Math 654 - Algebraic Topology
Homework 9
Fall 2015

1. (Adjoint functors) A pair of functors L : ¢ == Z : R is said to be an adjoint pair if there is
a bijection
Hom(L(X), Y) 2 Homy (X, R(Y))

that is natural in both X € ¥ and Y € 2. The functor L is called the left adjoint, while R
is the right adjoint.

(a) Show that for any abelian group A, the functors
(-)®A:Ab = Ab : Hom(A, —)

are an adjoint pair.

(b) Show that any left adjoint automatically preserves coproducts. That is, show that
there is an isomorphism L(]]; X;) = [1; L(X;).

(c) Show that any left adjoint preserves pushouts. That is, the diagram

L(A) L(Y)
L(X) —= L(X1I,Y)

is automatically a pushout diagram.

2. (a) Show that abelianization (—),, : Gp — Ab is left adjoint to the inclusion Ab —»
Gp.

(b) Use this to show that if N < G, then (G/N),, = G/ Nyp.

3. (a) Show that the free abelian group construction Z{—} : Set — Ab is left adjoint to
the “forgetful functor” U : Ab — Set that forgets the group structure and remem-
bers only the underlying set.

(b) Conclude that Z{A[]B} = Z{A} ® Z{B}.
(c) Show that Z{A x B} = Z{A} ® Z{B}. (Hint: U(Hom(Z(Y), A)) = AY))



