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1. We established a bijection between the number of (Schubert) cells of Grn(Rk) of dimen-
sion r and the number of (unordered) partitions of r into at most n positive integers, each
of which is ≤ k− n,

(s1, . . . , sn)↔ {s1 − 1, . . . , sn − n},

where on the right we ignore any zeros.

Consider the inclusion Grn(Rk) ↪→ Grn+1(R
k+1) given by X 7→ R ⊕ X. What is the

image of a Schubert cell e(s1, . . . , sn) under this inclusion? What about under the inclusion
X 7→ X⊕R?

2. (a) Use the fact RP∞ ∨RP∞ ↪→ RP∞ ×RP∞ is an isomorphism on H1(−; F2) to con-
clude that

w1(p∗1γ⊗ p∗2γ) = w1(p∗1γ) + w1(p∗2γ).

Conclude that for any two line bundles L1 and L2 on an arbitrary space,

w1(L1 ⊗ L2) = w1(L1) + w1(L2).

(b) Suppose that E is a rank 2 bundle and F is rank 1. Find the total Stiefel-Whitney class
w(E⊗ F).
(Hint: by the splitting principle, it suffices to consider the case where E splits E ∼=
L1 ⊕ L2 as a sum of line bundles.)

(c) Try the same problem when E is rank 3.

3. A theorem of Borel states that

H∗(Grn(R
k); F2) ∼= F2[w1, . . . , wn]/In,k,

where In,k is the ideal generated by the homogeneous components of w(γn)−1 in degrees
k− n + 1, . . . , k. Compute

H∗(Gr2(R
3); F2) and H∗(Gr2(R

4); F2).


