MATH 6101-090

ASSIGNMENT 8 - SOLUTIONS
12-November-2008

1. Find the limits of the following sequences

(a) ap =vn?+1—n.

a _\/7127_{_1 " — 1 \/n2+1—n_ 1
" Vi2+l+nvn2+1—-n Vn2+1+n

To find this limit we will multiply both top and bottom by 1/n.

1 j— j—

V2 +1+n %\/nz—kl—l—l_ M+ L +1

S|
S=

As n — oo the top goes to 0 and the bottom goes to 1 + 1 = 2, so the term approaches
0.

lim a, = 0.
n—oo

(b) b, =Vn?+n—n.
We will do something similar here. We need to modify the fraction — in a sense we need
to “irrationalize” the denominator.

\/Tm_n_ n \/n2+n—n_ n
vni4+n+nvni+n—n VnZi+n+n

So,
. . n
O = vn?+n+n
n
= lim —2%
n—oo %,/n2_|_n+]_
. 1 1
= Ilim —5

(¢) ¢n = V4n? +n — 2n. Again, irrationalizing the denominator, we have

n Vian2 +n —2n
Van2 +n —2n = ,
VAn2 +n+2nvV4n2 +n — 2n

S0,
I — i n
’rLl—>I20 Cn = nl—{go A /4n2 +n+ 2n
n
= lim T n
n—00 <n/4n? 4 n + 2
= lim ! = 1
n—oo 4
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2. Suppose that limz, = 3, limy, = 7 and that all y, are nonzero. Determine the following
limits:
3Yn — Tp

2

(a) lim(zy, + yn) (b) lim i

(a) lim(zy + ypn) = limz, + limy, =3+ 7 = 10.

(b) , ,
hmByn—xn _ 3limy, — limx, _3-7=3 §
v (limy,)2 749

3. Leta; =1 and forn > 1 let ap11 = Van + 1.

(a) List the first five terms of {an}.

ay = 1

ay = \/5

ay = \/14—\@

ay = 1+\/1—|—\/§

as = \/1+ 1+\/1+V2

(b) It turns out that {a,} converges. Assume that this is true and show that the limit is
$(1+V5).

Since {a,} converges, its limit a must satisfy the equation a = v/a + 1. What this means

is that
lim apy; = lim Va, +1
n—oo n—oo
lim apy1 = lim a, +1
n—oo n—oo

a = Va+1

a = Va—+1

a? = a+1
a—a—-1 = 0
1 5 1—+/5
The roots to this equation are r; = +2\[ and ry = 2\[. Now, all of the a,’s are

positive, so the sequence must converge to the positive root, or
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4. Let a1 =1 and apy1 = %(an +1) forn>1.

(a) Find a9, as, as and as.

ay = 1
1 2
as 3( —i—) 3
%= 3\3 ~ 9
15, 1
“ = 3\9 T
as = E E—i—l _4
3 \2r ~ 81
(b) Use induction to show that a, > % for all n.

Method I:
First, a; = 1 > 1/2 so the statement is true for n=1. Assume that the statement is true
for n, i.e. assume that a,, > % We need to show that a,4+1 > %

1

py1 = g(an—i—l)
JoL(1, )18

n+1 3\ 2 T 3273

Thus, we have shown that if it is true for n it is also true for n + 1, and the statement
is true by induction.

Method II:
Checking you have that

24349427+ 4372
3n—1
2+ 53
37171
3n—1l-1
24+ 5+
3n—1

1 1
= s\t

We need to show this is true for all n.

1
an+1 = g(an + 1) =

11 1
= 32<3+3n—1>
30+3)

2 3n
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which is what we needed to show. Now,

N

(c) Show that {a,} is a nonincreasing sequence.
Method I:
We need to show that a, > any1 for all n. We will be done if we can show that
an — ant+1 > 0 for all n, since the first statement clearly follows from the second.

1
p — Apy1 = an—g(an—i—l)
2 1 21 1
Ap — Ap+1 gan—§>§§—f=0

and we have shown what we needed to show.

Method II:
1 1 1 1
an+1 = 5 1+ 3n < 5 1+ Sn_l = Qnp,

so each term is smaller than the previous and the sequence is nonincreasing.

(d) Findlima,,.
NN SO SR
dman = Jim o () =5

5. For each of the following sequences find the glb{a,}, lub{a,}, limsup{a,}, and liminf{a,}.

(a) {(—=1)"}>2y Let A denote the set of values of this sequence. A = {—1,1}. Thus,
lubA =1, glbA = —1, liminf{a,} = —1, and limsup{a,} = 1.

1 oo
(b) {} Let B denote the set of values of this sequence.

n
111
B—{172,3747...}.

From this we see that lub B = lub{a,,} = 1 and glb B = glb{a,} = 0. The “tails” of this

sequence are A, = %, n%rl, ...}. Then u, =lub 4,, = % and v, = glb A,, = 0. Then the

lim sup and liminf are

n=1

1
limsup{a,} = lim u,= lim —=0
n—od n—oo N
liminf{a,} = lim v, = lim 0=0
n—oo n—oo

(c) {(=1)"n}o2, Let B denote the set of values of this sequence.

B=1{0,-1,2,-3,4,-5,6,...}.
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From this we see that lub B = lub{a,} = +o00 and glb B = glb{a,} = —oc. The “tails”
of this sequence are A, = {(=1)"n,(=1)""}(n +1),...}. Then u, = lub A,, = +oc and

vp = glb A, = —oo. Then the limsup and liminf are
limsup{a,} = lim wu, =+oc0
n—oo
liminf{a,} = lim v, =—-00
n—oo

6. Let {an} and {b,} be the following sequences that repeat in cycles of four.

{an} = {0717271707172717071727170717271707-”}
{b’VZ} = {271717072717170)2a1717072717170727---}

First, let’s find a few items:

{an+bn} = {2,2,3,1,2,2,3,1,2,2,3,1,2,2,3,1,...}
{anba} = {0,1,2,0,0,1,2,0,0,1,2,0,0,1,2,0,...}

liminfa, = 0
limsupa, = 2
liminfb, = 0
limsupb, = 2

(a) liminfa, + liminfb, =0+0=0

(b) liminf(a, +by) =1

(c) liminfa, +limsupb, =0+2 =2

(d) limsup(a, +b,) =3

(e) limsupay, + limsupb, =2+2 =14

(f) liminf a,b, =0

)

lim sup anb, = 2
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