PIB

Preliminary Examination é / (3‘7’
Partial Differential Equations / '
May 2004 f
Instructions

This is a three-hour examination. You need to solve a total of five problems. The exam is divided
into two parts. You must do at least two problems from each part. Please indicate clearly on
your test papers which five problems are to be graded. You should provide complete and detailed
solutions to each problem that you work. More weight will be given to a complete solution of
one problem than to solutions of the easy bifs from two different problems. Indicate clearly what
theorems and definitions you are using.

PART ONE

1. Let B = {z: |z} <1} C R™. Suppose u is twice continuously differentiable on B, continuous
on the closure of B, Au=—11in B, and u > 0 on 0B. Show that
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51— la*) < u(e) < max{u(y) : [y} =1} + (1 - =)
for all z € B (as usual Au denotes the Laplacian of u).

2. Given u(z,t) = zt3/? exp [~ /4t] when (z,t) € {(y,s) €R* 1y > 0,5 > 0}.

(a) Prove that u; = Uy, when x > 0, ¢ > 0.
(b) Find lim u(z,t) when ¢t > 0 and limu(z,t} when z > 0. "
a—0 t—0

{¢) Does the boundary value problem

U = ¥Upy When x > 0,1 >0,
v(z,0} =0 when z > 0, =0
v(0,t) =0 whent > 0,z =0

have a unique solution?

3. Use the method of characteristics to solve (locally) the first order Hamilton - Jacobi partial
differential equation:

Uy, Ug, = ¥ I V = {(B1,22) : 21 € (0,00), 23 € R}

u(0, z2) = 75 on V.
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4 Let U= {(z,t) : = € R3,t € (0,00)} and suppose that u € C*(U) NCHT) is a solution to the
following wave equation:
g — Au=fin U
u(z,0) = ¢(z) for x € R?

wy(x, 0) = {z) for z € R®.

Here f € CP(U) and ¢, ¢ € C(R?). Assuming ‘ appropriate decay of « on time slices in a
neighborhood of oo, ” use the energy method to derive the following estimate:

E®)Y? < E(0)/? +41/2 ( fR | f(m,s)|2dwds)1/2.

2% [0,1]

where if Vi = (Ug,, Ug,, Us, ), then

B) = [ (Vulf+ uf) (e, o

and

BO) = [ (V4 + o))

PART TWO

1. Let B, = {y € R": |y| < r} and suppose that u € W*'(B,) N C'(B;).

(a) Show there exists, ¢, 1 < ¢ < 00, such that

lu(z) —ug,| < cf M dy, whenever © € B,.
B, |z —y"™

Here up, = |B,|™" [, wudy is the average of u over B, and Vu = (g« -y U )

(b) Civen that smooth functions in B, are dense in W"'(B,). Use (a) to prove Poincare’s
inequality for B, and p=1: If v € Wh(B,), then for some ¢, 1 < ¢ < o0,

o —vg, |lpis,) < dr||Volls,).

(c¢) Prove or disprove: There exists, & 1 < &< oo, such that if v € WH1(B,), then

vllzaca,y < Er||Vo||Li(s,)-
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2. Suppose u € HY(£)) where Q is a bounded open set in R™. Show that

for each ¢ € C§°(?) if and only if,

f|Du12 dmg/wvmm
Q Q

for each v € HY(Q) such that u — v € H3(£).

. Given f € L2(R"), u € H'(R™) with compact support, b € C*(—00, co} with b(0) = 0, and

¥ > 0 on {—o0, 00). Also suppose that u is a weak solution on R™ to
Lu(z) = —Au(z) + b(u(z)) = f(z), z € R",

Use the method of difference quotients to prove that u € H2(R™).

4. Let (ay(z),1 < 4,7 < n) be an n by n symmetric matrix with coeflicients in CY(U), where

[/ C R™ ig a bounded open set,

{(a) What is meant by the phrase, (a;;), are uniformly elliptic on U?
(b) Show that if w € C*() N C(U) is a solution to

n

Lw(z) = Z i () Woyo, () = 0 for all z € U,

ij=1

where (ay;) are uniformly elliptic on U, then maxw = max w.
i




