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The Laplace Transform

The function f(¢) is continuous.
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The function f(¢) has a jump discontinuity at ¢ = 1, and is thus piecewise contin-
uous.

7. Integration is a linear operation. It follows that

A 1 (A 1 A
/ cosh bt - e 5tdt = = / et et + = / e et gt =
0 2 Jo 2 /o

L ey, L[ e
= - 9t + = B ERA
2/0 e +2/0 e

Hence

A s (bis
1 1—€(b s)A 171—e (b+s)A

h bt - e Stdt = = - .

/0 o8 ¢ 2{ s—b }—’—2[ s+b ]

Taking a limit, as A — oo,

o 1 1
hbt-e *'dt = =
/0 cos e 5 [s—b]+

Note that the above is valid for s > |b|.

1 1 - S
2 |s+b| s2-02°

8. Proceeding as in Problem 7,

A — _
11— elb—s)A 11— (b+s)A
/ sinh bt - et = = | — - :
0 2 s—b 2 s+b

Taking a limit, as A — oo,

e 1 1 1 1 b
inh bt - e *'dt = = - = = .
/0 sinh bt - e”*"dt 3 [s—b} 3 [S‘Fb} 12

The limit exists as long as s > |b].

10. Observe that e®sinh bt = (e(@T0t — e(a=0)t) /9 Tt follows that

A _ _(b—
11— (a+b—s)A 11— (b—a+s)A
/ e sinh bt - e 5tdt = = R I .
0 2] s—a+b 2 s+b—a
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Taking a limit, as A — oo,

> 1 1 1 1 b
“ sinh bt - e Stdt = = | ——— | — = = .
/0 © o ‘ Q{S—G-I-b] Z{S—Fb—a} (s —a)?—b2

The limit exists as long as s —a > |b].

11. Using the linearity of the Laplace transform,
1

1 _ .
L[sin bt] = —£ [e®] — = [e™] .
Since -
/ elatiblte=st gy — _ —
0 s—a—1b

we have

<, 1

/ 6i bt efstdt —_ —

0 s F ib

Therefore

Chinbt) = o =% sy b Ere

2

1 [ 1 1 b
The formula holds for s > 0.

12. Using the linearity of the Laplace transform,
1 ; 1 ;
L [cos bt] = 3£ [e] + 3L [e="].

From Problem 11, we have

/ ei ibt e—stdt _ _
0 s F ib

171 1
Cleosbtl =5 5= T v )~

Therefore
s

s2 4027

The formula holds for s > 0.

14. Using the linearity of the Laplace transform,
1 ; 1 .
L [eat cos bt] = 55 [e(a+lb)t:| + §£ [e(a—zb)t:| )

Based on the integration in Problem 11,

& X 1
/ e(a:ﬁ:zb)tefstdt _ _
0 s—a Fib
Therefore

L [e" cos bt] = 1 ! + ! = i
2|s—a—ib s—a+ib| (s—a)2+b2’

The above is valid for s > a.
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15. Integrating by parts,

A _s
/ te™ e *tdt = e
0 S—a

A A4
+ / —elam9)t gt =
0

0 Ss—a

1—ee=3) 4 A(a — s)eA@9)
- (s —a)? '

Taking a limit, as A — oo,
(o)
1
/ te™ e Stdt = -
0 (s—a)
Note that the limit exists as long as s > a.

17. Observe that ¢ cosh at = (te® + te~%)/2. For any value of ¢,

A —_s)t A A
/ tet . e~Stdt = _te(c Y + / Le(c—S)tdt _
0 s—c | 0 S—¢

1— eA(c—s) + A(C _ S)eA(c—s)
(s —¢) '

Taking a limit, as A — oo,

& 1
/ tet . e7Stdt = -
0 (s—¢)

Note that the limit exists as long as s > |¢|. Therefore,
1 [ 1 1 } B 5?2 +a?

‘h . —st — = .
/0 t cosh at - e *"dt 2 [(5—ap +(s+a)2 (s —a)2(s + a)?

18. Integrating by parts,

A _
[ et - S e
0 Ss—a

A A
+ / L tnfle(afs)tdt _
0 o S—a

n,—(s—a)A A
— _u _|_/ Ltnfle(afs)tdt.
0

s—a s—a

Continuing to integrate by parts, it follows that

/A ot | st gy — _Ane(a—s)A nAn—1lela—s)A -
0

s—a  (s—a)?
nlAele—)4 n!(el@==)A4 — 1)
(n—2)Y(s —a)? (s —a)ntt
That is,
A n!
A tret e tdt = p,(A) eI (s ay

in which p, (&) is a polynomial of degree n. For any given polynomial,

lim p,(A)-e” "4 =0,
A—o0
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as long as s > a. Therefore,

* n at std n'
t"e et = —n-——.
/0 (s —a)"t!
19. First observe that

sinat-e %t 1
/sinat A f/acos at - e tdt =
s s

sinat-e %'  a [ cosat-e %t a ) et
= 4 — | ——————— — ~ [ sinat- e %'dt| .
s s S S

This implies that

/ at - e—5tdt (ssinat + acosat)e™st
sinat - e = — .

52 +a?
Integrating by parts we obtain that

A

A ; —st

t t)e™®

/ t?sinat - e~ 'dt = —t2 (ssinat +acosat)e +
0

2 2
s+ a 0

dt.

A (ssinat + acosat)e st
+ 2t
0 s2 +a?

Taking the limit A — oo and using the results of Problem 16 (from the Student
Solutions Manual), we obtain that

P st 2s 2as 2a  s*—a? 2a(3s? — a?)
t“sinat - e *'dt = + - _
0 2+ a2 (s2+a2)? | 52+ a2 (s2+ a2)2 (s2+ a2)3

This is valid for s > 0.

20. Observe that t?sinh at = (t2¢? — t2¢=9%)/2. Using the result in Problem 18,

o 1 2! 2! 2a(3s2 + a?)
t2sinh at - e Stdt = = - = .
/o e 2 [<s—a>3 <s+a>3} (% — a2)?

The above is valid for s > |a].

22. Using the fact that f(¢t) =0 when ¢ > 1 and integration by parts, we obtain

that
o 1 —st 11 1 st
_ —st o _st _ _6 e
E[f(t)]—/o e f(t)dt—/oe tdt_{ , t]0+/0 - dt

_ _gnl _ _
es+ e st e s es+1
s s? ], s 52 52

23. Using the definition of the Laplace transform and Problem 22, we get that

E[f(t)]:/Oooe‘“f(t)dt:/Ole““tdt—&—/lme_“dtz
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5 e7® 1 e’ e s 1

s 52 52 s 52 52

e

26. Integrating by parts,

A
/ te tdt = —tet
0

Taking a limit, as A — oo,

A A
+ / etdt=1—e4 — Ae 4.
0

0
o0
/ te tdt = 1.
0

27. Based on a series expansion, note that for ¢t >0, e > 1+t +12/2>t2/2. It
follows that for ¢t > 0, t~2e’ > 1/2. Hence for any finite 4 > 1,

A
A—-1
/ t2etdt > —— .
1 2

It is evident that the limit as A — oo does not exist.

Hence the integral converges .

28. Using the fact that |cos t| <1, and the fact that

(oo}
/ e tdt =1,
0

it follows that the given integral converges.

30.(a) Let p > 0. Integrating by parts,
A

A A A
/ e PaPdr = —e ™ a? +p/ e gl dy = —APe™4 +p/ e xP dr.
0 0 0

0
Taking a limit, as A — oo,

/ efzmpdxzp/ e TP dx .
0 0

That is, I'(p+1) = pI'(p) .

(b) Setting p =0,

ra) = / e %dr=1.
0

(c) Let p=n. Using the result in part (a),

P(n+1)=nT(n)
=n(n—1)T'(n-1)

:ﬁ(n—l)(n—2)---2-1-1"(1).
Since T'(1) =1, T'(n+1) =n!.
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(d) Using the result in part (a),
Fp+n)=p+n-1)T(p+n-1)
=(p+n-1)p+n-2)l'(p+n-2)
=(+n-1p+n—-2)---(p+1pl[p).
Hence r
_|_
(1{)(@”) =pp+1)p+2)---(p+n-1).
Given that I'(1/2) = /7 , it follows that
3. 1.1 &
MRl =5t ="~%
and 11 9 7 5 3_.3 945
rg=5 55 5 Q= T
6-2

1. Write the function as 3 )

3
2+4 2s2+4°

Hence £71[Y(s)] = 3sin2t /2.

3. Using partial fractions,

2 _2) 1 1
$24+3s—4 5ls—1 s+4]
Hence £71[Y(s)] = 2(et — e~ /5.
5. Note that the denominator s 4 2s + 5 is irreducible over the reals. Completing

the square, s> +2s+5=(s+1)2+4. Now convert the function to a rational
function of the variable £ = s+ 1. That is,

2s+2  2(s+1)
$2+2s+5  (s+1)2+4°

1| 2¢
£t [€2+4} =2 cos 2t.
Using the fact that £[e® f(t)] = £ [f(t)]

o1 25+ 2
s2+2s+5

We know that

s—s—a’?

] = 2e ! cos 2t.
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6. Using partial fractions,

s2—4 4 s—2+s—|—2

2s—-3 1 { 1 7 ]
Hence £71[Y(s)] = (e?* + 7e=2!)/4. Note that we can also write

2s — 3 9 s 3 2

s2—4 $2—4 2824

8. Using partial fractions,

852—484—12_3}_'_5 s 9 2
s(s2+4) s s2+4 s2+4°

Hence £71[Y(s)] =3+ 5 cos 2t — 2 sin 2t.

9. The denominator s?+4s+ 5 is irreducible over the reals. Completing the
square, s> +4s+ 5= (s +2)%2 + 1. Now convert the function to a rational function
of the variable £ = s + 2. That is,

1-25s  5-2(s+2)
s2+4s+5  (s+2)2+1°

We find that

52 +1 - 52 +1
Using the fact that £[e® f(t)] = £ [f(t)]

2
51[ > ¢ }:5sint—2005t.

s—s—a’

1-2
£71 |:2—i—4j—5:| = 672t(5 sin ¢t — 2 cos t) .
S S

10. Note that the denominator s? + 2s + 10 is irreducible over the reals. Complet-
ing the square, s?+ 25+ 10 = (s + 1)? + 9. Now convert the function to a rational
function of the variable £ = s + 1. That is,

2s—3  2(s+1)-5
s24+2s+10 (s+1)2+9°

We find that

1 2¢& 5
£ [§2+9_§2+9

Using the fact that £[e® f(t)] = £ [f(t)]

1 25 -3
52425410

5
]:2cos3t—3sin3t.

s—s—a’?

)
] =e (2 cos 3t — 3 sin 3t) .

12. Taking the Laplace transform of the ODE, we obtain
s?Y () = sy(0) —y'(0) +3[s Y (s) —y(0)] +2Y(s) = 0.
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Applying the initial conditions,
$2Y(s) +3sY(s) +2Y(s) —s—3=0.

Solving for Y'(s), the transform of the solution is

s+3
Y(s)= ———7——.
() s2+3s+2
Using partial fractions,
s+3 2 1

2+35+2 s+1 s+2
Hence y(t) = L7 [Y(s)] =27t —e 2.

13. Taking the Laplace transform of the ODE, we obtain
7Y (s) —sy(0) —y'(0) — 2[s Y (s) — y(0)] +2Y (s) = 0.
Applying the initial conditions,
$2Y(s) —2sY(s) +2Y(s) —1=0.
Solving for Y'(s), the transform of the solution is

1
Y(S)_52—25+2'

Since the denominator is irreducible, write the transform as a functionof { =s—1.
That is,
1 1

2-25+2 (s—1)2+1"

First note that

Using the fact that £[e® f(¢)] = L[f(t)] oy
1
—1 — t .
L |:82—28+2:| e sint.

Hence y(t) = e'sin t.

16. Taking the Laplace transform of the ODE, we obtain
s2Y(s) —sy(0) —y'(0) +2[sY(s) —y(0)] +5Y(s) =0.
Applying the initial conditions,
s2Y(s)+25Y(s) +5Y(s) —2s —3=0.
Solving for Y'(s), the transform of the solution is

25+ 3

Y =
(5) s2+25+5
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Since the denominator is irreducible, write the transform as a function of £ = s+ 1.
That is,
2s+3 2(s+1)+1
$2+25+5  (s+1)2+4°

We know that

[ 2¢ 1
£ [52+4+g2+4

Using the fact that £[e® f(t)] = L [f(¢)]

1
] :2cos2t+§sin2t.

the solution of the IVP is

s—s—a’

25+ 3

1
= -1 _— | = —t — si
y(t) ==L [52+25+5} e (2 cos 2t+2 sin 2t) .

18. Taking the Laplace transform of the ODE, we obtain
Y (5) - s%y(0) — s27(0) — sy"(0) — y"(0) — Y(5) = 0.
Applying the initial conditions,
Y (s) = Y(s) —s® —5=0.

Solving for the transform of the solution,
s

Y(s):SQ_l.

By inspection, it follows that y(t) = £~ [Y(s)] = cosh t.
19. Taking the Laplace transform of the ODE, we obtain
s'Y (s) = s%y(0) — sy (0) —sy"(0) —y""(0) —4Y(s) =0 .
Applying the initial conditions,
s'Y (s) — 4Y(s) — s* +25 = 0.

Solving for the transform of the solution,

It follows that y(t) = £~ [Y(s)] = cos V2 t.

21. Taking the Laplace transform of both sides of the ODE, we obtain

s7Y (s) = sy(0) —y'(0) = 2[s Y(s) — y(0)] +2Y(s) =

s24+1°
Applying the initial conditions,

Y (s) —25Y(s) +2Y(s) —s+2=

Solving for Y'(s), the transform of the solution is

s n 5s—2
(s2—-254+2)(s24+1) s2—2s+2°

Y(s) =
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Using partial fractions on the first term,

s—2 s—4
s24+1 s2—-2s+2]|°

(2 —2s4+2)(s2+1)

1
5

Thus we can write

1 s 2 1 +2 25 — 3
T 58241 58241 5s2—-25+2°

For the last term, we note that s2 —2s+2 = (s —1)2+ 1. So that

Y (s)

25—3  2(s—1)—1
2—-25+2 (s—1)241°
‘We know that
£t 2¢ L 2 t —sin t
- — = COSU—sSsInt¢t.
241 &2+1

Based on the translation property of the Laplace transform,
25 —3
,C_l |:52—823—|—2:| = et(2 cos t — sin t)
Combining the above, the solution of the IVP is
1

(t) 1= 2 t+2 (2 cos t —sin t)
= —- COS T — — s1In - e COS U — s1n .
YW=5 5 5

23. Taking the Laplace transform of both sides of the ODE, we obtain

4
s*Y (s) = s9(0) —y'(0) +2[s Y (s) —y(0)] + Y(s) = - T
Applying the initial conditions,
4
2y 2sY Y(s)—25s—3= .
s?Y(s)+2sY(s)+ Y(s) — 2s pone]
Solving for Y'(s), the transform of the solution is
4 25 +3
Y(s) = .
&= G717 T Grie
First write
25+3  2(s+1)4+1 2 1
(s+1)2 (s+1)2  s+1 (s+1)2°
We note that
£t {4+2+1} =217 4+2+1¢
¢ & '

So based on the translation property of the Laplace transform, the solution of the
IVP is
y(t) =2t%e "4 te 4 2e70
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25. Let f(t) be the forcing function on the right-hand-side. Taking the Laplace
transform of both sides of the ODE, we obtain

s2Y (s) = sy(0) —y'(0) + Y(s) = L[f(t)].-
Applying the initial conditions,
s2Y(s)+ Y(s) = L[f(1)].
Based on the definition of the Laplace transform,

clro)= [ seta= [reta= Lo

Solving for the transform,

1 _s s+1
Yis) = s2(s2 +1) - s2(s2+1)°

26. Let f(t) be the forcing function on the right-hand-side. Taking the Laplace
transform of both sides of the ODE, we obtain

7Y (s) = sy(0) —y'(0) +4Y(s) = LLf(1)].
Applying the initial conditions,
s2Y (s)+ 4Y(s) = L[f(1)] .
Based on the definition of the Laplace transform,

1 e s

oo 1 50
el = [ seta= it [Tean Lo

52 s

Solving for the transform,

1 1
Y(s)= e Fo7m— .
() s2(s2 +4) ¢ s2(s2 +4)

29.(a) Assuming that the conditions of Theorem 6.2.1 are satisfied,
d [* hale)
F/ _ = —st — — —st —
@ =g [ erwa= [ o] a
:/ [—te ' f(1)] dt:/ e St [—tf(t)]dt.
0 0

(b) Using mathematical induction, suppose that for some k > 1,

F®)(s) = / Tt ()" f(t)] dt .

0
Differentiating both sides,

P (g) = % /O‘X’ et (=) F(t)] dt

I
c\
8
Pl
=
I
a
&
x>
"\h
VS
-
Pt
Q.
~
I
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30. We know that 1

L I:eat:l = E

Based on Problem 29,

L[-te"] = % Lla} :

Therefore,

32. Based on Problem 29,

el = el = 1 3]

Therefore,

1= (0 =

34. Using the translation property of the Laplace transform,

b

at . _
E[e Smbﬂ_i(s—aﬁ—&—bz'

Therefore,

£[te sinbt] = 2 b ]: T 26(s —a)

ds [(s—a)2+b2 s—a)?+02)2

35. Using the translation property of the Laplace transform,

s—a

Lle™ cos bt] = ———r .
le ] (s —a)? + b2

Therefore,

_ N2 12
£[te‘”cosbt]——d{ 5—a }— (s—a) b

ds |(s—a)?+67] ~ (s—a2+02)2"

36.(a) Taking the Laplace transform of the given Bessel equation,
Llty"]+Lly'l+L[ty]=0.

Using the differentiation property of the transform,

el ey - Sely]=0.
That is,
d -, , d
LY ()~ 59(0) =y (0)] + 5V (5) — 9(0) — Y (5) = 0.

It follows that
(1+s)Y'(s)+sY(s) =0.
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(b) We obtain a first-order linear ODE in Y (s):
s

mY(S) =0 5

Y'(s) +
with integrating factor
u(s):efs%#lds: s24+1.

The first-order ODE can be written as

with solution
V241

(¢) In order to obtain negative powers of s, first write

1 1 172
e e
Expanding (1 + 1/s?)~/2 in a binomial series,
| Ll 13, 135

VI+(1/s2) 2 2.4 246

valid for s72 < 1. Hence, we can formally express Y (s) as
1 11 1-31 1-3-5 1
Y — I = _ ST
() C[s 2S3+2~485 2-4~6.97+ ]
Assuming that term-by-term inversion is valid,
) =cl1 1t2+1~3t4 1-3~5tﬁ+
VW= T2 T2 a0 246 6l
2! 12 41 ¢4 6! ¢
26[1_222!+22~424!_22~42-626!+”}

—6
S +’

It follows that

1, 1, 1 — (D",
y(t)c{122t tapt T Eet T :czmt .

n=0

The series is evidently the expansion, about z =0, of Jy(¢).

38. By definition of the Laplace transform, given the appropriate conditions,

ﬁ[g(t)]z/ooo o=t [/Otf(T)dT} dt:/ooo/ote_‘“f(r)drdt.

Assuming that the order of integration can be exchanged,

£lg)] :/Ooo £(7) UTOO e‘“dt} dT:/OOO £07) {e;ﬁ]dr
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(=)

(Note the region of integration is the area between the lines 7(¢) = ¢ and 7(¢) = 0.)
Hence

clol = [ fr)erar = e (500,

1.
39 T—‘
! !
2 } |
\
| !
14 T—
\
\ \
1 1
© i I 3 1 p 3
; \
\
\
\
2 \
\
3 J )
3.
&
2]
5]
o]
N
2]
.
o0 1 2 3 4 5 6
7
5.
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0.5 4

-0.5

|
(

(b) F(t) = 1 — 2uq(t) + 2un(t) — 2us(t) + ua(t).

9.(a)

1.0 -
0.9 :
0.8 :
0.7 :
0.6 :
0.5 :
0.4 :
0.3 :

0.2 4

0.1 4
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0.5 4

(b) f(t) =1+ (2 = t)ua(t) + (5 — H)us(t) + (t — Tur(t).
13. Using the Heaviside function, we can write f(t) = (t — 2)? ua(t). The Laplace
transform has the property that £ [u.(t)f(t — ¢)] = e *L[f(¢)]. Hence

2 6725

53

L[(t=2)2u(t)] =

15. The function can be expressed as f(t) = (t — 7) [ur(t) — u2.(t)]. Before invok-
ing the translation property of the transform, write the function as

f@&) =0t —m)ur(t) — (t — 2m) uor (t) — 7 uox(t).
It follows that

—Ts 672775 7.1.67271'5

LIf®)] = - -

52 52 s

16. It follows directly from the translation property of the transform that

e~ 5 6—35 6—45
-6 .
S

LIFB)] = —+2

S
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17. Before invoking the translation property of the transform, write the function
as

f@) = (t = 2)uz(t) — ua(t) — (£ — 3)us(t) —us(t).
It follows that

18. It follows directly from the translation property of the transform that

L0 = 5 -5
19. Using the fact that £[e® f(t)] = L [f ()], sy
_ 3!
e [ tgn| -

22. The inverse transform of the function 2/(s% —4) is f(t) = sinh 2¢t. Using the
translation property of the transform,

£ [i;jj — sinh (2(t — 2)) - ua(t).

23. First consider the function

(s —2)
G(s) = ———.
() s2—4s+3
Completing the square in the denominator,
(s—2)
G(s) = ————.
)= G971

It follows that £7! [G(s)] = €% cosh t. Hence

— e~
s = e D),

24. Write the function as

It follows from the translation property of the transform, that

efs + 6725 _ 6735 _ 6745

S

['71

:l = ul(t) + UQ(t) — U3(t) — U4(t> .

25.(a) By definition of the Laplace transform,

L] f(et)] = /0 T et (etdt.
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Making a change of variable, 7 = ¢t , we have

L[f(ct)] = ! /0 e/ f(r)dr = % /0 e~/ f(T)dr .

c

Hence L[ f(ct)] = (1/c) F(s/c), where s/c> a.

(b) Using the result in part (a),

Hence
LV [F(ks)] = %f <Z) .

(¢) From part (b), £7! [F(as)] = (1/a)f(t/a) Note that as + b = a(s + b/a). Using
the fact that £[ef(t)] = L [f(t)]ss_.

L7 [F(as 4+ b)] = e~ /e 1f (t) .

a a

26. First write
n!

F(s) = (%)n-s-l .

Let G(s) = n!/s"T1. Based on the results in Problem 25,

L fo(g)] -
in which g(t) = t". Hence L7 [F(s)] = 2 (2t)" = 2n+1m,

29. First write

o—4(s=1/2)
F(s) = o1/
Now consider
=25
Gls) = =

Using the result in Problem 25(b),

6@l = 0 (3).
in which g(t) = ua(t). Hence £71[G(25)] = uz2(t/2)/2 = u4(t)/2. Tt follows that

£ [F(s)] = %et/zm(t).

30. By definition of the Laplace transform,
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That is,
1—e

S

L) = / et dt =

31. First write the function as f(t) = uo(t) — ui(t) + wua2(t) — us(t) . It follows that
1 3
LIf®)] = / e Stdt +/ e Stdt.
0 2

1—¢e 8 6—25 _ 6_35 1—e 5+ 6_25 _ 6—35

S S S

That is,

32. The transform may be computed directly. On the other hand, using the trans-
lation property of the transform,

2n+1 eiks 2n+1 (s 2n42
T R SIS [Z (—eﬂ —lme o
k=1 k=0

That is,
1— (ef2s)n+l
LIfH)]=———"——
0= g7
35. The given function is periodic, with T' = 2. Using the result of Problem 34,

l:“(t)]—/ze St’(t)dt—/le Stdt
1 e—2s 0 1 e—2s 0 :
That iS,

1—e7° 1

Lf(B)] = s(1 — e29) - s(l4+es)’

37. The function is periodic, with 7" = 1. Using the result of Problem 34,

:1—6_‘5

1
L[f()] ! /0 te ®dt.

It follows that ) (1
el =5,

38. The function is periodic, with 7" = 7. Using the result of Problem 34,
1 us
L [f(t)] = 1_76_71_5 /O sin t - C_Stdt .

We first calculate

U 1 —TSs
/ sin t- e tdt = L2 )
0 1+s

Hence
1+e 7™

(1—em)(1+s2)

L) =
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39.(a)

We get that
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Let G(s) = £][g(t)]. Then
s 1—e* l—e % (1—e%)?
LIA(] = Gls) — e Gls) = - — e =
40.(a)
(b) The given function is periodic, with T = 2. Using the result of Problem 34,
1 2
LU0 = s [ ¢ 0.
“ e o
Based on the piecewise definition of p(t),
2 1 2 1
/ e S'p(t)dt = / te Sdt +/ (2—t)e "t = (1 —e )%
0 0 1 S
Hence
(1—e™")
= 2.
e
(c) Since p(t) satisfies the hypotheses of Theorem 6.2.1, £ [p’(t)] = s L [p(t)] — p(0).
Using the result of Problem 36 from the Student Solutions Manual,
(I—e)
Llp't)] = ="
PO = S
We note the p(0) = 0, hence
1] (1—e9)
Lp(t) = - .
ol = 5 | |

2.(a) Let h(t) be the forcing function on the right-hand-side. Taking the Laplace
transform of both sides of the ODE, we obtain

s2Y () = s5(0) = y'(0) + 2[s Y (s) — y(0)] +2Y(s) = £ [h(t)].
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Applying the initial conditions,
$2Y(s) +2sY(s) +2Y(s) — 1= LI[h(t)].
The forcing function can be written as h(t) = ur(t) — ug,(t). Its transform is

—Ts __ 6727rs

Solving for Y'(s), the transform of the solution is

Y(s) =

1 e~ TS 67271'3

52+28—|—2+s(s2—|—2s—|—2)'

First note that
1 1

2+25+2 (s+1)2+1

Using partial fractions,
1 111 (s+1)+1

s(s2+2s+2) 2s 2(s+1)2+1°

Taking the inverse transform, term-by-term,

1 1
Ll——— | =c|———| =etsint.
[s2+2s+2] {(s+1)2+1} c o

Now let 1
G —
() s(s2+2s+2)
Then L1
L7G(s)] = 77 3¢ Leost— —etsint

Using Theorem 6.3.1,

1 1

£t [emG(s)] = §uc(t) - 56_“_6) [cos(t — ¢) + sin(t — ¢)] ue(t) .

Hence the solution of the IVP is

y(t) = e 'sint+ %uﬂ(t) - %e_(t_”) [cos(t — ) + sin(t — )] ur(t)—

1 1
— e (t) + 56_“_2”) [cos(t — 27) + sin(t — 27)] ua. () .

That is,
o 1 | .
y(t) =e 'sint+ 3 [ur(t) — uar(t)] + ¢ [cos t + sin t] ur(t)+

1
+ 5@*“*2”) [cos T + sin t] ugr(t).
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The solution starts out as free oscillation, due to the initial conditions. The am-
plitude increases, as long as the forcing is present. Thereafter, the solution rapidly
decays.

4.(a) Let h(t) be the forcing function on the right-hand-side. Taking the Laplace
transform of both sides of the ODE, we obtain
s2Y (s) = sy(0) —y'(0) +4Y (s) = L[n(2)].
Applying the initial conditions,
s2Y(s) +4Y(s) = L[h(t)].

The transform of the forcing function is

1 677‘-5
Lh(t))=———7+—5.
W= 527+ 27
Solving for Y'(s), the transform of the solution is
1 6771'5

Y(s) = (82+4)(82+1) T (s? +4)(52 + 1) ’

Using partial fractions,

1 i
(s24+4)(s2+1) 3 |s2+1 s24+4]°

£t ! Uleint— L sin 2t
— | = = mit— — Ssin .
E+a2+n] 3 5 °

Based on Theorem 6.3.1,
e~ s 1 1
L7 —————| == [sin(t—7) — = sin(2t —2 x(t) .
{(32 T 1)] 3 [sm( ) 5 sin( 71')] Uqr (t)
Hence the solution of the IVP is

It follows that

1 1 1 1
y(t) = 3 {Sin t— 5 sin 2t] ~3 {sin t+ 5 sin Qt} Ur(t).
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Since there is no damping term, the solution follows the forcing function, after
which the response is a steady oscillation about y = 0.

5.(a) Let f(t) be the forcing function on the right-hand-side. Taking the Laplace
transform of both sides of the ODE, we obtain

s7Y (s) = sy(0) —y'(0) +3[sY(s) — y(0)] +2Y (s) = L[f(#)].
Applying the initial conditions,
s2Y(s) +3sY(s)+2Y(s) = L[f(1)].

The transform of the forcing function is

Solving for the transform,

1 6—103
Y(s) = — .
(s) s(s2+3s+2) s(s?+3s+2)

Using partial fractions,
1 141 1 2
243512 2 [ tire T H} '
Hence
5_1[1 ]zl—kﬁ—e_t.
s(s? +3s+2) 2 2
Based on Theorem 6.3.1,
£t [6_108} _1 {1 + e720-10) _ 26_(t_10)} u1o(t) .
s(s?+3s+2) 2
Hence the solution of the IVP is
1 o2t L,

1
y(t) =5 [ —uo®]+ —— -7 =3 [e*@HO) - 2@*“*10@ uio(t) .
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The solution increases to a temporary steady value of y = 1/2. After the forcing
ceases, the response decays exponentially to y = 0.

6.(a) Taking the Laplace transform of both sides of the ODE, we obtain

—2s

S Y (5) = sy(0) — y/(0) +3[s ¥ (s) = y(0)] +2Y (s) = —

Applying the initial conditions,

s2Y(s)+3sY(s) +2Y(s) — 1=

Solving for the transform,

Y(s) =

Using partial fractions,

1 6725

s2+33+2+s(32+38+2)'

11 1
s24+35+2 s+1 s+2

and

1 L1, 1 2
s(s2+3s+2) 2|s s+2 s+1]°
Taking the inverse transform. term-by-term, the solution of the IVP is

1 1
yt) =et—e 2 4+ {2 —e~ (72 4 26_2(t_2)] ux(t) .

0.4
0.8

0.3
0.6

0.2

0.4

0.1 -
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Due to the initial conditions, the response has a transient overshoot, followed by
an exponential convergence to a steady value of ys =1/2.

7.(a) Taking the Laplace transform of both sides of the ODE, we obtain

e—37rs

s2Y (s) = sy(0) —y'(0) + Y (s) = S

Applying the initial conditions,

67371'5
Y (s)+ Y(s)—s=
S
Solving for the transform,
s e—37'rs
Y —
(s) 241 s(s?2+1)
Using partial fractions,
1 1 S

Hence

Ve e [L o),

s s241
Taking the inverse transform, the solution of the IVP is

y(t) = cos t + [1 — cos(t — 3m)] ug(t) = cos t + [1 + cos t] us. ().
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Due to initial conditions, the solution temporarily oscillates about y = 0. After the
forcing is applied, the response is a steady oscillation about y,, = 1.

o

9.(a) Let g(t) be the forcing function on the right-hand-side. Taking the Laplace
transform of both sides of the ODE, we obtain

Y (5) = sy(0) — y'(0) + Y (s) = L[g(t)].
Applying the initial conditions,
S2Y(s) +Y(s)—1=L[g(t)].
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The forcing function can be written as

with Laplace transform

Solving for the transform,

o(t) = £ [ uo(®)] + Bus(t) = £ — 2 (¢~ 6)us(t)
6765
Llo0] = 55— 5
1 1 e~ 0s

Using partial fractions,

S S O I O
252(s24+1) 2|82 s241]°

Taking the inverse transform, and using Theorem 6.3.1, the solution of the IVP is

y(t) =sint + % [t —sin t] — % [(t —6) —sin(t — 6)] ug(t)

1 ) 1 .
3 [t +sin t] — 3 [(t —6) —sin(t — 6)] ug(¢).

o

The solution increases, in response to the ramp input, and thereafter oscillates
about a mean value of v, = 3.

11.(a) Taking the Laplace transform of both sides of the ODE, we obtain

Applying the initial conditions,

Solving for the transform,

—Ts —37s
$2Y (5) = 53(0) = y'(0) +4Y(s) = —— =
S2Y(s)+4Y(s) = e
S S
—Ts —37s
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Using partial fractions,

1 11 s
s(s2+4) 4|s s2+4]°
Taking the inverse transform, and applying Theorem 6.3.1,
1 1
y(t) = 1 [1 — cos(2t — 2m)| ur(t) — 1 [1 — cos(2t — 6m)] uz.(t)

= 7 (1) — s (1)) — § o8 2 (1) — g (1))

0.5
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0.3 o
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o 2 4 6 8 10 12 o 2 4 6 8 10 12
z z

Since there is no damping term, the solution responds immediately to the forcing
input. There is a temporary oscillation about y =1/4.

12.(a) Taking the Laplace transform of the ODE, we obtain

e~ s 6725
S (5) = $°(0) — 2y'(0) — s5"(0) — y"(0) = Y(s) = = =
Applying the initial conditions,
—s —2s
4 e e
Y(s)— Y(s) = —
SV (s) = V(s) = S -
Solving for the transform of the solution,
e~ % 6725
Y(s) = — .
() s(st—=1) s(st—1)
Using partial fractions,
;717§+ 1 n 1 n 2s
s(sf—1) 4 s s+1 s—1 s24+1]°
It follows that
1 1
—1 _ -t it
L |:S(S41):|—4|:—4+€ +e +200$t:|.
Based on Theorem 6.3.1, the solution of the IVP is
1
y(t) = —[ur(t) —u2(t)] + 1 [ef(tfl) + et 4+ 2 cos(t — 1)} up(t)—

1!

; {e—(t—2) +et=2) 4 9 cos(t — 2)} uy(t) .
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The solution increases without bound, exponentially.

13.(a) Taking the Laplace transform of the ODE, we obtain
1Y (s) = s°y(0) — s%y"(0) — sy (0) — y""(0)+

1 —TSs
+5[s*Y(s) — sy(0) —y'(0)] +4Y(s) = S ¢ p
Applying the initial conditions,
1 —TSs
s'Y (5) 4+ 55°Y (s) + 4Y (s) = T ¢ .

Solving for the transform of the solution,

1 67775
Y(s) = — .
() s(s*+5s2+4) s(s*+5s2+4)

Using partial fractions,

_ v 1y s 45
s(st+5s24+4) 12 |s s2+4  s24+1]°
It follows that
£t SN S i[3—|—cos 2t — 4 cos
s(st +5s2 4+ 4) 12 '
Based on Theorem 6.3.1, the solution of the IVP is
1 1 1
y(t) = 1 [1—u(t)] + T [cos 2t — 4 cos t] — Tl [cos 2(t — ) — 4 cos(t — )] ux(t).
That is,

1 1
y(t) = = [1 —ux(t)] + 1 [cos 2t — 4 cos t] — - [cos 2t + 4 cos t] ur(t).
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After an initial transient, the solution oscillates about y,, =0.

14. The specified function is defined by

0, 0§t<t0
ft)=qRt—ty), to<t<to+k
h, t>to+k

which can conveniently be expressed as

F(E) = 26 to) y (8) = 2 (6 — to — K) ey 4(0).

15. The function is defined by

0, 0<t<ty
(0 Bt —to), to<t<to+k
g —Rt—to—2k), to+k<t<to+2k
0, t >ty + 2k
which can also be written as
h 2h h
9(t) = £ (t —to) ur (t) = = (t = to = k) s (t) + 2 (t = to — 2k) uto+2x(1).

17. We consider the initial value problem

y" oy = (=) us®) — (=5 — B use(o)]

with y(0) =y’(0) =0.

(a) The specified function is defined by

0, 0<t<5
ft) =< £(t—5), 5<t<5+k
1, t>5+k

so k controls the point at which f(¢) reaches 1. When k =5, f(t) = ¢(¢) in Ex.2.
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(b) Taking the Laplace transform of both sides of the ODE, we obtain

—9a8

e 67(5+k)s

s?Y (s) —sy(0) —y'(0) +4Y(s) = R

Applying the initial conditions,
—b5s —(5+k)s
9 e e
Solving for the transform,

6755 67(5+k)s

ks?(s2+4)  ks?(s2+4)

Y(s) =

Using partial fractions,

_ i v
s2(s24+4) 4 [s2 s2+4]°
It follows that
il PR [N RN SV
s2(s2+4)| 4 8 ’
Using Theorem 6.3.1, the solution of the IVP is

y(t) = 7 [A(t = 5) us(6) — bt — 5 — K)us (1)

in which h(t) =t/4 —sin 2t /8.

(c) Note that for ¢t > 5+ k, the solution is given by

1 1 1 1 sink
=~ — —sin(2t — 10) + — sin(2t — 10 — 2k) = ~ — 2% —10 — k).
y(t) 175 sin(2¢ — 10) + 2 sin(2t — 10 — 2k) 1 ik cos(2t — 10 — k)
So for t > 5+ k, the solution oscillates about y,, = 1/4, with an amplitude of
= |sin(k)| .

4k
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(a) k= 3/2 (b) k=1 (¢) k=1/2

18.(a) The graph shows fj, for k=2, k=1 and k = 1/2.
19 7—‘
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(b) The forcing function can be expressed as

ult) = 51 |

Taking the Laplace transform of both sides of the ODE, we obtain

ug—k(t) — uatr(t)] -

1 e—(4—k)s e—(4+k)s

Y (s) = 59(0) = y'(0) + 5 [sY () = y(O)] +4Y () = 5 — = 5

Applying the initial conditions,
e—(4—k)s e—(4+k)s

1
2 —_ = —
s°Y(s) + 33Y(3) +4Y(s) T T

Solving for the transform,
3 e—(4—k)s 3 e—(4+k)s
T 2ks(3s2+s+12)  2ks(3s% +s+12)

Y (s)

Using partial fractions,

v 11 148 ]_ 171 L 146lstg)
s(B3s2+s+12) 12 |s 3s2+s+12] 12 ]s 6(s+ )2+ L8 ]°
Let
11 L 1
H(S):[_ 162 143 — 31+26 143]
8kls (s+5)0+3 (5+5)°+ %6
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It follows that

o—t/6

Based on Theorem 6.3.1, the solution of the IVP is
yt) =h(t—4+k)us_r(t) — h(t — 4 — k) ugqr(t).

(¢) k=1/2

As the parameter k decreases, the solution remains null for a longer period of
time. Since the magnitude of the impulsive force increases, the initial overshoot of
the response also increases. The duration of the impulse decreases. All solutions
eventually decay to y =0.

21.(a)

(b) Taking the Laplace transform of both sides of the ODE, we obtain

k —kTrS

$*Y (s) — sy(0) —y'(0) + *+ Z

Applying the initial conditions,
Xn: k —kms

k=1

s7Y (s) +

:n\»—t



6.4

225

Solving for the transform,

1 __1__s
s(s2+1) s s241°
Let
1
ht)=£'|———| =1—cos t.
t)y==rL [5(32+1)] coS

Applying Theorem 6.3.1, term-by-term, the solution of the IVP is

n

y(t) =h(t) + > (=1)Fh(t — kr) e (t).

k=1

Note that

h(t — kr) = uo(t — km) — cos(t — km) = upr(t) — (=1)¥ cos t .

Hence

y(t) =1—cos t+ Y (=1)" upx(t) — (cos t) Xn: Upere (1) .

k=1 k=1

The ODE has no damping term. Each interval of forcing adds to the energy of the
system, so the amplitude will increase. For n = 15, g(¢t) = 0 when ¢ > 157. There-
fore the oscillation will eventually become steady, with an amplitude depending on

the values of y(157) and y'(157).

(d) As m increases, the interval of forcing also increases. Hence the amplitude of
the transient will increase with n. Eventually, the forcing function will be constant.

In fact, for large values of t,

() = 1, neven
T=Y0, nodd
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Further, for ¢t > nm,

1—(=1)

y(t) =1—cost—n cost— )

Hence the steady state solution will oscillate about 0 or 1 , depending on n, with
an amplitude of A =n+ 1. In the limit, as n — oo, the forcing function will be
a periodic function, with period 27 . From Problem 33, in Section 6.3,

1

Llgt)] = s(de )

As n increases, the duration and magnitude of the transient will increase without
bound.

22.(a) Taking the initial conditions into consideration, the transform of the ODE is

1 n -1 k ,—kms
s2Y(s)+01sY(s) +Y(s) =~ + L.

s = s

Solving for the transform,
1 n (_1)k€7k7rs
Y(8) = w51 -
s(s2+0.1s+1) = s(s2+0.1s+1)
Using partial fractions,
1 1 s+0.1

s(s24+01s+1) s s24+01s+1"

Since the denominator in the second term is irreducible, write

s+0.1 B (s+0.05) +0.05
s24+01s+1 (s +0.05)2 + (399/400)
Let
h(t) = -1 1 B (s +0.05) B 0.05
B s (s+0.05)2 +(399/400) (s 4+ 0.05)2 4 (399/400)

=1—et/% lcos( 399 L (V30 t)

¢
20 D 755 g

Applying Theorem 6.3.1, term-by-term, the solution of the IVP is

n

y(t) = h(t) + Y (—1)Fh(t — kr) urx(t).

k=1

For odd values of n, the solution approaches y = 0. (On the next figure, n = 5.)
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(b) The solution is a sum of damped sinusoids, each of frequency w = /399 /20 ~ 1.
Each term has an initial amplitude of approximately 1. For any given n, the
solution contains n + 1 such terms. Although the amplitude will increase with n,
the amplitude will also be bounded by n+1.

(c) Suppose that the forcing function is replaced by g¢(t) =sin ¢. Based on the
methods in Chapter 3, the general solution of the differential equation is

V399 )

9
t) + co sin( 50

+ yp<t) :

) = e—t/20
y(t)=e 1 cos( 50

Note that y,(t) = A cost+ Bsint. Using the method of undetermined coeffi-
cients, A =—10 and B =0. Based on the initial conditions, the solution of the
IVP is

V399 1 . v399
t) + sin( t
20 V399 20

y(t) = 10e~4/20 lcos( )] —10 cos t.

Observe that both solutions have the same frequency, w = 1/399/20 ~ 1.
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23.(a) Taking the initial conditions into consideration, the transform of the ODE is

1 n ( 1)ke—(11k/4)s
2Y(s)+Y(s)==+2 E

S
Solving for the transform,
1 n -1 ke—(llk/4)s
Y(s) = ——5—— +2 %
s(s24+1) = s(s2+1)
Using partial fractions,
1 1 S
s(s2+1) s 82417
Let
h(t)=L""! 1 =1-—cost
B s(s2+1)] '

Applying Theorem 6.3.1, term-by-term, the solution of the IVP is

YO = h(H) +2 3 (DM 1) wga(t).
k=1

That is,

L ~ ikl _ 1k
y(t) =1 cost+2k2=:1( 1) [1 cos(t 4) Up1k/a(t) -

(b) On the figure we see the solution for n = 35.
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(c) Based on the plot, the slow period appears to be 88. The fast period appears
to be about 6. These values correspond to a slow frequency of ws = 0.0714 and a
fast frequency wy = 1.0472.

(d) The natural frequency of the system is wg = 1. The forcing function is initially
periodic, with period T'=11/2 = 5.5. Hence the corresponding forcing frequency
is w = 1.1424 . Using the results in Section 3.8, the slow frequency is given by

_ lw — wo

s =0.0712
v 2
and the fast frequency is given by

wy = w — 1.0712.

Based on theses values, the slow period is predicted as 88.247 and the fast period
is given as 5.8656 .

2.(a) Taking the Laplace transform of both sides of the ODE, we obtain
s2Y(s) — sy(0) —y'(0) + 4Y (s) = e ™ — e~ 275,
Applying the initial conditions,
s2Y (s) +4Y(s) = e ™ — e~ 27,
Solving for the transform,

—mTSs __ 672775 e~ TS 6727rs

Y = = — .
(5) s2+4 s24+4 s244

Applying Theorem 6.3.1, the solution of the IVP is

y(t) = %sin(Qt —2m)ug(t) — %sin(?t —Am)ug,(t) = %sin(?t) [un(t) —uor(t)] .
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4.(a) Taking the Laplace transform of both sides of the ODE, we obtain
s2Y (s) — sy(0) — y'(0) — Y (s) = —20e 3.
Applying the initial conditions,
2Y(s) = Y(s) —s=—20e3.
Solving for the transform,

s 2073
s2—1 s2-1°

Using a table of transforms, and Theorem 6.3.1, the solution of the IVP is

Y(s) =

y(t) = cosh ¢t — 20 sinh(t — 3)ug(t) .

40 o
30 o
20 o

10 o

6.(a) Taking the initial conditions into consideration, the transform of the ODE is

s2Y(s) +4Y(s) — 5/2 = e 4™,

Solving for the transform,




6.5 231

Using a table of transforms, and Theorem 6.3.1, the solution of the IVP is

1 1 1 1
y(t) = 5 cos 2t + 3 sin(2t — 8m)ug, (t) = 5 cos 2t + 3 sin(2t) ugr (t) .

0.6 A

AL
cRTAIAY

-0.6

8.(a) Taking the Laplace transform of both sides of the ODE, we obtain
s2Y (s) — sy(0) — y'(0) + 4Y (s) = 2~ (/D
Applying the initial conditions,
s2Y (s) +4Y (s) = 2~ (7D,

Solving for the transform,
9 e—(m/4)s

Yi(s) =
(s) 5244

Applying Theorem 6.3.1, the solution of the IVP is

y(t) = sin(2t — g)uﬂ Ja(t) = — cos(2t) g /a(t) .

0.5 4

—0.5 -
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9.(a) Taking the initial conditions into consideration, the transform of the ODE is

—(7/2)s —27s
Y (s)+Y () = ——— +3e" (/D 2

s
Solving for the transform,

v ) e—(Tr/Q)s N 36—(37r/2)s e—27rs
() = s(s?2+1) s2+1 s(s2+1)°

Using partial fractions,
1 1 S

s(2+1) 5 2417
Hence
e—(7/2)s  go—(x/2)s  g,—(3m/2)s  ,—2ms g ,—2ms
s s24+1 + 241 s +52+1'
Based on Theorem 6.3.1, the solution of the IVP is

S) =

3
Y(t) = uro(t) — cos(t — g)uﬂ/g(t) + 3 sin(t — ?ﬂ-)ugﬂm(t) — Ugr (t) + cos(t — 2m)ug. ().
That is,

y(t) = [1 = sin(t)] wr/a(t) + 3 cos(t) ugn/2(t) — [L — cos(t)] uar(t) -

(b)

N

10.(a) Taking the transform of both sides of the ODE,
e 1
25%Y (s) + sY (s) +4Y (s) = / e ot — %) sin tdt = 3 e~ (m/6)s,
0

Solving for the transform,
—(m/6)s
e
Y($)= .
() 2(2s%2 4+ s+ 4)

First write

1 1
_ 1
20252 +s+4)  (s+1)2+

‘oa
ol=

1
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It follows that

1 31
ﬁe_(t_ﬂ/ﬁ)/zl : sing(t - %)uﬂ/e(t)-

0.12
0.10 o
0.08 +

0.06 —

0.04
0.02
o /\ ]
1 10 15
-0.02 o z

-0.04 A

—-0.06

11.(a) Taking the initial conditions into consideration, the transform of the ODE is

s2Y(s) +2sY(s)+2Y(s) = + e (/s

s2+1

Solving for the transform,

Y(s) =

Using partial fractions,

s e—(Tr/Q)s

(s24+1)(s?+2s+2) +32+25+2'

] 1 s n 2 s+ 4
(s2+1)(s2+25+2) 5 [s2+1 s2+1 s2+25+2]°

We can also write

s+4  (s+1)+3
$2+254+2 (s+1)2+1°
Let s
R A e sy
Then

1 2 1
L7 Y1(s)] = £ costJrg sintfge*t [cos ¢+ 3 sin t].

Applying Theorem 6.3.1,
—(w/2)s
—1 € (=) . 71'
£ [w} =8 sin (1= 5) wepa(t).
Hence the solution of the IVP is

1 2 1 x
y(t) = £ cos t+ E sin t — 3 e"t[cos t + 3 sin t] — e %) cos(t) Ur 2(1) -
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0.4 +
0.3 4
0.2 1

0.1 4

—0.1
~0.2 -
-0.3 4

~0.4 -

12.(a) Taking the initial conditions into consideration, the transform of the ODE is
s'Y(s) = Y(s) =e .
Solving for the transform,

Y(s) = a1

Using partial fractions,

11 1 1
-1 2|s2—-1 s2+1]°

It follows that

1 1 1
! {54—1} zisinht—isint.

Applying Theorem 6.3.1, the solution of the IVP is

y(t) = % fsinh(t — 1) — sin(t — 1)] ur (£).

~
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14.(a) The Laplace transform of the ODE is
2 1 s
s*Y(s) + 25 Y(s)+ Y(s)=¢e".

Solving for the transform of the solution,

67«5‘

V()= — o
(s) $24+s/2+1

First write
1 1

s24+5/2+1  (s+3)2+17

Taking the inverse transform and applying both shifting theorems,

4 1
= ~(=D/4 gip ?(t —Duy(t).

y(t) = ﬁe

0.6 o
0.4 4

0.2 4

~0.2 4

(b) As shown on the graph, the maximum is attained at some ¢; > 2. Note that
for t > 2,

4
2 D/ gy V15
V15 4

Setting y'(t) =0, we find that ¢; ~ 2.3613. The maximum value is calculated as
y(2.3613) ~ 0.71153.

y(t) = (t—1).

(c) Setting v = 1/4, the transform of the solution is

—S

e

Yol = gras1

Following the same steps, it follows that

8 s YT 1
W =5 - D).
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0.8 4

0.6 +

0.4 +

-0.2 4

~0.4 -

Once again, the maximum is attained at some t; > 2. Setting y'(¢) = 0, we find
that ¢, &~ 2.4569, with y(¢1) ~ 0.8335.

(d) Now suppose that 0 < v < 1. Then the transform of the solution is

Y(s§) = ———.
() s2+vs+1
First write

1 1

Zrys+1  (s+7/22+ (1—12/4)

It follows that

h(t) =71 { ! ] = 42 = eM’t/Qsin(\/l —2/4 - t).

$24+ys+1 —

Hence the solution is
y(t) = h(t =D (t).
The solution is nonzero only if ¢ > 1, in which case y(t) = h(t — 1). Setting y'(t) =

0, we obtain
1
tan {\/1 —2/4 - (t— 1)} = /4 -2,
Y

that is,

tan [m.g_l)} 5
J1-7%/4 v

As v — 0, we obtain the formal equation tan(t — 1) = co. Hence t; — 1+ F. Set-
ting t = 7/2 in h(t), and letting v — 0, we find that y; — 1. These conclusions
agree with the case v = 0, for which it is easy to show that the solution is

y(t) = sin(t — 1) uy(t) .

15.(a) See Problem 14. It follows that the solution of the IVP is

4k 1yya . V15
y(t) = ﬁe (t=1/4 gin T(t —Du(t).
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This function is a multiple of the answer in Problem 14(a). Hence the peak value
occurs at t; = 2.3613. The maximum value is calculated as y(2.3613) ~ 0.71153 k.
We find that the appropriate value of k is k; = 2/0.71153 ~ 2.8108.

(b) Based on Problem 14(c), the solution is

8k 3V7
t) = ——e /B gin X2t — 1wy (t).
Since this function is a multiple of the solution in Problem 14(c), we have that
t1 &~ 2.4569, with y(t1) ~ 0.8335k. The solution attains a value of y =2 when
k1 = 2/0.8335, that is, ki ~ 2.3995.

(¢) Similar to Problem 14(d), for 0 < v < 1, the solution is

y(t) = h(t —1)w(t),
in which

h(t) = \/% e " 2sin(\/1 —~2/4 - t).

It follows that t; — 1 — 7/2. Setting ¢t = 7/2 in h(t), and letting v — 0, we find
that y1 — k. Requiring that the peak value remains at y = 2, the limiting value
of k is ky = 2. These conclusions agree with the case v = 0, for which it is easy
to show that the solution is

y(t) =k sin(t — 1) uy(t).

16.(a) Taking the initial conditions into consideration, the transformation of the
ODE is
1 —(4—k)s —(4+k)s
Y (s) + Y(s)zzk[e - € }

S S

Solving for the transform of the solution,

1 —(4—k)s —(4+k)s
Y(s)= — | = - .
2k |s(s2+1) s(s2+1)
Using partial fractions,
s
s(s2+1) s s241°
Now let
1
h(t) =Lt |—5—=| =1—cost.
“ [8(82 - 1)] “

Applying Theorem 6.3.1, the solution is

gi)(t s k) = % [h(t —4 4+ k) u4,k(t) - h(t —4 - k) u4+k(t)] .
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That is,
Bt ) = 5 [ua (t) = wasn(t)] -
- i [cos(t — 4+ k) ug—g(t) — cos(t — 4 — k) ugy(t)] .

(b) Consider various values of t. For any fixed t < 4, ¢(¢,k) = 0, aslongas4 — k > t.
Ift >4, then for 44+ k <t,

(;S(t,k):—%[cos(t—él—i-k)—cos(t—4—k)].

It follows that

t—4+k)—cos(t —4—k
lim 6(t, k) = lim — S =4 F k) — cos( )
k—0 k—0 2k

=sin(t — 4).

Hence

khino o(t, k) =sin(t — 4) uq(t).

(¢) The Laplace transform of the differential equation
y"+y=96(t—4),
with y(0) =y’(0) =0, is
S2Y(s) + Y(s) = e 5.
Solving for the transform of the solution,

6745

Y(s)=——.
() s24+1

It follows that the solution is ¢g(t) = sin(t — 4) u4(t) , and this means that

lim 6(t, k) = o(t).

(d) We can see the convergence on the graphs.

19

0.5 4

-0.5
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18.(b) The transform of the ODE (given the specified initial conditions) is
20
s2Y(s)+ Y(s) = Z (—1)kFte=hkms,
k=1
Solving for the transform of the solution,
20

1
Y _ -1 k+1 —kﬂ'S.
0= 7 Ve

Applying Theorem 6.3.1, term-by-term,

20 20

y(t) =Y (D sin(t — k) uge (t) = —sin(t) - Y upe(t).

k=1 k=1

o Vovf\f\/)[\, LU
ki

~10 4

(¢) For t > 207, y(t) = —20sint.

19.(b) Taking the initial conditions into consideration, the transform of the ODE
is

20
82 Y(S) + Y(S) _ Z e—(kﬂ'/2)s.
k=1

Solving for the transform of the solution,
20

V)= gy e

2
s+1 =

Applying Theorem 6.3.1, term-by-term,

20 ke
y(t) = Z sin(t — 7) Uk 2(t) -

k=1
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0.8

0.6 4

0.4 4

0.2 4

(c) For t > 107, y(t) = 0.

20.(b) The transform of the ODE (given the specified initial conditions) is

20
52 Y(S) + Y(S) — Z(il)k+1€7(kw/2)s'
k=1

Solving for the transform of the solution,

Applying Theorem 6.3.1, term-by-term,

y(t) = Z (=1)* L sin(t — I%T) Uk 2(t) -

0.5

-0.5

(c) For ¢t > 107, y(t) = 0.

22.(b) Taking the initial conditions into consideration, the transform of the ODE
is
40
32 Y(S) + Y(S) — Z (_1)k+167(11k/4)s.
k=1
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Solving for the transform of the solution,

40 (11k/4)s

Y(s)= S (-1

2
= s4+1

Applying Theorem 6.3.1, term-by-term,

40

y(0) = D2 (1R sint— ) unna(h)
k=1

A

(c) For ¢t > 110,

40
11k
y(t) => (=1)*sin (t - 4) ~ —5.13887 cos(56.375 — t).
k=1

23.(b) The transform of the ODE (given the specified initial conditions) is

20
Y (s)+0.1sY (s) + Y(s) = »_(—1)FFlehm

k=1

Solving for the transform of the solution,
20 eflwrs

Y =
(®) ];132+01s+1
First write
1 B 1
s24+0.1s+1  (s+ )2+ 329"

It follows that

£t ! _ 2 e~ t/20 Sin(i399 t)
$240.1s+1 v/399 20
Applying Theorem 6.3.1, term-by-term,

20

y(t) = 3 (DMt — k) wen (1),

k=1
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in which
h(t) = ie_t/zo sin(ﬁ t).
V399 20

J\M ! M/\/\/\
Uv ) VWWV

(c) For t > 20m, each term in the sum for y(¢) will contain a decaying exponential
term multiplied by a bounded term. Thus y(t) — 0.

24.(b) Taking the initial conditions into consideration, the transform of the ODE
is
15

s2Y(s) +0.1sY (s) + Y(s) = Z o—(2k—1)ms
k=1

Solving for the transform of the solution,

15 2k—1)7s

—~

e

Y(s) = B
(s) ; 2+01s+1

As shown in Problem 23,

o { 2+011 +J = Ve gy
S 1s

7595 i (Tot)

Applying Theorem 6.3.1, term-by-term,

15
y(t) =D bt = (2k = )7 ugar_1)=(1),
k=1

in which
h(t) = 20 -0 sm(igg t)
V399 20 7
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o
o

(c) For t > 297, each term in the sum for y(¢) will contain a decaying exponential
term multiplied by a bounded term. Thus y(t) — 0.

2. Let f(t) = e'. Then
t t
(f * 1)(t)=/ et_T-ldT:et/ e Tdr =e' — 1.
0 0
3. It follows directly that

t 1 st 1

(f =)= / sin(t — 7) sin(7) dr = 3 / [cos(t — 27) — cos(t)]dT = §(Sint —tcost).
0 0

The range of the resulting function is R .

5. We have £[e~!] =1/(s+ 1) and £ [sint] = 1/(s*> + 1). Based on Theorem 6.6.1,

t 1 1 1
—(t—7) o = . =
£ Uo e Teinlr) dT} s+l @+1 (s+1)(s2+1)

6. Let g(t) =t and h(t) = e'. Then f(¢t) = (g * h) (t). Applying Theorem 6.6.1,

e[ 3 e iy

7. We have f(t) = (g * h) (t), in which g¢(¢) =sin ¢t and h(t) = cos t. The trans-
form of the convolution integral is

. [/Otg(tT)h(T)dT] - 3211 ' 5211 - (s2i1)2'

9. It is easy to see that

E_l{ ! }:e_t and E_l{

s
s+1 244

} = cos 2t.
s
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Applying Theorem 6.6.1,

t
1 S _ —(t—7) 5 9
L {(s 12 _’_4)} /0 e cos 27 dT .

10. We first note that

1 1 1
£t [} =te ! and 7! { } = —sin 2¢.

(s+1)2 s2+4 2
Based on the convolution theorem,
1 I
LY e—m———————| == t—7)e " gin 27 d
[(3—!—1)2(52—!—4)} 2/0( T)e sin 27 dr
1

t
zf/ Te Tsin(2t — 27)dr.
2 Jo

11. Let g(t) = £7[G(s)]. Since £7*[1/(s* 4+ 1)] = sin ¢, the inverse transform of
the product is

! Lf(j)l} :Atg(t—T) sin 7 dr = /Otsin(t—T)g(T) dr.

12.(a) By definition,
t
f*g:/ (t—7)"r"dr.
0

Set 7 =t —tu, dr = —tdu, so that
t 0 1
/ (t—m)"r"dr = —/ (tu)™(t — tu)™ t du = t™ " T! / u™(1—u)" du.
0 1 0

(b) The Convolution Theorem states that £[f x g] = £[f] - £[g]. Noting that

k!

it follows that

I ! n ot
m.on :(m+n+ ) / w1 —u)" du.
0

Sm—i—l sm—i—l Sm+n+2
Therefore )
In!
/ u" (1 —u)"du = _ment
0 (m+n+1)!
(c) If k is not an integer, we can write
I'k+1)
it = =

and

sm+1 SnJrl - sm+n+2

'(m+1) T(n+1) T(m+1) /1 (1 — )" du,
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SO

L n gy~ Lm+ 10 +1)
/Ou (1—w)"du= Tm+nt2)

13. Taking the initial conditions into consideration, the transform of the ODE is
s2Y(s) — 1+ w?Y(s) = G(s).

Solving for the transform of the solution,

1 G(s)
24+ w? 2+ w?

As shown in a related situation, Problem 11,

£ {G(S)} - 1/0t sin(w(t — 7)) g(7) dr .

Y(s) =

52 + w? w

Hence the solution of the IVP is

y(t) = % sin(wt) + é /o sin(w(t — 7)) g(r) dr.

15. The transform of the ODE (given the specified initial conditions) is
4s?Y (s) +4sY (s) + 17Y (s) = G(s).
Solving for the transform of the solution,
G(s)
Y(s)= ——————.
)= rast 1w
First write
1
1 _ 1
42 +4s4+ 17 (s+2)2+4"

Based on the elementary properties of the Laplace transform,
1 1
Ll —————— | = e /?sin 2t.
{432—1—43—1— 17] gt W
Applying the convolution theorem, the solution of the IVP is

1

¢
y(t) = g/ e~ /2 gin 2(t — 1) g(7) dr .
0

17. Taking the initial conditions into consideration, the transform of the ODE is
$2Y(s) =25+ 3+4[sY(s) — 2] +4Y(s) = G(s).
Solving for the transform of the solution,

2545 Gls)
YO =52 T e

We can write
25+ 5 2 1

(s+2)2 st2 " (s+2)2°
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It follows that

2 1
-1 -2t -1 _ =2t
L |:S—|—2:| = 2e and L |:(S—i—2)2:| =te .

Based on the convolution theorem, the solution of the IVP is

t
y(t) =2 2 4 te 2 4 / (t —7)e 2g(7) dr .
0

19. The transform of the ODE (given the specified initial conditions) is
'Y (s) — Y(s) = G(s).

Solving for the transform of the solution,

First write

1 1] 1 1
st—1 2(s2-1 s2+41
It follows that

1 1
£1{ _1] 2[Slnht—s1nt]

Based on the convolution theorem, the solution of the IVP is
1 t
y(t) = 3 / [sinh(¢t — 7) — sin(t — 7)] g(7) dT .
0

20. Taking the initial conditions into consideration, the transform of the ODE is
s'Y (s) — 8% +552Y(s) — 5s +4Y(s) = G(s).

Solving for the transform of the solution,

s34+ 5s G(s)
(s24+1)(s2+4)  (s2+1)(s2+4)
Using partial fractions, we find that

s34+ bs _ 1] 4 s
(s2+1)(s2+4) 3 [s2+1 s2+4

Y(s) =

and

1 1 1 B 1
(s2+1)(s2+4) 3 [s2+1 s2+4]°
It follows that

5) 1
El[( 5(5° + Obt—*COSQt,

52 +1) 82—1—4]
and
[l -
(s

fsmt—fsm%
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Based on the convolution theorem, the solution of the IVP is

4 1 I :

y(t)=-cost— - cos 2t+ = [ [2sin(t —7) —sin 2(t — 7)] g(7) dT.

3 3 6 Jo

22.(a) Taking the Laplace transform of the integral equation, with ®(s) = £ [4(t)],
1 2
P — - ®(s) = ——.
() 5 0 = 5

Note that the convolution theorem was applied. Solving for the transform ®(s),

252
P(8)= —5+—-.
&)= E e
Using partial fractions, we can write
252 2 4 1
(s2+1)(s2+4) 3 [s2+4 s2+1]°

Therefore the solution of the integral equation is

4 2
gf)(t):g sin Qtfg sin ¢ .

(b) Differentiate both sides of the equation, we get

t
P (t) + (t —t)p(t) + / P(§)dE = 2 cos 2t.
0
Clearly, t —t = 0, so differentiating this equation again we obtain
" (t) + ¢(t) = —4sin 2t.
Plugging ¢t = 0 into the original equation gives us ¢(0) = 0. Also, t = 0 in the first
equation here in part (b) gives ¢'(0) = 2.
(c) Taking the Laplace transform of the ODE, with ®(s) = £ [4(t)],

8

2 —

Solving for the transform of the solution,

D(s) =

252
GESIEEE
This is identical to the Laplace transform we obtained in part (a), so the solution

will be the same.

23.(a) Taking the Laplace transform of both sides of the integral equation (using
the Convolution Theorem)

It follows that
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and
s

o(t) = L7 L‘2+1

]cost.

(b) Differentiating both sides of the equation twice, we get

o(1) + /0 6(€) de =0,

and then ¢”(t) + ¢(¢t) = 0. Plugging ¢ = 0 into the original equation and the first
equation above gives ¢(0) = 1 and ¢’(0) = 0.

(c) The function ¢(t) = cost clearly solves the initial value problem in part (b).

25.(a) The Laplace transform of both sides of the integral equation (using the
Convolution Theorem) is

2s 1
(I) —_ @ =
(8)+ 572 =117
Solving for ®(s):
s2+1
)= Groe
Rewriting,
s+1)2—2(s+1)+2 1 2 2
b CTV st 12 |
(s+1)3 s+1 (s+1) (s+1)3
The solution of the integral equation is
1 2 2

(b(t):ﬁ_l[ } =e ' —2te 4127,

s+1 (s+1)2+(s+1)3

(b) Differentiating both sides of the equation twice, we get

t
#(0)+20(0) ~ 2 [ sinlt - 0(6) ds =~
0
and then
t
8(6)+20(0) ~ 2 [ coslt — )o(e)de e,
0
Using the original equation, we can convert the second equation to

@ (t) +2¢'(t) + B(t) = 27",

Plugging t = 0 into the original equation and the first equation above gives ¢(0) = 1
and ¢'(0) = —3.

(c) It is easily confirmed that the function ¢(t) = e~t — 2te=t +t2e~* solves the
initial value problem in part (b).
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27.(a) Taking the Laplace transform of both sides of the integro-differential equation
1

52

s@(s)flfsisq)(s) =

Solving for ®(s):

s
(I) =
(5) s24+1
Taking the inverse Laplace transform,
¢(t) = cos t.

(b) Differentiating both sides of the equation three times, we get

6 (t%/o (t— €)p(€)de = 1,
then .
b (t)_/o o(6) de = 0,

and then ¢ (t) — ¢(t) = 0. Plugging ¢t = 0 into the original equation and the first
two equations above gives ¢'(0) =0, ¢”'(0) = —1 and ¢"”(0) = 0.

(c) It is easily confirmed that the function ¢(t) = cost solves the initial value prob-
lem in part (b).

28.(a) The Laplace transform of both sides of the integro-differential equation is

1
O(s) — 1+ P(s) = 5—— P(s) .
$0(s) — 1+ B(s) = 5 0()
Solving for ®(s):
s? 41 1 1
s(s24+s+1) s (s2+s+1)
Note further that

1 1 2 V3 /2

(2+s+1) (5+1/22+3/4 3 (s+1/22+3/4°

Taking the inverse Laplace transform,

o(t)=1- %e‘t/z sin(? t).

(b) Differentiating both sides of the equation twice, we get

&(6) + & (1) — /O cos(t — €)$(€) dé =0,
and then .
(1) + ¢ (1) — O(t) + / sin(t — €)6(¢) dé = 0.
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Using the original equation, we can convert the second equation to
¢"(t) + ¢"(t) + ¢'(t) = 0.

Plugging t = 0 into the original equation and the first equation above gives ¢’(0) =
—1 and ¢”(0) = 1.

(¢) It is easily confirmed that the function ¢(t) = 1 — (2/v/3)e /2 sin(v/31/2) solves
the initial value problem in part (b).

29.(a) First note that
i) P O
A vb—ydy_<v@ f>®)

Take the Laplace transformation of both sides of the equation. Using the convolu-
tion theorem, with F(s) = L[f(y)],

It was shown in Problem 31(c), Section 6.1, that

[)-vE

Hence

and

Taking the inverse transform, we obtain

Ty [2g

f() V7

(b) Combining equations (i) and (iv),

2978 _ |, (d ?
2y dy)

Solving for the derivative dz/dy,

dr  [2a—y
dy y

in which o = gT¢/n2.

(c) Consider the change of variable y = 2« sin?(f/2). Using the chain rule,

dy . do
e 2 sin(0/2) cos(6/2) - e
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and
s _ 1 s
dy 2o sin(0/2)cos(0/2) db -
It follows that
d 2(0/2
CTZ = 2 sin(0/2) cos(6/2) M =2a cos?(0/2) = a+ a cos 6.
Direct integration results in
z(0) =ab+asin+C.
Since the curve passes through the origin, we require y(0) = x2(0) =0. Hence

C =0, and z(f) = af + « sin §. We also have
y(0) = 2a sin?(0/2) = a — v cos 6.
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