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1 Introduction

We consider finite element approximations to second-order quasilin-
ear elliptic Dirichlet boundary value problems having the form

— > %E(%Vu) = f(x) in £, (L1)
u =0 on O0f2. ’

Here 2 C R", n > 2, is a bounded domain whose boundary 92
is sufficiently regular to ensure that v € C1*(£2) for some a > 0.

* This material is based upon work supported under a grant of the Deutsche
Forschungsgemeinschaft.
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In order to avoid technicalities arising from finite element approxi-
mations on domains with smooth boundaries, we shall also assume
throughout that {2 is convex and polyhedral. Smooth boundaries are
in principle admissible if appropriate modifications are made. The
vector F = {F;};=1, . n of coefficients is assumed to be sufficiently
smooth and to satisfy the ellipticity condition

ij—1

for all z € 2 and p, £ € R™. Here Fy(z,p) = %Fi(x,p). Finally, we
assume that the matrix [Fj;(x,p)] is symmetric for (z,p) € £ x R™.
Two examples of problems satisfying these conditions are uniformly
elliptic linear problems where F(z,p) = A(z)p and the highly non-
linear and nonuniformly elliptic prescribed mean curvature equation,
where F(z,p) = p/+/1 + |p|>.

Residual-based error estimates for finite element methods are used
widely in a posteriori error estimation and adaptive mesh refinement.
However, the effects of the ellipticity properties of the Hessian matrix
A(x) = [Fij(z, Vu(x))] on residual estimators have only recently been
studied even in the context of the energy and similar norms. These el-
lipticity properties must be explicitly taken into account when using
such estimators or the accuracy of the resulting a posteriori upper
bound degenerates if the eigenvalues of A differ much from 1. For
the energy or similar norms, the residual indicator for a given ele-
ment should be weighted by an appropriate power of the smallest
eigenvalue of A (or its discrete counterpart in nonlinear problems) on
that element; cf. [7] and [6]. However, if the maximum pointwise ratio
of the largest and smallest eigenvalues of A is large, a considerable
“eigenvalue gap” develops between the a posteriori upper and lower
bounds given by residual estimators even if the elementwise residuals
are appropriately weighted (cf. [7] and [1]).

Residual-based a posteriori error estimates for pointwise gradient
errors in finite element methods for the equation (1.1) were proved
in [4]. Let uj be a continuous piecewise polynomial finite element
approximation to u on a simplicial grid. Then one may easily slightly
sharpen and extend the results of [4] to finite element spaces of ar-
bitrary polynomial degree to obtain the global a posteriori upper
bound

IV(u = un)lpe) < Crlh maxEr + Ra(02) (1.2)
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and local a posteriori lower bound

7 Er < COIV(u—un)llLoo(sy) + Ra(ST).  (1.3)
1AM 2o (51

Here A" is the largest eigenvalue of [Fy;(-, Vuy)], &7 is a first-order
maximum norm residual on an element 7" in a simplicial decomposi-
tion 7 of {2, and St is a small mesh patch about 7. Also, R and R;
denote terms generically of higher order, and ¢}, is a logarithmic factor
of the smallest mesh diameter. The reliability constant C depends
on the domain {2 and global ellipticity and weak continuity prop-
erties (Dini-continuity) of the coefficient matrix A. Computational
experiments indicate that not only does C blow up as the smallest
eigenvalue of A decreases to 0, but that the effectiveness of the lo-
cal residual & as an elementwise error indicator for use in adaptive
mesh refinement generally degenerates as well. Thus the constant Cy
must in a sense be estimated locally in order to yield an effective a
posteriori error indicator.

In this paper we more precisely study the effects of the ellipticity
properties of A on residual a posteriori error estimates for point-
wise gradient errors when the space dimension n = 2 and propose a
weighted residual scheme which takes ellipticity properties into ac-
count in a local and computable fashion. First we define a residual
estimator for ||V (u—up)| 1., (o) Which has the form maxzer W(T)Er.
The residual weight W (T') is computable a posteriori and depends in
a dual sense on the ellipticity properties of the discrete Hessian ma-
trix [Fi;(-, Vug)] locally on the element T. We prove that ||V (u —
up) || 1o (2) is bounded up to higher-order terms and constants not
depending on A or other essential quantities by a weighted residual
estimator with weights which are not computable a posteriori but
which are closely related to W (T'). Starting with these theoretical re-
sults, the use of W (T') is then justified by computational and heuristic
arguments. As when using residual estimators for energy norms, there
is a considerable and practically significant gap between the a pos-
teriori upper error estimator maxpey W(T)Er and the lower bound
given in (1.3) when the maximum pointwise ratio of the eigenvalues
of A is large. Test computations show that both the upper and lower
bounds we obtain are sharp up to higher-order terms.

An outline of the paper is as follows. In §2 we give definitions
and some preliminary lemmas. In §3 we define the weight W(T') for
space dimension n = 2 and discuss its properties. In §4 we state and
prove theoretical results which are valid for arbitrary space dimension
n > 2, argue that the weight W (T') bounds the weights in our rigorous
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estimate up to a logarithmic factor, and discuss the properties of the
resulting a posteriori estimate. Finally, in §5 we provide numerical ex-
amples illustrating both the utility of the weighted residual estimator
maxper W(T)Er and also the negative consequences of the “eigen-
value gap” between W (T') and the lower residual weight |

[AR]] oo (1)
from (1.3) in linear and nonlinear test problems.

2 Preliminaries

In this section we make a number of definitions and state some lem-
mas. Here we assume that the space dimension n > 2 as our theoret-
ical results are valid for arbitrary space dimension.

2.1 Finite element approximation and mesh

Let hr = |T]% We assume that 7 is a shape-regular simplicial de-
composition of {2, that is, that each element T' € 7 contains a sphere
of radius ¢hy and is contained in a sphere of radius Chy . No further
restrictions are placed on 7, so that highly graded and unstructured
meshes are admitted. For D C 2, let Tp = {T' € T : TN D # 0}
and D" = interior(Urer, T). Also, let h = minper by, and h =
maxye7 hr. Letting T, be an arbitrary element whose closure con-
tains the point x, we denote by h(x) the quantity hr,. In addition,
let Pr denote the patch of elements sharing a vertex with 7" and let
St denote the star of elements sharing a face with 7. Let S} be a
space of continuous piecewise polynomials of degree r — 1 which are
0 on 042, and let u;, € S} satisfy

/F(m,Vuh)-dex—/fxdexES,Z.
2 2

Next let S be a face which is shared by two elements T} and T5
and which has unit normal n. For z € S, let [F(z, Vuy)](z) =
(F(z, Vup|ry) — F(z, Vug|r,)) - n. We then define the first-order ele-
mentwise maximum norm residual

&r = hr|[f + divF(, Vun)| L) + IF ¢ Vun)]l Lo or)-

We shall employ the Scott-Zhang interpolant I, : Wil (£2) — S
defined in [14] which preserves homogeneous boundary conditions and
which for 1 < p < oo satisfies

v — IhUHLp(T) S h]T|U|Wg(PT)’ l<j=m, (2.1)
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and A
lv = Invllwycry S hplvlygerpy 0<G <r—1. (2.2)

Here and throughout a < b means that a < Cb, where C' depends only
on nonessential quantities. We shall actually apply Ij, in a slightly
modified form. Assume that v € H}(D) for some fixed subset D of
2. We may define I so that

supp(Iv) € D", (2.3)

Indeed, doing so only requires that for each nodal point a; € D",
the face associated to a; in [14] does not lie in the interior of D", a
choice which may be made in the definition of Ij. I, then depends
on D, but the constants hidden in “<” in (2.1) and (2.2) do not.

2.2 Auziliary problems and assumptions on coefficients

First we define shorthand notation for the eigenvalues of A(x) =
[Fij(z,Vu)] and [Fj;(x, Vup)]. Let A(x) and A"(z) be the small-
est eigenvalues of [Fj;(x, Vu)] and [Fj;j(x, Vuy)|, respectively, and
let A(z) and A"(x) be the corresponding largest eigenvalues. For
D C {2, we also define Ap = maxzep A(x), Ap = mingep A(z),
My = mingep M (z), and A}, = max,ep A"(z).

We assume that the coefficients Fj(x,p) are twice continuously
differentiable in p. Recalling the definition Fj;(z,p) = %Fi(az, D), we

2

similarly let Fj;p(z,p) = %Fi(az,p). We also require that F(z,p)

has first derivatives with respect to the x variable which are uniformly
bounded with respect to both x and p.

Several auxiliary bilinear forms are used in our analysis of quasi-
linear problems. Following for example [8] we first define

1
a?j = /0 Fij(x,Vup +tV(u—uy)) dt, 4,j=1,...,n

and
Ap(v,w) = / Z a?jvm].wzi dz. (2.4)
25 5=1
For v € H}(£2) and x € S7,
Ap(u —up,v) = [ >0 (F(x, Vu) — F(x,Vuy)) - Vodz

= f() Z?:I(F(x’ V’LL) - F(:C’ vuh)) : V(U - X) dz (2-5)
= Ap(u — up,v — X).
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Letting a;; = Fj(x, Vu), i,j = 1,...,n, we next define

A(v,w) = /Q Z AV Wy, A

i,j=1

We finally define two forms with constant coeflicients,

AP (v,w) = /Q Y Fij(wo, Vup(w0))vg ws, da

ij=1
and .
A% (v,w) = / Z Fij(zo, Vu(zo)) v, we, do.
25 5=1
Abusing notation slightly, we shall at times let Aj, refer to the matrix

[al] as well as to the associated bilinear form, and similarly with A,
AT and A%,

Several relationships between A, Aj, A}°, and A™ will play an
important role in the subsequent analysis. We sum these relationships

up in the following elementary lemma.

Lemma 2.1 Assume that D C 2 and v,w € HE($2) with supp(v) N
supp(w) C D. Assume that either |Vup|r ) S 1+ [Vulr o) or
that for 1 < i, j,k, <n, |FijkllLoxrny S 1. Then for any xo € D,

(45— A) (0, ) |
S (CrIV(u = un)l Lo (p) + diam(D)] Al o.ap))] (2.6)
IVl Lo () IVl 2y (D)
where Cr depends on F and ||Vullr__ (o)
Proof. First note that

[(43° = Ap) (v, w)| < [(4;° — A™)(v, w)
+[(A — Ap) (v, w)|.

|+ (A7 = A) (v, w)]|

(2.7)

With S denoting the convex hull of range(Vu) and range(Vuy), we
next compute

laji — al| = | [} Fji(Vu) = Fji(Vuy, +tV(u — up)) dt|

< fol Yt 1 Fjikll Lo () (1 = )|V (u — up)| dt (2.8)
< CF‘V(U - uh)|7

and similarly,

|Fij (w0, Vu(zo)) — Fij(zo, Vun(zo))| < Cp|V(u—up)(z0)|.  (2.9)
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The essential estimate maxi<; jk<n || Fijklr..(s) < Cr may be es-
tablished here in one of two ways. If Fj;; is bounded on {2 x R",
the bound is immediate and does not rely on Vu and Vuy. If al-
ternatively |[Vupllr ) S 1+ [[Vulr (o) (which holds if for ex-
ample [|[V(u — up)|r(2) S 1), Cr can then be taken to be the

bound for maxi<; jk<n |Fijk(z,p)| on the compact set {z € 2, [p| <
1+ [|[Vullr_ (2)}- Noting that

(A% — A) (v, w)|
S maxi<ij<n [[aij = a5 (20)l| Lo (0) V0l £, (D) V0l Lo ()
S diam(D)[ Al co.e ) IVl Lo () VW]l ()

and inserting the above inequality along with (2.8) and (2.9) into
(2.7) while applying Holder’s inequality completes the proof of (2.6).
O

2.3 Special subdomains

In our arguments we shall need to carry out duality arguments on
subdomains whose size and shape (regularity properties) we can both
control. These subdomains will be polyhedra of fixed shape and with
size equivalent to d. We associate to each point x € {2 and each d with
0 < d < 1 asubdomain Dg(z) C 2 with the following properties:

1. z € Dy(x).

2. Dy(x) is a copy of a fixed convex polyhedral domain {2 which is
scaled by d and translated.

3. There exists a smooth cutoff function w such that w = 1 on T,
0<w<1, [ Dwlp o <Cd7 (j =0,1,2), and w = 0 on
2\ Dy(z). Equivalently, there exists £ > 0 which depends at most
on 2 such that dist(x,0Dg(x) \ 002) > kd.

4. dist(supp(w),dDg(z) \ 0£2) > 0, and Uper

Supp((u)T C Dd(l‘)

It is straightforward to verify that one may find such subdomains
Dg(x) for convex polygons (2; indeed, we may simply let Dy(z) be
a scaled copy of {2 . However, the choice of the special subdomain
Dy(z) will also have practical significance in the definition of our el-
ementwise residual weights W (T'). Later we shall define the weight
W (T) by solving a dual problem on Q2. Tt is in certain cases advan-
tageous to solve this dual problem on 2 # 2. For example, in this
work we give values of W (T) when {2 is a unit square, and we choose
2 = 2. If we wanted to instead compute on a rectangular domain we
could still take {2 to be a square and thus employ the same weights
as when (2 is a square.
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2.4 Green’s function estimates

Let G(z,y) denote a Green’s function satisfying [5 A7°V,G(z,y) -
Vo(y) dy = v(x) for sufficiently smooth v € HA(£2) and for some xq €
2. The following estimate for the first and mixed second derivatives
of GG is essential to our proofs.

Lemma 2.2 Assume that 052 is smooth or {2 is convez, that |a| <1
and |B| <1, and that ||Vupl|r (o) S 1+IVullL (). Then forn >3,

|DSDEG (2, y)| < Colz —yP~mlel=1A, (2.10)

and formn =2

—n—|al— 1
|D§D5G(1’7y)’ < Cglz —y™ =1 10g m (2.11)

Here Cg depends on 2, F, and ||Vl ()

The estimate (2.10) for space dimension n > 3 may be found in [10]
assuming that 92 satisfies a uniform exterior sphere condition. This
condition is met by both convex and smooth domains. The proof given
in [10] does not carry directly over to n = 2 due to the logarithmic
nature of the singularity, but one may use the same method to obtain
the suboptimal estimate (2.11) so long as the estimate |G(x,y)| <
C'log ﬁ is known. This estimate is contained in [5] under the weak
restrictions of L., and uniformly elliptic coefficients and Lipschitz
boundary 9f2. Also note that since the coefficients of the bilinear
form A}° are constant, Cg only depends on ellipticity properties of
Ap° = [Fij(zo, Vuy)] which in turn rely only on F and [|Vul|._ (o)
since [|[Vup| L, @) S 1+ VUl Lo ()

2.5 Regularized §-function

As in [4], our proofs here make use of regularized Green’s and ¢
functions. In order to define a regularized §-distribution, we first let 69
be a fixed smooth nonnegative function satisfying supp(6?) C Bj(0)
and fR" §Ydx = 1. For p > 0 we then define

Tr — X

530 () = p Y (F—0)

and note that by scaling

€XT —k—n l—l
1620 [y rmy < Cp* "7,
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Lemma 2.3 Let x € S, T € T, and u € CH*(T). Also let p <

min(h%, ﬁ) with Ct depending only on the shape-reqularity of T'.
T

Then there exists a unit vector vy and a point xp € T such that

HV(U - X)HLOO(T) S \(u — Up, diV(l/TdifT))‘ + po‘]u\cm(f),
where 0 denotes the first-order directional derivative defined by dv =
Vou - vr.

Proof. Let £1 and vp be a point in 1" and a unit vector such that

V(=)L) S 10w = x)(@1)]- (2.12)
Next let zr € T be such that |z — 21| $ p and supp(6;7) C T Note

that [ d(u — x)d37 dz = O(u — x)(x2) for some z9 € supp(d37), and
that by the triangle inequality |z; — z2| < p. Thus

I(u—x)(r1) = a(u—x)(xl)—ﬁ(u—x)(:vg)—i—/T I(u—x)do," dz. (2.13)

But
10(u = x)(21) — O(u — x)(z2)| < |Ou(z1) — Ju(za)]
+|0x(21) — Ox(z2)| (2.14)
S Pa|u|cl,a(f) + plOX|w1 (1)-

Applying an inverse inequality and recalling that p < h?p, we find
that

plOX|w () = plOx — Ou(zr)wy (1)
< Crph'|0x — Ou(ar)| ()
< Cr(Vollo(u = X)) + Ph7' 10U — Ou(zr) | 1o (1))
< Or(VollV (e = X Loy + PRG e )

Noting that phy ' = p®p'=*h%™1 < p® and then combining (2.12)
through (2.15), we obtain
IV(u = ) L) < C7ll J7 0(u = X)057T da]
+0ulcragry + VIV (U = X)L ()]

Recalling that /p < ﬁ and kicking back the last term above yields
the desired result. OJ

(2.15)

3 The weight W(T') and its properties

In this section we precisely define the weight W (T') and discuss the
gap between a posteriori upper and lower bounds resulting from its
use.
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3.1 Definition of W(T')

In this section we define a computable weighted residual estimator
for [|V(u —up)|| L. (2), where {2 is now a convex polygonal domain in

R2. Let g% € H}(£2) solve
— div(Af0g®™) = div(vé?e) in 2, (3.1)

where A7 is a diagonal matrix with entries a? = \'(z¢) and a%, =
AM(xg) and v is a unit vector. g™ is thus a regularized Green’s func-
tion which reflects in a dual sense the ellipticity properties induced
by the discrete gradient Vuy, in the equation (1.1) at zo. Essentially
we shall define W(T') as maxg,er ||Vg“’"°\|L1(Q).

In order to complete the definition of ¢*°, we must fix 2, v, and
0%c. For the sake of concreteness we describe our choices of these pa-
rameters for a model computation; the principles involved in choosing
them apply in other situations as well. Let then 2 = (0,1)? be the
unit square, and let 2 = 2. Also let

—1
§0(x) = § Cse ™I, Ja] <1,
0, |a|>1,

where Cs is taken so that (5(1) has unit mass. We fix the point z. =
(.5,.5) and let 0% (x) = e 205(%=2<). z. is chosen as the center-
point of {2 because computational experiments indicate that doing
so maximizes ||[Vg™||r, (o) over possible choices of z.. The choice of
e must be balanced between two extremes. The theory presented in
the following section relies on the use of regularized Green’s func-
tion for which the corresponding radius of support is asymptotically
very small. Thus choosing € to be small agrees with our theory. On
the other hand, computing ¢*© becomes more difficult when € is very
small, and both theory and computational experience indicate that
IV g™| L1($) BrOWS approximately logarithmically with % so that the
relative values of [|[Vg™|| L) for different values of A" and A" are
affected at most moderately by changing €. In our experiments we
chose € = 1075,

It can be argued from our theoretical analysis that the best choice
of v would be V(u — up)(x0)/|V(u — up)(xo)|. As the direction of
the error is not available a posteriori we instead choose v so as to
maximize [[Vg™||, ) over all unit vectors. Experiments indicate
that we should choose v as the unit eigenvector corresponding to the
smallest eigenvalue of A;°, which is e; = (1,0). Thus all parameters
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necessary to compute g*° are fixed (except the eigenvalues \(zq)
and A"(x0)).
In order to estimate || Vg™ HLl(fZ) for given \"(xq) and A" (), we

first note that A" (zq)g® € HA(£2) solves

— div(A" V(A (20)g%)) = div(vd®) in £,

where Zh(:co) is the diagonal matrix having eigenvalues i};gﬂ)) and 1.

That is, A" (zq)||V g™ I, (&) is a function of the local eigenvalue gap
AP (z0)
AP (zo)
of the eigenvalue gap. Estimation of Ah(:co)HVngHLl@) and other
computations in this work were carried out using the finite element
toolbox ALBERT [13]. Using a nonlinear curve fitting routine, it was
determined that

. We thus tabulated values of A"(zq)||Vg® ||L1(Q) as a function

A () 941
d(zo) = 5. . — .899)" 2
w(xo) = 5.05 + 3.95( No(o) 899) (3.2)
approximates experimental values of A"(xq)||Vg™|| Li(&) to within

1%. 1 and experimentally calculated values of A"(xq)||Vg®|| L)
are displayed in Figure 3.1. Finally, we define

w(zg) = w(zo) (3.3)

Ah()

and

W(T) = ggé%w(xo).

Our estimator for |[|[V(u — up)|[1_. () is then

Esx =C(r) max W(T)Er.

Note that (3.3) implies that

C(£2,¢)
An(z0)

Indeed, as € — 0, the exponent in (3.2) (which is .941 for e = 107°)
is seen to increase to 1 in experiments. It is therefore justified to
instead define W(T') = C maxg er m While more convenient and
perhaps better justified theoretically, in test cases this expression

w(zy) <

(3.4)

appears to lead to some overestimation of the error when || f\l—: Lo (22)
is large.
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Fig. 3.1. Estimation of regularized Green’s functions used in the definitions of
W(T).

While the function w(zg) depends on the domain 2 = [0, 1] x [0, 1],
it should not be necessary to recompute w for other domains. In test
computations, we for example computed several values of w(xp) on
a hexagonal domain and found them to be nearly identical to those
computed on {2 above. While we do not attempt to theoretically jus-
tify such an assertion, it appears that values of w(z¢) on two different
domains differ only by a constant depending on the domains.

Finally, we note that it is possible to define and compute analogous
weights when the space dimension n > 2. We do not give the details
here.

3.2 A posteriori lower bounds and the eigenvalue gap

To begin our discussion of a posteriori lower bounds, we recall from

(1.2) that A+5T S IV(u—un)l Lo (sp) + Ba(ST). Neglecting higher-
S

T
order terms, assuming that ||V (u — up)||r . (0) S maxrer W(T)Er,
and taking a maximum over T € 7 thus yields a gap between a
posteriori upper and lower bounds of

max Ag, W (T) = max A" (20) 9"l () + R(2).
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A (z0)]| g% ||L1((~2) ~ w(xg) is the quantity plotted in the upper curve
in Figure 3.1 and grows approximately as ( %)'9‘“. Thus the gap
(up to higher-order terms) between a posteriori upper and lower
bounds grows slightly sublinearly with respect to the maximum point-
wise eigenvalue gap. Stated more simply, this gap is about || 11*: | Lo (2)-
In §5 we give computational experiments which confirm the sharpness
of these bounds by showing that the actual error may closely track

either the a posteriori upper or lower bound.

Recall that g™ was defined by maximizing [|[Vg™||, g over pos-
sible choices of the unit vector v in (3.1). As mentioned above, the
best choice of the direction v from theoretical considerations would
be V(u — up)/|V(u — up)|. This might lead one to guess that min-
imizing ||V g*| L1 (&) over possible choices of v could lead to an a
posteriori lower bound, but this is not the case. We define an alter-
nate regularized Green’s function g0 by choosing v = e, which
minimizes vaﬁﬂu”Ll(Q) over unit vectors v. Then with w(zg) =

365+ 3.77(45 22 +1.02) 11,

w(xo) = Ah(xo)w(ﬂfo)

approximates experimental values of ||[Vg2 || L,(7) to within about
1%. w(z0) and experimental values of A" (z)||Vg°, I, (o) are plotted

in Figure 3.1. There is therefore a gap of about (%)5 between w(xg)
and the theoretically justified and experimentally confirmed weight
Aih for the lower bound. Thus even if we could somehow make a better

T
local choice of the direction v, we still would be left with a significant
eigenvalue gap between the upper and lower bound.

4 Justification of the weight W (T)

In this section we first prove a theorem showing that a weight closely
related to W(T') yields a reliable upper bound for ||V (u —up)[z.. ()
up to higher-order terms and constants not depending on essential
quantities. We then argue that this rigorously justifiable but com-
putationally inconvenient estimator may be bounded by F, up to a
logarithmic factor.
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4.1 A rigorous estimator

In this subsection we show that ||V (u —u4)| 1 () may be estimated
up to higher-order terms by a weighted residual estimator where the
weights are closely related to W (T'). Note that the theoretical results
of this subsection are valid for space dimension n > 2.

Before stating our theorem, we first define a regularized Green’s
function which will serve as our modified elementwise weight. Given
T € T, let 7 and v be as in Lemma 2.3, and let Z7 be the image
of 7 under the natural transformation from the subdomain Dg(xr)
defined in §2.3 to £2. Let then §* € H{(£2) solve

—div(A}7§°7) = div(vrsi”) in 2, (4.1)
where p is defined below.

Theorem 4.1 Assume that u € C’la( ) for some 0 < o <1 and
that |[Vup||Lo ) S 1+ IVullL, (@) Then for any 8 > 2,

[V (u — Uh)||L @)
S C(r) maxrer (maxyr. T€Tpy(ops) VG Il o)) ér

+(C)2(Coln gl Al oo () bnlle = unll L2 (4.2)
+C1Crlp gV (u — Uh) 17
+ﬁa’6|u|01,a(§)-

~T'

Here Cy depends upon v, F, and in the nonlinear case on ||Vullr_(0);
lpp = max(1, (Bln £)Y™) where 4(2) = 2 and y(n) = 1 for n > 2;

and
M «@
- (4.3)
(Clgh,ﬁ’A‘COva(Q)>

~ B . ~
where p depends on Cr, (2, and n. Also, p = min(%, dmgn(ﬂ) in

(4.1). Finally, Cr =0 in the linear case.

Proof of Theorem 4.1. Much of our proof consists of the following
local estimate.

Lemma 4.1 Let the conditions of Theorem 4.1 be satisfied. Then for
any T € T,
IV (u _uh)HLoo(T S CMIIVGT | Ly (D g (e [maxpreT, o €T
AP (z
+ A — || e (D) + CRIV = un)lI?_ )
+d |A|coa DaIV (@ = un) Lo (Da(ar))]
|U|cl a(T)»

(4.4)
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where g7 € HY(Dy(xr)) solves

—diV(A}xLTVng) = diV(l/T5$T) m Dd(J?T)

. ~ . ddiam(S2
with p = dp = min(h®, %)

Proof of Lemma 4.1. We first apply Lemma 2.3 with p as defined
above, yielding

IV (u = un) | ooy S (0 =, 0557 + W] 1.0, (4.5)

where Jv = Vv - v as in Lemma 2.3. Recalling from §2.3 the defini-
tion of the cutoff function w associated to xg, we compute

(u — up, 0657) = (w(u — up), I557)
= fDd(xT) AiTV(w(u — up)) - Vgl dz
= fDd(wT) ATV (u — up) - V(wg") do
+ fDd(xT)(u — up) A7 VwViT dx
- fDd(wT) gTATTV (u — up,) - Vw dz
= fDd(xT) A7V (u — up) - V(wg") dz
+ fDd(wT)(u — up) A7 VwVgT dx
+ fDd(xT)(u — up) div(gT A7 Vw) da.
The boundary terms in the last integration by parts disappear be-
cause u—up, = 0 on 92 and w = 0 in a neighborhood of D, (z7)\012.
Recalling that ||WHW§O @) = d~* and using the Poincaré inequality
”gTHL1(Dd(xT)) < CdeQTHLl(Dd(xT))’ we thus find that

(= un, O3] S AT (= ap, g )|
+ A" @IV Ly (Datar) 1t = Ul Lo (Datar)-

Next we calculate as in (3.11) and (3.12) of [4] while recalling (2.3)
and noting that 7pr = 7p to find

Ap(u — uh,ngT— In(wg™))
< [[V(wg )HLl(supp(Ih(wQT))) maXT’eTsupp(Ih(ng»

= V(i) Ly (Dy(ar)) maxrrer, () Er

(4.6)

ET/

We thus apply (2.5) and (2.6) to compute
AiT (U - Uh,u)gT)
=(A;" — Ap)(u — up,wg?) + Ap(u — up, wg? — In(wg?))
<CONV@T 2 DatornCrIV =) pyery (A7)

+d*|Alco.e Dy IV (4 = un) | Lo (Da(er))
+ maXT/GTDd(xT) ST/].
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Finally we employ a Poincaré inequality and recall that ||Vw|| (o) S
d~! to obtain

IV (@i Ny (Dater)) S @l” 12y Datery) + 1V | Ly (Datar)
< al ] (4.8)
S IV llLy (Datar)-

Combining (4.5), (4.6), (4.7), and (4.8) completes the proof of Lemma

4.1. O
In order to complete the proof of Theorem 4.1, we note that a sim-
ple scaling argument yields |[V§”|1, (p,zr)) = HV§T||L1((~Z). Recall

that the global minimum and maximum eigenvalues of [Fj;(-, Vup)]
and the constant Cg in the Green’s function estimates (2.10) and
(2.11) depend only on 2, F, and [|[Vul[z_ (o) since ||[Vup|r. (o) S
1+ Vu| (- Using an argument similar to that given in [4], Lemma
3.8, we thus find that

IV |y Datary = V3" g < Cilng (4.9)
and
AM(zr) < Oy, (4.10)
where C; depends on Cg and thus only on F and ||[Vul|y_ (o).
Inserting (4.9) and (4.10) into (4.4) then yields that for any T" €
T,

IV (= un)llpry S CONV N, 0 maxrens, ., &
+C1a gl S = nllp o (Duery) + Cr IV = un) 2 _ 0
+da|A]CO,a(Dd($T))HV(u - uh)HLoo(Dd(.’ET))]
+haﬁ|u|c1,a(f)-

Taking a maximum over 7' € 7, rearranging terms, and recalling
(4.3) yields

IV (u—un)ll Lo 2)
Smaxrer [Vl o) (maxrer, o Er)
+C1l 5[ Gl = unl| L) + CrIIV(w —un) (17 _ ()]
+CR | 1.
+CUn,3d"| Al co.0 ) IV (v = un) | Lo (2)
= maXTET(maXT’:TeTDd(xT,) HVgT/ HLl(fZ))gT
+(C1)n,5(Cil | Al co.0 ()= 177 1 = unl| 2
+C1Cpl |V (u— un)2_ (g
"‘l_ﬁaﬁ‘ulcl,a(ﬁ)
+ulV(u = up) || Lo (2)-
Taking p small enough to overcome the nonessential constant hidden
in “<” completes the proof of Theorem 4.1. O
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4.2 Heueristic arguments and a final estimate

In this section we first use computational and heuristic evidence to
argue that [|[Vg**||, ) bounds vaT”LI(Q) up to a logarithmic fac-
tor. The computational evidence we present is valid for the model
domain 2 = 2 = (0,1) x (0, 1), but the same observations are gener-
ally valid for other situations as well. We then state and prove a final
corollary which may serve as the basis for adaptive mesh refinement
algorithms.
First we use computational and heuristic evidence to argue that
forT € T, .
IV37 1, S el V971, (4.11)

where fb,e = max(1, %)' The differences in the data used to define
g7 and g7 are:

1. The relative location of the reqularized §-distribution within 2
varies in the definition of 1 but is fized in the definition of ¢°T.
Computational experiments indicate that [|[Vg™ ||, g is max-
imized when the discrete §-function is placed at the center of
the domain as in our definition of W (T'). For example, we car-

_ . . _ 10-3 Ar(zo) _
ried out test computations with ¢ = 1072 and (o) — 100.

With z. = (.5,.5), we obtained Ah(:rro)||Vg°””0||L1(Q) = 163; with
z. = (.65,.65), 160; and with x. = (.9975,.9975), 27.

2. The directions v in Theorem 4.1 and v in §3.1 may differ. Recall
that v was chosen in order to maximize HVg’“"THLl(m.

3. The coefficient matrices AT in (3.1) and AT in (4.1) are differ-
ent. A;" and A;T are symmetric and have the same eigenvalues

An(xr) and Ap(z7), and are thus equivalent up to a rotation of
their eigenvectors. Recall that A" is diagonal, so that its eigenvec-

tors were parallel to the sides of 2 in our experiments. Redefining
AiT so that its eigenvectors had arbitrary orientation with respect
to £2 yielded values for W (T') that were at most a few percent dif-
ferent than those displayed in Figure 3.1.

4. € 1s fired and not equal to p. Heuristic theoretical evidence indi-
cates and computational experiments confirm that choosing € rea-
sonably small in the definition of g*7 will ensure that || Vg™ || L)
grows approximately logarithmically with e, that is, [|[Vg*7|| L)

~ WC(Ah(:rT)/)\h(xT))ln%. For example, if we choose ¢ =

1075 and A"(z7)/A'(z7) = 1000, we have IVg*T I, (@) & 2629.
With € = 107° we obtain [[Vg™" ||, ) =~ 3315, yielding a growth
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factor of ggég ~ 1.26 versus the factor of 1 }8 = = 1.2 which would

result from perfectly logarithmic growth with e. Further experi-
ments show similar results.

Based on these arguments we conclude that (4.11) holds.
Our final result is the following corollary.

Corollary 4.1 Assume that (4.11) and the conditions of Theorem
4.1 hold. Then
[V(u —up)|po ) S C(r )éhsmaXTeT W(T)ér
+(C1)*( )) alppllu —upllp(2) (4.12)
+ClCF€ﬁﬂ( (u Uh)HLOO + ||wHLOO(Q) maXre7 572“)
+ﬁaﬁ’u‘clva(ﬁ)a

where Cr = 0 in the linear case.

Proof of Corollary 4.1. Most of the proof of (4.12) consists of
showing that for T' € T,

(maxprrer, (, w(zr))er < W(T)er

4.13
ORIV = )2y + 0] _ gy maxper €2). 1Y)

Assuming (4.13), combining (4.13), (4.2), and (4.11) while noting that
Une < Uy p yields(4.12).

In order to prove (4.13), we begin by fixing an element 7" such
that T € Tp,(s,.,) and note that there exists a point 21 € T  such that
|1‘T/ — $1| 5 d. Then

w(zp)er < Jw(xp) —w(xy)|Er + w(xr)Er

< lw(er) - w(n)Er + W(T)ep, )

For the sake of notational convenience we let zg = a7/, Ay = A (z7),
Xo = M(xpr), Ay = A*(z1), and Ay = N*(21). An elementary calcu-
lation yields

lw(zr) —w(zy)| = ‘w%) - w(xl) (4.15)
< Iw(xo)Azw(fvl)I 4 = /:)o/llllv(ffca)7
where i = 0 or 7 = 1 is chosen so that L= min(%, %) and i # j €
{0,1}. Then we note that for some b between g\lo and 4 N
[ib(@o) — (1) = 3.95](3¢ — 899)% — (31 — )941\
= (3.95)(.941)(b — 899) 059“& - Al\ 16
(941 )b () (4 — 899) [ AL AA | Ay (4.16)

100 (x;) M —>\0|>';|/11—A0| )
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The last inequality above follows since f\l—z > 1. Since \; < Aj, insert-
ing (4.16) into (4.15) yields

- A=A
(@) — w(zr)| S w(a,) 2ol A=Al

4.17
+w(z;) a

|A1—Ao|
A; :

Applying for example Theorem 8.1.4 of [9] and recalling that |xg—
x1| = |xp — x1] < d, we next find that

Ay = Ao| = [AM (1) — A" (x0))|

< [AM(wo) = A(o)| + [A(wo) — A1) + [A(z1) — A" (1))
S A — A% + | A(zo) — A(z1)[| + [|A™ — A3

S Cr(IV(u —up)(@o)| + [V(u — up)(@1)]) + d¥| Al go.e33) -

(4.18)

|A1—Ao| may be bounded similarly. Noting that ,\%"‘A%‘FA%"'A% < Cy,
collecting (4.14), (4.17), and (4.18), and inserting (4.3) yields

w(zr )& S C1CF||V(u — up)|| L (o) (w(@i) + w(z)))Er
+01|A|Co,a(§)da(w(${r/) + w(xl))é’T
FW(T)Er
S CiOFIV(u = up) | oo () Wl Lo () €T
+,u(w(9cT/) + w(azl))ET + W(T)ET.

Finally we take p small enough to kick back the term pw(xq/)Ep
above and also note that pw(z1)Ep < W(T)Ep. Thus

w(@r)ér S C1CF||V(u — up)|| L) 10l Lo 2) €7

+W(T)Er (4.19)
SCCr(IV(u—un)l7 o) +Iwl7_ () maxrer £7)
YW(T)Er.
Taking a maximum of (4.19) over T' : T' € Tp (,.,) completes the
proof of (4.13). O

4.8 Discussion of Theorem 4.1 and Corollary 4.1

First we consider (4.2) and (4.12) when the underlying equation is
linear, that is, when F(z,Vu) = A(x)Vu(z). We will assume that
A € WL(2). First we note that with a slight modification to the
proof of Theorem 4.1, (4.12) may be reduced to

IV (u = un)ll Lo (0) S C(r)fp, maxrer W(T)Er

+(C1)*6 5l Alwa ol = unll Lo ()
+ﬁa6|ulcl,a(§),
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where C] depends only on ellipticity properties of A.

Our goal in this work has been to construct an estimator for
|V (v — un)|| L. () Which is reliable up to nonessential constants and
higher-order terms. For linear problems, however, the problem of
bounding a posteriori the higher order terms which arise is not com-
pletely intractable. In [3], the term A®? was reabsorbed into the
left hand side under the nondegeneracy and smoothness assump-
tion that there exists a point z; € {2 and n > 0 such that u €
W (By(an), Julypns,. ) < €, and [Druan)] > C*. This
condition is relatively weak, essentially requiring only that u is suf-
ficiently smooth on a small subdomain of 2. If in addition u sat-
isfies the regularity estimate [[ullc1.a(m) < [If[|Loo(), then the term

1B cla() may be omitted if the logarithmic factors are modified

C*™* 1 fll Loo (2) 1
T

If we assume (3.4) and (4.11), tracing the constant C} above
through the proof of Theorem 4.1 yields C < théHLw(Q) H%HLOO(Q)7
where ¢, is a generic logarithmic factor. In addition,

lu = unllLoc () = C(A)n maxhrEr; (4.20)

cf. [11], [2], and [12]. Here C'(A) depends on A in an unknown fashion.
Combining the discussion of the preceding two paragraphs, we thus
find that under reasonable assumptions,

IV(u = un)llLo(2) < Cr)ln, g0 00 [maxrer W(T)Er

4.21
1 el e Al ) C(A) maxper hreg], 2D

where £}, r o« o+ is a logarithmic factor depending on the given quan-
tities. If C'(A) could be determined with reasonable accuracy, then
(4.21) could serve as the basis for an a posteriori estimator for ||V (u—
up)|| Lo (2) Which is reliable even on very coarse grids. We emphasize
that a chief advantage of (4.21) is that global elliptiticy properties of
A only appear in higher-order terms. We do not pursue further here
the estimation of C(A), a more accurate estimation of the constants
in (4.2) or (4.11), or other consideration of the higher-order term in
(4.21).

For nonlinear problems the situation is more complex. For a fixed
solution u, all terms in (4.2) and (4.12) except the first are of higher
order. Theorem 4.1 and Corollary 4.1 are stated so that the constants
in these higher-order terms depend on the unknown solution v and
are thus noncomputable. As for linear problems, tracing through the
proof of Theorem 4.1 yields more information about these constants.
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The constant C'y may always be estimated a posteriori, though we
have transformed it into an a priori constant via the assumption
IVupllpo) S 1+ 1IVullr () in order to ensure that Cp is fixed
independent of the mesh. Cr may be bounded in some situations;
Cr =1 for the prescribed mean curvature problem, for example. The
treatment of the constant |A| 0. () 1S most troublesome. In Lemma
4.1, the term da|A|CO,a(m) IV (u—up)ll 1o (Dy(2r)) Mmay be replaced
by 0scp,(zp) [Fij (-, Vup) |V (u—up) | L. (Dy(zr))- Thus d must be taken
small enough so that HV§T||L1(Dd(xT))osch($T)[Ej(-,Vuh)] < p, so
that we may eventually kick this term back. While estimating d is
perhaps possible a posteriori, it appears rather impractical. Finally,
as in the linear case the term h” |u Cla(g) May be reabsorbed into
the left hand side under a suitable nondegeneracy and smoothness
condition.

Even if the constants in (4.2) or (4.11) could be accurately es-
timated, we still would need to bound |lu — up||._ (o) and [[V(u —
uh)H%m( () & posteriori. If u € W2 (£2) (which would generally be true
if 0f2 were smooth, but not in the current situation), then a result
similar to (4.20) holds, though still with unaccounted-for terms of yet
higher order on the right hand side; cf. [4]. However, we do not know
how to estimate the nonlinear perturbation term ||V (u—uy,) H%oo(n) a
posteriori, except to make the observation that it may be kicked back
if [[V(u — up)| () is small enough to resolve C1CF. The assump-
tion that ||V(u — up)l|L.. (o) is small enough does appear in other a
posteriori estimates for quasilinear problems; cf. [15]. In [7], a condi-
tion which is verifiable a posteriori (up to an unknown constant) is
given. The fulfillment of this condition ensures the reliability of an
estimate for a natural geometric norm for the prescribed mean curva-
ture problem, thus removing the necessity of ensuring (or assuming)
that ||V (u — up)| . () is small enough.

5 Computational Experiments

In this section we present computational experiments which illustrate
both the utility and limitations of the weighted estimator maxper W (T)
in adaptive mesh refinement and a posteriori error estimation.
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5.1 Algorithm

First we give the computational algorithm used in our experiments
and then make some remarks concerning it. Our adaptive algorithm
is:

1. Solve for uy on an initial uniform mesh 7.

2. For each element T € T, calculate W (T')Er.

3. If Exc = C(r) maxper W(T)Er < tol, stop. If not, continue.

4. Decide which elements of 7 should be marked for refinement:
(a) For each element T' € 7, mark 7" for refinement if

W(T)ST > Qr%lg%( W(T)gT. (5.1)

(b) Calculate the percentage P of elements which were marked. If
P is less than a given threshold u, lower 6.
(c) Repeat the preceding two steps until P > p.
5. Refine the marked elements to obtain a new mesh 7 and calculate
a new discrete solution up, on 7.
6. Return to step 2.

Note that we use a modified version of the standard “maximum
strategy” (see e.g. [16]) for deciding which elements to mark for
refinement. Our justification for ensuring that a given percentage
of elements is marked for refinement at each iteration of the algo-
rithm lies in the conditioning gap between the a posteriori upper and
lower bounds for ||V (u —up)| 1 () From the discussion in §3.2, the
weighted elementwise residual W (T')Er may overestimate the local
error contribution if max,er f:—((;)) is large. Such overestimation does
occur in practice, and on some elements more than on others. Thus
in our calculations it sometimes happened that only a few elements
were marked for refinement when a typical value for 6 was used (we
took # = .25 in most calculations, e.g.). In these cases, ensuring
that a given percentage (typically 2%) of elements was marked for
refinement usually yielded a reasonable error reduction after the en-
suing mesh refinement. This indicates that the elementwise indicator
W(T)Er ordered the elementwise error contributions approximately
correctly, even if W (T')Er did not always accurately reflect the actual
sizes of the elementwise errors.

As in the calculation of the weights W(T'), all computations were
performed on the domain 2 = (0,1) x (0,1). Also, quadratic finite
elements (r = 3) were employed. Next we define the effectivity index

JO O s
eff — Eoo :
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C(r) = C(3) = .027 was chosen so that simple model computations
with F(z,p) = p (that is, with the Laplacian) asymptotically yielded
an effectivity index of about 1. At each iteration of the algorithm
above, § = .25 was initially chosen and was then sometimes lowered
in steps (a), (b), and (c) as stated. The parameter u was taken to
be 2% for calculations where a large local eigenvalue gap was present
(Experiments 2 and 3 below) and 0% otherwise (Experiment 1 below).
The error threshold tol depended heavily on the problem at hand, and
in fact calculations were often simply run until computer resources
were exhausted.

Finally note that (4.12) indicates that the error estimator Fo, is
only asymptotically reliable, implying that the grid should be refined
sufficiently before beginning the algorithm. Roughly speaking, the
grid must resolve the oscillation and ellipticity properties of the co-
efficient matrix A = [Fj;(-, Vu)] enough that the higher order terms
on the right hand side of (4.12) are sufficiently small. In our tests we
found that our algorithm automatically resolved A sufficiently well
even starting from very coarse initial grids, at least for quadratic
elements. The initial mesh in Step 1 above was thus taken to be a
uniform mesh with 4 elements.

5.2 Linear problems

For our computations involving linear test problems, we first define
a family of solutions

u(x,y) = sin(rrzx) sin(rryy),
where s, and K, are positive integers.

Ezxperiment 1: Isotropic coefficient matriz. Let
a(z,y) =1 — K sin(mx).

Here 0 < K < 1 and % > 0. Note that if ¢y > .5, then we have
ming, e a(r,y) = 1 — K. Consider the model problem: Find u €
HE(£2) such that

—div(aVu) = f in £2,

where f is defined by our choice of u and a. Note that here the
coefficient matrix is completely isotropic, that is, there is no local
eigenvalue gap. Thus the gap between the a posteriori upper and
lower bounds obtained using maxrer W(T)Er and maxper ﬁET
is asymptotically 1 for this problem, and the estimator F., should
closely predict the actual error on sufficiently refined meshes. K and
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1) were varied in order to study the effects of the ellipticity proper-
ties and oscillation of a, respectively, on refinement algorithms using
FE. In addition, we carried out adaptive mesh refinement using the
unweighted indicator Fo, = C(r) maxper Ep for comparison. Results
are displayed in Figure 5.1. Plots of the resulting errors and effectivity
indices I.yy are shown in Figure 5.1 and Figure 5.2, respectively.

2.0

=
o

(v —un)|lLo(2))
(=]
o

999, ¢ = 1
—-1.0 S
> —— K =.99, ¢ =10
< K =.99¢p=1
S K =.9,1¢=10
~ ;
20 —— K=.9¢=1 S
——K=0,9=1
_30 ----slope = -1 ‘ ‘ ‘ >
1.0 2.0 3.0 4.0 5.0 6.0
Log(DOF)

Fig. 5.1. Error reduction achieved for various values of K and 1 in Experiment
1.

We remark on several features of Figure 5.1 and Figure 5.2. First
note that the performance of F,, as an error indicator is sensitive
both to the ellipticity properties and to the oscillation of a. In par-
ticular, more degrees of freedom are required to reach a given error
tolerance for smaller A, (larger K in our experiments) and larger
oscillation (larger ¢ in our experiments). Our experiments thus con-
firm the validity of the qualitative structure of the estimates (4.12)
and (4.21), though not the precise nature of the higher-order terms
involved. Secondly, note from Figure 5.2 that the effectivity index
I.rs asymptotically becomes close to 1 whenever E, is used (though
there is no indication that I. ;s asymptotically tends to 1 or any other
constant). Note that when a is highly oscillatory () = 10 in our ex-
periments), I.s¢ approaches 1 rather more slowly than if a is not
oscillatory. Finally, the unweighted estimator E is able to achieve
error reduction which is reasonable but not as good as that achieved
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Fig. 5.2. Effectivity indices for Experiment 1.

by Fs. In addition, the effectivity index resulting from using Fos
when \p = .001 (K = .999) is rather poor.

Experiment 2: Anisotropic coefficient matriz. We tested the effects of
an anisotropic coefficient matrix on the performance of F, by letting
u € HL(R) solve

—div(AVu) = f in £2,

where A is a diagonal matrix with Ay; = .01 and Ay = 1 so that
||§||LOQ(Q) = 100. In our calculations we first let (kg,k,) = (20,1)
in (5.2). Thus u oscillated heavily in the direction of the eigenvector
(1,0) corresponding to the smaller eigenvalue of A and we generally
have V(u—up)/|V(u—up)| ~ (1,0). Let now err = [|[V(u—up)| 1. (2)
and ey, = C(r) maxper ﬁé’T represent the theoretically justified

(up to higher-order terms) lower bound for ||V (u — up)l|1 (o). Note
that here es, = C(r) maxper Ep. From Figure 5.3 we see that err ~
E, on sufficiently refined meshes. Also, ey, is between 25 and 50
times less than err, which corresponds to the eigenvalue gap of 100
in the coefficient matrix A. Next we let (K, ky) = (1,20) in (5.2),
so that u oscillated heavily in the direction of the eigenvector (0, 1)
corresponding to the larger eigenvalue of A. Now we observe from
Figure 5.3 that asymptotically err ~ ey, while F is between 25
and 50 times greater than err. Thus the sharpness of the upper and
lower bounds discussed in §3 is verified.
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Log(DOF)
Fig. 5.3. Errors and upper and lower error estimators for Experiment 2.

5.8 Prescribed mean curvature problem

We also tested the effectiveness of our weighting scheme for the non-
linear prescribed mean curvature problem. With B > .5, let

up 3(/B? — (z — .5)2 — VB2 — .25)
(v/B? - (y — .5)2 — VB% — .25).

Let Q = /1 + |Vug|?. Note that as B — .57, Qmaz = ||QHL°O(Q) —

oo. Note also that the eigenvalues of A(z) are Q and Qg, so the local

eigenvalue gap is Q(z)?. Thus we predict a conditioning gap of Q>
between a posteriori upper and lower bounds F and ey.

max

Ezxperiment 3: Nonlinear problem. In our experiments we took B =
55 (so that Qmae = 2.33 and ||4 1. (@) ~ 5), B = .51 (Quaz = 6.2
and ||§HLOO(Q) ~ 38), B = .501 (Qmaz = 22.3 and ||§||LOO(Q) ~
497), and B = 5001 (Quaz = 73.5 and [|4]|1..2) =~ 5230). Also,
for comparison we carried out adaptive mesh refinement using the
unweighted error estimator E., = C’(r) maxyer Er. The resulting
error reduction is displayed in Figure 5.4, and efficiency indices are
displayed in Figure 5.5.

Marking using the unweighted elementwise indicator £ was some-
what effective, but became less so as Qq: Was increased and was
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Fig. 5.4. Errors arising from estimation of up using indicators Fo and Fw.
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Fig. 5.5. Effectivity indices arising from estimation of up using Fo and E..

always less effective than using the weighted indicator F,. In ad-
dition, Figure 5.5 shows that I.;; degenerates very badly as Qmas
increases. For moderate values of Qq., marking using the weighted
indicator W (T')Er usually resulted in optimal or nearly-optimal er-
ror reduction after a sufficient number of initial refinements. The only
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exception occurred when B = .5001, where a significant reduction in
[V (u—up) |l (2) was first achieved (from about 70 to 1.35) and then
the algorithm stalled after reaching about 3 x 10° degrees of freedom.
In this case performance could be improved somewhat by requiring
that the algorithm mark 5% of elements at each iteration rather than
2%, but the resulting error reduction was still sub-optimal with re-
spect to the number of degrees of freedom. Thus the large “eigenvalue
gap” present in this problem severely inhibits the performance of the
elementwise error indicator W(T')Er.

From Figure 5.5, we note that E., gives a reliable a posteriori
upper bound for all values of B. From Experiment 2 it is clear that
this bound may become very pessimistic if the maximum pointwise
eivenvalue gap is large, but in the currrent situation F., performs
fairly well as an error estimator even though the eigenvalue gap is
large.
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