PRELIMINARY EXAMINATION IN PARTIAL DIFFERENTIAL EQUATIONS

3 June 2013
Instructions

This is a three-hour eXamination. The exam is divided into two parts. You should
attempt at least two questions from each part and a total of five questions. Please
indicate clearly on your test paper which five questions are to be gra.de'd. .

Provide complete solutions to each problem and give as much detail as possl ef
More weight will be given to 5 complete solution of one problem than to solutions o

the easy bits from two different problems. Indicate clearly the theorems and defini-
tions you are using,



PArT I

Throughout t,
radius 7. We use }Es i);ai;l B(z,r) denotes the open ball in R™ with center z and

use A =Y"_ D2 tod ote the partial derivative with respect to a variable s. We
cradient on Jﬁ}l z; t0 denote the Laplacian and D = (Dgy,. .., Dz,) to denote the

1. Use d’Alembert’s formula, to find a solution of

D}u— DZu =0, (z,t) € R?
u(z, 0) = cos(2z), zeR
w(z,0) =0, zeR.

2. Suppose that v is in C2(B(0,1)) and solves
{ Au=f, in B(0,1)
lu=0 ‘on 8B(0,1).
Show. that
| lu(z)| < gﬁsup |f1, x € B(0,1).
Hint: Use that A(|z|? — 1) = 2n.

3. Let u € C(B(0,1) be givén by the Poisson integral on the unit ball

u(z) = L= al? /a _u_(yl)_ do(y), z € B(0,1).

Wn—1 sy 12— Y[ ‘

Here w,—1 is the surface area of the unit ball and do is surface measure. Prove
that if » > 0 in B(0, 1), then

sup u<C inf wu
B(0,1/2) B(0,1/2)

where the constant C depends only on the dimension. Your proof should give

an explicit value for C.

4. Let u be a srﬁooth solution of the wave equation DZy— Au=0in R™ and

suppose that
u(z,0) = Dyu(z,0) = 0, |z] £ 1.

Prove that u = 0 in the set {(z,t) : |z] £1-¢, 0<t< 1}.




Part 11
5. Let B+(0,'r) = B(0,r

1 {5 : Wwl2(B*(0,1)) and
define 4(z) by )N{z:z, >0} forr>0. Letue€ (B*(0,1))
i(z) = { u(z), z € B¥(0,1)
u(xl, —xn), Ie B(O, 1) N {:t:n < 0}

(a) Show that 4 W1t2(B(0,1)).

®) g%:(.}%af(tof‘) to show that there exists a sequence of functions {um} C

6. The Newtonian capacity of a compact set K C B(0,1), denoted by N(K), is

dgf}llled as follows. Let F = F (K) be the collection of functions ¢ in Wi2(R")
With ¢ =1 on K and ¢ = 0 in R™\ B(0,2). Then

N(K) = gg;/R D[ ds.

(a) gﬁ;)w that the Newtonian capacity of the closed unit ball N(B(0,1)) is
te.

(b) Use the Poincaré inequality to show that the the Newtonian capacity of
the closed unit ball N(B(0,1)) is positive.

7. Prqve the Gagliardo-Nirenberg-Sobolev inequality on R3: If « is in the Sobolev
space wii (RS), then “U“L:s/'z(Rz) < C“DUHLl(Ri’)-
8. Consider the elliptic operator L on given by

3 : 3
Lu=— Z Dzjajk(sc)D:ku + Z bjD,;ju.

Jk=1 7=1

Suppose that L acts on functions in W?(B(0,1)) with B(0,1) C R3.

(a) Write the bilinear form B corresponding to the operator L.

(b) Assume the coefficients {aj : j,k = 1,...,3} are in L*°(B(0,1)) and the
’ coefficients {b; : 5 =1,...,3} lie in L3(B(0,1)). Show that the form B is
bounded on the Sobolev space Wy?(B(0,1)).

(c) Suppose that in addition to being bounded, the coefficients {a;x} also
‘satisfy the ellipticity condition,

3 :
Z aibile > MNEP2, z€B(0,1),£eR”
Jk=1

for some A > 0. Show that the form B will be coercive on Wé'z (B(0,1)) if
each of the coefficient functions b; is small in L3(B(0,1)).
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1/2)) which converges to u|p+(0,1/2) in the norm of W2(B*(0, 1/2)).



