Math 751 - Topics in Topology
Homework 5
Spring 2015

1. Let F — E 2 B be a fibration. Suppose that B is path-connected and that 771 (B) acts
trivially on H.(F). Let FF be a field, and assume that H.(B;F) and H,(F;F) are both
tinite-dimensional. Define the IF-Euler characteristic of a space X by the formula

xe(X) ==Y (—1)" dimp H;(X; F).

i
Show that H.. (E; F) is finite-dimensional and that

xr(E) = xr(B) - xr(F).

2. Letn > 1.

(a) We have, as discussed previously, an action of S on $?"*1. The subgroup inclusion
Z7./27 = S° C S! gives a fiber sequence

s'/Z2/22 — "tz /22 — SPT/ST,
which we can rewrite as a fiber sequence
s' — RP>" — CP".

Use the Serre spectral sequence to determine the cohomology ring H*(RIP?"*1; Z).
(b) Use part (a) and the inclusion RIP?* — RIP?"*! to determine the cohomology ring
H*(RIP?; Z).
(c) Use parts (a) and (b) to determine H*(RIP*; Z).

3. (a) Use the path-loop fibration Q(S") — P4(S") — S" to determine the cohomology
ring H*(QS"; Q). (Hint: Your answer should depend on the parity of n).

(b) (%) Determine the integral cohomology ring H*(QS"; Z).

4. For any n, denote by A : R* — R"*! the map A(xy,...,x,) = (0,xq,...,%,). For any
k < n, define a map A : Vi(R") — Vi1 (R"*1) by

(Vl,. . .,Vk) — (el,A(vl),. . .,/\(Vk)).



Also denote by py : Vi 1(R") — Vi(IR") the fibration

pk(Vl, e rVk/Vk—H) = (V1/ .. ,Vk).
The maps A assemble together to yields maps of fiber sequences

Pi

Sn—k V],(]Rn—k—l—j) Vj—l (]Rn—k-i-j)

\ | A

Sn—k Vj+1 (Rn—k—l-]'—i-l) o Vj(an—k—l—]'—i—l)
]

Use induction on j (with base case j = 2) to show that H*(V}(IR"); F,) has a simple system
of generators {x, ¢, ..., x,_1}, where deg(x;) = i.



