1. WORKSHEET SEP 8

Definition 1.1. Suppose X C C. We say X is disconnected if there exist open sets
A, B C C such that
X C AUB
ANB = ©
ANX,BNX # .

We say X 1is connected if it is not disconnected.

Exercise 1.1. Suppose x,y € C, and x < y. Show that there exists a z € C such that
r<z<uy.

Exercise 1.2. Let (a,b) be a nonempty open interval. Convince yourself that (a,b)
is infinite.

Exercise 1.3. Suppose x € C. Show that x is a limit point of C.
Exercise 1.4. Let [a,b] be a nonempty closed interval. Show that [a,b] is connected.

Proof. We begin by showing that (—oo,b] is connected. Suppose (—oo,b] is discon-
nected. Then there exist open sets A and B disconnect (—oo,b]. Without loss of
generality b € B. Define A’ = AN (—o0,b) and B = B U (b,00). By theorems 3.7
and 3.10, A’ and B’ are open. One can check that

ANB =ANnB=9v

and A, B # @. Moreover

AuB=C
so these sets disconnect the continuum, which contradicts the connectedness axiom.
Therefore (—oo,b] is connected.

Now suppose [a,b] is disconnected. Then there exist open sets U and V' which
disconnect [a,b]. Without loss of generality, a € U. Then let U’ = U U (—o0, a) and
V' =V N (a,00). As above, one can check that U’, V" are open, U' NV’ = &, and
U'N(—00,b], V'N(—o0b] # @. Moreover (—oo,b] C U'"UV’, so U" and V' disconnect
(—o0, b]. But this contradicts the first part of the proof, and hence [a, b] is connected.

O

Exercise 1.5. Let (a,b) be a nonempty open interval. Show that (a,b) is connected.



