MA/PHY 506 Fall 2018
Final Exam - 100 Points
12 December 2018

INSTRUCTIONS: PLEASE WORK ALL FIVE PROBLEMS BELOW. NO
BOOKS, PAPERS, OR NOTES ARE ALLOWED.

| PROBLEM | MAXIMUM GRADE | SCORE
1 20
2 20 .
3 20
4 20
5 20
. TOTAL 100




Problem 1. {20 points.) Compute the Fourier series of the function f on

[~1,1] given by
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Problem 2. (20 points.) Suppose that a linear transformation A has a matrix

m=(31)

relative to the standard orthonormal basis {e;, ez} for R*.

representation of the form

i. Find the eigenvalues and eigenvectors of A. Identify clearly the characteristic
polynomial for A.

. Pind an orthonormal basis of R? consisting of eigenvectors of A.

ifi. Construct the matrix S that diagonalizes A and carry-out the diagonaliza-

tion.
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Problem 3. (20 points.} Consider the damped harmonic oscillator ODE:

(Lz)(t) = 2" {t) + 2}\:5'7(‘1*,) + wha(t) =0.

Assume 0 < X <ty corresponding to weak dampening.

1. Find a basis of the solution space of this ODE. Make sure you verify that
the solutions {z1(2), z2(t)} form a basis,

2. Write the Green’s function ' (¢, 8) for this differential operator L.

3. Suppose the oscillator receives a kick at time £ = 7. Find the correspond-
ing particular solution to the nonhomopeneous ODE with driving term
Fro{t) = 8(t — 70). The delta function at 75 models kicking the oscillator
at t = 15. The nonhomogeneous ODE is:

(La)(t) = " (8) + 22/ (8) + wha(t) = Fr(D): .
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Problerm 4. (20 points.)

1. Compute the Fourier transform of the function

1 zel-1,1
f(m)z{o |€$[{>1}

2. Using the integral representation of the delta function,

Sz —y)= Lﬁ ] eH==wk dp.
{0

compute the integral

~%2 cos(rz) dr.
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Problem 5. (20 points.) We know the that Legendre operator
L= %(1 —2?) %
is self-adjoint on L?([—1,1]) an(i the eigenfrmetions Py(z), the Legendre poly-
nomials, satisfy
(LE){z) = HE+ 1) Pe(z), £=0,1,2,....
The eigenfunctions {F,(z) | n = 0,1,2,...} form a basis of £?([-1,1]) and

satisfy

1
2
/;1 Pn(m)Pm(a:) di = maﬂm

1. Write the eigenfunction expansion of any h € L2([—1,1]). Make sure to
identify the coefficients in the expansion.

2. Using the eigenfunction expansion, write a series solution of the nonho-

mogeneous ODE:
(LF)(z) = h(z),

for any h € L?([-1,1]).
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