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Summary We present a weighted residual scheme for estimation
of pointwise gradient errors in finite element methods for quasilin-
ear elliptic problems. First we define computable residual weights
which may be conveniently determined using local ellipticity proper-
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and higher-order terms. Further properties of this estimator are in-
vestigated and illustrated using computational experiments.
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1 Introduction

We consider finite element approximations to second-order quasilin-
ear elliptic Dirichlet boundary value problems having the form

−
∑n

i=1
∂

∂xi
Fi(x,∇u) = f(x) in Ω,

u = 0 on ∂Ω.
(1.1)

Here Ω ⊂ Rn, n ≥ 2, is a bounded domain whose boundary ∂Ω
is sufficiently regular to ensure that u ∈ C1,α(Ω) for some α > 0.

? This material is based upon work supported under a grant of the Deutsche
Forschungsgemeinschaft.
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In order to avoid technicalities arising from finite element approxi-
mations on domains with smooth boundaries, we shall also assume
throughout that Ω is convex and polyhedral. Smooth boundaries are
in principle admissible if appropriate modifications are made. The
vector F = {Fi}i=1,...,n of coefficients is assumed to be sufficiently
smooth and to satisfy the ellipticity condition

0 < λ(x, p)|ξ|2 ≤
n∑

i,j=1

Fij(x, p)ξiξj ≤ Λ(x, p)|ξ|2

for all x ∈ Ω and p, ξ ∈ Rn. Here Fij(x, p) = ∂
∂pj

Fi(x, p). Finally, we
assume that the matrix [Fij(x, p)] is symmetric for (x, p) ∈ Ω × Rn.
Two examples of problems satisfying these conditions are uniformly
elliptic linear problems where F(x, p) = A(x)p and the highly non-
linear and nonuniformly elliptic prescribed mean curvature equation,
where F(x, p) = p/

√
1 + |p|2.

Residual-based error estimates for finite element methods are used
widely in a posteriori error estimation and adaptive mesh refinement.
However, the effects of the ellipticity properties of the Hessian matrix
A(x) = [Fij(x,∇u(x))] on residual estimators have only recently been
studied even in the context of the energy and similar norms. These el-
lipticity properties must be explicitly taken into account when using
such estimators or the accuracy of the resulting a posteriori upper
bound degenerates if the eigenvalues of A differ much from 1. For
the energy or similar norms, the residual indicator for a given ele-
ment should be weighted by an appropriate power of the smallest
eigenvalue of A (or its discrete counterpart in nonlinear problems) on
that element; cf. [7] and [6]. However, if the maximum pointwise ratio
of the largest and smallest eigenvalues of A is large, a considerable
“eigenvalue gap” develops between the a posteriori upper and lower
bounds given by residual estimators even if the elementwise residuals
are appropriately weighted (cf. [7] and [1]).

Residual-based a posteriori error estimates for pointwise gradient
errors in finite element methods for the equation (1.1) were proved
in [4]. Let uh be a continuous piecewise polynomial finite element
approximation to u on a simplicial grid. Then one may easily slightly
sharpen and extend the results of [4] to finite element spaces of ar-
bitrary polynomial degree to obtain the global a posteriori upper
bound

‖∇(u− uh)‖L∞(Ω) ≤ C1`h max
T∈T

ET +R2(Ω) (1.2)
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and local a posteriori lower bound

1
‖Λh‖L∞(ST )

ET ≤ C‖∇(u− uh)‖L∞(ST ) +R1(ST ). (1.3)

Here Λh is the largest eigenvalue of [Fij(·,∇uh)], ET is a first-order
maximum norm residual on an element T in a simplicial decomposi-
tion T of Ω, and ST is a small mesh patch about T . Also, R and Ri

denote terms generically of higher order, and `h is a logarithmic factor
of the smallest mesh diameter. The reliability constant C1 depends
on the domain Ω and global ellipticity and weak continuity prop-
erties (Dini-continuity) of the coefficient matrix A. Computational
experiments indicate that not only does C1 blow up as the smallest
eigenvalue of A decreases to 0, but that the effectiveness of the lo-
cal residual ET as an elementwise error indicator for use in adaptive
mesh refinement generally degenerates as well. Thus the constant C1

must in a sense be estimated locally in order to yield an effective a
posteriori error indicator.

In this paper we more precisely study the effects of the ellipticity
properties of A on residual a posteriori error estimates for point-
wise gradient errors when the space dimension n = 2 and propose a
weighted residual scheme which takes ellipticity properties into ac-
count in a local and computable fashion. First we define a residual
estimator for ‖∇(u−uh)‖L∞(Ω) which has the form maxT∈T W (T )ET .
The residual weight W (T ) is computable a posteriori and depends in
a dual sense on the ellipticity properties of the discrete Hessian ma-
trix [Fij(·,∇uh)] locally on the element T . We prove that ‖∇(u −
uh)‖L∞(Ω) is bounded up to higher-order terms and constants not
depending on A or other essential quantities by a weighted residual
estimator with weights which are not computable a posteriori but
which are closely related to W (T ). Starting with these theoretical re-
sults, the use ofW (T ) is then justified by computational and heuristic
arguments. As when using residual estimators for energy norms, there
is a considerable and practically significant gap between the a pos-
teriori upper error estimator maxT∈T W (T )ET and the lower bound
given in (1.3) when the maximum pointwise ratio of the eigenvalues
of A is large. Test computations show that both the upper and lower
bounds we obtain are sharp up to higher-order terms.

An outline of the paper is as follows. In §2 we give definitions
and some preliminary lemmas. In §3 we define the weight W (T ) for
space dimension n = 2 and discuss its properties. In §4 we state and
prove theoretical results which are valid for arbitrary space dimension
n ≥ 2, argue that the weightW (T ) bounds the weights in our rigorous



4 Alan Demlow

estimate up to a logarithmic factor, and discuss the properties of the
resulting a posteriori estimate. Finally, in §5 we provide numerical ex-
amples illustrating both the utility of the weighted residual estimator
maxT∈T W (T )ET and also the negative consequences of the “eigen-
value gap” between W (T ) and the lower residual weight 1

‖Λh‖L∞(T )

from (1.3) in linear and nonlinear test problems.

2 Preliminaries

In this section we make a number of definitions and state some lem-
mas. Here we assume that the space dimension n ≥ 2 as our theoret-
ical results are valid for arbitrary space dimension.

2.1 Finite element approximation and mesh

Let hT = |T |
1
n . We assume that T is a shape-regular simplicial de-

composition of Ω, that is, that each element T ∈ T contains a sphere
of radius c̃hT and is contained in a sphere of radius C̃hT . No further
restrictions are placed on T , so that highly graded and unstructured
meshes are admitted. For D ⊂ Ω, let TD = {T ∈ T : T ∩ D 6= ∅}
and Dh = interior(∪T∈TD

T ). Also, let h = minT∈T hT , and h̄ =
maxT∈T hT . Letting Tx be an arbitrary element whose closure con-
tains the point x, we denote by h(x) the quantity hTx . In addition,
let PT denote the patch of elements sharing a vertex with T and let
ST denote the star of elements sharing a face with T . Let Sr

h be a
space of continuous piecewise polynomials of degree r − 1 which are
0 on ∂Ω, and let uh ∈ Sr

h satisfy∫
Ω

F(x,∇uh) · ∇χ dx =
∫

Ω
fχ dx ∀ χ ∈ Sr

h.

Next let S be a face which is shared by two elements T1 and T2

and which has unit normal n. For x ∈ S, let [F(x,∇vh)](x) =
(F(x,∇vh|T1)− F(x,∇vh|T2)) · n. We then define the first-order ele-
mentwise maximum norm residual

ET = hT ‖f + div F(·,∇uh)‖L∞(T ) + ‖[F(·,∇uh)]‖L∞(∂T ).

We shall employ the Scott-Zhang interpolant Ih : W 1
1 (Ω) → Sr

h
defined in [14] which preserves homogeneous boundary conditions and
which for 1 ≤ p ≤ ∞ satisfies

‖v − Ihv‖Lp(T ) . hj
T |v|W j

p (PT )
, 1 ≤ j ≤ r, (2.1)
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and
‖v − Ihv‖W 1

p (T ) . hj
T |v|W j+1

p (PT )
, 0 ≤ j ≤ r − 1. (2.2)

Here and throughout a . bmeans that a ≤ Cb, where C depends only
on nonessential quantities. We shall actually apply Ih in a slightly
modified form. Assume that v ∈ H1

0 (D) for some fixed subset D of
Ω. We may define Ih so that

supp(Ihv) ⊂ Dh. (2.3)

Indeed, doing so only requires that for each nodal point ai ∈ ∂Dh,
the face associated to ai in [14] does not lie in the interior of Dh, a
choice which may be made in the definition of Ih. Ih then depends
on D, but the constants hidden in “.” in (2.1) and (2.2) do not.

2.2 Auxiliary problems and assumptions on coefficients

First we define shorthand notation for the eigenvalues of A(x) =
[Fij(x,∇u)] and [Fij(x,∇uh)]. Let λ(x) and λh(x) be the small-
est eigenvalues of [Fij(x,∇u)] and [Fij(x,∇uh)], respectively, and
let Λ(x) and Λh(x) be the corresponding largest eigenvalues. For
D ⊂ Ω, we also define ΛD = maxx∈D Λ(x), λD = minx∈D λ(x),
λh

D = minx∈D λ
h(x), and Λh

D = maxx∈D Λ
h(x).

We assume that the coefficients Fi(x, p) are twice continuously
differentiable in p. Recalling the definition Fij(x, p) = ∂

∂pj
Fi(x, p), we

similarly let Fijk(x, p) = ∂2

∂pj∂pk
Fi(x, p). We also require that F(x, p)

has first derivatives with respect to the x variable which are uniformly
bounded with respect to both x and p.

Several auxiliary bilinear forms are used in our analysis of quasi-
linear problems. Following for example [8] we first define

ah
ij =

∫ 1

0
Fij(x,∇uh + t∇(u− uh)) dt, i, j = 1, ..., n

and

Ah(v, w) =
∫

Ω

n∑
i,j=1

ah
ijvxjwxi dx. (2.4)

For v ∈ H1
0 (Ω) and χ ∈ Sr

h,

Ah(u − uh, v) =
∫
Ω

∑n
i=1(F(x,∇u)− F(x,∇uh)) · ∇v dx

=
∫
Ω

∑n
i=1(F(x,∇u)− F(x,∇uh)) · ∇(v − χ) dx

= Ah(u− uh, v − χ).
(2.5)
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Letting aij = Fij(x,∇u), i, j = 1, ..., n, we next define

A(v, w) =
∫

Ω

n∑
i,j=1

aijvxjwxi dx.

We finally define two forms with constant coefficients,

Ax0
h (v, w) =

∫
Ω

n∑
i,j=1

Fij(x0,∇uh(x0))vxjwxi dx

and

Ax0(v, w) =
∫

Ω

n∑
i,j=1

Fij(x0,∇u(x0))vxjwxi dx.

Abusing notation slightly, we shall at times let Ah refer to the matrix
[ah

ij ] as well as to the associated bilinear form, and similarly with A,
Ax0

h , and Ax0 .
Several relationships between A, Ah, Ax0

h , and Ax0 will play an
important role in the subsequent analysis. We sum these relationships
up in the following elementary lemma.

Lemma 2.1 Assume that D ⊂ Ω and v, w ∈ H1
0 (Ω) with supp(v) ∩

supp(w) ⊂ D. Assume that either ‖∇uh‖L∞(Ω) . 1 + ‖∇u‖L∞(Ω) or
that for 1 ≤ i, j, k,≤ n, ‖Fijk‖L∞(Ω×Rn) . 1. Then for any x0 ∈ D,

|(Ax0
h − Ah)(v, w)|

. [CF ‖∇(u− uh)‖L∞(D) + diam(D)|A|C0,α(D)]
·‖∇v‖L∞(D)‖∇w‖L1(D),

(2.6)

where CF depends on F and ‖∇u‖L∞(Ω).

Proof. First note that

|(Ax0
h −Ah)(v, w)| ≤ |(Ax0

h −Ax0)(v, w)|+ |(Ax0 −A)(v, w)|
+|(A−Ah)(v, w)|. (2.7)

With S denoting the convex hull of range(∇u) and range(∇uh), we
next compute

|aji − ah
ji| = |

∫ 1
0 Fji(∇u)− Fji(∇uh + t∇(u− uh)) dt|

≤
∫ 1
0

∑n
k=1 ‖Fjik‖L∞(S)(1− t)|∇(u− uh)| dt

≤ CF |∇(u− uh)|,
(2.8)

and similarly,

|Fij(x0,∇u(x0))− Fij(x0,∇uh(x0))| ≤ CF |∇(u− uh)(x0)|. (2.9)
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The essential estimate max1≤i,j,k≤n ‖Fijk‖L∞(S) ≤ CF may be es-
tablished here in one of two ways. If Fijk is bounded on Ω × Rn,
the bound is immediate and does not rely on ∇u and ∇uh. If al-
ternatively ‖∇uh‖L∞(Ω) . 1 + ‖∇u‖L∞(Ω) (which holds if for ex-
ample ‖∇(u − uh)‖L∞(Ω) . 1), CF can then be taken to be the
bound for max1≤i,j,k≤n |Fijk(x, p)| on the compact set {x ∈ Ω, |p| .
1 + ‖∇u‖L∞(Ω)}. Noting that

|(Ax0 −A)(v, w)|
. max1≤i,j≤n ‖aij − aij(x0)‖L∞(D)‖∇v‖L1(D)‖∇w‖L∞(D)

. diam(D)|A|C0,α(D)‖∇v‖L∞(D)‖∇w‖L1(D)

and inserting the above inequality along with (2.8) and (2.9) into
(2.7) while applying Hölder’s inequality completes the proof of (2.6).
�

2.3 Special subdomains

In our arguments we shall need to carry out duality arguments on
subdomains whose size and shape (regularity properties) we can both
control. These subdomains will be polyhedra of fixed shape and with
size equivalent to d. We associate to each point x ∈ Ω and each d with
0 < d < 1 a subdomain Dd(x) ⊂ Ω with the following properties:

1. x ∈ Dd(x).
2. Dd(x) is a copy of a fixed convex polyhedral domain Ω̃ which is

scaled by d and translated.
3. There exists a smooth cutoff function ω such that ω ≡ 1 on Tx,

0 ≤ ω ≤ 1, ‖Djω‖L∞(Ω) ≤ Cd−j (j = 0, 1, 2), and ω ≡ 0 on
Ω \Dd(x). Equivalently, there exists k > 0 which depends at most
on Ω such that dist(x, ∂Dd(x) \ ∂Ω) ≥ kd.

4. dist(supp(ω), ∂Dd(x) \ ∂Ω) > 0, and ∪T∈Tsupp(ω)
T ⊂ Dd(x).

It is straightforward to verify that one may find such subdomains
Dd(x) for convex polygons Ω; indeed, we may simply let Dd(x) be
a scaled copy of Ω . However, the choice of the special subdomain
Dd(x) will also have practical significance in the definition of our el-
ementwise residual weights W (T ). Later we shall define the weight
W (T ) by solving a dual problem on Ω̃. It is in certain cases advan-
tageous to solve this dual problem on Ω̃ 6= Ω. For example, in this
work we give values of W (T ) when Ω is a unit square, and we choose
Ω̃ = Ω. If we wanted to instead compute on a rectangular domain we
could still take Ω̃ to be a square and thus employ the same weights
as when Ω is a square.
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2.4 Green’s function estimates

Let G(x, y) denote a Green’s function satisfying
∫
Ω̃ A

x0
h ∇yG(x, y) ·

∇v(y) dy = v(x) for sufficiently smooth v ∈ H1
0 (Ω̃) and for some x0 ∈

Ω. The following estimate for the first and mixed second derivatives
of G is essential to our proofs.

Lemma 2.2 Assume that ∂Ω is smooth or Ω is convex, that |α| ≤ 1
and |β| ≤ 1, and that ‖∇uh‖L∞(Ω) . 1+‖∇u‖L∞(Ω). Then for n ≥ 3,

|Dα
xD

β
yG(x, y)| ≤ CG|x− y|2−n−|α|−|β|, (2.10)

and for n = 2

|Dα
xD

β
yG(x, y)| ≤ CG|x− y|2−n−|α|−|β| log

1
|x− y|

. (2.11)

Here CG depends on Ω, F, and ‖∇u‖L∞(Ω).

The estimate (2.10) for space dimension n ≥ 3 may be found in [10]
assuming that ∂Ω satisfies a uniform exterior sphere condition. This
condition is met by both convex and smooth domains. The proof given
in [10] does not carry directly over to n = 2 due to the logarithmic
nature of the singularity, but one may use the same method to obtain
the suboptimal estimate (2.11) so long as the estimate |G(x, y)| ≤
C log 1

|x−y| is known. This estimate is contained in [5] under the weak
restrictions of L∞ and uniformly elliptic coefficients and Lipschitz
boundary ∂Ω. Also note that since the coefficients of the bilinear
form Ax0

h are constant, CG only depends on ellipticity properties of
Ax0

h = [Fij(x0,∇uh)] which in turn rely only on F and ‖∇u‖L∞(Ω)

since ‖∇uh‖L∞(Ω) . 1 + ‖∇u‖L∞(Ω).

2.5 Regularized δ-function

As in [4], our proofs here make use of regularized Green’s and δ
functions. In order to define a regularized δ-distribution, we first let δ01
be a fixed smooth nonnegative function satisfying supp(δ01) ⊂ B1(0)
and

∫
Rn δ

0
1 dx = 1. For ρ > 0 we then define

δx0
ρ (x) = ρ−nδ01(

x− x0

ρ
)

and note that by scaling

‖δx0
ρ ‖W k

p (Rn) ≤ Cρ
−k−n(1− 1

p
)
, 1 ≤ p ≤ ∞, k = 0, 1.
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Lemma 2.3 Let χ ∈ Sr
h, T ∈ T , and u ∈ C1,α(T ). Also let ρ ≤

min(h2
T ,

1
4C2

T
) with CT depending only on the shape-regularity of T .

Then there exists a unit vector νT and a point xT ∈ T such that

‖∇(u− χ)‖L∞(T ) . |(u− uh,div(νT δ
xT
ρ ))|+ ρα|u|C1,α(T ),

where ∂ denotes the first-order directional derivative defined by ∂v =
∇v · νT .

Proof. Let x1 and νT be a point in T and a unit vector such that

‖∇(u− χ)‖L∞(T ) . |∂(u− χ)(x1)|. (2.12)

Next let xT ∈ T be such that |xT −x1| . ρ and supp(δxT
ρ ) ⊂ T . Note

that
∫
T ∂(u− χ)δxT

ρ dx = ∂(u− χ)(x2) for some x2 ∈ supp(δxT
ρ ), and

that by the triangle inequality |x1 − x2| . ρ. Thus

∂(u−χ)(x1) = ∂(u−χ)(x1)−∂(u−χ)(x2)+
∫

T
∂(u−χ)δxT

ρ dx. (2.13)

But

|∂(u− χ)(x1)− ∂(u− χ)(x2)| ≤ |∂u(x1)− ∂u(x2)|
+|∂χ(x1)− ∂χ(x2)|

. ρα|u|C1,α(T ) + ρ|∂χ|W 1
∞(T ).

(2.14)

Applying an inverse inequality and recalling that ρ ≤ h2
T , we find

that

ρ|∂χ|W 1
∞(T ) = ρ|∂χ− ∂u(xT )|W 1

∞(T )

≤ CT ρh
−1
T ‖∂χ− ∂u(xT )‖L∞(T )

≤ CT (
√
ρ‖∂(u− χ)‖L∞(T ) + ρh−1

T ‖∂u− ∂u(xT )‖L∞(T ))
≤ CT (

√
ρ‖∇(u− χ)‖L∞(T ) + ρhα−1

T |u|C1,α(T )).

(2.15)

Noting that ρhα−1
T = ραρ1−αhα−1

T ≤ ρα and then combining (2.12)
through (2.15), we obtain

‖∇(u − χ)‖L∞(T ) ≤ CT [|
∫
T ∂(u− χ)δxT

ρ dx|
+ρα|u|C1,α(T ) +

√
ρ‖∇(u− χ)‖L∞(T )].

Recalling that
√
ρ ≤ 1

2CT
and kicking back the last term above yields

the desired result. �

3 The weight W (T ) and its properties

In this section we precisely define the weight W (T ) and discuss the
gap between a posteriori upper and lower bounds resulting from its
use.
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3.1 Definition of W (T )

In this section we define a computable weighted residual estimator
for ‖∇(u−uh)‖L∞(Ω), where Ω is now a convex polygonal domain in
R2. Let gx0 ∈ H1

0 (Ω) solve

−div(Ãx0
h g

x0) = div(νδxc
ε ) in Ω̃, (3.1)

where Ãx0
h is a diagonal matrix with entries ãh

11 = λh(x0) and ãh
22 =

Λh(x0) and ν is a unit vector. gx0 is thus a regularized Green’s func-
tion which reflects in a dual sense the ellipticity properties induced
by the discrete gradient ∇uh in the equation (1.1) at x0. Essentially
we shall define W (T ) as maxx0∈T ‖∇gx0‖L1(Ω̃).

In order to complete the definition of gx0 , we must fix Ω̃, ν, and
δxc
ε . For the sake of concreteness we describe our choices of these pa-

rameters for a model computation; the principles involved in choosing
them apply in other situations as well. Let then Ω = (0, 1)2 be the
unit square, and let Ω̃ = Ω. Also let

δ01(x) =

{
Cδe

−1

1−|x|2 , |x| < 1,
0, |x| ≥ 1,

where Cδ is taken so that δ10 has unit mass. We fix the point xc =
(.5, .5) and let δxc

ε (x) = ε−2δ10(
x−xc

ε ). xc is chosen as the center-
point of Ω because computational experiments indicate that doing
so maximizes ‖∇gx0‖L1(Ω) over possible choices of xc. The choice of
ε must be balanced between two extremes. The theory presented in
the following section relies on the use of regularized Green’s func-
tion for which the corresponding radius of support is asymptotically
very small. Thus choosing ε to be small agrees with our theory. On
the other hand, computing gx0 becomes more difficult when ε is very
small, and both theory and computational experience indicate that
‖∇gx0‖L1(Ω̃) grows approximately logarithmically with 1

ε so that the
relative values of ‖∇gx0‖L(Ω̃) for different values of λh and Λh are
affected at most moderately by changing ε. In our experiments we
chose ε = 10−5.

It can be argued from our theoretical analysis that the best choice
of ν would be ∇(u − uh)(x0)/|∇(u − uh)(x0)|. As the direction of
the error is not available a posteriori we instead choose ν so as to
maximize ‖∇gx0‖L1(Ω̃) over all unit vectors. Experiments indicate
that we should choose ν as the unit eigenvector corresponding to the
smallest eigenvalue of Ãx0

h , which is e1 = (1, 0). Thus all parameters
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necessary to compute gx0 are fixed (except the eigenvalues λh(x0)
and Λh(x0)).

In order to estimate ‖∇gx0‖L1(Ω̃) for given λh(x0) and Λh(x0), we

first note that Λh(x0)gx0 ∈ H1
0 (Ω̃) solves

−div(Ax0

h ∇(Λh(x0)gx0)) = div(νδxc
ε ) in Ω̃,

where Ah(x0) is the diagonal matrix having eigenvalues λh(x0)
Λh(x0)

and 1.

That is, Λh(x0)‖∇gx0‖L1(Ω̃) is a function of the local eigenvalue gap
Λh(x0)
λh(x0)

. We thus tabulated values of Λh(x0)‖∇gx0‖L1(Ω̃) as a function

of the eigenvalue gap. Estimation of Λh(x0)‖∇gx0‖L1(Ω̃) and other
computations in this work were carried out using the finite element
toolbox ALBERT [13]. Using a nonlinear curve fitting routine, it was
determined that

ŵ(x0) = 5.05 + 3.95(
Λh(x0)
λh(x0)

− .899).941 (3.2)

approximates experimental values of Λh(x0)‖∇gx0‖L1(Ω̃) to within
1%. ŵ and experimentally calculated values of Λh(x0)‖∇gx0‖L1(Ω̃)

are displayed in Figure 3.1. Finally, we define

w(x0) =
1

Λh(x0)
ŵ(x0) (3.3)

and
W (T ) = max

x0∈T
w(x0).

Our estimator for ‖∇(u− uh)‖L∞(Ω) is then

E∞ = C(r) max
T∈T

W (T )ET .

Note that (3.3) implies that

w(x0) ≤
C(Ω, ε)
λh(x0)

. (3.4)

Indeed, as ε → 0, the exponent in (3.2) (which is .941 for ε = 10−5)
is seen to increase to 1 in experiments. It is therefore justified to
instead define W (T ) = Cmaxx0∈T

1
λh(x0)

. While more convenient and
perhaps better justified theoretically, in test cases this expression
appears to lead to some overestimation of the error when ‖Λh

λh ‖L∞(Ω)

is large.
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0.0 1.0 2.0 3.0 4.0

Log(Λh(x0)/λ
h(x0))

Log(Λh(x0)‖gx0‖L1)

Log(ŵ)

Log(Λh(x0)‖gx0
low‖L1)

Log(w̄)

5.0

4.0

3.0

2.0

1.0

0.0

Fig. 3.1. Estimation of regularized Green’s functions used in the definitions of
W (T ).

While the function w(x0) depends on the domain Ω̃ = [0, 1]×[0, 1],
it should not be necessary to recompute w for other domains. In test
computations, we for example computed several values of w(x0) on
a hexagonal domain and found them to be nearly identical to those
computed on Ω̃ above. While we do not attempt to theoretically jus-
tify such an assertion, it appears that values of w(x0) on two different
domains differ only by a constant depending on the domains.

Finally, we note that it is possible to define and compute analogous
weights when the space dimension n > 2. We do not give the details
here.

3.2 A posteriori lower bounds and the eigenvalue gap

To begin our discussion of a posteriori lower bounds, we recall from
(1.2) that 1

Λh
ST

ET . ‖∇(u− uh)‖L∞(ST ) +R1(ST ). Neglecting higher-

order terms, assuming that ‖∇(u − uh)‖L∞(Ω) . maxT∈T W (T )ET ,
and taking a maximum over T ∈ T thus yields a gap between a
posteriori upper and lower bounds of

max
T∈T

Λh
ST
W (T ) = max

x0∈Ω
Λh(x0)‖gx0‖L1(Ω̃) +R(Ω).
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Λh(x0)‖gx0‖L1(Ω̃) ≈ ŵ(x0) is the quantity plotted in the upper curve

in Figure 3.1 and grows approximately as (Λh(x0)
λh(x0)

).941. Thus the gap
(up to higher-order terms) between a posteriori upper and lower
bounds grows slightly sublinearly with respect to the maximum point-
wise eigenvalue gap. Stated more simply, this gap is about ‖Λh

λh ‖L∞(Ω).
In §5 we give computational experiments which confirm the sharpness
of these bounds by showing that the actual error may closely track
either the a posteriori upper or lower bound.

Recall that gx0 was defined by maximizing ‖∇gx0‖L1(Ω̃) over pos-
sible choices of the unit vector ν in (3.1). As mentioned above, the
best choice of the direction ν from theoretical considerations would
be ∇(u − uh)/|∇(u − uh)|. This might lead one to guess that min-
imizing ‖∇gx0‖L1(Ω̃) over possible choices of ν could lead to an a
posteriori lower bound, but this is not the case. We define an alter-
nate regularized Green’s function gx0

low by choosing ν = e2, which
minimizes ‖∇gx0

low‖L1(Ω̃) over unit vectors ν. Then with w̄(x0) =

.365 + 3.77(Λh(x0)
λh(x0)

+ 1.02).441,

w̃(x0) =
1

Λh(x0)
w̄(x0)

approximates experimental values of ‖∇gx0
low‖L1(Ω̃) to within about

1%. w̄(x0) and experimental values of Λh(x0)‖∇gx0
low‖L1(Ω̃) are plotted

in Figure 3.1. There is therefore a gap of about (Λh

λh ).5 between w̃(x0)
and the theoretically justified and experimentally confirmed weight
1

Λh
T

for the lower bound. Thus even if we could somehow make a better
local choice of the direction ν, we still would be left with a significant
eigenvalue gap between the upper and lower bound.

4 Justification of the weight W (T )

In this section we first prove a theorem showing that a weight closely
related to W (T ) yields a reliable upper bound for ‖∇(u− uh)‖L∞(Ω)

up to higher-order terms and constants not depending on essential
quantities. We then argue that this rigorously justifiable but com-
putationally inconvenient estimator may be bounded by E∞ up to a
logarithmic factor.
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4.1 A rigorous estimator

In this subsection we show that ‖∇(u−uh)‖L∞(Ω) may be estimated
up to higher-order terms by a weighted residual estimator where the
weights are closely related to W (T ). Note that the theoretical results
of this subsection are valid for space dimension n ≥ 2.

Before stating our theorem, we first define a regularized Green’s
function which will serve as our modified elementwise weight. Given
T ∈ T , let xT and νT be as in Lemma 2.3, and let x̃T be the image
of xT under the natural transformation from the subdomain Dd(xT )
defined in §2.3 to Ω̃. Let then g̃T ∈ H1

0 (Ω̃) solve

−div(AxT
h g̃xT ) = div(νT δ

x̃T
ρ̃ ) in Ω̃, (4.1)

where ρ̃ is defined below.

Theorem 4.1 Assume that u ∈ C1,α(Ω) for some 0 < α ≤ 1 and
that ‖∇uh‖L∞(Ω) . 1 + ‖∇u‖L∞(Ω). Then for any β ≥ 2,

‖∇(u − uh)‖L∞(Ω)

. C(r) maxT∈T (maxT ′:T∈TDd(xT ′ )
‖∇g̃T ′‖L1(Ω̃))ET

+(C1)2(C1`h,β |A|C0,α(Ω))
1
α `h,β‖u− uh‖L∞(Ω)

+C1CF `h,β‖∇(u− uh)‖2
L∞(Ω)

+hαβ |u|C1,α(Ω).

(4.2)

Here C1 depends upon r, F, and in the nonlinear case on ‖∇u‖L∞(Ω);
`h,β = max(1, (β ln 1

h)γ(n)) where γ(2) = 2 and γ(n) = 1 for n > 2;
and

d =

(
µ

C1`h,β|A|C0,α(Ω)

) 1
α

(4.3)

where µ depends on CT , Ω̃, and n. Also, ρ̃ = min(hβ

d ,
diam(Ω̃

8 ) in
(4.1). Finally, CF = 0 in the linear case.

Proof of Theorem 4.1. Much of our proof consists of the following
local estimate.

Lemma 4.1 Let the conditions of Theorem 4.1 be satisfied. Then for
any T ∈ T ,

‖∇(u −uh)‖L∞(T ) . C(r)‖∇ĝT ‖L1(Dd(xT ))[maxT ′∈TDd(xT )
ET ′

+Λh(xT )
d ‖u− uh‖L∞(Dd(xT )) + CF ‖∇(u− uh)‖2

L∞(Ω)

+dα|A|
C0,α(Dd(xT ))

‖∇(u− uh)‖L∞(Dd(xT ))]
+hαβ |u|C1,α(T ),

(4.4)
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where ĝT ∈ H1
0 (Dd(xT )) solves

−div(AxT
h ∇ĝxT ) = div(νT δ

xT
ρ ) in Dd(xT )

with ρ = dρ̃ = min(hβ, ddiam(Ω̃)
8 ).

Proof of Lemma 4.1. We first apply Lemma 2.3 with ρ as defined
above, yielding

‖∇(u− uh)‖L∞(T ) . |(u− uh, ∂δ
xT
ρ )|+ hαβ |u|C1,α(T ), (4.5)

where ∂v = ∇v · νT as in Lemma 2.3. Recalling from §2.3 the defini-
tion of the cutoff function ω associated to x0, we compute

(u − uh, ∂δ
xT
ρ ) = (ω(u− uh), ∂δxT

ρ )
=
∫
Dd(xT )A

xT
h ∇(ω(u− uh)) · ∇ĝT dx

=
∫
Dd(xT )A

xT
h ∇(u− uh) · ∇(ωĝT ) dx

+
∫
Dd(xT )(u− uh)AxT

h ∇ω∇ĝT dx
−
∫
Dd(xT ) ĝ

TAxT
h ∇(u− uh) · ∇ω dx

=
∫
Dd(xT )A

xT
h ∇(u− uh) · ∇(ωĝT ) dx

+
∫
Dd(xT )(u− uh)AxT

h ∇ω∇ĝT dx
+
∫
Dd(xT )(u− uh) div(ĝTAxT

h ∇ω) dx.

The boundary terms in the last integration by parts disappear be-
cause u−uh = 0 on ∂Ω and ω = 0 in a neighborhood of ∂Dd(xT )\∂Ω.
Recalling that ‖ω‖W k

∞(Ω) . d−k and using the Poincaré inequality
‖ĝT ‖L1(Dd(xT )) ≤ Cd‖∇ĝT ‖L1(Dd(xT )), we thus find that

|(u − uh, ∂δ
xT
ρ )| . |AxT

h (u− uh, ωĝ
T )|

+ 1
dΛ

h(xT )‖∇ĝT ‖L1(Dd(xT ))‖u− uh‖L∞(Dd(xT )).
(4.6)

Next we calculate as in (3.11) and (3.12) of [4] while recalling (2.3)
and noting that TDh = TD to find

Ah(u − uh, ωĝ
T − Ih(ωĝT ))

≤ ‖∇(ωĝT )‖L1(supp(Ih(ωĝT ))) maxT ′∈T
supp(Ih(ωĝT ))

ET ′

= ‖∇(ωĝT )‖L1(Dd(xT )) maxT ′∈TDd(xT )
ET ′

We thus apply (2.5) and (2.6) to compute

AxT
h (u− uh, ωĝ

T )
=(AxT

h −Ah)(u− uh, ωĝ
T ) +Ah(u− uh, ωĝ

T − Ih(ωĝT ))
.C(r)‖∇(ωĝT )‖L1(Dd(xT ))[CF ‖∇(u− uh)‖2

L∞(Dd(xT ))

+dα|A|C0,α(Dd(xT ))‖∇(u− uh)‖L∞(Dd(xT ))

+maxT ′∈TDd(xT )
ET ′ ].

(4.7)
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Finally we employ a Poincaré inequality and recall that ‖∇ω‖L∞(Ω) .
d−1 to obtain
‖∇(ωĝT )‖L1(Dd(xT )) . 1

d‖ĝ
T ‖L1(Dd(xT )) + ‖∇ĝT ‖L1(Dd(xT ))

. ‖∇ĝT ‖L1(Dd(xT )).
(4.8)

Combining (4.5), (4.6), (4.7), and (4.8) completes the proof of Lemma
4.1. �

In order to complete the proof of Theorem 4.1, we note that a sim-
ple scaling argument yields ‖∇ĝT ‖L1(Dd(xT )) = ‖∇g̃T ‖L1(Ω̃). Recall
that the global minimum and maximum eigenvalues of [Fij(·,∇uh)]
and the constant CG in the Green’s function estimates (2.10) and
(2.11) depend only on Ω̃, F, and ‖∇u‖L∞(Ω) since ‖∇uh‖L∞(Ω) .
1+‖∇u‖L∞(Ω). Using an argument similar to that given in [4], Lemma
3.8, we thus find that

‖∇ĝT ‖L1(Dd(xT )) = ‖∇g̃T ‖Ω̃ ≤ C1`h,β (4.9)

and
Λh(xT ) ≤ C1, (4.10)

where C1 depends on CG and thus only on F and ‖∇u‖L∞(Ω).
Inserting (4.9) and (4.10) into (4.4) then yields that for any T ∈

T ,

‖∇(u− uh)‖L∞(T ) . C(r)‖∇g̃T ‖L1(Ω̃) maxT∈TDd(xT )
ET

+C1`h,β [C1
d ‖u− uh‖L∞(Dd(xT )) + CF ‖∇(u− uh)‖2

L∞(Ω)

+dα|A|
C0,α(Dd(xT ))

‖∇(u− uh)‖L∞(Dd(xT ))]
+hαβ |u|C1,α(T ).

Taking a maximum over T ∈ T , rearranging terms, and recalling
(4.3) yields

‖∇(u−uh)‖L∞(Ω)

. maxT∈T ‖∇g̃T ‖L1(Ω̃)(maxT ′∈TDd(xT )
ET ′)

+C1`h,β[C1
d ‖u− uh‖L∞(Ω) + CF ‖∇(u− uh)‖2

L∞(Ω)]
+Chαβ |u|C1,α(Ω)

+C1`h,βd
α|A|C0,α(Ω)‖∇(u− uh)‖L∞(Ω)

= maxT∈T (maxT ′:T∈TDd(xT ′ )
‖∇g̃T ′‖L1(Ω̃))ET

+(C1)2`h,β(C1`h,β|A|C0,α(Ω))
1
αµ−

1
α ‖u− uh‖L∞(Ω)

+C1CF `h,β‖∇(u− uh)‖2
L∞(Ω)

+hαβ |u|C1,α(Ω)

+µ‖∇(u− uh)‖L∞(Ω).

Taking µ small enough to overcome the nonessential constant hidden
in “.” completes the proof of Theorem 4.1. �
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4.2 Heueristic arguments and a final estimate

In this section we first use computational and heuristic evidence to
argue that ‖∇gxT ‖L1(Ω̃) bounds ‖∇g̃T ‖L1(Ω̃) up to a logarithmic fac-
tor. The computational evidence we present is valid for the model
domain Ω̃ = Ω = (0, 1)× (0, 1), but the same observations are gener-
ally valid for other situations as well. We then state and prove a final
corollary which may serve as the basis for adaptive mesh refinement
algorithms.

First we use computational and heuristic evidence to argue that
for T ∈ T ,

‖∇g̃T ‖L1(Ω̃) . ˆ̀
h,ε‖∇gxT ‖L1(Ω̃), (4.11)

where ˆ̀
h,ε = max(1, `h,β

ln 1/ε). The differences in the data used to define
g̃T and gxT are:

1. The relative location of the regularized δ-distribution within Ω̃
varies in the definition of g̃T but is fixed in the definition of gxT .
Computational experiments indicate that ‖∇gxT ‖L1(Ω̃) is max-
imized when the discrete δ-function is placed at the center of
the domain as in our definition of W (T ). For example, we car-
ried out test computations with ε = 10−3 and Λh(x0)

λh(x0)
= 100.

With xc = (.5, .5), we obtained Λh(x0)‖∇gx0‖L1(Ω̃) = 163; with
xc = (.65, .65), 160; and with xc = (.9975, .9975), 27.

2. The directions νT in Theorem 4.1 and ν in §3.1 may differ. Recall
that ν was chosen in order to maximize ‖∇gxT ‖L1(Ω̃).

3. The coefficient matrices ÃxT
h in (3.1) and AxT

h in (4.1) are differ-
ent. ÃxT

h and AxT
h are symmetric and have the same eigenvalues

λh(xT ) and Λh(xT ), and are thus equivalent up to a rotation of
their eigenvectors. Recall that ÃxT

h is diagonal, so that its eigenvec-
tors were parallel to the sides of Ω̃ in our experiments. Redefining
ÃxT

h so that its eigenvectors had arbitrary orientation with respect
to Ω̃ yielded values for W (T ) that were at most a few percent dif-
ferent than those displayed in Figure 3.1.

4. ε is fixed and not equal to ρ̃. Heuristic theoretical evidence indi-
cates and computational experiments confirm that choosing ε rea-
sonably small in the definition of gxT will ensure that ‖∇gxT ‖L1(Ω̃)

grows approximately logarithmically with ε, that is, ‖∇gxT ‖L1(Ω̃)

≈ 1
Λh(xT )

C(Λh(xT )/λh(xT )) ln 1
ε . For example, if we choose ε =

10−5 and Λh(xT )/λh(xT ) = 1000, we have ‖∇gxT ‖L1(Ω̃) ≈ 2629.
With ε = 10−6 we obtain ‖∇gxT ‖L1(Ω̃) ≈ 3315, yielding a growth
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factor of 3315
2629 ≈ 1.26 versus the factor of ln 10−6

ln 10−5 = 1.2 which would
result from perfectly logarithmic growth with ε. Further experi-
ments show similar results.

Based on these arguments we conclude that (4.11) holds.
Our final result is the following corollary.

Corollary 4.1 Assume that (4.11) and the conditions of Theorem
4.1 hold. Then

‖∇(u− uh)‖L∞(Ω) . C(r)ˆ̀h,ε maxT∈T W (T )ET

+(C1)2(C1`h,β |A|C0,α(Ω))
1
α `h,β‖u− uh‖L∞(Ω)

+C1CF `h,β(‖∇(u− uh)‖2
L∞(Ω) + ‖w‖2

L∞(Ω) maxT∈T E2
T )

+hαβ |u|C1,α(Ω),

(4.12)

where CF = 0 in the linear case.

Proof of Corollary 4.1. Most of the proof of (4.12) consists of
showing that for T ∈ T ,

(maxT ′:T∈TDd(xT ′ )
w(xT ′))ET ≤W (T )ET

+C1CF (‖∇(u− uh)‖2
L∞(Ω) + ‖w‖2

L∞(Ω) maxT∈T E2
T ).

(4.13)

Assuming (4.13), combining (4.13), (4.2), and (4.11) while noting that
ˆ̀
h,ε ≤ `h,β yields(4.12).

In order to prove (4.13), we begin by fixing an element T ′ such
that T ∈ TDd(xT ′ )

and note that there exists a point x1 ∈ T such that
|xT ′ − x1| . d. Then

w(xT ′)ET ≤ |w(xT ′)− w(x1)|ET + w(x1)ET

≤ |w(xT ′)− w(x1)|ET +W (T )ET .
(4.14)

For the sake of notational convenience we let x0 = xT ′ , Λ0 = Λh(xT ′),
λ0 = λh(xT ′), Λ1 = Λh(x1), and λ1 = λh(x1). An elementary calcu-
lation yields

|w(xT ′)− w(x1)| = | ŵ(x0)
Λ0

− ŵ(x1)
Λ1

|
≤ |ŵ(x0)−ŵ(x1)|

Λi
+ |Λ1−Λ0|ŵ(xj)

Λ0Λ1
,

(4.15)

where i = 0 or i = 1 is chosen so that Λi
λi

= min(Λ0
λ0
, Λ1

λ1
) and i 6= j ∈

{0, 1}. Then we note that for some b between Λ0
λ0

and Λ1
λ1

,

|ŵ(x0) − ŵ(x1)| = 3.95|(Λ0
λ0
− .899).941 − (Λ1

λ1
− .899).941|

= (3.95)(.941)(b− .899)−.059|Λ0
λ0
− Λ1

λ1
|

≤ (.941)ŵ(xi)(Λi
λi
− .899)−1|Λi

λi

λj−λi

λj
+ Λi−Λj

λj
|

≤ 10ŵ(xi)
|λ1−λ0|+|Λ1−Λ0|

λj
.

(4.16)
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The last inequality above follows since Λi
λi
≥ 1. Since λj ≤ Λj , insert-

ing (4.16) into (4.15) yields

|w(xT ′)− w(x1)| . w(xi)
|λ1−λ0|+|Λ1−Λ0|

λj

+w(xj)
|Λ1−Λ0|

Λi
.

(4.17)

Applying for example Theorem 8.1.4 of [9] and recalling that |x0−
x1| = |xT ′ − x1| ≤ d, we next find that

|Λ1 − Λ0| = |Λh(x1)− Λh(x0)|
≤ |Λh(x0)− Λ(x0)|+ |Λ(x0)− Λ(x1)|+ |Λ(x1)− Λh(x1)|
. ‖Ax0

h −Ax0‖+ ‖A(x0)−A(x1)‖+ ‖Ax1 −Ax1
h ‖

. CF (|∇(u− uh)(x0)|+ |∇(u− uh)(x1)|) + dα|A|C0,α(Ω).

(4.18)

|λ1−λ0|may be bounded similarly. Noting that 1
λi

+ 1
Λi

+ 1
λj

+ 1
Λj
≤ C1,

collecting (4.14), (4.17), and (4.18), and inserting (4.3) yields

w(xT ′)ET . C1CF ‖∇(u− uh)‖L∞(Ω)(w(xi) + w(xj))ET

+C1|A|C0,α(Ω)d
α(w(xT ′) + w(x1))ET

+W (T )ET

. C1CF ‖∇(u− uh)‖L∞(Ω)‖w‖L∞(Ω)ET

+µ(w(xT ′) + w(x1))ET +W (T )ET .

Finally we take µ small enough to kick back the term µw(xT ′)ET

above and also note that µw(x1)ET ≤W (T )ET . Thus

w(xT ′)ET . C1CF ‖∇(u− uh)‖L∞(Ω)‖w‖L∞(Ω)ET

+W (T )ET

.C1CF (‖∇(u− uh)‖2
L∞(Ω) + ‖w‖2

L∞(Ω) maxT∈T E2
T )

+W (T )ET .

(4.19)

Taking a maximum of (4.19) over T ′ : T ∈ TDd(xT ′ )
completes the

proof of (4.13). �

4.3 Discussion of Theorem 4.1 and Corollary 4.1

First we consider (4.2) and (4.12) when the underlying equation is
linear, that is, when F(x,∇u) = A(x)∇u(x). We will assume that
A ∈ W 1

∞(Ω). First we note that with a slight modification to the
proof of Theorem 4.1, (4.12) may be reduced to

‖∇(u − uh)‖L∞(Ω) . C(r)ˆ̀h,ε maxT∈T W (T )ET

+(C1)3`2h,β|A|W 1
∞(Ω)‖u− uh‖L∞(Ω)

+hαβ |u|C1,α(Ω),
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where C1 depends only on ellipticity properties of A.
Our goal in this work has been to construct an estimator for

‖∇(u− uh)‖L∞(Ω) which is reliable up to nonessential constants and
higher-order terms. For linear problems, however, the problem of
bounding a posteriori the higher order terms which arise is not com-
pletely intractable. In [3], the term hαβ was reabsorbed into the
left hand side under the nondegeneracy and smoothness assump-
tion that there exists a point x1 ∈ Ω and η > 0 such that u ∈
W r+1
∞ (Bη(x1)), ‖u‖W r+1

∞ (Bη(x1))
≤ C∗∗, and |Dru(x1)| ≥ C∗. This

condition is relatively weak, essentially requiring only that u is suf-
ficiently smooth on a small subdomain of Ω. If in addition u sat-
isfies the regularity estimate ‖u‖C1,α(Ω) ≤ ‖f‖L∞(Ω), then the term
hαβ |u|C1,α(Ω) may be omitted if the logarithmic factors are modified

to r
α max(ln C∗∗+‖f‖L∞(Ω)

C∗ , ln 1
hβ ).

If we assume (3.4) and (4.11), tracing the constant C3
1 above

through the proof of Theorem 4.1 yields C3
1 . `h‖Λ

λ ‖L∞(Ω)‖ 1
λ‖L∞(Ω),

where `h is a generic logarithmic factor. In addition,

‖u− uh‖L∞(Ω) ≤ C(A)`h max
T∈T

hTET ; (4.20)

cf. [11], [2], and [12]. Here C(A) depends on A in an unknown fashion.
Combining the discussion of the preceding two paragraphs, we thus
find that under reasonable assumptions,

‖∇(u − uh)‖L∞(Ω) ≤ C(r)`h,f,C∗,C∗∗ [maxT∈T W (T )ET

+ ‖Λ
λ ‖L∞(Ω)‖ 1

λ‖L∞(Ω)|A|W 1
∞(Ω)C(A) maxT∈T hTET ], (4.21)

where `h,f,C∗,C∗∗ is a logarithmic factor depending on the given quan-
tities. If C(A) could be determined with reasonable accuracy, then
(4.21) could serve as the basis for an a posteriori estimator for ‖∇(u−
uh)‖L∞(Ω) which is reliable even on very coarse grids. We emphasize
that a chief advantage of (4.21) is that global elliptiticy properties of
A only appear in higher-order terms. We do not pursue further here
the estimation of C(A), a more accurate estimation of the constants
in (4.2) or (4.11), or other consideration of the higher-order term in
(4.21).

For nonlinear problems the situation is more complex. For a fixed
solution u, all terms in (4.2) and (4.12) except the first are of higher
order. Theorem 4.1 and Corollary 4.1 are stated so that the constants
in these higher-order terms depend on the unknown solution u and
are thus noncomputable. As for linear problems, tracing through the
proof of Theorem 4.1 yields more information about these constants.
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The constant C1 may always be estimated a posteriori, though we
have transformed it into an a priori constant via the assumption
‖∇uh‖L∞(Ω) . 1 + ‖∇u‖L∞(Ω) in order to ensure that C1 is fixed
independent of the mesh. CF may be bounded in some situations;
CF = 1 for the prescribed mean curvature problem, for example. The
treatment of the constant |A|C0,α(Ω) is most troublesome. In Lemma
4.1, the term dα|A|

C0,α(Dd(xT ))
‖∇(u−uh)‖L∞(Dd(xT )) may be replaced

by oscDd(xT )[Fij(·,∇uh)]‖∇(u−uh)‖L∞(Dd(xT )). Thus dmust be taken
small enough so that ‖∇ĝT ‖L1(Dd(xT ))oscDd(xT )[Fij(·,∇uh)] ≤ µ, so
that we may eventually kick this term back. While estimating d is
perhaps possible a posteriori, it appears rather impractical. Finally,
as in the linear case the term hαβ |u|C1,α(Ω) may be reabsorbed into
the left hand side under a suitable nondegeneracy and smoothness
condition.

Even if the constants in (4.2) or (4.11) could be accurately es-
timated, we still would need to bound ‖u − uh‖L∞(Ω) and ‖∇(u −
uh)‖2

L∞(Ω) a posteriori. If u ∈W 2
∞(Ω) (which would generally be true

if ∂Ω were smooth, but not in the current situation), then a result
similar to (4.20) holds, though still with unaccounted-for terms of yet
higher order on the right hand side; cf. [4]. However, we do not know
how to estimate the nonlinear perturbation term ‖∇(u−uh)‖2

L∞(Ω) a
posteriori, except to make the observation that it may be kicked back
if ‖∇(u − uh)‖L∞(Ω) is small enough to resolve C1CF . The assump-
tion that ‖∇(u − uh)‖L∞(Ω) is small enough does appear in other a
posteriori estimates for quasilinear problems; cf. [15]. In [7], a condi-
tion which is verifiable a posteriori (up to an unknown constant) is
given. The fulfillment of this condition ensures the reliability of an
estimate for a natural geometric norm for the prescribed mean curva-
ture problem, thus removing the necessity of ensuring (or assuming)
that ‖∇(u− uh)‖L∞(Ω) is small enough.

5 Computational Experiments

In this section we present computational experiments which illustrate
both the utility and limitations of the weighted estimator maxT∈T W (T )
in adaptive mesh refinement and a posteriori error estimation.
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5.1 Algorithm

First we give the computational algorithm used in our experiments
and then make some remarks concerning it. Our adaptive algorithm
is:

1. Solve for uh on an initial uniform mesh T .
2. For each element T ∈ T , calculate W (T )ET .
3. If E∞ = C(r) maxT∈T W (T )ET ≤ tol, stop. If not, continue.
4. Decide which elements of T should be marked for refinement:

(a) For each element T ∈ T , mark T for refinement if

W (T )ET ≥ θmax
T∈T

W (T )ET . (5.1)

(b) Calculate the percentage P of elements which were marked. If
P is less than a given threshold µ, lower θ.

(c) Repeat the preceding two steps until P ≥ µ.
5. Refine the marked elements to obtain a new mesh T and calculate

a new discrete solution uh on T .
6. Return to step 2.

Note that we use a modified version of the standard “maximum
strategy” (see e.g. [16]) for deciding which elements to mark for
refinement. Our justification for ensuring that a given percentage
of elements is marked for refinement at each iteration of the algo-
rithm lies in the conditioning gap between the a posteriori upper and
lower bounds for ‖∇(u− uh)‖L∞(Ω). From the discussion in §3.2, the
weighted elementwise residual W (T )ET may overestimate the local
error contribution if maxx∈T

Λh(x)
λh(x)

is large. Such overestimation does
occur in practice, and on some elements more than on others. Thus
in our calculations it sometimes happened that only a few elements
were marked for refinement when a typical value for θ was used (we
took θ = .25 in most calculations, e.g.). In these cases, ensuring
that a given percentage (typically 2%) of elements was marked for
refinement usually yielded a reasonable error reduction after the en-
suing mesh refinement. This indicates that the elementwise indicator
W (T )ET ordered the elementwise error contributions approximately
correctly, even if W (T )ET did not always accurately reflect the actual
sizes of the elementwise errors.

As in the calculation of the weights W (T ), all computations were
performed on the domain Ω = (0, 1) × (0, 1). Also, quadratic finite
elements (r = 3) were employed. Next we define the effectivity index

Ieff =
‖∇(u− uh)‖L∞(Ω)

E∞
.
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C(r) = C(3) = .027 was chosen so that simple model computations
with F(x, p) = p (that is, with the Laplacian) asymptotically yielded
an effectivity index of about 1. At each iteration of the algorithm
above, θ = .25 was initially chosen and was then sometimes lowered
in steps (a), (b), and (c) as stated. The parameter µ was taken to
be 2% for calculations where a large local eigenvalue gap was present
(Experiments 2 and 3 below) and 0% otherwise (Experiment 1 below).
The error threshold tol depended heavily on the problem at hand, and
in fact calculations were often simply run until computer resources
were exhausted.

Finally note that (4.12) indicates that the error estimator E∞ is
only asymptotically reliable, implying that the grid should be refined
sufficiently before beginning the algorithm. Roughly speaking, the
grid must resolve the oscillation and ellipticity properties of the co-
efficient matrix A = [Fij(·,∇u)] enough that the higher order terms
on the right hand side of (4.12) are sufficiently small. In our tests we
found that our algorithm automatically resolved A sufficiently well
even starting from very coarse initial grids, at least for quadratic
elements. The initial mesh in Step 1 above was thus taken to be a
uniform mesh with 4 elements.

5.2 Linear problems

For our computations involving linear test problems, we first define
a family of solutions

u(x, y) = sin(πκxx) sin(πκyy),

where κx and κy are positive integers.

Experiment 1: Isotropic coefficient matrix. Let

a(x, y) = 1−K sin(πψx).

Here 0 ≤ K < 1 and ψ > 0. Note that if ψ > .5, then we have
min(x,y)∈Ω a(x, y) = 1 − K. Consider the model problem: Find u ∈
H1

0 (Ω) such that
−div(a∇u) = f in Ω,

where f is defined by our choice of u and a. Note that here the
coefficient matrix is completely isotropic, that is, there is no local
eigenvalue gap. Thus the gap between the a posteriori upper and
lower bounds obtained using maxT∈T W (T )ET and maxT∈T

1
ΛT
ET

is asymptotically 1 for this problem, and the estimator E∞ should
closely predict the actual error on sufficiently refined meshes. K and
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ψ were varied in order to study the effects of the ellipticity proper-
ties and oscillation of a, respectively, on refinement algorithms using
E∞. In addition, we carried out adaptive mesh refinement using the
unweighted indicator Ê∞ = Ĉ(r) maxT∈T ET for comparison. Results
are displayed in Figure 5.1. Plots of the resulting errors and effectivity
indices Ieff are shown in Figure 5.1 and Figure 5.2, respectively.
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K = .999, ψ = 1
K = .99, ψ = 10
K = .99, ψ = 1
K = .9, ψ = 10
K = .9, ψ = 1
K = 0, ψ = 1
slope = −1

L
og

(‖
∇

(u
−
u

h
)‖

L
∞

(Ω
)
)

2.0

1.0

0.0

−1.0

−2.0

−3.0

Fig. 5.1. Error reduction achieved for various values of K and ψ in Experiment
1.

We remark on several features of Figure 5.1 and Figure 5.2. First
note that the performance of E∞ as an error indicator is sensitive
both to the ellipticity properties and to the oscillation of a. In par-
ticular, more degrees of freedom are required to reach a given error
tolerance for smaller λΩ (larger K in our experiments) and larger
oscillation (larger ψ in our experiments). Our experiments thus con-
firm the validity of the qualitative structure of the estimates (4.12)
and (4.21), though not the precise nature of the higher-order terms
involved. Secondly, note from Figure 5.2 that the effectivity index
Ieff asymptotically becomes close to 1 whenever E∞ is used (though
there is no indication that Ieff asymptotically tends to 1 or any other
constant). Note that when a is highly oscillatory (ψ = 10 in our ex-
periments), Ieff approaches 1 rather more slowly than if a is not
oscillatory. Finally, the unweighted estimator Ê∞ is able to achieve
error reduction which is reasonable but not as good as that achieved
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Fig. 5.2. Effectivity indices for Experiment 1.

by E∞. In addition, the effectivity index resulting from using Ê∞
when λΩ = .001 (K = .999) is rather poor.

Experiment 2: Anisotropic coefficient matrix. We tested the effects of
an anisotropic coefficient matrix on the performance of E∞ by letting
u ∈ H1

0 (Ω) solve
−div(A∇u) = f in Ω,

where A is a diagonal matrix with A11 = .01 and A22 = 1 so that
‖Λ

λ ‖L∞(Ω) = 100. In our calculations we first let (κx, κy) = (20, 1)
in (5.2). Thus u oscillated heavily in the direction of the eigenvector
(1, 0) corresponding to the smaller eigenvalue of A and we generally
have ∇(u−uh)/|∇(u−uh)| ≈ (1, 0). Let now err = ‖∇(u−uh)‖L∞(Ω)

and e∞ = C(r) maxT∈T
1

Λh
T

ET represent the theoretically justified

(up to higher-order terms) lower bound for ‖∇(u− uh)‖L∞(Ω). Note
that here e∞ = C(r) maxT∈T ET . From Figure 5.3 we see that err ≈
E∞ on sufficiently refined meshes. Also, e∞ is between 25 and 50
times less than err, which corresponds to the eigenvalue gap of 100
in the coefficient matrix A. Next we let (κx, κy) = (1, 20) in (5.2),
so that u oscillated heavily in the direction of the eigenvector (0, 1)
corresponding to the larger eigenvalue of A. Now we observe from
Figure 5.3 that asymptotically err ≈ e∞, while E∞ is between 25
and 50 times greater than err. Thus the sharpness of the upper and
lower bounds discussed in §3 is verified.
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Fig. 5.3. Errors and upper and lower error estimators for Experiment 2.

5.3 Prescribed mean curvature problem

We also tested the effectiveness of our weighting scheme for the non-
linear prescribed mean curvature problem. With B > .5, let

uB(x, y) = 3(
√
B2 − (x− .5)2 −

√
B2 − .25)

·(
√
B2 − (y − .5)2 −

√
B2 − .25).

Let Q =
√

1 + |∇uB|2. Note that as B → .5+, Qmax = ‖Q‖L∞(Ω) →
∞. Note also that the eigenvalues of A(x) are 1

Q and 1
Q3 , so the local

eigenvalue gap is Q(x)2. Thus we predict a conditioning gap of Q2
max

between a posteriori upper and lower bounds E∞ and e∞.

Experiment 3: Nonlinear problem. In our experiments we took B =
.55 (so that Qmax = 2.33 and ‖Λ

λ ‖L∞(Ω) ≈ 5), B = .51 (Qmax = 6.2
and ‖Λ

λ ‖L∞(Ω) ≈ 38), B = .501 (Qmax = 22.3 and ‖Λ
λ ‖L∞(Ω) ≈

497), and B = .5001 (Qmax = 73.5 and ‖Λ
λ ‖L∞(Ω) ≈ 5230). Also,

for comparison we carried out adaptive mesh refinement using the
unweighted error estimator Ê∞ = Ĉ(r) maxT∈T ET . The resulting
error reduction is displayed in Figure 5.4, and efficiency indices are
displayed in Figure 5.5.

Marking using the unweighted elementwise indicator ET was some-
what effective, but became less so as Qmax was increased and was
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Fig. 5.4. Errors arising from estimation of uB using indicators E∞ and Ê∞.
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Fig. 5.5. Effectivity indices arising from estimation of uB using E∞ and Ê∞.

always less effective than using the weighted indicator E∞. In ad-
dition, Figure 5.5 shows that Ieff degenerates very badly as Qmax

increases. For moderate values of Qmax, marking using the weighted
indicator W (T )ET usually resulted in optimal or nearly-optimal er-
ror reduction after a sufficient number of initial refinements. The only
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exception occurred when B = .5001, where a significant reduction in
‖∇(u−uh)‖L∞(Ω) was first achieved (from about 70 to 1.35) and then
the algorithm stalled after reaching about 3×106 degrees of freedom.
In this case performance could be improved somewhat by requiring
that the algorithm mark 5% of elements at each iteration rather than
2%, but the resulting error reduction was still sub-optimal with re-
spect to the number of degrees of freedom. Thus the large “eigenvalue
gap” present in this problem severely inhibits the performance of the
elementwise error indicator W (T )ET .

From Figure 5.5, we note that E∞ gives a reliable a posteriori
upper bound for all values of B. From Experiment 2 it is clear that
this bound may become very pessimistic if the maximum pointwise
eivenvalue gap is large, but in the currrent situation E∞ performs
fairly well as an error estimator even though the eigenvalue gap is
large.
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