MA 341 - Topics in Geometry
Lecture 29




Background

Used by Egyptians & Romans for surveying
Used by Greeks for mapmaking

Nicole Oresme graphed one variable against
another in 14th century

Credit goes to Rene Descartes and Pierre

Fermat for formalizing the process of
analytic geometry
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The Line

Ruler Postulate guarantees that each line
looks like the real line

There is a one-to-one correspondence
between each line and the real line

We can pick a point that corresponds to O,
then each point will be given some value -

say A gets coordinate a, B gets coordinate
b, and d(A,B) = |b - a|
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Assume a < b. Find C so that
AC

c-a
CB |c-b
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AC

CB
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a k«et D k-1
A C, B C,
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.v :_l

O = origin

/
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Plane

Regular assumptions:
QY comes from OX by a counterclockwise
rotation of OX about O. (orientation) .

P,=(0.,b)
- projection of P on OY
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Assume X, < Xg. Find coordinates of point
(Xc.Yc) that internally divides AB in a ratio
k:1.
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AA' || BB' || cC

ThenA—C —A ¢

CB C'B
kx, +X,
k+1
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AA" || BB" || cC" || QY

AC Allcll
T = =
hen B C B thus vy,

Kys +Y,
k+1
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—

Thus, . _ [ka +x, ky, +ij

k+1 = k+1
o [ X+ X, Yty
Midpoin [ > > ]
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Y-leg = yg- a4
Pythagorean Theorem A __f
< 5 X >
AB= (%X, +(¥a -y,
v
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Line Theorem

Let | be a line with slope m and let A be a
point on |. A point P lies on | if and only if its
coordinates satisfy the equation

Y -Ya=m(x-x,)

Proof: Let P = (xp,yp) lieon |, P = A.
ThenIZAP,So m:YP-YA

X, - X,

Therefore, (xp,yp) satisfies the equation
Y - Ya = m(X - X,)
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Y - Ya = M(Xp - Xp)
Let P' lie on | and let P* have the same x-
coordinate as P: xp = xp

Then

Yo - Ya = M(Xp - X,)
= m(Xp - Xy4)
=Yp-Ya

Yo = Yp and P = P
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a b
ax + by +c =0 - standard form

Corollary: Lines are parallel if and only if they
have the same slope or no slope.
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Inclination of Lines

For any non-horizontal line define its inclination
to be the smallest positive measure, 6, of angle
measured counterclockwise from the positive x-
axis.

If horizontal define its inclination to be O.

Note: 0°< 06 < 180°

m = tan ©
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Intersection of Lines
m; = tan(6,) and m, = tan(6,)

6,= 6, + (180-q)
A 9, -8, = (180-a)
tan(a) = |tan(180-a)|
- TGn(el - 62)'
tan(é,)-tan(6,)
1+tan(é,)tan(6,)

O,

<€ /
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Distance from a Point to a Line

If a vertical or horizontal line, easy.

P=(x,y,) and line |: ax + by +c = 0

Assume ab = 0. Then m = -a/b, so line through P
perpendicular to I isy -y, = b/a(x - x,)

Find point of intersection:

. - b®x -ac-aby, _ a’y, -bc-abx,
q 02 +b2 yq (12 +b2
. a(axp +by, + c) b(axp +by, + c)

X, =X, 3 Yo~ Yo =
p q 02+b2 p q 02+b2
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Distance from a Point to a Line
d(P.1)=d(P.Q) = \/(x, - X, +(y, - Y,)’

a(ax, +by, +c) 2 b(ax, +by, +c) 2
+
(TS @? +b?

_ (a® +b*)(ax, +by, +c)°
(02 +b2 )2

|ax +by, +c|
\/(12+b2
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Applications

Medians are concurrent and centroid divides
each ina 2:1 ratio.

a) Brute force method - find midpoint of
each side, equation of each median, points
of intersection of each pair of lines -
algebraically tedious

G: ><c1+xb+xc YG+Yb+YC
3 ' 3
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Applications

b) Create coordinate system so that median
of AC is origin, A=(a,0) and B=(0,1) and
C=(-a,0)

Gives simple equations for each median

c) Don't find equations of lines at all, but use

earlier result on ratios. D=midpoint of BC

50 D:(Xb‘fxc yb+yc)

2 " 2
Let P=point on AD so that AP/PD=2/1.
P:(XG*-ZXG. ya+2ydj:(xa+xb+><c ya+yb+ycj

3 3 3 ' 3

7-Nov-2011 MA 341 28



Applications

Given two intersecting lines and a positive
number k, find the locus of all points the sum of
whose distances to the lines is k.

Choose OX and OY so that they are the angle
bisectors of the angles formed by the two lines.

CLAIM: OX and QY are perpendicular.

Line |; has equationy = mx, m>0, line |, has
equation y=-mx.
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Applications

(x,y) on the locus if and only if

d((x.y).l) + d((x.y).l5) = k
[mx-y| |-mx-y| _
JmZ+1  J(-m)?+1
Let K = k\/n'\2 +1

k

We have equation: |mx - y| + [mx +y| = K

Note: If (x,y) satisfies this then so do (-x.y),

(-x.-y) and (x,-y)
We only need work in first quadrant
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Applications

In first quadrant mx +y > 0, so
|I’\'\X—y| +mX+y= K
Reduces to 2 cases: mx -y 20o0rmx-y<O

If O<y<mx, then
Imx -yl +mx+y=mx-y+mx+y=K
x = K/(2m)
and the graph is a vertical segment

If O<mx<y, then
Imx -yl +mx+y=-mx=y+mx+y=K
y = K/2 and the graph is a horizontal segment
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