MA/PHY 506 Fall 2012
Final Exam - 100 Points
14 December 2012

INSTRUCTIONS: PLEASE WORK ALL FIVE PROBLEMS BELOW. NO
BOOKS, PAPERS, OR NOTES ARE ALLOWED.
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PROBLEM | MAXIMUM GRADE | SCORE
1 20
2 25
3 10
4 25
5 20
TOTAL 100







Problem 1. (20 points.) Suppose that a linear transformation T' acts on the
standard basis vectors {e;, ez} for R? by

Te; = 2e1 + 2ey, ' (1)

Tes = e1 + ez, 2)
i. Write the matrix representation of 7" relative to this basis.
ii. Compute T~1, if it exists.
ili. Find the characteristic equation for T and the eigenvalueé.
iv. Find the corresponding normalized eigenvectors { f1, fa}

iv. Construct the matrix S with entries S;; = {(e;, f;). Show that T’ = S~I1TS

is diagonal.
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Problem 2. (25 points.) The Hermite equation is

Y —xy +qy=0,
where ¢ > 0.

i. Give the definition of the Wronskian and compute it for any two independent
solutions of the Hermite ODE. This is Abel’s formula

ii. Find two linearly independent solutions, and their Wronskian, when ¢ = 0.

ili. What happens when ¢ is a positive integer? Write out the first three
Hermite polynomials. You need not normalize them.
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Problem 3. (10 points.) Solve the ODE: zy’ + 2y = z, with the condition
y(1) =1
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Problem 4. (25 points.) Let Lu = —u” be an operator on L2([0,£]) with the
boundary conditions:
u(0)=0, u'(¢)=0.

i. Show that L is hermitian on the subspace of functions satisfying the bound-
ary conditions.

ii. Find the eigenvalues and eigenfunctions of L.
iii. Write an eigenfunction expansion for the Green’s function for L.

iv. Use the four properties of the Green’s function in order to express the
Green’s function in terms of two solutions to Lw = 0.
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Problem 5. (20 points.) Find the most general solution to the inhomogeneous

problem
Y + 3y — 4y = ze®.

Use this to solve the initial-value problem: y(0) =1 and y
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