AN ADAPTIVE FINITE ELEMENT METHOD FOR THE
LAPLACE-BELTRAMI OPERATOR ON IMPLICITLY DEFINED
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Abstract. We present an adaptive nite element method for approximati  ng solutions to the
Laplace-Beltrami equation on surfaces in R which may be implicitly represented as level sets of
smooth functions. Residual-type a posteriori error bounds  which show that the error may be split
into a \residual part" and a \geometric part" are establishe  d. In addition, implementation issues are
discussed and several computational examples are given.
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1. Introduction.  In this paper we derive residual-based a posteriori error @&
mates for piecewise linear nite element approximations tosolutions of the Laplace-
Beltrami equation

u=f on ; (1.1)
u=0on @:
Here is a connected two-dimensional surface embedded irR® and is the
Laplace-Beltrami operator on . @ is required to be \piecewise curvilinear" in a
sense Whiqglg we will ﬁlake precise below. We also allo@ = ;, in which case the
conditons fd = ud =0 are required to guarantee existence and unigueness
of u. Here d is surface measure on

A nite element method for (1.1) was introduced in [Dz88]. Let  be a polyhedral
approximation to having triangular faces, and let S, be the continuous functions
which are a ne on each face of ,. We then let u, 2 Sy solve

Z Z
r,unr thd h = Vhfhd h 8vh 2 Sy: (1.2)

h h

Herer | is the tangential derivative on n, 1 is surface measure ong, and fp is
an approximation to f on . As above, we require the side conditions ) frd =
huhd hZOif @h: ).

A key feature of our theoretical development is that is repr esented as the 0 level
set of a signed distance functiond with jd(x)j = dist(x; ). Our approach requires
access to the derivatives ofd (the normal vector and curvature tensor), and also re-
quires that  lie in a strip about on which a unique orthogonal projection a(x)
onto is de ned. This projection is instrumental in suitabl y de ning the discrete
data f, and also in carrying out both a priori and a posteriori error analysis. Also,
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if @ is nonempty we shall require that @= a(@ ) so that @ is in a sense \piece-
wise curvilinear". This is similar to requiring polygonal b oundaries when performing
nite element calculations on domains in R" in that it rules out \variational crimes"
resulting from boundary approximations.

In practice, often is de ned as a level set of a function which is not a distance
function. In this situation one must approximate the projection a(x) numerically, and
the other necessary geometric information may then be compted in a straightforward
fashion. In practical terms, the resulting nite element code requires the user to supply
the data f , the level set function and its rst and second derivatives, and an initial
mesh which lies in a su ciently narrow strip about to guaran tee that the projection
a is a bijection between } and . In the sequel we shall discuss some details of our
implementation in addition to providing a posteriori error estimates.

Optimal-order HY() and L,() a priori estimates for the method (1.2) were
proved in [Dz88]. Roughly speaking, the nite element errormay be broken into an
almost-best-approximationterm typical of nite element methods in R", a geometric
error term which is due to the discretization of , and a data approximation term
due to the approximation of f on by f, on . On a mesh whose elements have
diameter h, the latter two terms are of order h? for typical choices off, and are thus
of higher order when the error is measured in thed * norm.

In this paper we provide a posteriori error control in the H() norm via residual-
type estimators. As in the a priori analysis, the error is spit into three terms:
a residual indicator term, a geometric error term, and a data approximation term.
Computation of these error terms requires pointwise acces® geometric information,
in particular to the projection a and the normal vector and curvature tensor on .
However, the asymptotically dominant term requires no explcit geometric quantities
except those which are necessary to compute the discrete dafy,.

A relatively simple setting is assumed here in order to conagrate on e ects
arising from the discretization of . In particular, we do no t consider problems with
nonconstant coe cients, the case wherea( ) 6 , lower-order terms, or nonhomoge-
neous Dirichlet or Neumann boundary conditions. These addional complexities may
be handled in much the same way as for problems on polygonal daains in R?, so we
refer for example to the works [DR98], [DWO00], [BCDO04], [MN®], and [AOQQ] where
many of these issues are considered. Under suitable assuriggts, our development
also holds largely unchanged for surfaces of codimension Jhigh are immersed inR",
n 2.

In order to conclude the introduction, we briey describe other strategies for
performing adaptive nite element calculations on surfaces. One possibility is the
use of a global parametrization to represent and de ne a sutable mesh. This
approach was taken in [AP05] to perform adaptive nite element calculations on the
sphere. The key to this method is a global parametrization wlich maps a triangulated
planar domain onto the sphere in such a way that the resultingcurved \triangles"
are isotropic (shape-regular). A more general approach usg local parametrizations
(charts) to represent 2- and 3-manifolds is described in [HO1].

The technique we present here has several advantages whenngpared with the
two described above. Extending the use of global parametritions to surfaces other
than the sphere is relatively di cult because a new parametrization must be found for
every surface on which computations are to be performed. In ddition, the analysis
of the Clemrent-type interpolant used to prove reliability of a posteriori estimates in
[APO5] is speci c to the sphere and would have to be redone foother surfaces. In
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contrast, implementation of our method is quite straightforward for the sphere and
may be carried out in a fairly general way for a large class ofigfaces. The analysis we
give here also is not restricted to any particular surface. e use of local parametriza-
tions described in [Ho01] provides a framework for computabns on manifolds which
is in some ways more general than that which we propose here. dwever, the use of
overlapping local charts adds to the complexity of both the resulting nite element

code and the theoretical analysis. Indeed, the issue of appkimation theory when

using local charts is not addressed rigorously in [HoO1]. A nal advantage of our
approach is that it provides rigorous theoretical backgrownd for adaptive methods in

certain situations in which no parametrization is available, such as implicit computa-
tions of surfaces evolving for example by mean curvature ow(cf. [Dz91], [BMNO5],

[CDDRRO4)).

The paper is organized as follows. Inx2 we give a nhumber of preliminaries and
assumptions necessary for our theoretical development. Ix3 we then prove global
a posteriori upper bounds and local lower bounds. Inx4 our implementation is de-
scribed. In x5, we demonstrate the exibility of our approach by describing computa-
tional experiments on three di erent surfaces: a sphericalsubdomain with nonempty
boundary, a torus (which is nonconvex and has a topologicaltpe di erent than that of
the sphere), and an ellipsoid (which requires numerical apmximation of the distance
function).

2. Preliminaries and Assumptions.

2.1. The continuous surface . We assume that is a connectedC? compact
hypersurface which is the zero level set of a signed distandenction jd(x)j = dist(x; )
de ned on an open subsetJy of R3. If @= ; we also assume for simplicity thatd < 0
on the interior of and d > 0 on the exterior. ~ = r d is then the outward-pointing
unit normal on . Note that j~j =1 whereverdis dened. LetalsoH : R®! R® 3
be the Weingarten map de ned by

Hij (x) = Tix (X) = ~5x 1 (X); (2.1)

that is, H(x) = D2d(x), and let ;(x), i =1;2, and 0 be the eigenvalues ofl (x). For
x2 , 1and » arethe principal curvatures.
Next we de ne the projection

ax) = x  dx)~(x): (2.2)

We then let U  R3 be a strip of width about , where > 0 is su ciently small
to ensure that the decomposition

X = a(x) + d(x)~(x) (2.3)
is unique forx 2 U. We require that

< [irl]la;)z(k ik, o1 (2.4)

For x 2 U, we also note the useful formula

e
= T340 (@) 25)

for the curvature of parallel surfaces; cf. Lemma 14.17 of [®98].
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The condition (2.4) is su cient to ensure that the decomposition (2.3) is locally
unique (cf. [GT98], x14.6), but we require that it be globally unique. This global
requirement is a simplifying assumption which restricts ou presentation to embedded
surfaces. Immersed surfaces (including surfaces with setitersections) could also be
considered with slight changes to our presentation.

We may uniquely extend a function denedon to U by

()= (ax)): (2.6)
for x 2 U. Let
P=1 ~ = (2.7

where s the tensor or outer producta B= b’ (vectors here are in column form).
We then de ne the tangential gradient

r=r  (~r )~=Pr (2.8)

for denedon and extended to U via (2.6). Note that r depends only on the
values of on even though its de nition formally involves the extensi on of to .
Note also that =r r . Finally, we denote by H*() the functions on
having tangential gradient in L2().

2.2. The discrete surface hn and mesh T,. Let U be a polyhedron
consisting of a setTy of triangular faces, thatis, = [ TZThT. Let also ~, denote
the (piecewise constant) unit outer normal on 1, and let N denote the set of nodes of
triangles in T,. We assume thata: ! is bijective and that ~ ~, > 0 everywhere
on . We note that it is often simplest to de ne |, so that N , but this is not
theoretically required in any way. Also denote by ht the diameter of T 2 Ty,. Given
z 2 N, we de ne the patch ! ; = interior ([ fszT) and let h, = maxt , hy. Also,
let E denote the set of edges of triangles iffy,. Finally, ' ; 2 S, denotes the canonical
basis function associated toz, that is, ' ;,(z) = j for zj;z 2N.

Analyses of a posteriori estimates for nite element method on domains inR"
typically assume that the underlying mesh is shape-regularthat is, all elements in
Th have bounded aspect ratio. Under this assumption, constarg depending on the
aspect ratio of the elements of the mesh are then bounded and ay be absorbed into
a global constant of moderate size. This approach is reasob& because typical mesh
re nement algorithms preserve shape regularity.

The situation is somewhat more complicated in the current catext of nite ele-
ment methods on surfaces. The rst issue which arises is thathe mesh is perturbed
after each re nement by projecting newly created nodes ontothe continuous surface

via a. While these perturbations are asymptotically negligible, we are not aware of
a proof that the re nement/perturbation procedure describ ed here maintains shape
regularity beginning from an arbitrary shape regular mesh wth nodes on and lying
in U. A second problem is that in contrast to the situation in R", shape regularity
does not automatically imply that the number of triangles sharing a given node is
bounded. However, if the number of elements in the patches othe initial coarse
mesh used to begin the re nement algorithm is bounded, we mayguarantee that
such a bound will hold for all subsequent meshes by applying auitable re nement
algorithm. This is in particular the case for the newest-nock subdivision algorithm.

As we have not been able to theoretically guarantee that a farly of meshes
maintains shape regularity under mesh re nement, we take tre following approach.
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We rst prove a posteriori bounds which do not assume shape rgularity. In these
estimates, lack of shape regularity is penalized by a singl&actor. In our computational
examples we do not include this penalty factor in our estimabr, but instead monitor
it to ensure that mesh quality remains acceptable. In our exanples, the penalty term
remains of moderate size when re ning meshes which initiayl lie within U.

2.3. Lifts and extensions of functions. Given a function vy, de ned on 4,
we de ne the lift v, by v, (X) = v, (a(x)) for x 2 . We may then extend v, to U by
(2.6). For v, dened on  and x 2 U, we thus de ne

Vi (X) = ¥h(a(x)): (2.9)

The overall e ect of (2.9) is to extend v,, de ned on } to U. Formally, however, this
operation consists of a lift to followed by extension to U. We emphasize thatall
extentions of functions to U referred to in this paper are constant along normals to .
Thus for our purposes extensions of functions de ned on andof functions de ned
on 1, have essentially the same properties.

Letting ~, denote the normal on ,, we dene forx 2

Pr(xX)=1 ~x(xX) ~n(x); (2.10)
so that for V denedon U andx 2 ,
r . V(x)= Pnr V(X): (2.12)
We see from (2.2) and (2.9) that forx 2 4 and v, de ned on 4,
Fvp()=[(P dH)(X)Ir vy (a(x)): (2.12)
Since~ ~ 1, we have~H = H~=0and PH = HP = H, sothatfor x 2
PV () =1 dH)ONP I vy (@) =11 dH)O)Ir v (a(x)): (2.13)
Thus

FoaVe(¥)=T1 vy () = [PrOOIC dH)ONIP(X)Ir v, (a(x)): (2.14)
Correspondingly, for 2 H1() (2.6) yields
ro, (O=[Ph0ON( dH)EIP()Ir  (a(x)): (2.15)

For x 2 4, (2.13) yields
rovp(@()) =[(1 dH))] *r vy (x): (2.16)

The invertibility of [( I  dH)(x)] on U may be derived from (2.4) and (2.5). Indeed,
if e and e, are the eigenvectors ofH corresponding to 1(x) and 2(x), then [(I
dH)(X)] 1=~ ~+(@1+ d(x) 1(a(x)))er e +(1+ d(x) 2(a(x))e; e. We shall need
to compute r v, whenv, 2 Sy. In such cases we initially have access only to the
tangential derivative r , v, and not to r v, which according to (2.16) is necessary
to compute r v,. Sincer ,vnh(X) = [Ph(X)]r v, (x), we have 0 =1 v, (x) ~ =
r o Vh(X) ~+(~n ~)r v,(x) ~n. Thus

r ,Va(x) ~.

r VI\1(X) ~h = T, (217)
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andforx 2

~h

rvy(x)=[1 —Ir Ve (x): (2.18)

Combining (2.16) and (2.18), we thus nd that for x 2,

rovp@x)=[(1 dH)T 1 ——Tr , vh(x): (2.19)

Next we state an integral equality which we shall use repeatdly. For x 2 1, let

h(X)d h(x)=d (a(x)); (2.20)
and also let
An(x) = Ap(a(x) = ﬁ[P(X)l[(I dH)OAIPR GO dH)O)IIP(X)]: (2.21)
Then from (2.14) and (2.15), we have
4 Z
r o Var , ndp= Apr vr ,d: (2.22)

h

Note that this equality holds without regard to the original domain of de nition of vy
and , that is, we may for example replace  and h with ~ and , respectively,
where 2 H?!(). We also emphasize that the quantities d and H in (2.21) are always
evaluated on the discrete surface ,, even though A, often appears in integrals over
the continuous surface .

Finally we give an explicit formula for the quantity 1, de ned above. The proof
of this formula is tedious but elementary, and we sketch it in Appendix A.

Proposition 2.1.  Assume thatx 2 1. Then

h() =@ dx) 100 dx) 2(x)~ ~n: (2.23)
2.4. Interpolation and Poincae inequality. In this section we de ne an
interpolant and prove error bounds for it. Given 2 L;()and z2 N, we let
Z
. 1 .
,= R— 5 ', odan (2.24)
1, Z h 1,
and de ne
X
I, = 2 (2.25)
z2N

A similar interpolant is used for example in [FV06] to prove a posteriori bounds on a
domain in R2. Noting that f' ,g,on is a partition of unity, we then have the following
relationship:
z ‘ x £
( Ih )d n= ( 2)' zd n =0: (2.26)
h 22N 'z
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Lemma 2.2. (Poincae inequality) Let 2 HY() . Let m, be the number of
elements sharing the nodez, and let &, be the lift of the patch! ; onto . Then for
eachz2 N ,

k Koo, Cmax jTjm, max p%kAhk?z;Ll a oK ket (2:27)
Letalsoz2 €2 E. Then
. . p— h 1
k K@ C jejm, max p—jTT_jkAhk‘zz:Ll Gk Kl (2.28)

Here kAnk ., (1,) = KkApk, K () Wherek k-, -, is the standard matrix
2-norm, and C does not depend on any essential quantities.

Remark 2.3. The terms in (2.27) and (QpZQmay }pe_classi ed as follows. In
shape-regular meshes the quantities max , jTj and jef may be reduced toh,

and h%zz, respectively, whereh, is the maximum element diameter in! ,. The factor
m, accounts for the number of elements sharingpthe_vertexz if this number is not
known to be bounded, and the factor max , hy= |jTj accounts for the aspect ratio
of T. If Ty is shape regular andm, is bounded, we thus have
N N 1 N
k ZkLz(! 2) ChykA k2 kr h kLz(! ) (229)

2k (M 2)
1
2

k  ,Kie ChI?kAnk? ki Ky, (2.30)

T2k (Y 2)

where C does not depend on essential quantities.
Proof. We rst show that |}, is locally L o-stable independent of mesh properties.
Note rst that

ke = 1T TR e @3

ZRL(!2)
If z is an interior node, we let!, be a regularm;-gon with vertices lying on the unit
circle. If z is a boundary node, then we let!} be a half of a regular 2n,-gon with
vertices lying on the unit circle. In either case the referece domain!?, is convex and
may be broken into m, congruent triangles with the origin being a vertex of each.

There is a natural piecewise-a ne transformation F, : P, | 1 ,. We denote by T
the inverse image ofT !, and by @ the inverse image ofu 2 HY( ) under this
transformation. For p=1or p=2andany T 1,
Z Z
X X iTj "D dR
k', KP — "Pd = I e dg = j! ji1A z " (2.32)
B S Y
q_—

o Ak k
An elementary calculation yields jTj 22 =

Kt g which when combined with
(2.31) and (2.32) yields

r_
3

K oKi,0.) Ek K, (2.33)

Thus for any K 2 R,
r_

k ZkLz(! 2) (1+ E)k KkLz(!z) (234)
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R . .
ChoosingK = =", " d& and noting that r ™ = r

iy r F,, we next nd
that

h

. P 5
k K"Lz('z) TFéz,f, f( K)*dr
2
ﬂ° maxt !ZjTj w( RK) dx

Co (M2)? s maxr 1, JTj . ir “‘JZde (2.35)
_Cp(r\z) maxT LT . % Lr r F,j2d p
K Fpjr k2, - .
Cp (!‘Z)2 maxy 1, jTjmaxr ., %kr v KLaL)

Here Cp is the Poincae constant for I',. It is not hard to compute that
kr Fzjrk,i -, Cmzhr; (2.36)

where C does not depend on any essential quantities. Combining (248, (2.35), and
(2.36) and nally applying (2.22) yields (2.27).

The proof of (2.28) is accomplished by employing a trace inagplity and slightly
modifying the preceding proof. Assume thate T T3. Let T be the unit simplex
in R? (note that this is not the same as the reference element empjed above), with
e denoting the transformation of eto T. Letting Fr denote the a ne transformation
of T to T, we note that kit k-,i -, hy. Employing a trace inequality on T then
yields

k ki ek 2K R
Cq J_G_J_(k Ki,ry + KK, m) (2.37)
C JJ%(k ZkLz(T) + thr h kLz(T)):

P jej=jTjhtkr \kLZ(T) is clearly bounded by the right hand side of (2.28), so we
must only consider the rst term in the last line above.

Letting T, I,, and K be as de ned as before, we rst procede as in (2.35) to nd
that

\ a_ .
B Kk q%k KK, cf)

2kY Kk, (2.38)
C jejm, maxr !Z{J%kr v K,

Proceeding as in (2.31) through (2.34), we next nd that

T, - P .
L K)zke,(T) qJ_GH(‘ K)z]

A (2.39)
3 K Kk, )t

Combining (2.39) and (2.35) yields

P—

;19 . ]mz max T !Z{J‘—jTT_jkr N
C  jegm, maxr ., Fﬁﬁkr » KL,
i i \ i (2.40)
Sincek K,y K Kk, ey + k( K)zki, (), combining (2.37), (2.38),
and (2.40) with (2.22) completes the proof of (2.28).0
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3. The estimator.  In this section we develop a computable and reliable esti-
mator for kr (U up)Kk,() -

3.1. Residual equation. We rst derive a residual equation. Let 2 HE(),
where HE() is the set of functions in H() having vanishing trace if @ 6 ; and

having vanishing mean value if@= ;. Following [Dz88] and applying (2.22), we nd
that for 2 H()and 2 S,

R . R . . R . .
r(u uyr d = Rf h o dnq [P ALIr ur d (3.1)
ST o,unr o dog '
and
z . R R S
r (u uyr ,d = zf h hd n P A Ir ur ,d
r,unr hd h
Z Z
= (f n fn) ndn [P Aplr upr ,d:
' (3.2)
Combining (3.1) and (3.2), we nd that
z . R . R . .
r (u uh%r d = r (u u)r d r(u uy)r ,d
+ r (u u)r ,d
z \ 3.3)
= f h)d n rounr o ( h)d n
£ h Z
P A.r ur d+ (f o fn) ndn
h
Next we note that
Z
rounr ( h)d n
oy Z z
= » Un ( h)d n ro.un f( n) ds (3.4)
yor, T 1 X
= Jun( h)d g > J o,unK  h)ds:
n T2 @T

where | up is a piecewise polynomial andh is the conormal vector to the triangle T
(thatis, A ~, = 0). In the current situation , Un is identically O, but we include it to
make clear how the corresponding term would appear in otherituations. Also, let e
be an edge shared by element§; and T, which have normalst; and f,, respectively.
Then J  unK=r ,Unjr, A1 r ,UnjT, B2 isthe jump in the normal derivative
acrosse. If e @p we setd ,upKe = 0. Note that #, lies in the plane of T; and
1, lies in the plane of T,, so in contrast to the situation which arises on domains in
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R" we generally haven; 6 1, Finally, we insert (3.4) into (3.3) to nd
Y4

. R . .
r(u u) d=(f n+t  un) h)d n
1 X Z . z . .
= J ,unK h)ds [P ALr ugr d
%TZT et (3.5)
+ (f n fn) ndap
h

I+ 11+ 1 + 1V

3.2. A posteriori upper bound (reliability). We begin by bounding term |

of (3.5). Let =1, ,andlets, = m, maxr |{d% AlsoletR=1f +  up,

and letf R,g,2n be constants. Recalling thatf' ,g,2n IS a partition of unity, recalling
(2.25) and (2.26), and applying Lemma 2.2, we then have

x £ x Z
I = R( 2)' zd = (R Rg)( 2)' zd n (3.6)
2N !z 2N !z
X P 1
C Tr’nallx JTJsZkAhkFZ;L1 ) K'2(R Rk, ,)hzkr K, ,)y:
22N e
Next we turn to bounding the term 1l . Applying Lemma 2.2, we nd
. P P R, . .
=3 x D B2 e ZJr1 » Un K ,)ds
c jeis:kARKS o K 2T UK okr ke, GF)
z2N €3z
Let
P— . P Pp—,
z= sz(maxr 1, Tk 2(R Rki,0 )+ a5, €K 2  unkk,@): (3.8)

Combining (3.6) and (3.7) and noting that each elementT has only three nodes, we
thus nd that
X 1
I+11 C KARK? .
z3 X .
C( KAnk,u, 0,y D720 ki k)7 (3.9)
2N z2N
C( KAnk,i, ¢, D72k ki)
z2N

L1 ('2) 2Kr kLZ(J'"Z)

where C does not depend only, or any other essential quantities.
In order to bound the term IIl , we use (2.19) to compute
x £ o
I = "LIP AL upr d
x22Ng 3 o
k "L[P ARl upki,ek Tor ki,
2N (3.10)
p—p — 1 ~h -
KW hm 7Z[P ARl dH] I ——1Ir ,unki,( )
z2d o
k I ‘Zr kLZ(‘-“Z):
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De ning
S (3.11)
. P P .
and recalling that  ,\ 'z =,y 'z 1, we nally compute
= _ P P _
L (N kP zBnr huhkfz(!z))l_z( 2on Kol kfz(rz))l_z

(3.12)
= kBpyr hUhkLz( h)kr kLz() :

Finally we bound the term 1V . First we note that for z 2 N and with , de ned
as in (2.24),

Sz— 1 z
I(p'_z szz( 2) = | "z2d ', d hj | 'z Zd J (3.13)
kP ke

Since 2 H{() has either vanishing trace on @ or vanishing mean value over ,
we may apply (3.13) and a Poincae inequality to compute
Z

V= (f n fn) ndn

= | f n fn)'z ,dn
RN 7 . .
kp'_z(f h fh)kLz(!z)kp'_Z KLy,
22N R .
kP 2 n fh)kLz(!z)kp'_Z Kio(,)
yN

z

1 o }
( k—hkLluz)kp (T n Tk ) K ke
z2N X

1 - -
CeOC k=i, cok T n TR )R Ky
z2N

(3.14)
1 pv— N q |_‘
kﬁ:hku ek TZ(E n fr)ke, ok T, Kiee)

. . R .
Making the substitution =u u,if@ 6; or =u u, ﬁ (u u,)d
if @= ; while combining (3.3), (3.12), and (3.14) yields

L2()

1 T \ =
+C() T k—ki, a ok KR, ) (3.15)
ZZN h
kr (u uh)kLz():

‘ P )
kr (U up)k? « [CC ,on KARK L, (1) D2+ KBhr  Unki,( )

Dividing (3.15) through by kr (u ug)kLz() then yields the following theorem.
Theorem 3.1. Under the assumptions inx2,

ki (u upk,y R + G+ D; (3.16)
where

X
R=C( KAnk,., o, D% (3.17)
z2N
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G= kBnhr ,unk,( ) (3.18)
and

X 1 pv— N 2 1=2
D=Co)( Kok ok 2 0 ke, )" (3.19)
z2N

Here , = s;(maxr 1, P JTiK' 2(R - Rk, ,) + P s37 P jek' 2 unkk ) as
in (3.8), the constants R, in , may be freely chosen, andC does not depend orily
or .

We make a few brief remarks concerning Proposition 3.1, beghing with the resid-
ual term R. First we note that if the nodes of , lieon , then k[(P An)(X)]k,i -,
ChF% for x 2 T (cf. [Dz88]). Thus up to a higher-order term, R is bounded by
C( ,,n 2)¥2. Next we consider thegeometric error term G. Note rst that unlike
the residual term R, it contains no unknown constants. Secondly,G is heuristically
of higher order sincekBnk-,1 -,  CkP  Apk, -, Ch2. The data approximation
term D is O if we letfy, = hf and assume exact quadrature both of wich we shall
do in our numerical tests. In [Dz88] the de nition f,(x) = f (x) Jih] f dpis
made. This choice has the advantage of not requiring the comytation of the ratio

h of the continuous to the discrete measure and still leads to ptimal-order H* and
L, estimates. However, computation ofR and G requires access to , in any case, so
we shall use the de nition f, = ,f and thereby excludeD. A nal note concerning
D is that it includes the global Poincae constant Cp (). In contrast to the terms R
and G, D is thus not entirely built up of quantities which are locally determined.

Finally we note that the dominant term in (3.16) does not depend explicitly on
geomlgtrlc information about . Since kKA Pk, (1 ,) g(#z)hz, we may compute
G c(-2)hkP7r unk?, )2 Also,R  C 24 C() h? 2)12;

( z2N (+2) hBo, )) ( z2N 0
Flnaﬁy, as shown in [D288] D is of higher order even if the choicef(x) = f (x)

J—h f d n is made. Thus the dominant part of the a posteriori upper bourd is

C( Ly 2)¥2, exactly as for problems in planar domains.

The estimator given in Theorem 3.1 could in principle be impkemented, but it is
possible to de ne a more convenient estimator for practicaluse. Recalling the com-
ments of x2.2, we may simplify it by assuming shape-regularity. In addtion, residual
estimators are typically calculated elementwise instead bpatchwise, so we de ne an
alternate estimator which allows mostly elementwise calclations (the only exception
is the term involving kAnk, which must be patch-based). In our computations we
shall apply the estimator naturally derived from the following proposition.

Corollary 3.2. Assume thatf, = f , that T}, is shape regular, and thatm,
is bounded. Then

. _X
kr (U upke,( P 2( CKAnk,, 4y T+ KBrr unk?,))'™
T2Th
(3.20)

Here !t = [,,7'2, 1 = hrkRK_,1) + hy °kJr , upkk ,(@7, and C depends on
maxzon Mz and the minimum angle over all elements offy,.

The proof of Corollary 3.2 follows by setting R, = 0 in (3.8) and noting that
under the assumptions that T, is shape regular andm, is bounded, ht is equivalent
to h, for all verticesz of T and to jej foralle @TUO

3.3. A posteriori lower bound (e ciency). In this section we prove a local
a posteriori lower bound which is a counterpart to the upper tound in Corollary
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3.2. Such lower bounds verify (up to higher-order terms) tha the stated a posteriori
estimate does not overestimate the actual error and also aran essential ingredient
in proving the convergence of adaptive methods; cf. [MNS02]

Proposition 3.3. Assume thatf, = f , that Ty is shape regular, and that
m, is bounded. Then forT 2 Ty,

T CKARKTE (Kt (U Up)ki,ceg) + KBar Uk, o))

(3.22)
+Cht kR RTkLz(!T):

Here C depends onmax,,,, .,,7 M, and the minimum angle of the elements inl T,

and Rt is an arbitrary piecewise linear function.

Proof. We shall follow the well-known proof of Veriarth (cf. [Ver89]). First
letz2N and T I,. Letting z, 1 i 3, be the nodes ofT, we de ne the
bubble function t = 2,', . In addition, let Rt be an arbitrary piecewise linear
approximation to R on T. Let also T denote the natural lift of T to . Then using
(3.5)with = R; 7 and , =0 and noting that 1 =0 on @, we have

z R \ o
RRTZTd h= +~r (u uyr (Ry +)d

T
T

+ [ Ar ur (Ry p)d

T . . . C. (3.22)
(kr (u Up)kLz(T) + k[ Aplr upk Dk (Re o)k,
(kr (U U)K,y * KBRT  Unke,(T))
KARK )k (R 1)KL,(my:
SinceRt 7 is a polynomial, we may apply an inverse inequality to nd
ki, (Rr T)ki,ry Chi'kRr tki,r)y Che'kRrKy,(1y: (3.23)
where C depends only on the shape regularity off . Thus
z
RR d
;oo TEn - \ (3.24)
CthkAhkL‘1 mkr (U up)ky, oy t KBar unke, ) )KRT ke, (1)
Applying Theorem 2.2 of [AO0OQ], we next note that
p_
KRTkE 1y K * TRTK] () A (3.25)
(K T(R Rr)ki,my+( RRr 1d n)™)kRrky,1): '
T
Combining the previous inequalities, we thus nd
1=2 N
kRt kfzm CIkR  Rtky,m)+ thkAhkLl mKkr (U upk, T (3.26)
+kBnr huhkLQ(T))]kRTkLQ(T):
Thus
1=2 A
hrkRKL,(r)  CLKAnK. “(ry(kr (U up)ky, )+ KBnr unke, (7)) (3.27)

+htkR Rt kLz(T)]:
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Next we bound the edge residuakJr |, unKk ,(@7). Let e be an edge which is
shared by elementsT; = T and T, and whose closure contains the nodes; and z,.

Let i ,i;jJ =1;2, be the barycentric coordinate on trianglei corresponding to the

vertex zj, and de ne ejt, = i1 i2. Thus ¢2 H}(T1[ T2),and > Oone. Then
p —

K ,unkk e Ck eI | unkk,(g: (3.28)

Noting that Jr , unKe is a constant, we employ (3.5) with = (jI ,unKe ,)to nd
R . R . .
e g WUnK? eds= L o1 (% udr (r unKe o)d
Ti[ T2 RJr huhlﬁe ed h+ T1[T2[I 116\2h]r UnT (Jr huh&e e)d
jI unKe(kr (U up)ky, ) KARKL (1 7 KT ekl (mu T2) (3.29)

+KRKL, (1, 1)K eKLy(Ti T2
1=2 .
+kBnr uhkLz(Tll Tz)kAhkL1 (T1[ Tz)kr h ekLZ(Tl[ Tz))'
A simple scaling argument yieldsk ek ,(t,; 1,5 Chr andkr | ek ,(r;;1,) G,
so that
z

jr L upK? ods  Chi kI, UnKkL (e
e

129 . 3.30
[KARK (i mykr (u u_f‘lz)kLz(Tl[Tz) 230

1
+hr kRkLz(T1[ Tt kAhkL1 (T1[ Tz)kBhr n Un kLZ(Tl[ Tz)]:
Combining the previous three inequalities, we nd that

1=2 1=2 A
hT “kJIr | unk, e C(kAh|§E21 T KT (U UKL 7y (3.31)
+ht kRkLz(Tl[ )t kAhkL_1 (T1] Tz)thr h uhkLz(Tl[ T2)):

Summing (3.31) over the three edges of and combining (3.31) with (3.27) com-
pletes the proof of (3.21). d

4. Implementation details. In this section we provide some details concerning
implementation.

4.1. Computation of geometric quantities. We assume that = fx 2 R3:
(x) = 0g, where is su ciently smooth with nonzero gradient in a large enough
neighborhood of . In addition, we assume that , its gradient, and its Hessian
matrix are available, and that for x 2 U we can approximate a(x) with su cient
accuracy. In the next subsection we describe a simple apprah for approximating
a(x).
First we note that if x 2 , ~(x) = Jrr—] Thus for x 2 U,

_ro(ax) .
T @eor o

In addition, we have for x 2
ro(x) .
i

HxX)=r ~(x)= Pr 4.2)

For the sake of concreteness, we note that jrr Ei;] is not necessarily symmetric,and

that [r jrr j]ij = @—%jrx"j. The eigenvalues 1 and ; of H in the directions orthogonal
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to ~ may then be approximated numerically. We also recall the rehtionship (x) =
% from (2.5). Finally, we emphasize thatd is the signeddistance function,
that is, d(x) = sign( (x))ja(x) xjforx2 Un .

The above information is su cient to implement the adaptive method described
above. In particular, for x 2 , we use (2.23) to de ne the discrete data

fr() = n0)f(@x)) =@ dix) 160)@ d(x) 2(x))~(x) ~n(x)f (a(x)): (4.3)

Here ~(x) is computed via (4.1), 1 and , are computed via (2.5), and~, must be
computed from mesh information. Next we note that

max(1 d(x) 1(x);1 d(x) 2(x))

KAR(X)k 1 -, i~(X) ~n(X)jmin(1  d(x) 1(x);1 d(x) 2(x))

An(x) (4.4)

and

kBh(X)k,1 = ldOOC 1(x)  2(x))i
+jl ~(x) ~n)j+4max(l  d(x) 1(x);1 d(x) 2x))] (4.5)
Bh(x):

The expressions on the right hand sides of (4.4) and (4.5) malge computed using (4.1)
and (2.5) as before. Sincé® A, and By, are of higher order, using the above approx-
imations for the norms of Ay and B}, should lead to at most a slight overestimation
of the overall error while yielding nontrivial computation al savings.

4.2. Computation of d and a. The e cient computation of the projection a
and distance function d are central to implementing the nite element method and a
posteriori estimators described here. In a very few cases, is available explicitly (for
example,d(x) = jxj r for a sphere of radiusr). Even for relatively simple surfaces
such as ellipsoids, however, an explicit expression fod is not available, and a and
d must be approximated. Sinced is assumed to be smooth and we only need to be
concerned about starting points su ciently close to , stan dard methods of nonlinear
optimization are in principle applicable.

We have tested two di erent algorithms for computing a, one being Newton's
method and the other being an ad hoc rst-order method. Befoe describing the
methodﬁ we note a relationship which we shall use in our algithms. For x 2 U,

)= o™ (ax)+ t~(x)) ~(x)dt=dir (x)j+ O(c?). Thus
(x) .
4 Tor (4.6)

Next we describe our implementation of Newton's method. Asame that xo 2 U,
and that we wish to compute a(xp). In order to employ Newton's method, we seek
a stationary point of the function F(x; )= jx Xpj+ (X). Notethat r F(x; )=
2(x xp)+ r (X); (X)). Thus r F(x; ) =0 implies that x 2 and (x Xp) is
parallelto r (x), thatis, x = a(xp). In order to choose a starting point, we note that
2(x Xg)*+ r (x)=0impliesthat =2d(xp)=r (x)j. Using (4.6), we thus choose
the starting value (xo; o) = (Xo0;2 (Xo)5r (Xo)j?) for Newton's method. Given a
tolerancetol, we iterate Newton's method until

! 1=2

00 00 x xo F (4.7)

ro(iz e (9j ix X
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Ful llment of this stopping criteria guarantees that the re turned value x  a(xp) lies
in the correct direction from Xg to within tol and that because of (4.6),d(x) <tol up
to higher-order terms.

The rst-order algorithm which we employed may be describedas follows. Since
a(x) = x d(x)~(x), we may use (4.6) and~(x) L () g approximate a by

Ir (x)j
a(x) x w Iterating this relationship leads to an algorithm which converges

to some point on , but not generally to a(x). We thus correct the direction x  Xg
at each step, yielding the following algorithm.

1. Stipulate tol and xg, and initialize x = Xp.

2. While (4.7) is not satis ed, iterate the following steps:

(a) Calculate x = x X% and dist = sign( (xo))jx  Xoj.

(b) Setx = xo dist ).

In practice, the second of the two algorithms was more e ciert than Newton's
method. While Newton's method converged in less steps as ongould expect, each
step is relatively expensive. We also note that we have not gorously analyzed the
error in either of these methods which results from using thestopping criterion (4.7).
A more rigorous analysis of robust algorithms for approximding a would thus be
desirable.

5. Computational examples. In this section we describe several computa-
tional examples. All computations were performed using the nite element toolbox
ALBERTA ([SSO05]), and graphics were processed using the smfare GMV [Or05].
Also, the constant C appearing in the estimator in (3.20) was taken to 0:25 in all
calculations.

5.1. Example 1: Computation on a spherical subdomain. In our rst
test we consider a problem which was used as an example in theper [AP05]. This
problem demonstrates the ease with which our method handlegroblems in which
the distance function is explicitly available and also provides a convenient place to
consider surfaces with boundary.

Let S? be the unit sphere with angular spherical coordinates ( ), where

(o < 2 ) is the azimuthal angle in the xy-plane and =cos 'z (0 ) is
the polar angle from the z-axis. Following [AP05], we let consist of points in S2
such that 0 % and letu(; )=(sin ) sin for = :6. Thenu satises

u=fin and u=0o0on @with f = ( +1)(sin ) sin . Note that uis
singular at the poles, so we may expect an adaptive algorithno re ne more heavily
there.

Computation of the geometric quantities necessary to implenent our method is
quite straightforward. We employ the distance function d(x) = jxj 1 for the sphere
(note that we do not actually require access to the distance dnction for here). In
addition, we may easily compute that~(x) = 27, a(x) = 3, andHj (x) = gr  Jk
The elgenvalues ofH (x) are the principle curvatures of the sphere of radiugxj, that
iS, 1= 5= jlj Computation of 1, A, and By, is similarly straightforward.

In Figure 5.1, the initial mesh of six elements is displayed bong with an adaptively
re ned mesh colored with the solution u,. A blowup showing re nement near the
positive z-pole is displayed in Figure 5.2. Finally, a graph displayirg the error, the
residual estimator de ned in (3.20), and various geometri ¢ quantities is given in
Figure 5.3. First note that the quantity max tor, Fi% appears to reach a maximum

value of about 3. Thus our assumption in Corollary 3.2 that the mesh is shape regular
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1.0 z
8
Y
6
X
4
L2

Fig. 5.1 . Experiment 1: The initial mesh with 6 nodes (left) and adapti vely re ned meshes
with 151 (center) and 5559 (right) DOF displaying  up.

Fig. 5.2 . Experiment 1: View of the re ned mesh along the z-axis, magni ed 80X, with contour
lines of u.

is justi ed for this example. Also, the error kr (u u},)kLz() and residual estimator

converge with optimal order and appear to have a constant ratio as the mesh is
re ned. Finally, the quantities kBnjr , unjki,( ,y andkl Ank_, ( ,) are plotted and
show second-order convergence, con rming experimentallpur theoretical observation
that these geometric contributions to the error are of highe order. It is worth noting
here that the quantity A}, appears in the estimator as a multiplicative factor. Since
it converges to 1, it would thus be reasonable and computatinally more e cient to
omit it entirely once kApk., ( ,) is observed to reach a given tolerance.
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1:0
0:0 |
1:0 |
P —
2 —&— maxyor, hr= |Tj
-
2:0 | .
—e— kr (u uh)kLz()
— — Slope= 5
30| —— kBhjr n Un kL o n)
R kl Ah k|_1 ( h)
----Slope= 1 =
40!
0:0 1.0 2:0 3.0 4.0 5.0 6:0
Log(DOF )
Fig. 5.3 . Experiment 1: Error, estimator, and various geometric quan tities.
5.2. Example 2: Computatim@1 on a torus. In our second test we performed
i P T VD)2 4 22 g - i
a computation on a torus. d(x) =  (ro X2+ y?2)2+ z2 ry is the signed distance

function for a torus whose axis of revolution is thez-axis, whose radius of revolution
is ro, and which has thickness 2;. The other necessary geometric quantities may be
computed from this formula. We took ro = 1 and ro = 0:25. As a test solution we
took the function

u(x;y;z) = elr851 x2 siny; (5.1)

which has exponential peaks on the outer portions of the torg which lie near the
X-axis.
-5.0

-4.5

Fig. 5.4 . Experiment 2: The initial mesh displaying A} (left) and re ned mesh with 1248 DOF
displaying up (right).

In Figure 5.4 we display A}, on the the initial 24-node mesh; note that hereA,, is
about 5 on the outer edge of the torus, so it enters into the calulation in a signi cant
way. Also displayed in Figure 5.4 is a re ned mesh having 1248o0des and displaying
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the discrete solution u,. In Figure 5.5 we display the localH; error contributions
along with the three componentsAp, t,andByjr , upj of the estimator . The local
residual indicator 1 re ects reasonably well the local error distribution, whil e the
contributigns from A, and Bpjr , upj are relatively insigni cant. Also, the maximum
ratio ht= jT]j observed during this calculation was 5.28. This relativelylarge number
re ects the fact that the triangles in the initial mesh displ ayed in Figure 5.4 already
have relatively high aspect ratios.

Fig. 5.5. Experiment 2: The local residual T (top left), Hj error (top right), Bpijr nUnj
(bottom left), and A}, (bottom right).

5.3. Example 3: Computation on an ellipsoid. In our third computational
example we let be an ellipsoid satisfying the level set equéion
2, 2. 2
X+ y + — =1 5.2
Y 200 2

As a test solution we took u(x;y;z) = siny so that u and its derivatives were of
moderate size.

In Figure 5.6 we display the local residual contribution 1 and the local geometric
error Byjr , upj on an adaptively re ned mesh having 10383 nodes. Note that te
maximum values of t and Bpjr , unhj are approximately equal. Thus the geometric
error plays a role in the marking of some elements even on a reed mesh. As in Figure
5.3, however, the overall geometricperroﬂ<§hjr 2 JKL,( ) declines approximately as
DOF !, while the residual error ( 1, #)'~* declines asDOF '*? (we do not
display a chart for the current gituation as it is entirely analogous to Figure 5.3).
Finally, the maximum ratio hr= jTj observed in this adaptive calculation (up 64521
degrees of freedom) was 3.41, so that mesh quality remaine@asonable.

Appendix. Proof of Proposition 2.1. Proposition 2.1 is potentially of interest
in other situations (e.g., when 4 is a higher-order polynomial approximation to ),
so we begin by stating a more general version.

Proposition A.1. Let T be the unit simplex inR2, and suppose that : T'! U
is a C1 mapping whose gradient has two nonzero singular values atatapoint in T.
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Fig. 5.6 . Experiment 3: Mesh with 10383 nodes displaying the relative sizes of Bjjr nUnj
(left) and the local residual t (right). The view is along the z-axis.

Supposex 2 T := F(T), let ~, be the normal toT at x, and let d ,, be surface
measure onT. Assume also that~ ~, > 0. Letting d n(x) n(x) = d (x), we then
have

n(X) =~ =@ dx) 1))@ d(x) 2(x)): (A1)

Proof. We x a point x 2 T and let x = F(%) and R® 23 A = r F(R). Let
fe; €0 ft;40, and fv;vg be orthonormal bases forR? and the tangent spaces
to  and at x and a(x), respectively. We assume also thatf v;;+;~g are the
eigenvectors of (  dH)(x) corresponding to the eigenvalues ; = 1  d(x) 1(x),

2 =1 d(x) 2(x), and 3 = 1. Letting denote the cross product, we have
dn=jAe Asgjdtand d =j([l dH]PJ[Ale) (I dH][P]A]e)jdR.

Next we recall the formula (Bx1) (B%2) = Bag (%1 %), where B is symmetric
and nonsingular andB g = (det B)B 1. Noting that (I dH)aq has eigenvectors
fv1;¥;~g with eigenvaluesf 5 3; 1 3; 1 20, we calculate

(I dH]PJ[Ale) (I dH]P]Ale) = 2 s[([PlAle  [PlAle) wiw
+ 1 s[([PlAle  [PlAle) wlvw+ 1 2([Pl[Ale [PlAle) ~I~ (A2)

But ([Pl[Ale [PlAl®) ? &,i=1;2, ([P][Alee [P]Ale) ~=(Ae Ae) -
and Aeg A® k~,. Thus

d =j(1 dH]PJAle) (I dH]P]A]e)jdR

, . (A.3)
= 12[Ae A®) ~[-dR= 1 jAe Ay ~dk
Recalling that d , = jJA€e A&jdR completes the proof.
a
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