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Problem 1.

i. Define what it means for a function f : [a,b] = R to be absolutely continu-
ous.

ii. For a function f € AC[a,b], define the total variation T (a,b). Prove that

b
Tyab)< [ 1£()l ds.

iii. A function f : [a,b] — R is Lipschitz if there exists a finite constant M > 0
so that for all z,y € [a, b],

|f(x) = f{y)| < Mz —yl.
Prove that a function is Lipschitz if and only if

1. f € ACla,b], and
2. |f'(z)] < M ae. z€[a,b)].
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Problem 2.

i. Suppose E C R%. State what it means for a collection B of open balls to be
a cover of E in the sense of Vitali.

ii. Let E C R? with m,(F) > 0. For any € > 0, prove that there is an open
set O containing E so that m.(0) < (1 + e)m.(E).

iii. Suppose B is a Vitali cover of E C R? with 0 < m,(E) < co. Apply Vitali
I to show that for any € > 0 there exists a finite collection {Bj, ..., By}
of disjoint balls from B so that m.(E\ U§V:1 Bj) < eand Zjvzl my(B;) <
(1 4+ e)m.(F). HINT: Given € > 0, choose an open set O with E C O as
in (ii.). By keeping only those elements of the Vitali cover contained in O
the second condition is automatically satisfied.
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Problem 3. Let f € L'(R?) and for any a € R? define f,(z) = f(z — a).

i. Show that f, € L'(R?) and that [, fo = [pa f. HINT: Use various approx-
imations to f.

ii. Show that
Cllli% -/Rd |f_fa|:0~

HINT: Use the fact that Co(R?) (continuous functions with compact sup-

port) are dense in L1(R%). | C]
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Problem 4. Suppose f : E — RT is a nonnegative measurable function with
fEf < oo. Prove that for any € > 0 there exists a § > 0 so that if A C F is
measurable with m(A4) < 4, then [, f <e.
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Problem 5. Let f. be a nondecreasing sequence of measurable functions on a
measurable set E C R?, such that

li/{p fr(z) = f(z), aex€E.
Suppose that f, € L'(E). Prove that f € L'(E) if and only if limy, [, f, < oc.
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