MA /PHY 507 Spring 2019
Final Exam - 100 Points
29 April 2019

INSTRUCTIONS: PLEASE WORK ALL FIVE PROBLEMS BELOW. NO
BOOKS, PAPERS, OR NOTES ARE ALLOWED.
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PROBLEM | MAXIMUM GRADE | SCORE

1 29
2 25
3 : 25
4 25

TOTAL 100




Problem 1. (25 points.) The heat equation for a temperature distribution
u{z,1) takes the form

du 8
Eg(fﬂat) = D@(ﬂfa t) — dufz,t),

for z € R and t > 0. The constants 1D and A are both positive. Suppose the
initial temperatire distribution is ug(z}. Use the Fourier transform to write the
solution to the initial value problem as

ue )= [ Ko@) v

Write a nice formula for the integral kernel K, (z,y).
Useful identity: The Fourier transform of e for a > 0, is
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Problem 2. (25 points.} Compute the integral:

o0 e—wt dw
f crag M

for all real ¢ € R. Carefully explain your procedure and choice of contour.
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Problem 3. (25 points.) Consider the heat equation d;u == Aw in a sector of a
disl described by O S p 5 a and 0 < ¢ < x/2 in two-dimensions. Suppose that
the edges of the re kept at zero temperature

/.(/ﬁ i, Write down the boundary conditions on u(p, 4, £).

i. Find the most general real solution to the boundary-value problem obtained
by separation of varia.bles.

A Useful information: Bessel’s equation is:

u, { \?} ‘-}P} %} ) - w2y () + zy' (2) + (&®2® — )y(z) =0.

This ODE has J;(az) as a regular solution. The Laplacian in polar coordinates
is
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Problem 4. (25 points.) The generating function g{x,t} for the Hermite
polynomials H, () is

o0 t"
£ — o2t H,.(z)—.
olz.t) = e > He)

Prove the recurston relation for H,(z) for n > 0
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