. _Preliminary Examination
In Partial Differential Equations

June 2019

Instructions

This is a three-hour examinatijon. You are to work a total of five problems. The
exam is divided into two parts. You must do at least two problems from each
part.

Please indicate clearly on your test papers which five problems are to be graded.
You should provide complete and detailed solutions to each problem that you w9rk.
More weight will be given to a complete solution of one problem than to solutions

of the easy bits from two different problems. Indicate clearly what theorems and
definitions you are using.
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PART ONE
Problem 1.
Let €2 be a open set in RY and u € C?(Q). We say u is subharmonic in  if
‘ -Au<0 inQ.
(1) Prove that if u is subharmonic in Q, then

1
G o———
u(z) < B@ ) Joen udy for all B(z,r) CC-Q.

(ii) tﬁ}xlssume that Q2 is bounded. Prove that if u is subharmonic in Q and u € C(Q),
en

max ¥ = max u.
1) a0

Problem 2.

(1) Let u be a harmonic function in R?. Suppose that there exist constant C' and
nonnegative integer k such that

lu(z)| < C(|z| + 1)* for all z € RY.

- Show that u is a polynomial of degree k or less.

(ii) Let H denote the vector space of all polynomials P(z) with real coefficients
and of degree k or less such that AP = 0 in R%. Find the dimension of Hj
in the case k =d = 2.

Problem 3.
Consider the heat equation
1) {%—AU:O in R? x (0, 00),

u(z,0) = g(z) for z € RY,
where g : R® — R is continuous and bounded.
(i) Find a bounded solution of (1), i.e., a solution satisfying

() sup |u(z,1)| < oo.
z€R4,t>0

Is your solution unique among all solutions satisfying the condition (2)?
(ii) Find an explicit constant C that only depends on g so that your solution

tisfies
52 lu(z, )| < C

for all (z,) € R? x (0,00)-
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Problem 4.
4.
thi-eixtu? ;é‘) be a bounded, smooth domain with outward unit normal n. Consider
-boundary valye problem for the wave equation,
r 623
E;—Au=f in ) x (0,0c),
du
3) Y5 m0 =0 for (z,1) € 30 x [0,00),
du,
L'u(:l:, 0) = g(z), 5:(2:, 0)=h(z) forzen.

Show that (3) has at most one classical solution in C%([0, oc) x 02).
PART TWO

In the following we assume that the d x d matrix (a:5()) is real and satisfies the
uniform ellipticity condition,

d
“) Z @5(2)&&5 > plé?  for ae. z € R and for any £ €R®,
ii—1
where u > 0. Thedomainﬂi:nR‘iisamlmedtobebounded,wnnected,andim
boundary is smooth

Problem 5.
Let 1 < p < co. Show that Wi?(R9) = Wi2(R9).

Problem 6.
(ii) Consider
d
i g ou
L(u) = _sz=:1 oz (ﬂu(l‘)a—rj) + ¢(z)u,
where the matrix (o;;) satisfies the ellipticity condition (4), and a,¢ €
L>=(R%). Show that there exists A > 0, depending only on d, p, lia35} Loogeeys
and 0, such that for any F € H'(9), the Dirichlet problem
L(u)=F in Q,
{ u=0 on J9,
has a unique weak solution in Hj(€), provided
c(z)> -2 forae z€Q.
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Problem 7. Let

P

d

0 0
o= g ().
where a;; € L*(Q) and satisfies the uniform ellipticity condition (4). Let u € H'()
be a weak solution of £(u) = 0 in 2. Show that

/ [Vu|*[¢|? dz < C/ [u*| VY| dz

a Q

for any ¢ € Cj(€2), where C depends only on d, y, and ||a;; || ze()-
Problem 8. Let » € C?(2) N C(Q) be a solution of

: 0%u
= Z @J(I)M + c(m)u =0 in Q,

ij=1 J
(z)) is a real symmetric matrix satisfying the ellipticity condition (4), and
ij, ¢ € C(R). Assume c(z) > 0 in Q. Show that

where (a;;

max |u| = max |ul.
a | ea



