;) on
each T' € 7;, we then compute

AR = pui, ) = AR — ¢ui, b — Isz))
+ (f, ¢Isz¥ — IL(plszv)) — A(us, plsztp — IL(Plsz9))
p 1
= 3 [ -om s s tsz e g [ 9@l - 5200

+ (f, ¢lsz — 11(Plsz)) — Alus, ¢lszp — I1(Pplsz7)))

<C 3" (hrllo(f + Aui)llzoer) + by 2NV (6wl zaomona)llIEl b,
TCDy

+ Cd " 'no,i.2(Ti, )| Is 2l D,

(3.2)

We next note that ||[V(¢us)]| ,omop.) = [|[#[Vus]llL,or) since ¢ € C(Dy) by as-
sumption C1. By the H'! stability of Isz, |||Isz¢|||p, < C||[¢]||p, < C. Inserting
this equation and estimate into (3.2), squaring the result, and setting C7 = C com-
pletes the proof (3.1) for p = 2. Applying Hélder’s inequality to the Lo-type residual
term above yields the final result. O

Applying the triangle and Young’s inequalities to (3.1) while recalling (2.10) and
Lemma 2.2 trivially yields the following corollary.

COROLLARY 3.2. For any 2 <p < oo,

_1_2
lé(u —ui)ll|D, < Colmig(Tp,)* +d ™77 (0,ip(To)* + lu— willF pr))],  (3:3)

where Cy is defined in §2.5. Thus for p =2 if Q is conver and 4 < p < oo otherwise,

p(u — u)|[|B, < Contig(Tn,)* + Cpd ™'~ 2o, p(T5)> (3.4)

Remark 3.3. We emphasize the difference between Theorem 3.1 and Corollary 3.2.
(3.1) provides an upper bound for the local reconstruction error |||R? — ¢u;||| p, which
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depends on u; and f only in the set Dy. The proof of this result does not rely upon
a duality argument, as the Lo-type error estimators in the upper bound arise from a
superapproximation estimate. On the other hand, the bound (3.3) for the overall local
error |||¢p(u—wu;)||| p, repeats the error u—wu; on the right-hand-side (albeit in a weaker
norm), and bounding the resulting pollution term |lu —u;| 1, (ps) a posteriori requires
the use of a duality argument as in Lemma 2.2. Thus the reconstruction R’ provides
a splitting of |||¢(u—wu;)|||p, into a “local energy error” [||R* — ¢u;|||p, which may be
bounded a posteriori using information only from the set Dy, and a “pollution term”
IIR" — ¢ul||p, < Cd'||u — w;||r,(py which measures global influences and which

cannot be bounded a posteriori using information only from Dg.

3.2. Quasi-orthogonality. We next prove a quasi-orthogonality result (cf. [19]
for a similar estimate in the context of convergence of AFEM in the global energy
norm for general second-order linear elliptic problems).

THEOREM 3.4. For any 1 <Ay <2 andp <2 < oo,

IR = guiralllp, < MllIR = duillh, — lllo(ui — wir)ll[D,
+ T = il o + Mo (Ti ) (35)
Here C' is the generic constant defined in §2.5.
Proof. We first calculate
IIR" = puill[1, =[[(R" = R™) + (R™! = duit1) + (uir1 — wi)ll|p,
=[[IR™ = duia|[p, + [Nlo(ui — wir)ll[D, (3.6)

+ A(RZ — Ri+1, R — ou; + R+ — ¢ui+1 + (]5(’111‘4_1 — ’U,I))
+ 2A(R™ — g1, d(uipr — uy)).
Next we employ (2.11) along with Young’s inequality to compute that for any ¢ > 0
A(RZ - Ri+1,Ri — ou; + R — ¢ui+1 + ¢(ui+1 — uz))
= AR —R"™HR - R 4 2(RF = R™H R — puy)
1 ; ; ; 3.7
<1+ )RS = RS, + ell[RE = uil3, (37)
1. 4 2 i
<O+ 2)d 7 ui = wia [, oy + el IR = uill[B,

Letting I, now be the Lagrange interpolant into S;11, we use (2.12) and (2.3) along
with Young’s inequality to compute that for e > 0 as above,

2A(R™ —puig1, d(uitr — u;))
<2/A(R™ — i1, d(uipr — w;i) — In(p(uizs — w)))|

+ O™ = om0 15T, 0) 2 (@uti1 = wi))lI, (3.8)
<2 A(R™ — puigr, duitr — ui) — In((uitr — ug)))|

C 4 2
+—d Y n0,i41,0(Tigr,00)? + ell|d(wier — wi)l||B,-
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Employing the superapproximation result (2.2) and Hélder’s inequality, we have for
€ > 0 as above that

2AR™ —puiy1, dp(uivs — u;) — In(d(uirs — u;)))

< Y CATMRT = duialllrlluivs — will oery
TET, o (3.9)

C 4 2 ;
S?d Y uigr — will7, oy + €lllR™* = duia||[p,-

Noting from (3.6) that
IR = duinlllp, = IR = duilllB, — [llé(ui — uir1)ll|B,
— AR = R R — puy + R — i + ¢luigr — ;)
— 2A(R™ — Guip, p(uirs —wy)),
we combine (3.7), (3.8), and (3.9) to obtain for any € > 0 that
(1= IR = puialll,
<1+ lIR = duilllh, — (1 = )lle(u; — uir)lllD, (3.10)

1.4 2
+CA+2)d 0 (lwi = wiga 17, oy + m0,04 1,0 (Tiv1,01)?).

Dividing (3.10) through by 1 — € and setting € = ﬁiﬁ, we obtain (3.5). O
We finally prove a quasi-orthogonality result for |||¢(u — w;)|||p,-
COROLLARY 3.5. For any 1 < Ay <2 and any fizred 2 < p < oo,

p(u — uip)l|B, < Aalllé(u —u)ll[D, — llo(us — wiv1)||[D,

1
+C

—1-2 2 2 (311)
Ay — 1d ?([lu =il 7, oy + Il = wisallz, (pry + M0,i+1,p(Zit1,07)7).

Here C is the generic constant defined in §2.5 .
Proof. Employing (2.10) and (3.5) along with the triangle inequality and Young’s
inequality, we compute that for any 0 < d <land 1 < A; <2,

. 1 .
16w = uis)llIp, < A+ IR = guinallp, + 1+ HINR™ = dulllp,

<ML+ OIR = duilllh, — (1 +O)ll¢(ui — uir)lID,
1

—1—-2
+ a1+ 5+ Dl = vl o + = il

+10,i+1.p(Tiv1,07)?]
1 i
<AL (14 6)?(||p(u — wi)|||D, + Ar(1+6)(1+ g)mR - ouilllh,
— [l (us — wis1)l|D,

—1-2 1 1
+ 07T (U 5+ e = il o) + e = willz, o)

+10,i41,p(Tit1,0)°]

<Ar(1+02[llé(w = wp)lllD, — g (ui — uir)llD,

—1-2 1 1
+Cd T (1+ 5+ A 1)[”“ — i,y + lu—willZ, (o

+10,i41,p(Tir1,0)°].
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Setting Ay = 1+ 6, choosing 4 so that (14 §)® = Az, and noting that 3 < Cr—55—
completes the proof. O

(1+5

3.3. Estimator reduction. In this section we prove an estimator reduction
lemma. Here we employ the techniques of [7], which do not directly rely upon local
a posteriori lower bounds as do previous proofs of convergence of adaptive FEM. We
first prove a simple residual perturbation result; cf. Proposition 3.3 of [7].

PROPOSITION 3.6. Let 7; be a mesh, © > 0. Then for any T € T; p, and any pair
of discrete function v;,w; € S;

1,601, T) < 1ig(wi, T) + C(|||p(vi — wi)lllor +d ™ vi = will Ly@rnpn), (3.12)

Here C > 0 is defined in §2.5 and wr is the union of elements sharing a side with T
and lying in T; p,.

Proof. Recalling the definition (2.6), we use the triangle inequality to compute
for T € Tp, that

Mi.p(vi, T) <mig(wi, T)

(3.13)
+ (W7l ¢(Avi = Awy) |77y + b |61V (0 = w17, 0r)) >

Letting ¢p = #llL. (), employing an inverse inequality, and noting that ||¢ —
gT”Lw(T) < %, we compute

hrllp(Av; — Aw;)|| 1, () < Copll|vi — wil||7
<C([|¢V (vi — w)ll Ly (1) + 116 — drll e (|| [vi — willl7) (3.14)

C
<Clllé(vi = wi)llLa(r) + 5 llvi = willLorrpy)-

Employing the trace inequality ||Vuvi|r,or) < C(hy ht! 2|

we compute as above to obtain for the edge e =T N T

hi? 60 (05 — w1 o)
<brhi > (1Y (i — wi) Tl Loy + IV (05 — w7, | L (e))
<Corhy* (' ? |V (v; w;)|| Ly (1) + hy!?fv; — wi| g2 (1) (3.15)

—1/2 1/2
+ b PV (05 — w3l vy + ha o — wil w2 ery))
<C(|ll6 (i — wi)l[lror + [|(v: = i) VOl Ly rurn)

Above we have employed the convention that for z lying in the edge e = T N T,
V(vi —wi)r(z) = limyer,y—a V(v; — w;)(y). Noting that ||[(v; — wi)Ve|r,(rur) <
Cd~|vi — wil| Ly (wrn D), summing over the edges of T lying in the interior of Dq and
collecting (3.15) and (3.14) into (3.13) completes the proof of (3.12). O

Next we establish that the AFEM leads to reduction of the estimator, modulo
pollution terms. Our proof closely follows Corollary 3.4 of [7].

LEMMA 3.7. Let7;, i > 0 be given, and let T;11 be obtained by bisecting M; C T;
at least b times. Let also A\ =1 —2"%. Then for any v; € S; and viy 1 € Sip1, any
0<d0<1, and any 2 <p < oo,

IVvill Loy + hy! 2loil w2 (my),

Mi+1,6(Vit1, Tig1, Dd)2 (14 0) (11,6 (03, Da)® = Mg (vi, Mi)?)
, s , (3.16)
+ C3(1 + )[Ills‘b( —vir)||[p, +d7 T F[lvi = visall7 (o))
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Here C5 is the generic constant defined in §2.5.

Proof. We first apply (3.12) to v;,v;41 € Sit+1, square the result, and apply
Young’s inequality to the resulting mixed terms to obtain for any 0 < § < 1 and
T €Ty

N1it1,6 (Vie1, T)® < (L+ 0)n1,iq1,0(vi, T)?
2 _
+C2+ 35)lllo(v ~ vir)II12 + d72(lvi — viga 17, wrnpn)-

Summing over T' € 7,41, p,, using the fact that no element is contained in more than
n + 1 patches wr, and applying Holder’s inequality, we have

Mi41,6 Vit 1, Ti41,04)° < (L4 8)01i41,6(Vi, Tig1,0,)°

1 2 (3.17)
+ O+ S)lllle(vi — vir )by +d7 v lvi — vl (]

Let now T' € M, be a marked element. Note that hy < 2’%h:ﬁ for T' € T+1j, and

(3

that [Vo;] = 0 across interfaces of 7" lying in the interior of 7. Thus

_b -~
Mit1,6 (Vi Ty g 7)° < 27760, T)2.

Combining this with the trivially proved monotonicity property mi;11.4(vi,T) <
M,i,¢(vi, T) for T € T; p, \ M; and summing over T' € 7;;1,p, yields

_b
Mi41,6 (Vi Tix1,04)° <n1ie (06, Tipy \ Mi)? + 27 7 (vi, Mi)?
=1, (vi, T5,p,)° — A0 (05, M)

Combining (3.18) and (3.17) yields (3.16). O

(3.18)

3.4. Error contraction. We finally establish contraction properties for the
quantities |||R" — dui||[}, +3n1,1,6(Zi,p,)? and [[[¢(u — ui)||[H, +¥11,6,0(Zi,0,)*

THEOREM 3.8. Assume that the marking strategy (2.14) is employed. Then there
exist constants ¥ > 0 and 0 < & < 1 depending only on the generic constant C defined
in §2.5, the parameter 0 in (2.14), and the number of times b that each element in
M, is bisected such that for any 2 < p < oo,

IR — dui||B, +3m1,i41,6(Tit1,0,) (3.19)
<@*(||IR" = ¢uilllD, + Am,i.6(Tipa)?) + My.i,
where

~ —1-2
My = Cd™ "% (Jlui = wigallZ (pry + M0.ip(Ti.0)> + M0i41p(Tivr,0)?). (3:20)

Proof. We will use the abbreviations nZ = n1,:.4(7:.p,)%, 1:(M:)? = n1.45.6(M;)?,
e = |[|R" = puil||h,, and E} = |||¢(u; —uit1)|||5,. Combining (3.5) and (3.16) yields
for any A; >1and 6 >0

- - - 1
e?ﬂ + 7771'2+1 <Avel — B} +3(1+6)(nf — Mi(M;)?) +7Cs(1 + 2)E}

)
1 1, -

(3.21)
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Note that we are free to choose ¥ > 0 and 0 < § < 1. With ¢ to be chosen later, we
fix ¥ = 4(9) so that

1
d S)Cs =1, (3.22)

§:m7 ’7(1+§)

which when inserted into (3.21) yields

~ ~ 1
Civn A < Maef + 51+ O] = (M) + (= + 1+ 5)

Noting that M; p, C M; and inserting (4.13) into (3.23), we calculate

M,;. (3.23)

1 1
A1_1+1+5)

612+1 + ’7771'2+1 < Ale? +y(1+6)(1 - )‘92)772'2 + ( Mp’i
Splitting the term (1 + §)A0?n? into two equal parts, we thus have

F(1 + 5)M\0?%e?

l\.’)\»—l

~ i 1
€1+ A <A1+ (1 8)(1— 20} —

1 1, ~
1+ -)M,;
+(A1*1+ +5) D,

Next we apply (3.1) to the term —15(1+ §)A6%n? while recalling (3.22) to obtain

) i 1
eiry+ A Shied + (14 0)(1 = S A0

5 1 1 -
2 _ ) - )
€; Mp,l)*(A 1 +1+ 5)Mpﬂ

1 1

— 231 + NP (=

27( +9) (C1
L

<(A1 — 23C.Cs el + (1 +68)(1 - 492)
1 1 SAG?
1
T s T ag g M

Choosing § > 0 sufficiently close to 0 to ensure that (1 +6)(1 — £A6?) < 1, choosing

SA0>

A; > 1 sufficiently close to 1 to ensure that A; — 36,0 < 1, and appropriately

adjusting the constant in (3.20) yields (3.19) with

9 SA0?

1

0

COROLLARY 3.9. There exists constants v > 0 and 0 < a < 1 depending only on
the generic constant C defined in §2.5, the parameter 0 in (2.14), and the number of
times b that each element in M is bisected such that for any 2 < p < oo,

é(u — wir1)|l| B, +¥01,i41,6(Tit1,04)

) ) , (3.24)
<a*([|lo(w —u)lllp, +vm,i,6(Zi,04)") + Mp,,

where

_1_2
M,; =Cyd™ "% (|Ju— Ui”%p(D') + flu — Ui+1||%p(D’)

+10,i.0(Ti.07)? + 10,i41,p(Tix1,0)7)-
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Proof. The proof of (3.24) proceeds as the proof of (3.19), except that (3.11) is
used instead of (3.5) and (3.3) is used instead of (3.1). O

Remark 3.10. While adaptive control of the pollution error is in principal desir-
able, the contraction result (3.24) is relevant to some practical situations considered
in the literature. In [3] and [4], [27], and [16], adaptive parallel algorithms based
on AFEM employing local energy estimators are proposed. These algorithms do not
control pollution adaptively, but rather carry out adaptive calculations based only on
local energy estimators. For example, [27] and [16] in essence propose to ensure (or
assume) that the pollution error on the initial mesh 7j is controlled to within a given
tolerance and does not grow on subsequent refined grids, then refine adaptively based
on local energy estimators only. More precisely, let us assume that M, ; < € in (3.24)
for all ¢ > 0. Then one obtains from (3.24)

1

2 2i 702
E; <o™Ej+ = a2¢ (3.25)
Here E; = |||¢(u — ui)|[|D, +v1.i.6(Ti,p,)? Thus (3.24) establishes that an AFEM
based only on Dorfler marking for 7 ;4 will contract until the local energy quasi-
error F; is approximately the same magnitude as the pollution error. It is likely that
a quasi-optimality result analogous to (3.25) could also be established, though we do

not pursue the details here.

4. Convergence results. In this section we state and prove three different
convergence results for the adaptive algorithm defined in §2.7.

4.1. Estimator reduction for L, estimators. We first prove an L, counter-
part of Lemma 3.7 (estimator reduction for weighted energy norms) that will be used
in the proofs of two of the convergence results below.

LEMMA 4.1. Let 7;, i > 0 be given, and let T;11 be obtained by bisecting M; C 7T;

at least b times. Let also A, =1 — g EERE Then for any v; € S; and viy1 € Si+1,

any 0 <6 <1, and any 2 < p < o0,

00,i+1,p(Vig1, Zix1)? < (14 6)(00,i,p(vi, Ti)P — Apno,ip(vi, Mi)P)

4.1
- Cottp ()]s — visa I (1)

Here C), is the generic constant defined in §2.5, and i, is a positive function depending
on p such that p,(6) — oo as § — 0 and where p2(8) =1+ .
Proof. Analogous to Proposition 3.6, we have for T' € 7; and v;, w; € S;

10,i,p(Vis T) < n0,ip(wi, T) + Cllvi — will L, (wr)s (4.2)

where wr is the patch of elements sharing a side with 7. We omit the proof.

The chief difference between our proof and that of Lemma 3.7 is the following
result. Suppose that a,b,c > 0 with a < b+ c. Then there exists constants C}, and
functions p,(d) as above such that for 6 > 0,

aPl < (14 0)bP + Cpup(0)cP. (4.3)

p2(8) =1+ % since 2bc < 6b? + ¢ We prove (4.3) for 2 < p < 0o below.
Assuming (4.3) momentarily, we have from (4.2) that for T' € 7;44

10,i+1,p (Vi 1, T)P < (L+ 0)n0,it1,p(03, )7 + Cppip(0) v — vl () (44)
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Summing over T' € 7;,1 yields
10,i+1,p (Vi 1, Tix1)” < (14 0)0,i41,p (Vi Tirr)” + Cppip(0)vi — vigall] -

Letting T € M, be a marked element, we have hp, < 2_%h7: for T € 7;+1,T and
thus from (2.7)

p _ (p+1)d =\ p
10,i+1,p (Vi Ly )7 <277 mo,ip(vi, T)P.

Employing the indicator monotonicity property 7o i+1.p(vi, Tix1,17) < 1M0,5,p(vi, T) for
T € 7; \ M; and summing over T € 7;, yields

10,i+1,p(Vi, Tix1)? < M0,i,p(vi, T)P — Apno,ip(vi, M3)P. (4.5)

Inserting (4.5) into (4.4) completes the proof of (4.1), assuming (4.3).

To prove (4.3), note first that if p > 2 is an integer, then for some coefficients «;
we have (b+c¢)P = bp+cp+21<i<p_1 a;b'cP~%. Using Young’s inequality de < % + %
for L + 1 =1 with d = (6/p)"/?b', e = (p/6)/Pa;cP~%, r =L and s = 525 vields

5 o ﬁ b
@ <oy Yy S (B) e
; p \o
1<i<p—1
<(1+0)bP 4 Cppp(6)c”,

where p,(6) = 14§77 If p > 2, let ¢ be the smallest integer for which ¢ > p.
Recalling the elementary inequality (d9 + eq)l/q < (dP + ep)l/i” whenever 1 <p <q <
oo and d,e > 0, we set d = (1 + 6)'/9b and e = [C(q)14(0)]'/9c and compute

pa ya
q q

a” = (a%)7 < [(1+8)b7 + Copg(8)c”] 7 < (L+6) 50 + [Cla)ng()] 7.
Since (1 +6) > 1 and p/q < 1, we have (1 + §)?/9 < (1 + §), which completes the

proof of (4.3) and thus of Lemma 4.1. O

4.2. Convergence of AFEM using local marking only. In this section we
characterize the effects of marking using only local energy-type estimators. We con-
sider two different marking schemes, one which employs a combination of the ¢-
weighted energy and Lo indicators in (3.1), and another which uses only standard
local energy estimators. Because pollution effects are not controlled, it cannot be
expected that the sequence of approximations {u;} produced by such AFEM will con-
verge to the actual solution w, even locally on D or Dy. We are able to characterize
with some precision the limiting function u., obtained by such a procedure, however.

THEOREM 4.2. Assume that for some 0 < 0 < 1 and all i > 0, the marked set
M; C T; p, in the module mark in §2.7 satisfies one of the following:

(i) MM +1052(Mi VT p)? > 02(01i.6(Tip,)* + n0.i2(Tinr)?), (4.6)
(i) mi(Mi)?* > 6*m 4(Tip,)* (4.7)

Then there exists us € Hg () such that u; — use in HE(Q), and furthermore R" —
Puso in H(Dyg). Let also Soo = U2(S;. Then uos € Seo satisfies A(u—uoe,v) =0 for
allv € Sy, or equivalently, us is the elliptic projection of u onto Su. Furthermore,
—Aus = f in Dy.
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Proof. Letting H = H}(Q) and {S;} be the Hilbert spaces and subspaces in
Lemma 2.6, we have Sp C 51 C ... C S; C ... C H}(2). Thus by Lemma 2.6 u; — s
in H}(2), where u, is the elliptic projection of u onto S.., as asserted.

Let 0 <§<1land A=1—2"= be as in Lemma 3.7. Lemma 3.7 and Lemma 4.1
then yield

N1i41,6(Tiv1,0,)°+m0i41,2(Tiv1,00)°

<(149) [771,i,¢(7§,Dd)2 +10,i.2(Ti.pr)?
A5 (Ma)2 + 1052 (M; N T pr)?)] (4.8)

1
+ ()1 + 5)([[loui — wir )b, + llui = wisall7, ))-
Similarly, from [7] we have
mi1(Tiy1,0,)* <1+ 0)(n1i(Tip,)* — Anri(My)?)

X (4.9)
+O(1+ g)|||ui —uig|lG-

Inserting (4.6) and (4.7) into (4.8) and (4.9) and then choosing § so that ¢2 = (1 +
§)(1 — \0?) < 1 yields

Mi41,6 (Tid1,00)° +10,i41,2(Tiv1,00)* < E(Mi.o(Tip,)” + n0,i2(Tinr)?)

(4.10)
+ C(d) (| p(us — iy )l D, + llus = wirall7, )

M,it1(Tiv1,04)° < Emi(Tip,)? + Clllus — wiga |G- (4.11)

The convergence of u; t0 us in HJ () implies that {u;} is Cauchy in H}(Q) and by
a Poincaré inequality also in Ly(Q). Thus the terms C(|||¢(us — wi1)||D, + llui —
ui+1||%2(ﬂ)) and C|||u; — u;11]||4 converge to 0 as i — oco. This fact along with the
contraction of the estimator terms in (4.10) and (4.11) then yields n14(7;.p,)* +
n0,i,2(Ti,pr)*> — 0 or m,:(ZT;p,)* — 0 as i — oo, respectively, depending on whether
(4.6) or (4.7) is used. In the first case, the a posteriori estimate (3.1) yields

[|R? — busl||p, — 0 as i — oo. (4.12)

Noting that 71.:,4(7:.p,)* + n0,i,2(Zi.p)> < CL : m,:(T; p,) yields (4.12) when the
marking (4.7) is used. This completes the proof of convergence of the AFEM.

We finally complete the characterization of uq.. (4.12) along with the convergence
of u; t0 U yields R — R = ¢uo, in HE(Dg). Writing the weak form of (2.9) and
then employing the H' convergence of u; to Us and of R’ to R>® = ¢us, then yields

V(s ) Vo dr = / (bf — 2VdVioo — UscAd)v dz, v € Hy(Dg).

Dy Dy

Expanding the term V(¢uy,) on the left and integrating by parts the last term on the
right above yields

/ (Voo V(v) — vVUe Vo + s VOVV) da
Dy

= / (fov =20V PVoe + VU VO + U VOV) du,
Dgq
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which with proper cancellation of terms yields

Vs V(pv) dz = f(pv)dz, v e Hi(Dy).
Dy Dg
Since by assumption ¢ > 0 in (the interior of) D, the density of C&(Dy) in Hg(Dg)
immediately yields

VsV do = fodz, v € HY(Q).
Dy Dy
Thus © — U is harmonic in Dy, as asserted.

Remark 4.3. When only a local marking such as (4.6) or (4.7) is used, elements
outside of 7; p, will be refined only to maintain mesh conformity. It is thus expected
that some elements in the sequence of meshes {7;} will not be refined after some finite
number of steps in the algorithm, even in regions of Q\ D, where further refinement is
necessary to resolve u. Thus S, will consist of functions that are piecewise polynomial
away from Dy independent of the character of u there, or more precisely, So, C H}(Q)
independent of the properties of w on Q\ Dy. Thus us # u globally. Because uq, is
the global elliptic projection of u onto S, and elliptic solution operators propagate
local effects globally, we also expect that u # us locally (i.e., on D or D). Thus as
stated above, u — Uy, is harmonic in D4, but in general not 0. The computational
experiment presented in §5.2 confirms that |||R? — ¢u;|||p, — 0 as i — oo when local
marking is used, but ¢u; 4 ¢u (that is, us, # v even in Dy).

Remark 4.4. Essentially the same result as above holds for the marking strategy
(4.7) when Dy is taken to be any mesh subdomain of €2 relative to the initial mesh
To. In order to obtain this result, we use the alternate definition —AR? = fin Dy,
R? = u; on Dy of the local reconstruction. Then |[||R? — u|||p, < Cm.i(Ti.p,), and
the above arguments apply largely unchanged.

Remark 4.5. The inclusion of the local Lo-type estimator 7 ; 2(7;, p/) in the mark-
ing (4.6) enables us to employ the a posteriori estimate (3.1). Note that 9 ; 2(7; p’)
is computed entirely locally and does not serve as an a posteriori bound for ||u—u;||,
over any subdomain of 2. In particular, it does not control pollution errors or measure
solution effects from outside of Dy. Its inclusion in (3.1) is due entirely to the lack of
strict Galerkin orthogonality between R* and ¢u;, as characterized in (2.12).

Remark 4.6. The markings (4.6) and (4.7) may be modified so that edge contri-
butions from 9D’ in 19 ; 2 and from 0Dy in 1 ; are excluded. The resulting estimators
would include solution and data information only from Dy and not from any neigh-
boring elements. Theorem 4.2 has the advantage of using only standard indicators.

4.3. Convergence of an AFEM with adaptive pollution control. In this
section we employ in an alternating fashion the Dorfler marking (2.14) for the ¢-
weighted local energy error and a similar bulk criterion for the global L, error, with
the marking chosen in a given step depending upon which estimator dominates. We
will thus obtain convergence of an AFEM employing a marking strategy that can be
used to effectively control pollution errors on arbitrary polyhedral domains 2. We do
not obtain a rate of convergence for this AFEM in the general case. In the following
subsection we show that this marking yields a contraction under substantially more
restrictive assumptions.

We first describe our marking strategy. Let 8 > 0 and 0 < 8 < 1 be given, and
let p be chosen as in Lemma 2.2 so that ||u —u;||z, o) < Cpnoip(7:). At each step of
the algorithm, we determine M; C 7; so that:
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L If mi4,¢(7Ti,0y) = Bn0,ip(Ti),

Mie(Mi) 2 0n1.6(TiD,)- (4.13)
2. Otherwise (that is, if 870.;»(7:) > M.4.6(Zi,D,)),
10,5, (Mi) = 0m0,5,5(T).- (4.14)

We now prove that the adaptive algorithm defined above is convergent.
THEOREM 4.7. Assume that p = 2 if Q is convex and 4 < p < 6 otherwise. Then
the adaptive algorithm with marking strategy given by (4.13) and (4.14) yields

¢(w —ui)lllpy +m.i,6(Tipy) + lu—willL, @) +n0,ip(7:) — 0 as i — oo.  (4.15)

Proof. Let C(d) be a generic constant which may depend on p and d as well as
other nonessential quantities. Assume first that n1; (7; p,) > B10,i,p(Zi). We then
have from (4.13) that m1,;.6(7:,p,)* — M5, (M;)? < (1=X0%)n1,5.6(7T; p,)?. Choosing
§ in (3.16) so that a2 := (1 4 §)(1 — A0?) < 1, noting that (a? + b?)'/? < a + b, and
bounding the terms in (3.16) involving w; — w41 by |||u; — uit1]||3, we have from
(3.16) that

m,i+1,6(Zi+1,0,) < &M i¢(7ip,) + C(d)|||ui — wiva]|]-

Employing (4.1) while noting the Sobolev inequality [u; — uit1llz, @) < C|l|lui —
uis1|||q for 4 < p < 6 when n = 2,3 and also noting that (a? + b?)Y/? < a + b, we
thus have for § > 0

N,i+1,6(Tiv1,04) + B10i+1,p(Tiv1)
< anig(Tip,) + (14 8)Bn0,i.0(Ti) + C(d)py(6) /[t — uiga|l]e.

Choosing § = % and letting o = % <1, wehave 1 +6 =a+ 26 and a + 2§ = a.
Noting from (4.13) that 2680, »(7;) < 20m1.i,4(7i,p,), we thus have

M,i+1,6(Tiv1,04) + Bn0,i+1,p(Zit1)

4.16
< almio(To0s) + B0sp(T)) + Cllts = wiallla. 9

(4.16) also holds in the case when 819 ; »(7:) > M ..6(7i,p,); we omit the details.
From Lemma 2.6, we see that {u;} is a convergent sequence in H} () and is thus
Cauchy. Thus |||u; — wi+1]|lo — 0 as i — oco. Using this observation in (4.16) along
with the fact that o < 1 yields n1,;,.4(7:,p,)+0m0,i,p(7:) — 0 as i — oco. Recalling that
o(u—wi)ll|p, + llu—uillr, @) < Clie(Tip,) + Boip(T:)] finally yields (4.15). O
Remark 4.8. The argument above in fact yields u; — w in Hg () under the mark-
ing (4.13)—(4.14). That is, global convergence of u; to u in the energy norm is achieved
even though our adaptive method only seeks to control the energy error locally. As in
the preceding subsection, the marking (4.13) can also be replaced in Theorem 4.7 by
marking with a standard local energy estimator over any subdomain, so that employ-
ing the ¢-weighted error notion is not essential for obtaining plain convergence. These
observations highlight the fact that Theorem 4.7 is a plain convergence result yielding
no information about the rate of convergence, and is in this sense rather rough.
Remark 4.9. A general framework for obtaining plain convergence results for
AFEM is developed in [22] for energy norms and extended to weaker norms such as
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those considered here in [21]. The alternating marking strategy that we employ here
does not satisfy the marking assumption made in [21] (essentially, that the element
with the largest indicator is marked in each refinement step), but it does satisfy the
more general criterion regarding the “mark” step given in §5 of [22]. The L, estimators
used here can also be fit into the framework of [21] by slightly altering the jump term.
Thus with proper alteration of some technical details, the general framework of [21]
and [22] could likely be applied to obtain a plain convergence result for the error notion
Nlo(lpa + Il - Iz, 2y, but we do not pursue the details. Employing the framework of
[21] would allow for more general marking strategies such as an alternating maximum
strategy instead of the alternating Dorfler marking employed here.

4.4. A contractive AFEM for controlling |||¢(v — w;)|||p,- We finally es-
tablish a contraction property for an AFEM based on the marking (4.13)—(4.14), but
only under significantly more restrictive assumptions. First, we assume that € is con-
vex so that we may choose p = 2 in our estimates. Secondly, the parameter [ in the
marking strategy (4.13)—(4.14) must be sufficiently large. Finally, our result requires
a restriction on the family of meshes {7;} beyond shape regularity.

We first discuss properties of shape regular meshes in the context of finite element
error estimation. The discussion here is an abbreviated version of that contained in the
work [11] in which optimality of an AFEM for controlling ||u — ;| 1, () is established.
We refer the reader to that work for more details.

When measuring errors in the global energy norm, standard a priori theory yields

lfu = sl < min [l = xllla < CID*u 1,0, (4.17)

where h is the local mesh size. Note that (4.17) optimally reflects mesh grading.
Letting h = maxrez; hr, a standard duality argument yields in contrast

= wll ooy < Chmin [llu = xlllo < CRIR D" ulyey (4.18)

(4.18) does not optimally reflect mesh grading because of the factor of h lying outside
of the norm. A longstanding open problem in a priori error analysis is to prove
estimates in the Lo and L., norms which assume only shape-regular meshes and
which optimally reflect mesh grading as in (4.17). Such estimates hold in one space
dimension (cf. [1]), but have not been proved for n > 2.

It can be shown (cf. [24]) that for any shape-regular mesh 7;, there exists a
regularized mesh function h; € W1 () which is equivalent to the local mesh size hr
up to a constant, and which satisfies || Vh;[|1_ (o) < C, where C' depends only on the
shape regularity of 7;. We will assume that the sequence of meshes {7;} is mildly
graded in the sense that for each 7;, i > 0, we can construct a continuous, piecewise
linear mesh function h; such that

crhi(z) < hp < Crhi(x), z €T €Ty, (4.19)
IVhill L) < p, psufficiently small, (4.20)
hi-i—l (l‘) < hz(.’L‘), r € Q. (4.21)

Here p, ¢r, and C7 do not depend on i. [13] contains quasi-optimal a priori Lo, esti-
mates proved assuming a condition similar to (4.19)—(4.20). Optimal Lo estimates in
one space dimension are proved in the introductory chapter of the standard reference
[6] assuming (4.19)—(4.20); extension to higher space dimensions is not difficult. Note
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also that (4.21) can be enforced artificially and does not add a substantial restriction
to the class of allowed meshes.

Simple counterexamples show that not all shape regular meshes are mildly graded,
but it is shown in [13] that it is possible to construct mildly graded meshes which for
example optimally resolve corner singularities. Adaptive methods do not necessarily
produce mildly graded meshes, but in [11] we show that given p, the standard adaptive
bisection algorithm can be modified so that (4.19)—(4.21) are enforced in a way that
does not compromise optimality properties of adaptive methods.

The conditions (4.19)—(4.20) allow us to in essence use the error notion |||h;(u —
u;)|||o as a proxy for the Lo error ||u —u;||1,(0). The following results related to this
error notion are proved in [11].

LEMMA 4.10. Assume that ) is a convex polyhedral domain, and that (4.19)-
(4.21) hold. Then the following a posteriori estimate holds:

[ = will o) + [[1hi(u = wi)lllo < Cro,i2(75). (4.22)
In addition, there holds for any A > 1 the following quasi-orthogonality estimate:

Rt (u = wipr)[11E <A (w = ua) [[1G = i1 (wisr — w)][[G

Cs i
A-1

(4.23)
+

(10,i.2(T3)* +n0.i+1.2(Ti11)?).

Finally, the following estimator reduction property holds. Let T;y1 be obtained by
bisecting M; C T; at least b times. Then for any 0 < § <1,

10,i+1,2(Ti+1)* < (L4 0)(00,:,2(T3)* — Aamo,i2(M;)?)

1
+ Cs(1 + g) [1[Ris1(vi = vig)|1E + #°(M0,4,2(T)* + Mo,i41,2(Ti1)?)] -

We finally prove the following contraction result.

THEOREM 4.11. Given v > 0, define EY; , = |||o(u — wi)|||B, + v.i.6(Ti.D,)?
and E§ ; o = ||[hi(u—u)||[§+7n0,6,2(T:)?. Assume also that Q is convex and polyhedral
and that the parameter 3 in the marking criterion (4.13) and (4.14) satisfies 3 > %
with k sufficiently large. Assume in addition that there exist mesh functions h; and
hiy1 satisfying (4.19), (4.20), and (4.21) with p in (4.20) being sufficiently small.
Then there exist constants v > 0 and 0 < a < 1 such that

Eii+1,¢ + BZEg,H-l,Q < QZ(Eii,¢ + 52E§7i72). (4.24)

Here the constants o and vy, the mazximum allowable size of p, and the minimum
allowable size of k depend upon X, 0, and the generic constant C in §2.5.

Proof. Let B = [llé(u — up)l[[3, + B2||AsCu — w)lli3, ne = mio(Tn,)? +
B%10,i,2(73)?, and e; = |[|¢(wi —wir )|l B, + 67| ||his1(wi —uiv1)|| [ Note that A < Ay,
where Ay and A\ are defined in Lemma 4.1 and Lemma 3.7, respectively. The dual
marking strategy (4.13)—(4.14) thus yields

62
n? — A01,5,6(Mi)* + B°00,5,2(M;)?) < (1 - 2) n?. (4.25)

Employing in turn the quasi-orthogonality properties (3.11) and (4.23) along with
the a posteriori estimate (4.22) while adjusting constants, the estimator reduction
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properties (4.1) and (3.16), and (4.25) yields for any A > 1, ¥ >0, and 0 < § <1

Ez‘2+1+’777i2+1 < AE? — 6? + ﬁnfﬂ

C _
+ 3 j 1 (A% + 12 6%) (n0,i,2(T5)* + Mo,i41,2(Ti41)?)
2, = ARYCT 1 2
<AE; +5(1+40)(1 - 7)771' + (3Cs(1 + 5) —1)e;
C - 1 _
+ (Aijl +9Cs(1 + g))(d 24 1282 (n0,i,2(T0)* + M0,i1,2(Tiv1)?).-
We next choose 4 so that
) 1
N = — ~ ]_ — ) = ]_
V= G0 s+ 5) =1,
and in addition specify that
< 1 (4.26)
< ek )
Then
2 < 2 2 |~ N DY
Eiyy +Ami SAE; +5(1+0)(1 - T)’h -1+ 5)7771'
c (4.27)
+ 2d72(A _71 + 1) (00,i,2(T5)* + 10,i41,2(Tir1)?)-

We now require that 3 > % (i.e., x > 1), so that from (3.4) and (4.22) we have
E? < Con?. Inserting this relationship into (4.27) while noting that (1 + ) = Cig
yields

2025 5 62
El +Ami <(A - VE +7(1+6)(1 — —)ni+
4CsCo 4 (4.28)
_ C
2472 (5 + D02(T)? + Mo 2(Ten)?).
Next we choose A > 1 and 6 > 0 so that

025 62

2 _ _
a° = max{A 1C:Cy’ (I+9)(1 1 )< 1. (4.29)

Our choice of A and 0 satisfying (4.29) may depend on the generic constant C, 8, and
A, but is independent of 3 and d. Similarly, 4 depends only on C, 8, and A. Inserting

(4.29) into (4.28), defining Cyo = 1%?71 + 2, and rearranging yields

Cho

E7 44 (771,i+1,¢(7§'+1,Dd)2 + (8% - W)ﬂtl,i+1,2(7§+1)2>

i ) C
<a? {Ef +7 <771,i,¢(7i,Dd)2 + (8% + ,w;(jﬂ)no,m(’];)?)] :

_5_Cio _5_C 2 _ 952, Cio _ 352, C
Let v _Py_ﬁzboz =7 ,{120 and a* = 7& +,Yﬁ2132 = 5@ +’Y"lig’

We choose x sufficiently large to ensure that v > 0 and 0 < o? < 1. Note that our

so that va? = ﬁéﬂ—&—%.



24 ALAN DEMLOW

choice of x and thus of « and y depends only on C, 8, and A, but not on d. Noting
that v < 7, @2 < o?, and 72 < va?, we have

. Cho
Bl + 0 <EZ 49 (771,i+1,¢(7§+1)2 + (8 - W)no,i+1,2(7§+1)2)

[Em(wu (5 fédmwwﬂ

=6"E} +36™1,1,6(T5)* + *(76* + %)%4,2(%)2

<a®(E} + ;).
Finally recall that we required in (4.26) that p < % = 1. Thus p also depends on
C, A, and #, but not on d. This completes the proof of Theorem 4.11. O

Remark 4.12. The condition that 8 must be sufficiently large in order to obtain

the contraction (4.24) accurately reflects the coupling between |||¢(u — w;)|||p, and
lu — || L, (). As we demonstrate computationally in the following section, the local
energy error ceases to decrease beyond a certain number of adaptive iterations if the
pollution error is not controlled. If 8 is too small, then only the local energy marking
will be used for a large number of initial adaptive iterations. During these iterations,
M1,i,¢ Will be reduced, but beyond some point the local energy error |||¢(u—u;)||| p, will
cease to decrease. Thus a stepwise contraction can not be expected. Plain convergence
(without a rate) can still be expected as in Theorem 4.7, however.

5. Computational Experiments. In this section we briefly describe some com-
putational experiments illustrating Theorem 3.8 and Theorem 4.7.

5.1. Computational parameters. Let Q = (—1,1) x (=1,1) \ [0,1) x {0}.
With ¢t and 6 denoting polar coordinates about the origin, let £(¢,6) = t1/2 sing and
u(w,y) = cos IF cos FE((x,y),0(x,y)). Note that ulpg = 0 and that & is the (most)
singular function which naturally arises in expansions of solutions of (1.1) into regular
and singular parts. Let also f = —Au.
Let D = (%,2) x (0,1), D4 =(0,1) x (0,3), and D’ = Dy \ D. With

C16(z — 12, 1
1 116<(9;<4§) O<w<y L, 0<ys<
Ga(x) = 7 T ¢y(y): 1—16(y —

1—16(z — 3)2, 2 1
(x. D)5 a<a<l, 0 otherwise,
0 otherwise;

N'—‘N»—'

)
2 1<y<gy

we let ¢(x,y) = ¢z (x)dy(y) and note that D, Dy, and ¢ satisfy the assumptions of
§2.2. Finite element spaces of degree k = 1 (piecewise linear elements) were employed,
and all examples were coded using the finite element toolbox ALBERTA ([25]). Fi-
nally, the pollution error was measured in the L5 norm, i.e., p = 5 in (2.13). Q, D, and
D’ are depicted in Figure 5.1, along with the initial mesh 7; used for all computations.

5.2. Experiment 1: Reduction of |[|R? — ¢u,|||p,. In this experiment we
illustrate the effectiveness of the local reconstruction R in splitting the overall local
error ¢(u —u;) into a local energy term R? — ¢u; and a pollution term R* — ¢u. Here
we mark only using the Dérfler marking (4.13) based on 11 ; 4(7; p,), with 8 = 0.5.
Reduction of the pollution error [|u — u;||1, ) and of the overall local energy error
[l|¢(w — u;)|||p, can thus not be expected. As proved in Theorem 4.2, however,
an appropriate local marking does yield |||R? — ¢u;|||p, — 0 as i — oo even if
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Fic. 5.1. Left: Q (left) along with D (dark shading), D' (light shading), and Dy = D U D’.
Right: The initial mesh Tg.

1.0
0.0
g —10
S L
—.— 770,1‘,5(7;)
—2.0 —— [llp(u—ui)lllp,
- slope = —%
—— m,4,6(Ti,p,) +m0,i,2(%;,p7)
—-3.0
1.0 2.0 3.0 4.0 5.0 6.0
Log(DOF)
Fic. 5.2. Optimal-order reduction of the reconstruction error |||R? — ouilllp, <

C(n,i,6(Ti,p,) +10,i,2(7;, pr)) using a local energy marking strategy only.

lu — wil|L, () does not vanish as i — oo. Note also that while (4.6) of Theorem 4.2
requires a marking based on ng;2(7; p/) as well as on m1,;4(7; p,), the additional
marking based on 7 ;,2(7;, p’) is not observed to be necessary in our example.

In Figure 5.2, we see clearly that indeed 71;.4(7; p,) + 10,i,2(Zi,pr) (which by
Theorem 3.1 bounds |||R? — ¢u;|||p, up to a constant) converges with optimal order
using only a local marking strategy. On the other hand, the pollution estimator
M0,i,5(7;) and the overall local error |||¢(u — u;)|||p, do not decrease to 0 as i — oo.
One of the adaptive meshes produced in this experiment is displayed in Figure 5.3.
Note that some elements in Q \ Dy are refined in this example, but only in order to
maintain mesh conformity.
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FiG. 5.3. Left: Adaptive mesh with 376 degrees of freedom produced in Experiment 1 by marking
only elements in Dy for refinement; Right: Adaptive mesh with 804 degrees of freedom produced in
Ezxperiment 2 by marking for the local energy and global pollution errors.

1.0
0.0 4
—1.0
>
Q
3
_20 1
—e— 10,i,5(73)
—— M1,i,6(Ti,D,)
730 1
— — slope = 7%
—— |[l¢(w — wi)lllp,
—4.0 T ! . .
1.0 2.0 3.0 4.0 5.0 6.0

Log(DOF)

FIG. 5.4. Optimal-order reduction of the local error |||¢(u — u;)|||p, -

5.3. Experiment 2: Reduction of [||¢(v — u;)|||p,. In this experiment we
apply the full adaptive algorithm of §2.7 to the test problem described above. We let
0 =0.7and 8 =1in (4.13) and (4.14). Optimal-order reduction of |||¢p(u —u;)|||p, is
observed in Figure 5.4, and an adaptive mesh is displayed in Figure 5.3. A relatively
large number of adaptive iterations were required here to reduce the pollution error.
A more efficient algorithm can be obtained either by using the maximum strategy
when marking for the pollution error, or by choosing the parameters 6 in (4.13) and
(4.14) differently (e.g., letting = 0.5 in (4.13) but 6 = 0.8 in (4.14)).
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