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Abstract. We present an adaptive �nite element method for approximati ng solutions to the
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1. Introduction. In this paper we derive residual-based a posteriori error esti-
mates for piecewise linear �nite element approximations tosolutions of the Laplace-
Beltrami equation

� � � u = f on � ;
u = 0 on @� :

(1.1)

Here � is a connected two-dimensional surface embedded inR3 and � � � is the
Laplace-Beltrami operator on �. @� is required to be \piecewise curvilinear" in a
sense which we will make precise below. We also allow@� = ; , in which case the
conditions

R
� f d� =

R
� u d� = 0 are required to guarantee existence and uniqueness

of u. Here d� is surface measure on �.
A �nite element method for (1.1) was introduced in [Dz88]. Let � h be a polyhedral

approximation to � having triangular faces, and let Sh be the continuous functions
which are a�ne on each face of � h . We then let uh 2 Sh solve

Z

� h

r � h uh r � h vh d� h =
Z

� h

vh f h d� h 8 vh 2 Sh : (1.2)

Here r � h is the tangential derivative on � h , � h is surface measure on �h , and f h is
an approximation to f on � h . As above, we require the side conditions

R
� h

f h d� h =R
� h

uh d� h = 0 if @� h = ; .
A key feature of our theoretical development is that � is repr esented as the 0 level

set of a signed distance functiond with jd(x)j = dist (x; �). Our approach requires
access to the derivatives ofd (the normal vector and curvature tensor), and also re-
quires that � h lie in a strip about � on which a unique orthogonal projection a(x)
onto � is de�ned. This projection is instrumental in suitabl y de�ning the discrete
data f h and also in carrying out both a priori and a posteriori error analysis. Also,
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if @� is nonempty we shall require that @� = a(@� h ) so that @� is in a sense \piece-
wise curvilinear". This is similar to requiring polygonal b oundaries when performing
�nite element calculations on domains in Rn in that it rules out \variational crimes"
resulting from boundary approximations.

In practice, � often is de�ned as a level set of a function � which is not a distance
function. In this situation one must approximate the projection a(x) numerically, and
the other necessary geometric information may then be computed in a straightforward
fashion. In practical terms, the resulting �nite element code requires the user to supply
the data f , the level set function � and its �rst and second derivatives, and an initial
mesh which lies in a su�ciently narrow strip about � to guaran tee that the projection
a is a bijection between � h and �. In the sequel we shall discuss some details of our
implementation in addition to providing a posteriori error estimates.

Optimal-order H 1(�) and L 2(�) a priori estimates for the method (1.2) were
proved in [Dz88]. Roughly speaking, the �nite element errormay be broken into an
almost-best-approximationterm typical of �nite element methods in Rn , a geometric
error term which is due to the discretization of �, and a data approximation term
due to the approximation of f on � by f h on � h . On a mesh whose elements have
diameter h, the latter two terms are of order h2 for typical choices of f h and are thus
of higher order when the error is measured in theH 1 norm.

In this paper we provide a posteriori error control in the H 1(�) norm via residual-
type estimators. As in the a priori analysis, the error is split into three terms:
a residual indicator term, a geometric error term, and a data approximation term.
Computation of these error terms requires pointwise accessto geometric information,
in particular to the projection a and the normal vector and curvature tensor on �.
However, the asymptotically dominant term requires no explicit geometric quantities
except those which are necessary to compute the discrete data f h .

A relatively simple setting is assumed here in order to concentrate on e�ects
arising from the discretization of �. In particular, we do no t consider problems with
nonconstant coe�cients, the case wherea(� h ) 6= �, lower-order terms, or nonhomoge-
neous Dirichlet or Neumann boundary conditions. These additional complexities may
be handled in much the same way as for problems on polygonal domains in R2, so we
refer for example to the works [DR98], [DW00], [BCD04], [MN05], and [AO00] where
many of these issues are considered. Under suitable assumptions, our development
also holds largely unchanged for surfaces of codimension 1 which are immersed inRn ,
n � 2.

In order to conclude the introduction, we brie
y describe other strategies for
performing adaptive �nite element calculations on surfaces. One possibility is the
use of a global parametrization to represent � and de�ne a suitable mesh. This
approach was taken in [AP05] to perform adaptive �nite element calculations on the
sphere. The key to this method is a global parametrization which maps a triangulated
planar domain onto the sphere in such a way that the resultingcurved \triangles"
are isotropic (shape-regular). A more general approach using local parametrizations
(charts) to represent 2- and 3-manifolds is described in [Ho01].

The technique we present here has several advantages when compared with the
two described above. Extending the use of global parametrizations to surfaces other
than the sphere is relatively di�cult because a new parametrization must be found for
every surface on which computations are to be performed. In addition, the analysis
of the Clem�ent-type interpolant used to prove reliability of a posteriori estimates in
[AP05] is speci�c to the sphere and would have to be redone forother surfaces. In
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contrast, implementation of our method is quite straightforward for the sphere and
may be carried out in a fairly general way for a large class of surfaces. The analysis we
give here also is not restricted to any particular surface. The use of local parametriza-
tions described in [Ho01] provides a framework for computations on manifolds which
is in some ways more general than that which we propose here. However, the use of
overlapping local charts adds to the complexity of both the resulting �nite element
code and the theoretical analysis. Indeed, the issue of approximation theory when
using local charts is not addressed rigorously in [Ho01]. A �nal advantage of our
approach is that it provides rigorous theoretical background for adaptive methods in
certain situations in which no parametrization is available, such as implicit computa-
tions of surfaces evolving for example by mean curvature 
ow(cf. [Dz91], [BMN05],
[CDDRR04]).

The paper is organized as follows. Inx2 we give a number of preliminaries and
assumptions necessary for our theoretical development. Inx3 we then prove global
a posteriori upper bounds and local lower bounds. Inx4 our implementation is de-
scribed. In x5, we demonstrate the 
exibility of our approach by describing computa-
tional experiments on three di�erent surfaces: a sphericalsubdomain with nonempty
boundary, a torus (which is nonconvex and has a topological type di�erent than that of
the sphere), and an ellipsoid (which requires numerical approximation of the distance
function).

2. Preliminaries and Assumptions.

2.1. The continuous surface � . We assume that � is a connectedC2 compact
hypersurface which is the zero level set of a signed distancefunction jd(x)j = dist (x; �)
de�ned on an open subsetU0 of R3. If @� = ; we also assume for simplicity thatd < 0
on the interior of � and d > 0 on the exterior. ~� = r d is then the outward-pointing
unit normal on �. Note that j~� j = 1 wherever d is de�ned. Let also H : R3 ! R3� 3

be the Weingarten map de�ned by

H ij (x) = ~� i;x j (x) = ~� j;x i (x); (2.1)

that is, H (x) = D 2d(x), and let � i (x), i = 1 ; 2, and 0 be the eigenvalues ofH (x). For
x 2 �, � 1 and � 2 are the principal curvatures.

Next we de�ne the projection

a(x) = x � d(x)~� (x): (2.2)

We then let U � R3 be a strip of width � about �, where � > 0 is su�ciently small
to ensure that the decomposition

x = a(x) + d(x)~� (x) (2.3)

is unique for x 2 U. We require that

� < [max
i =1 ;2

k� i kL 1 (�) ]� 1: (2.4)

For x 2 U, we also note the useful formula

� i (x) =
� i (a(x))

1 + d(x)� i (a(x))
(2.5)

for the curvature of parallel surfaces; cf. Lemma 14.17 of [GT98].
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The condition (2.4) is su�cient to ensure that the decomposition (2.3) is locally
unique (cf. [GT98], x14.6), but we require that it be globally unique. This global
requirement is a simplifying assumption which restricts our presentation to embedded
surfaces. Immersed surfaces (including surfaces with self-intersections) could also be
considered with slight changes to our presentation.

We may uniquely extend a function  de�ned on � to U by

 ` (x) =  (a(x)) : (2.6)

for x 2 U. Let

P = I � ~� 
 ~�; (2.7)

where 
 is the tensor or outer product~a
 ~b = ~a~bT (vectors here are in column form).
We then de�ne the tangential gradient

r �  = r  ` � (~� � r  ` )~� = Pr  ` (2.8)

for  de�ned on � and extended to U via (2.6). Note that r �  depends only on the
values of on � even though its de�nition formally involves the extensi on of  to �.
Note also that � � � = �r � � r � . Finally, we denote by H 1(�) the functions on �
having tangential gradient in L 2(�).

2.2. The discrete surface � h and mesh Th . Let � h � U be a polyhedron
consisting of a setTh of triangular faces, that is, � h = [ T 2T h T. Let also ~� h denote
the (piecewise constant) unit outer normal on � h and let N denote the set of nodes of
triangles in Th . We assume thata : � h ! � is bijective and that ~� � ~� h > 0 everywhere
on � h . We note that it is often simplest to de�ne � h so that N � �, but this is not
theoretically required in any way. Also denote by hT the diameter of T 2 Th . Given
z 2 N , we de�ne the patch ! z = interior ([ T 3 zT) and let hz = max T � ! z hT . Also,
let E denote the set of edges of triangles inTh . Finally, ' z 2 Sh denotes the canonical
basis function associated toz, that is, ' z i (zj ) = � ij for zi ; zj 2 N .

Analyses of a posteriori estimates for �nite element methods on domains inRn

typically assume that the underlying mesh is shape-regular, that is, all elements in
Th have bounded aspect ratio. Under this assumption, constants depending on the
aspect ratio of the elements of the mesh are then bounded and may be absorbed into
a global constant of moderate size. This approach is reasonable because typical mesh
re�nement algorithms preserve shape regularity.

The situation is somewhat more complicated in the current context of �nite ele-
ment methods on surfaces. The �rst issue which arises is thatthe mesh is perturbed
after each re�nement by projecting newly created nodes ontothe continuous surface
� via a. While these perturbations are asymptotically negligible, we are not aware of
a proof that the re�nement/perturbation procedure describ ed here maintains shape
regularity beginning from an arbitrary shape regular mesh with nodes on � and lying
in U. A second problem is that in contrast to the situation in Rn , shape regularity
does not automatically imply that the number of triangles sharing a given node is
bounded. However, if the number of elements in the patches ofthe initial coarse
mesh used to begin the re�nement algorithm is bounded, we mayguarantee that
such a bound will hold for all subsequent meshes by applying asuitable re�nement
algorithm. This is in particular the case for the newest-node subdivision algorithm.

As we have not been able to theoretically guarantee that a family of meshes
maintains shape regularity under mesh re�nement, we take the following approach.
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We �rst prove a posteriori bounds which do not assume shape regularity. In these
estimates, lack of shape regularity is penalized by a singlefactor. In our computational
examples we do not include this penalty factor in our estimator, but instead monitor
it to ensure that mesh quality remains acceptable. In our examples, the penalty term
remains of moderate size when re�ning meshes which initially lie within U.

2.3. Lifts and extensions of functions. Given a function vh de�ned on � h ,
we de�ne the lift ~vh by vh (x) = ~vh (a(x)) for x 2 � h . We may then extend ~vh to U by
(2.6). For vh de�ned on � h and x 2 U, we thus de�ne

v`
h (x) = ~vh (a(x)) : (2.9)

The overall e�ect of (2.9) is to extend vh de�ned on � h to U. Formally, however, this
operation consists of a lift to � followed by extension to U. We emphasize that all
extentions of functions to U referred to in this paper are constant along normals to �.
Thus for our purposes extensions of functions de�ned on � andof functions de�ned
on � h have essentially the same properties.

Letting ~� h denote the normal on � h , we de�ne for x 2 � h

Ph (x) = I � ~� h (x) 
 ~� h (x); (2.10)

so that for V de�ned on U and x 2 � h ,

r � h V (x) = Ph r V (x): (2.11)

We see from (2.2) and (2.9) that for x 2 � h and vh de�ned on � h ,

r v`
h (x) = [( P � dH )(x)]r v`

h (a(x)) : (2.12)

Since~� � ~� � 1, we have~� H = H ~� = 0 and PH = HP = H , so that for x 2 � h

r v`
h (x) = [( I � dH )(x)][P(x)]r v`

h (a(x)) = [( I � dH )(x)]r � v`
h (a(x)) : (2.13)

Thus

r � h vh (x) = r � h v`
h (x) = [ Ph (x)][( I � dH )(x)][P(x)]r � v`

h (a(x)) : (2.14)

Correspondingly, for  2 H 1(�) (2.6) yields

r � h  ` (x) = [ Ph (x)][( I � dH )(x)][P(x)]r �  (a(x)) : (2.15)

For x 2 � h , (2.13) yields

r � v`
h (a(x)) = [( I � dH )(x)] � 1r v`

h (x): (2.16)

The invertibility of [( I � dH )(x)] on U may be derived from (2.4) and (2.5). Indeed,
if e1 and e2 are the eigenvectors ofH corresponding to � 1(x) and � 2(x), then [( I �
dH )(x)] � 1 = ~� 
 ~� +(1+ d(x)� 1(a(x))) e1 
 e1+(1+ d(x)� 2(a(x))) e2 
 e2. We shall need
to compute r � v`

h when vh 2 Sh . In such cases we initially have access only to the
tangential derivative r � h vh and not to r v`

h , which according to (2.16) is necessary
to compute r � v`

h . Since r � h vh (x) = [ Ph (x)]r v`
h (x), we have 0 = r v`

h (x) � ~� =
r � h vh (x) � ~� + ( ~� h � ~� )r v`

h (x) � ~� h . Thus

r v`
h (x) � ~� h = �

r � h vh (x) � ~�
~� h � ~�

; (2.17)
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and for x 2 � h

r v`
h (x) = [ I �

~� h 
 ~�
~� h � ~�

]r � h vh (x): (2.18)

Combining (2.16) and (2.18), we thus �nd that for x 2 � h ,

r � v`
h (a(x)) = [( I � dH )(x)] � 1[I �

~� h 
 ~�
~� h � ~�

]r � h vh (x): (2.19)

Next we state an integral equality which we shall use repeatedly. For x 2 � h , let

� h (x) d� h (x) = d � (a(x)) ; (2.20)

and also let

A h (x) = A `
h (a(x)) =

1
� h (x)

[P(x)][( I � dH )(x)][Ph (x)][( I � dH )(x)][P(x)]: (2.21)

Then from (2.14) and (2.15), we have
Z

� h

r � h vh r � h  h d� h =
Z

�
A `

h r � v`
h r �  `

h d�: (2.22)

Note that this equality holds without regard to the original domain of de�nition of vh

and  , that is, we may for example replace h and  `
h with  ` and  , respectively,

where 2 H 1(�). We also emphasize that the quantities d and H in (2.21) are always
evaluated on the discrete surface �h , even thoughA `

h often appears in integrals over
the continuous surface �.

Finally we give an explicit formula for the quantity � h de�ned above. The proof
of this formula is tedious but elementary, and we sketch it inAppendix A.

Proposition 2.1. Assume that x 2 � h . Then

� h (x) = (1 � d(x)� 1(x))(1 � d(x)� 2(x))~� � ~� h : (2.23)

2.4. Interpolation and Poincar�e inequality. In this section we de�ne an
interpolant and prove error bounds for it. Given  2 L 1(�) and z 2 N , we let

 `
z =

1R
! z

' z d� h

Z

! z

' z  ` d� h (2.24)

and de�ne

I h  ` =
X

z2N

 `
z ' z : (2.25)

A similar interpolant is used for example in [FV06] to prove a posteriori bounds on a
domain in R2. Noting that f ' zgz2N is a partition of unity, we then have the following
relationship:

Z

� h

( ` � I h  ` ) d� h =
X

z2N

Z

! z

( ` �  `
z )' z d� h = 0 : (2.26)
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Lemma 2.2. (Poincar�e inequality) Let  2 H 1(�) . Let mz be the number of
elements sharing the nodez, and let ~! z be the lift of the patch! z onto � . Then for
each z 2 N ,

k ` �  `
zkL 2 ( ! z ) � C max

T � ! z

p
jT jmz max

T � ! z

hTp
jT j

kA h k
1
2
` 2 ;L 1 ( ! z ) kr �  kL 2 (~! z ) : (2.27)

Let also z 2 e 2 E. Then

k ` �  `
zkL 2 (e) � C

p
jejmz max

T � ! z

hTp
jT j

kA h k
1
2
` 2 ;L 1 ( ! z ) kr �  kL 2 (~! z ) : (2.28)

Here kA hk` 2 ;L 1 ( ! z ) = kkA h k` 2 ! ` 2 kL 1 ( ! z ) where k � k` 2 ! ` 2 is the standard matrix
2-norm, and C does not depend on any essential quantities.

Remark 2.3. The terms in (2.27) and (2.28) may be classi�ed as follows. In
shape-regular meshes the quantities maxT � ! z

p
jT j and

p
jej may be reduced tohz

and h1=2
z , respectively, wherehz is the maximum element diameter in ! z . The factor

mz accounts for the number of elements sharing the vertexz if this number is not
known to be bounded, and the factor maxT � ! z hT =

p
jT j accounts for the aspect ratio

of T . If Th is shape regular andmz is bounded, we thus have

k ` �  `
z kL 2 ( ! z ) � ChzkA h k

1
2
` 2 ;L 1 ( ! z ) kr � h  ` kL 2 ( ! z ) ; (2.29)

k ` �  `
zkL 2 (e) � Ch1=2

z kA h k
1
2
` 2 ;L 1 ( ! z ) kr �  kL 2 (~! z ) ; (2.30)

where C does not depend on essential quantities.
Proof. We �rst show that I h is locally L 2-stable independent of mesh properties.

Note �rst that

k `
zkL 2 ( ! z ) = j! z j1=2 j `

z j � j ! z j1=2 k' zkL 2 ( ! z )

k' zkL 1 ( ! z )
k ` kL 2 ( ! z ) : (2.31)

If z is an interior node, we let !̂ z be a regularmz -gon with vertices lying on the unit
circle. If z is a boundary node, then we let ^! z be a half of a regular 2mz -gon with
vertices lying on the unit circle. In either case the reference domain ^! z is convex and
may be broken into mz congruent triangles with the origin being a vertex of each.
There is a natural piecewise-a�ne transformation Fz : !̂ z ! ! z . We denote by T̂
the inverse image ofT � ! z and by û the inverse image ofu 2 H 1(� h ) under this
transformation. For p = 1 or p = 2 and any T̂ � !̂ z ,

k' zkp
L p ( ! z ) =

X

T � ! z

Z

T
' p

z d� h =
X

T � ! z

jT j

jT̂ j

Z

T̂
'̂ p

z dx̂ = j! z j

R
T̂ '̂ p

z dx̂

jT̂ j
: (2.32)

An elementary calculation yields
q

jT̂ j
k ^' z kL 2 ( T̂ )

k ^' z kL 1 ( T̂ )
=

q
3
2 , which when combined with

(2.31) and (2.32) yields

k `
zkL 2 ( ! z ) �

r
3
2

k ` kL 2 ( ! z ) : (2.33)

Thus for any K 2 R,

k ` �  `
zkL 2 ( ! z ) � (1 +

r
3
2

)k ` � K kL 2 ( ! z ) (2.34)
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Choosing K = 1
j !̂ z j

R
!̂ z

 ̂ ` dx̂ and noting that r  ̂ ` = r � h  ` r Fz , we next �nd
that

k ` � K k2
L 2 ( ! z ) =

P
T � ! z

jT j
j T̂ j

R
T̂ ( ̂ ` � K )2 dx̂

= 1
j T̂ j

maxT � ! z jT j
R

!̂ z
( ̂ ` � K )2 dx̂

� CP (!̂ z )2 1
j T̂ j

maxT � ! z jT j
R

!̂ z
jr  ̂ ` j2 dx̂

= CP (!̂ z )2 1
j T̂ j

maxT � ! z jT j
P

T � ! z

j T̂ j
jT j

R
T jr � h  ` r Fz j2 d� h

� CP (!̂ z )2 maxT � ! z jT j maxT � ! z

kr F z j T k2
` 2 ! ` 2

jT j kr � h  ` k2
L 2 ( ! z ) :

(2.35)

Here CP is the Poincar�e constant for !̂ z . It is not hard to compute that

kr Fz jT k` 2 ! ` 2 � CmzhT ; (2.36)

where C does not depend on any essential quantities. Combining (2.34), (2.35), and
(2.36) and �nally applying (2.22) yields (2.27).

The proof of (2.28) is accomplished by employing a trace inequality and slightly
modifying the preceding proof. Assume thate � T � ! z . Let �T be the unit simplex
in R2 (note that this is not the same as the reference element employed above), with
ê denoting the transformation of e to �T. Letting F̂T denote the a�ne transformation
of �T to T , we note that kF̂T k` 2 ! ` 2 � hT . Employing a trace inequality on �T then
yields

k ` �  `
z kL 2 (e) �

p
jejk ̂ ` �  `

z kL 2 ( ê)

� C
p

jej(k ̂ ` �  `
zkL 2 ( �T ) + kr  ̂ ` kL 2 ( �T ) )

� C
q

j ej
jT j (k ` �  `

zkL 2 (T ) + hT kr � h  ` kL 2 (T ) ):

(2.37)

p
jej=jT jhT kr � h  ` kL 2 (T ) is clearly bounded by the right hand side of (2.28), so we

must only consider the �rst term in the last line above.
Letting T̂ , !̂ z , and K be as de�ned as before, we �rst procede as in (2.35) to �nd

that
q

j ej
jT j k ` � K kL 2 (T ) �

q
j ej
j T̂ j

k ̂ ` � K kL 2 ( T̂ )

�
q

j ej
j T̂ j

k ̂ ` � K kL 2 ( !̂ z )

� C
p

jejmz maxT � ! z
hTp

jT j
kr � h  ` kL 2 ( ! z ) :

(2.38)

Proceeding as in (2.31) through (2.34), we next �nd that
q

j ej
jT j k( ` � K )zkL 2 (T ) �

p
jejj ( ` � K )z j

�
q

3
2

q
j ej

j ! z j k ` � K kL 2 ( ! z ) :
(2.39)

Combining (2.39) and (2.35) yields
q

j ej
jT j k( ` � K )zkL 2 (T ) � C

p
jej maxT � ! z

q
jT j
j ! z j mz maxT � ! z

hTp
jT j

kr � h  ` kL 2 ( ! z )

� C
p

jejmz maxT � ! z
hTp

jT j
kr � h  ` kL 2 ( ! z ) :

(2.40)
Sincek ` �  `

z kL 2 (T ) � k  ` � K kL 2 (T ) + k( ` � K )zkL 2 (T ) , combining (2.37), (2.38),
and (2.40) with (2.22) completes the proof of (2.28).
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3. The estimator. In this section we develop a computable and reliable esti-
mator for kr � (u � u`

h )kL 2 (�) .

3.1. Residual equation. We �rst derive a residual equation. Let  2 H 1
0 (�),

where H 1
0 (�) is the set of functions in H 1(�) having vanishing trace if @� 6= ; and

having vanishing mean value if@� = ; . Following [Dz88] and applying (2.22), we �nd
that for  2 H 1(�) and  h 2 Sh ,

R
� r � (u � u`

h )r �  d� =
R

� h
f ` � h  ` d� h �

R
� [P � A `

h ]r � u`
h r �  d�

�
R

� h
r � h uh r � h  ` d� h

(3.1)

and

Z

�
r � (u � u`

h )r �  `
h d� =

R
� h

f ` � h  h d� h �
R

� [P � A `
h ]r � u`

h r �  `
h d�

�
Z

� h

r � h uh r � h  h d� h

=
Z

� h

(f ` � h � f h ) h d� h �
Z

�
[P � A `

h ]r � u`
h r �  `

h d�:

(3.2)
Combining (3.1) and (3.2), we �nd that

Z

�
r � (u � u`

h )r �  d� =
R

� r � (u � u`
h )r �  d� �

R
� r � (u � u`

h )r �  `
h d�

+
Z

�
r � (u � u`

h )r �  `
h d�

=
Z

� h

f ` � h ( ` �  h ) d� h �
Z

� h

r � h uh r � h ( ` �  h ) d� h

�
Z

�
[P � A `

h ]r � u`
h r �  d� +

Z

� h

(f ` � h � f h ) h d� h :

(3.3)

Next we note that

�
Z

� h

r � h uh r � h ( ` �  h ) d� h

=
X

T 2T h

Z

T
� � h uh ( ` �  h ) d� h �

Z

@T
r � h uh � ~n( ` �  h ) ds

=
Z

� h

� � h uh ( ` �  h ) d� h �
1
2

X

T 2T

Z

@T
Jr � h uh K( ` �  h ) ds:

(3.4)

where � � h uh is a piecewise polynomial and~n is the conormal vector to the triangle T
(that is, ~n�~� h = 0). In the current situation � � h uh is identically 0, but we include it to
make clear how the corresponding term would appear in other situations. Also, let e
be an edge shared by elementsT1 and T2 which have normals~n1 and ~n2, respectively.
Then Jr � h uh K= r � h uh jT1 � ~n1 � r � h uh jT2 � ~n2 is the jump in the normal derivative
acrosse. If e � @� h we set Jr � h uh Kje = 0. Note that ~n1 lies in the plane of T1 and
~n2 lies in the plane of T2, so in contrast to the situation which arises on domains in
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Rn we generally have~n1 6= � ~n2 Finally, we insert (3.4) into (3.3) to �nd
Z

�
r � (u � u`

h )r �  d� =
R

� h
(f ` � h + � � h uh )(  ` �  h ) d� h

�
1
2

X

T 2T

Z

@T
Jr � h uhK( ` �  h ) ds �

Z

�
[P � A `

h ]r � u`
h r �  d�

+
Z

� h

(f ` � h � f h ) h d� h

� I + II + III + IV:

(3.5)

3.2. A posteriori upper bound (reliability). We begin by bounding term I
of (3.5). Let  h = I h  ` , and let sz = mz maxT � ! z

hTp
jT j

. Also let R = f ` � h + � � h uh ,

and let f Rzgz2N be constants. Recalling thatf ' zgz2N is a partition of unity, recalling
(2.25) and (2.26), and applying Lemma 2.2, we then have

I =
X

z2N

Z

! z

R( ` �  `
z )' z d� h =

X

z2N

Z

! z

(R � Rz )(  ` �  `
z )' z d� h (3.6)

� C
X

z2N

max
T � ! z

p
jT jsz kA hk

1
2
` 2 ;L 1 ( ! z ) � k' z (R � Rz )kL 2 ( ! z ) hzkr �  kL 2 (~! z ) :

Next we turn to bounding the term II . Applying Lemma 2.2, we �nd

II = � 1
2

P
z2N

P
e3 z

R
e ' zJr � h uhK( ` �  `

z ) ds

� C
X

z2N

X

e3 z

p
jejszkA hk

1
2
` 2 ;L 1 ( ! z ) k' zJr � h uhKkL 2 (e) kr �  kL 2 (~! z ) : (3.7)

Let

� z = sz (maxT � ! z

p
jT jk' z (R � Rz )kL 2 ( ! z ) +

P
e3 z

p
jejk' z Jr � h uhKkL 2 (e) ): (3.8)

Combining (3.6) and (3.7) and noting that each elementT has only three nodes, we
thus �nd that

I + II � C
X

z2N

kA hk
1
2
` 2 ;L 1 ( ! z ) � zkr �  kL 2 (~! z )

� C(
X

z2N

kA h k` 2 ;L 1 ( ! z ) �
2
z )1=2(

X

z2N

kr �  k2
L 2 (~! z ) )

1
2

� C(
X

z2N

kA h k` 2 ;L 1 ( ! z ) �
2
z )1=2kr �  kL 2 (�) ;

(3.9)

where C does not depend onTh or any other essential quantities.
In order to bound the term III , we use (2.19) to compute

III = �
X

z2N

Z

~! z

' `
z [P � A `

h ]r � u`
h r �  d�

�
X

z2N

k
q

' `
z [P � A `

h ]r � u`
h kL 2 (~! z ) k

q
' `

z r �  kL 2 (~! z )

=
X

z2N

k
p

� h
p

' z [P � A h ][I � dH ]� 1[I �
~� h 
 ~�
~� h � ~�

]r � h uhkL 2 ( ! z )

�k
q

' `
z r �  kL 2 (~! z ) :

(3.10)
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De�ning

B h =
p

� h [P � A h ][I � dH ]� 1[I �
~� h 
 ~�
~� h � ~�

] (3.11)

and recalling that
P

z2N ' z =
P

z2N ' `
z � 1, we �nally compute

III � (
P

z2N k
p

' zB h r � h uh k2
L 2 ( ! z ) )

1=2(
P

z2N k
p

' `
z r �  k2

L 2 (~! z ) )
1=2

= kB h r � h uhkL 2 (� h ) kr �  kL 2 (�) :
(3.12)

Finally we bound the term IV . First we note that for z 2 N and with  `
z de�ned

as in (2.24),

k
p

' z  `
zkL 2 (
 z ) =

s Z

! z

' z d� h
1R

! z
' z d� h

j
Z

! z

' z  `
z d� h j

� k
p

' z  ` kL 2 ( ! z ) :

(3.13)

Since  2 H 1
0 (�) has either vanishing trace on @
 or vanishing mean value over 
,

we may apply (3.13) and a Poincar�e inequality to compute

IV =
Z

� h

(f ` � h � f h ) h d� h

=
X

z2N

Z

! z

(f ` � h � f h )' z  `
z d� h

�
X

z2N

k
p

' z (f ` � h � f h )kL 2 ( ! z ) k
p

' z  `
z kL 2 ( ! z )

�
X

z2N

k
p

' z (f ` � h � f h )kL 2 ( ! z ) k
p

' z  ` kL 2 ( ! z )

�
X

z2N

k
1

p
� h

kL 1 ( ! z ) k
p

' z (f ` � h � f h )kL 2 (� h ) k
q

' `
z  kL 2 ( ~! z )

� (
X

z2N

k
1

� h
kL 1 ( ! z ) k

p
' z (f ` � h � f h )k2

L 2 (� h ) )
1=2k kL 2 (�)

� CP (�)(
X

z2N

k
1

� h
kL 1 ( ! z ) k

p
' z (f ` � h � f h )k2

L 2 (� h ) )
1=2kr �  kL 2 (�) :

(3.14)

Making the substitution  = u � u`
h if @� 6= ; or  = u � u`

h � 1
j � j

R
� (u � u`

h ) d�
if @� = ; while combining (3.3), (3.12), and (3.14) yields

kr � (u � u`
h )k2

L 2 (�) � [C(
P

z2N kA h k` 2 ;L 1 ( ! z ) � 2
z )1=2 + kB h r � h uhkL 2 (� h )

+ CP (�)(
X

z2N

k
1

� h
kL 1 ( ! z ) k

p
' z (f ` � h � f h )k2

L 2 (� h ) )
1=2]

�kr � (u � u`
h )kL 2 (�) :

(3.15)

Dividing (3.15) through by kr � (u � u`
h )kL 2 (�) then yields the following theorem.

Theorem 3.1. Under the assumptions inx2,

kr � (u � u`
h )kL 2 (�) � R + G+ D; (3.16)

where

R = C(
X

z2N

kA h k` 2 ;L 1 ( ! z ) �
2
z )1=2; (3.17)
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G = kB h r � h uh kL 2 (� h ) ; (3.18)

and

D = CP (�)(
X

z2N

k
1

� h
kL 1 ( ! z ) k

p
' z (f ` � h � f h )k2

L 2 (� h ) )
1=2: (3.19)

Here � z = sz (maxT � ! z

p
jT jk' z (R � Rz )kL 2 ( ! z ) +

P
e3 z

p
jejk' zJr � h uh KkL 2 (e) ) as

in (3.8), the constants Rz in � z may be freely chosen, andC does not depend onTh

or � .
We make a few brief remarks concerning Proposition 3.1, beginning with the resid-

ual term R. First we note that if the nodes of � h lie on �, then k[(P � A h )(x)]k` 2 ! ` 2 �
Ch2

T for x 2 T (cf. [Dz88]). Thus up to a higher-order term, R is bounded by
C(

P
z2N � 2

z )1=2. Next we consider thegeometric error term G. Note �rst that unlike
the residual term R, it contains no unknown constants. Secondly,G is heuristically
of higher order sincekB hk` 2 ! ` 2 � CkP � A h k` 2 ! ` 2 � Ch2

T . The data approximation
term D is 0 if we let f h = � h f ` and assume exact quadrature, both of which we shall
do in our numerical tests. In [Dz88] the de�nition f h (x) = f ` (x) � 1

j � h j

R
� h

f ` d� h is
made. This choice has the advantage of not requiring the computation of the ratio
� h of the continuous to the discrete measure and still leads to optimal-order H 1 and
L 2 estimates. However, computation ofR and G requires access to� h in any case, so
we shall use the de�nition f h = � h f ` and thereby excludeD. A �nal note concerning
D is that it includes the global Poincar�e constant CP (�). In contrast to the terms R
and G, D is thus not entirely built up of quantities which are locally determined.

Finally we note that the dominant term in (3.16) does not depend explicitly on
geometric information about �. Since kA h � Pk` 2 ;L 1 ( ! z ) � C(~! z )h2

z , we may compute
G � (

P
z2N C(~! 2

z )h4
z k

p
' z r � h uhk2

L 2 ( ! z ) )
1=2. Also, R � C(

P
z2N � 2

z + C(�) h2
z � 2

z )1=2:

Finally, as shown in [Dz88], D is of higher order even if the choicef h (x) = f ` (x) �
1

j � h j

R
� h

f ` d� h is made. Thus the dominant part of the a posteriori upper bound is

C(
P

z2N � 2
T )1=2, exactly as for problems in planar domains.

The estimator given in Theorem 3.1 could in principle be implemented, but it is
possible to de�ne a more convenient estimator for practicaluse. Recalling the com-
ments of x2.2, we may simplify it by assuming shape-regularity. In addition, residual
estimators are typically calculated elementwise instead of patchwise, so we de�ne an
alternate estimator which allows mostly elementwise calculations (the only exception
is the term involving kAh k, which must be patch-based). In our computations we
shall apply the estimator naturally derived from the follow ing proposition.

Corollary 3.2. Assume that f h = � h f ` , that Th is shape regular, and thatmz

is bounded. Then

kr � (u � u`
h )kL 2 (�) �

p
2(

X

T 2T h

CkA h k` 2 ;L 1 ( ! T ) �
2
T + kB h r � h uh k2

L 2 (T ) )
1=2 � � :

(3.20)
Here ! T = [ z2 T ! z , � T = hT kRkL 2 (T ) + h1=2

T kJr � h uhKkL 2 (@T) , and C depends on
maxz2N mz and the minimum angle over all elements ofTh .

The proof of Corollary 3.2 follows by setting Rz = 0 in (3.8) and noting that
under the assumptions that Th is shape regular andmz is bounded,hT is equivalent
to hz for all vertices z of T and to jej for all e � @T.

3.3. A posteriori lower bound (e�ciency). In this section we prove a local
a posteriori lower bound which is a counterpart to the upper bound in Corollary
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3.2. Such lower bounds verify (up to higher-order terms) that the stated a posteriori
estimate does not overestimate the actual error and also arean essential ingredient
in proving the convergence of adaptive methods; cf. [MNS02].

Proposition 3.3. Assume that f h = � h f ` , that Th is shape regular, and that
mz is bounded. Then forT 2 Th ,

� T � CkA h k1=2
` 2 ;L 1 ( ! T ) (kr � (u � u`

h )kL 2 (~! T ) + kB h r � h uh kL 2 ( ! T ) )

+ ChT kR � RT kL 2 ( ! T ) :
(3.21)

Here C depends onmaxz2N :z2 T mz and the minimum angle of the elements in! T ,
and RT is an arbitrary piecewise linear function.

Proof. We shall follow the well-known proof of Verf•urth (cf. [Ver8 9]). First
let z 2 N and T � ! z . Letting zi , 1 � i � 3, be the nodes ofT , we de�ne the
bubble function � T = � 3

i =1 ' z i . In addition, let RT be an arbitrary piecewise linear
approximation to R on T. Let also ~T denote the natural lift of T to �. Then using
(3.5) with  = R`

T � `
T and  h = 0 and noting that � T = 0 on @~T, we have

Z

T
R RT � T d� h =

R
~T r � (u � u`

h )r � (R`
T � `

T ) d�

+
Z

~T
[I � A `

h ]r � u`
h r � (R`

T � `
T ) d�

� (kr � (u � u`
h )kL 2 ( ~T ) + k[I � A `

h ]r � u`
h kL 2 ( ~T ) )kr � (R`

T � `
T )kL 2 ( ~T )

� (kr � (u � u`
h )kL 2 ( ~T ) + kB h r � h uhkL 2 (T ) )

�kA h k1=2
L 1 (T ) kr � h (RT � T )kL 2 (T ) :

(3.22)

SinceRT � T is a polynomial, we may apply an inverse inequality to �nd

kr � h (RT � T )kL 2 (T ) � Ch� 1
T kRT � T kL 2 (T ) � Ch� 1

T kRT kL 2 (T ) : (3.23)

where C depends only on the shape regularity ofT . Thus
Z

T
R RT � T d� h �

Ch� 1
T kA h k1=2

L 1 (T ) (kr � (u � u`
h )kL 2 ( ~T ) + kB h r � h uh kL 2 (T ) )kRT kL 2 (T ) :

(3.24)

Applying Theorem 2.2 of [AO00], we next note that

kRT k2
L 2 (T ) � k

p
� T RT k2

L 2 (T )

� (k
p

� T (R � RT )kL 2 (T ) + (
Z

T
RRT � T d� h )1=2)kRT kL 2 (T ) :

(3.25)

Combining the previous inequalities, we thus �nd

kRT k2
L 2 (T ) � C[kR � RT kL 2 (T ) + h� 1

T kA h k1=2
L 1 (T ) k(kr � (u � u`

h )kL 2 ( ~T )

+ kB h r � h uhkL 2 (T ) )]kRT kL 2 (T ) :
(3.26)

Thus

hT kRkL 2 (T ) � C[kA h k1=2
L 1 (T ) (kr � (u � u`

h )kL 2 ( ~T ) + kB h r � h uh kL 2 (T ) )

+ hT kR � RT kL 2 (T ) ]:
(3.27)
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Next we bound the edge residualkJr � h uh KkL 2 (@T) . Let e be an edge which is
shared by elementsT1 = T and T2 and whose closure contains the nodesz1 and z2.
Let � i;j , i; j = 1 ; 2, be the barycentric coordinate on triangle i corresponding to the
vertex zj , and de�ne � ejT i = � i; 1� i; 2. Thus � e 2 H 1

0 (T1 [ T2), and � e > 0 on e. Then

kJr � h uhKkL 2 (e) � Ck
p

� eJr � h uhKkL 2 (e) : (3.28)

Noting that Jr � h uhKje is a constant, we employ (3.5) with = ( jJr � h uh Kje� `
e) to �nd

R
e jJr � h uhKj2� e ds =

R
~T1 [ ~T2

r � (u � u`
h )r � (Jr � h uh Kje� `

e) d�
�

R
T1 [ T2

RJr � h uh Kje� e d� h +
R

~T1 [ ~T2
[I � A `

h ]r � u`
h r � (Jr � h uhKje� e) d�

� j Jr � h uhKje(kr � (u � u`
h )kL 2 ( ~T1 [ ~T2 ) kA h k1=2

L 1 (T1 [ T2 ) kr � h � ekL 2 (T1 [ T2 )

+ kRkL 2 (T1 [ T2 ) k� ekL 2 (T1 [ T2 )

+ kB h r � h uh kL 2 (T1 [ T2 ) kA h k1=2
L 1 (T1 [ T2 ) kr � h � ekL 2 (T1 [ T2 ) ):

(3.29)

A simple scaling argument yieldsk� ekL 2 (T1 [ T2 ) � ChT and kr � h � ekL 2 (T1 [ T2 ) � C,
so that

Z

e
jJr � h uh Kj2 � e ds � Ch� 1=2

T kJr � h uh KkL 2 (e)

�[kA h k1=2
L 1 (T1 [ T2 ) kr � (u � u`

h )kL 2 ( ~T1 [ ~T2 )

+ hT kRkL 2 (T1 [ T2 ) + kA hk1=2
L 1 (T1 [ T2 ) kB h r � h uh kL 2 (T1 [ T2 ) ]:

(3.30)

Combining the previous three inequalities, we �nd that

h1=2
T kJr � h uhKkL 2 (e) � C(kA h k1=2

L 1 (T1 [ T2 ) kr � (u � u`
h )kL 2 ( ~T1 [ ~T2 )

+ hT kRkL 2 (T1 [ T2 ) + kA h k1=2
L 1 (T1 [ T2 ) kB h r � h uhkL 2 (T1 [ T2 ) ):

(3.31)

Summing (3.31) over the three edges ofT and combining (3.31) with (3.27) com-
pletes the proof of (3.21).

4. Implementation details. In this section we provide some details concerning
implementation.

4.1. Computation of geometric quantities. We assume that � = f x 2 R3 :
� (x) = 0 g, where � is su�ciently smooth with nonzero gradient in a large enough
neighborhood of �. In addition, we assume that � , its gradient, and its Hessian
matrix are available, and that for x 2 U we can approximate a(x) with su�cient
accuracy. In the next subsection we describe a simple approach for approximating
a(x).

First we note that if x 2 �, ~� (x) = r �
jr � j . Thus for x 2 U,

~� (x) =
r � (a(x))
jr � (a(x)) j

: (4.1)

In addition, we have for x 2 �

H (x) = r � ~� (x) = Pr
r � (x)

jr � (x)j
: (4.2)

For the sake of concreteness, we note thatr r � (x )
jr � (x ) j is not necessarily symmetric,and

that [ r r �
jr � j ]ij = @

@xi

� x j

jr � j . The eigenvalues� 1 and � 2 of H in the directions orthogonal
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to ~� may then be approximated numerically. We also recall the relationship � i (x) =
� i (a(x ))

1+ d(x ) � i (a(x )) from (2.5). Finally, we emphasize that d is the signeddistance function,
that is, d(x) = sign(� (x)) ja(x) � xj for x 2 U n �.

The above information is su�cient to implement the adaptive method described
above. In particular, for x 2 � h we use (2.23) to de�ne the discrete data

f h (x) = � h (x)f (a(x)) = (1 � d(x)� 1(x))(1 � d(x)� 2(x))~� (x) � ~� h (x)f (a(x)) : (4.3)

Here ~� (x) is computed via (4.1), � 1 and � 2 are computed via (2.5), and~� h must be
computed from mesh information. Next we note that

kA h (x)k` 2 ! ` 2 �
max(1 � d(x)� 1(x); 1 � d(x)� 2(x))

j~� (x) � ~� h (x)j min(1 � d(x)� 1(x); 1 � d(x)� 2(x))
� Ah (x) (4.4)

and

kB h (x)k` 2 ! ` 2 � 1
� h (x ) [jd(x)( � 1(x) � � 2(x)) j

+ j1 � ~� (x) � ~� h (x)j(1 + 4 max(1 � d(x)� 1(x); 1 � d(x)� 2(x)))]
� B h (x):

(4.5)

The expressions on the right hand sides of (4.4) and (4.5) maybe computed using (4.1)
and (2.5) as before. SinceP � A h and B h are of higher order, using the above approx-
imations for the norms of A h and B h should lead to at most a slight overestimation
of the overall error while yielding nontrivial computation al savings.

4.2. Computation of d and a. The e�cient computation of the projection a
and distance function d are central to implementing the �nite element method and a
posteriori estimators described here. In a very few cases,d is available explicitly (for
example, d(x) = jxj � r for a sphere of radiusr ). Even for relatively simple surfaces
such as ellipsoids, however, an explicit expression ford is not available, and a and
d must be approximated. Sinced is assumed to be smooth and we only need to be
concerned about starting points su�ciently close to �, stan dard methods of nonlinear
optimization are in principle applicable.

We have tested two di�erent algorithms for computing a, one being Newton's
method and the other being an ad hoc �rst-order method. Before describing the
methods we note a relationship which we shall use in our algorithms. For x 2 U,
� (x) =

Rd(x )
0 r � (a(x) + t~� (x)) � ~� (x) dt = djr � (x)j + O(d2). Thus

d(x) �
� (x)

jr � (x)j
: (4.6)

Next we describe our implementation of Newton's method. Assume that x0 2 U,
and that we wish to compute a(x0). In order to employ Newton's method, we seek
a stationary point of the function F (x; � ) = jx � x0 j + �� (x). Note that r F (x; � ) =
(2(x � x0) + � r � (x); � (x)). Thus r F (x; � ) = 0 implies that x 2 � and ( x � x0) is
parallel to r � (x), that is, x = a(x0). In order to choose a starting point, we note that
2(x � x0) + � r � (x) = 0 implies that � = 2 d(x0)=jr � (x)j. Using (4.6), we thus choose
the starting value (x0; � 0) = ( x0; 2� (x0)=jr � (x0)j2) for Newton's method. Given a
tolerance tol , we iterate Newton's method until

 
� (x)2

jr � (x)j2
+

�
�
�
�

r � (x)
jr � (x)j

�
x � x0

jx � x0 j

�
�
�
�

2
! 1=2

< tol: (4.7)
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Ful�llment of this stopping criteria guarantees that the re turned value x � a(x0) lies
in the correct direction from x0 to within tol and that because of (4.6),d(x) < tol up
to higher-order terms.

The �rst-order algorithm which we employed may be describedas follows. Since
a(x) = x � d(x)~� (x), we may use (4.6) and~� (x) � r � (x )

jr � (x ) j to approximate a by

a(x) � x � � (x ) r � (x )
jr � (x ) j 2 . Iterating this relationship leads to an algorithm which converges

to some point on �, but not generally to a(x). We thus correct the direction x � x0

at each step, yielding the following algorithm.
1. Stipulate tol and x0, and initialize x = x0.
2. While (4.7) is not satis�ed, iterate the following steps:

(a) Calculate ~x = x � � (x ) r � (x )
jr � (x ) j 2 and dist = sign(� (x0)) j~x � x0 j.

(b) Set x = x0 � dist r � (~x )
jr � (~x ) j .

In practice, the second of the two algorithms was more e�cient than Newton's
method. While Newton's method converged in less steps as onewould expect, each
step is relatively expensive. We also note that we have not rigorously analyzed the
error in either of these methods which results from using thestopping criterion (4.7).
A more rigorous analysis of robust algorithms for approximating a would thus be
desirable.

5. Computational examples. In this section we describe several computa-
tional examples. All computations were performed using the�nite element toolbox
ALBERTA ([SS05]), and graphics were processed using the software GMV [Or05].
Also, the constant C appearing in the estimator � in (3.20) was taken to 0 :25 in all
calculations.

5.1. Example 1: Computation on a spherical subdomain. In our �rst
test we consider a problem which was used as an example in the paper [AP05]. This
problem demonstrates the ease with which our method handlesproblems in which
the distance function is explicitly available and also provides a convenient place to
consider surfaces with boundary.

Let S2 be the unit sphere with angular spherical coordinates (�; � ), where �
(0 � � < 2� ) is the azimuthal angle in the xy-plane and � = cos� 1 z (0 � � � � ) is
the polar angle from the z-axis. Following [AP05], we let � consist of points in S2

such that 0 � � � 5�
3 , and let u(�; � ) = (sin � ) � sin �� for � = :6. Then u satis�es

� � � u = f in � and u = 0 on @� with f = � (� + 1)(sin � ) � sin �� . Note that u is
singular at the poles, so we may expect an adaptive algorithmto re�ne more heavily
there.

Computation of the geometric quantities necessary to implement our method is
quite straightforward. We employ the distance function d(x) = jxj � 1 for the sphere
(note that we do not actually require access to the distance function for � here). In
addition, we may easily compute that ~� (x) = x

jx j , a(x) = x
jx j , and H ij (x) = � ij

j x j � x i x j

j x j 3 .
The eigenvalues ofH (x) are the principle curvatures of the sphere of radiusjxj, that
is, � 1 = � 2 = 1

jx j . Computation of � h , Ah and B h is similarly straightforward.
In Figure 5.1, the initial mesh of six elements is displayed along with an adaptively

re�ned mesh colored with the solution uh . A blowup showing re�nement near the
positive z-pole is displayed in Figure 5.2. Finally, a graph displaying the error, the
residual estimator � de�ned in (3.20), and various geometri c quantities is given in
Figure 5.3. First note that the quantity max T 2T h

hTp
jT j

appears to reach a maximum

value of about 3. Thus our assumption in Corollary 3.2 that the mesh is shape regular
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Fig. 5.1 . Experiment 1: The initial mesh with 6 nodes (left) and adapti vely re�ned meshes
with 151 (center) and 5559 (right) DOF displaying uh .

Fig. 5.2 . Experiment 1: View of the re�ned mesh along the z-axis, magni�ed 80X, with contour
lines of u.

is justi�ed for this example. Also, the error kr � (u � u`
h )kL 2 (
) and residual estimator

� converge with optimal order and appear to have a constant ratio as the mesh is
re�ned. Finally, the quantities kB h jr � h uh jkL 2 (� h ) and k1� Ah kL 1 (� h ) are plotted and
show second-order convergence, con�rming experimentallyour theoretical observation
that these geometric contributions to the error are of higher order. It is worth noting
here that the quantity Ah appears in the estimator as a multiplicative factor. Since
it converges to 1, it would thus be reasonable and computationally more e�cient to
omit it entirely once kAh kL 1 (� h ) is observed to reach a given tolerance.
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0:0 1:0 2:0 3:0 4:0 5:0 6:0

Log(DOF )

maxT 2T h hT =
p

jT j

�

kr � (u � u`
h )kL 2 (�)

Slope = � :5

kB h jr � h uh jkL 2 (� h )

k1 � Ah kL 1 (� h )

Slope = � 1

Lo
g

1:0

0:0

� 1:0

� 2:0

� 3:0

� 4:0

Fig. 5.3 . Experiment 1: Error, estimator, and various geometric quan tities.

5.2. Example 2: Computation on a torus. In our second test we performed

a computation on a torus. d(x) =
q

(r0 �
p

x2 + y2)2 + z2 � r1 is the signed distance
function for a torus whose axis of revolution is thez-axis, whose radius of revolution
is r0, and which has thickness 2r1. The other necessary geometric quantities may be
computed from this formula. We took r0 = 1 and r0 = 0 :25. As a test solution we
took the function

u(x; y; z) = e
1

1: 85 � x 2 siny; (5.1)

which has exponential peaks on the outer portions of the torus which lie near the
x-axis.

Fig. 5.4 . Experiment 2: The initial mesh displaying A h (left) and re�ned mesh with 1248 DOF
displaying uh (right).

In Figure 5.4 we displayAh on the the initial 24-node mesh; note that hereAh is
about 5 on the outer edge of the torus, so it enters into the calculation in a signi�cant
way. Also displayed in Figure 5.4 is a re�ned mesh having 1248nodes and displaying
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the discrete solution uh . In Figure 5.5 we display the local H1 error contributions
along with the three componentsAh , � T , and B h jr � h uh j of the estimator �. The local
residual indicator � T re
ects reasonably well the local error distribution, whil e the
contributions from Ah and B h jr � h uh j are relatively insigni�cant. Also, the maximum
ratio hT =

p
jT j observed during this calculation was 5.28. This relativelylarge number

re
ects the fact that the triangles in the initial mesh displ ayed in Figure 5.4 already
have relatively high aspect ratios.

Fig. 5.5 . Experiment 2: The local residual � T (top left), H 1 error (top right), B h jr � h uh j
(bottom left), and A h (bottom right).

5.3. Example 3: Computation on an ellipsoid. In our third computational
example we let � be an ellipsoid satisfying the level set equation

x2 + y2 +
z2

400
= 1 : (5.2)

As a test solution we took u(x; y; z) = sin y so that u and its derivatives were of
moderate size.

In Figure 5.6 we display the local residual contribution � T and the local geometric
error B h jr � h uh j on an adaptively re�ned mesh having 10383 nodes. Note that the
maximum values of � T and B h jr � h uh j are approximately equal. Thus the geometric
error plays a role in the marking of some elements even on a re�ned mesh. As in Figure
5.3, however, the overall geometric errorkB h jr � h jkL 2 (� h ) declines approximately as
DOF � 1, while the residual error (

P
T 2T h

� 2
T )1=2 declines asDOF � 1=2 (we do not

display a chart for the current situation as it is entirely an alogous to Figure 5.3).
Finally, the maximum ratio hT =

p
jT j observed in this adaptive calculation (up 64521

degrees of freedom) was 3.41, so that mesh quality remained reasonable.

Appendix. Proof of Proposition 2.1. Proposition 2.1 is potentially of interest
in other situations (e.g., when � h is a higher-order polynomial approximation to �),
so we begin by stating a more general version.

Proposition A.1. Let T̂ be the unit simplex inR2, and suppose thatF : T̂ ! U
is a C1 mapping whose gradient has two nonzero singular values at each point in T̂ .



20 ALAN DEMLOW AND GERHARD DZIUK

Fig. 5.6 . Experiment 3: Mesh with 10383 nodes displaying the relative sizes of B h jr � h uh j
(left) and the local residual � T (right). The view is along the z-axis.

Supposex 2 T := F (T̂ ), let ~� h be the normal to T at x, and let d� h be surface
measure onT. Assume also that~� � ~� h > 0. Letting d� h (x)� h (x) = d � (x), we then
have

� h (x) = ~� � ~� h (1 � d(x)� 1(x))(1 � d(x)� 2(x)) : (A.1)

Proof. We �x a point x̂ 2 T̂ and let x = F (x̂) and R3� 2 3 A = r F (x̂). Let
f ~e1; ~e2g, f ~u1; ~u2g, and f ~v1; ~v2g be orthonormal bases forR2 and the tangent spaces
to � h and � at x and a(x), respectively. We assume also thatf ~v1; ~v2; ~� g are the
eigenvectors of (I � dH )(x) corresponding to the eigenvalues� 1 = 1 � d(x)� 1(x),
� 2 = 1 � d(x)� 2(x), and � 3 = 1. Letting � denote the cross product, we have
d� h = jA ~e1 � A ~e2j dx̂ and d� = j([I � dH ][P][A ]~e1) � ([I � dH ][P][A ]~e2)j dx̂.

Next we recall the formula (B ~x1) � (B ~x2) = B adj (~x1 � ~x2), where B is symmetric
and nonsingular and B adj = (det B )B � 1. Noting that ( I � dH )adj has eigenvectors
f ~v1; ~v2; ~� g with eigenvaluesf � 2� 3; � 1� 3; � 1� 2g, we calculate

([I � dH ][P][A ]~e1) � ([I � dH ][P][A ]~e2) = � 2� 3[([P ][A ]~e1 � [P ][A ]~e2) � ~v1]~v1

+ � 1� 3[([P ][A ]~e1 � [P ][A ]~e2) � ~v2]~v2 + � 1� 2[([P ][A ]~e1 � [P ][A ]~e2) � ~� ]~� (A.2)

But ([ P][A ]~e1 � [P ][A ]~e2) ? ~vi , i = 1 ; 2, ([P ][A ]~e1 � [P ][A ]~e2) � ~� = ( A ~e1 � A ~e2) � ~� ,
and A ~e1 � A ~e2 k ~� h . Thus

d� = j([I � dH ][P][A ]~e1) � ([I � dH ][P][A ]~e2)j dx̂
= � 1� 2[(A ~e1 � A ~e2) � ~� ]~� dx̂ = � 1� 2 jA ~e1 � A ~e2j~� h � ~� dx̂:

(A.3)

Recalling that d� h = jA ~e1 � A ~e2j dx̂ completes the proof.
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