
Math 751 - Vector Bundles
Homework 1

Fall 2018

1. Let p : E −→ B be a vector bundle of rank n. Suppose that U, V ⊆ B are overlapping
open subsets on which the bundle is trivial. Then the composition

(U ∩V)×Rn ϕ−1
U−→ p−1(U ∩V)

ϕV−→ (U ∩V)×Rn

is of the form
(x, v) 7→ (x, gU,V(x)v),

where gU,V : U ∩ V −→ Gln(R) is continuous. (These are called transition functions.)
Show that these transition functions satisfy

(a) gU,U = id

(b) gV,U = g−1
U,V

(c) gV,W gU,V = gU,W .

2. Let B have a covering by open sets {Uα} and let {gα,β : Uα ∩Uβ −→ Gln(R)} be continu-
ous maps satisfying (a)-(c) above. Define E by

E : =
(
ä

α

Uα ×Rn)/ ∼,

where (x, v) ∼ (x, gα,β(v)) for x ∈ Uα ∩Uβ. Fill in the details to make E into a rank n
vector bundle over B.

3. (a) Let p ∈ Rn. According to Taylor’s theorem (in Rn), any smooth f can be written

f (x) = f (p) + ∑
i

∂ f
∂xi

(p)(xi − pi) + R f
1(x),

where the remainder R f
1 is of the form

R f
1(x) = ∑

i,j
(xi − pi)(xj − pj)g(x).

Use this to show that if λ is a derivation at p on C∞(Rn, R), then

λ =
n

∑
i=1

λi
∂

∂xi

∣∣∣
x=p

,

where λi = λ(xi) and xi : Rn −→ R is the ith coordinate function.

(b) Conclude that the map v 7→ ∂v(−), defined just above Definition 1.11 in the notes, is
an isomorphism from the space of geometric tangent vectors (at p) in Rn to the space
of derivations (at p) on C∞(Rn, R).


