MAG76 Spring 2009
Hour Test - 100 Points
11 March 2009

INSTRUCTIONS: PLEASE WORK ALL THE PROBLEMS BELOW. EACH
PROBLEM IS WORTH 25 POINTS. NO BOOKS, PAPERS, OR NOTES ARE
ALLOWED.
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Problem 1.

i. Give the definition of a Lebesgue measurable set.

ii. Prove the following theorem

Theorem A subset E C R™ is measurable if and only ifE=H- Z,
where H is a Gs-type set and Z has measure zero.
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Problem 2.

i. Give two conditions for the measurability of a function f:ECR" - R,
with E measurable, and prove that they are equivalent.

ii. If {fx} is a sequence of measurable functions on a measurable subset £
( w) R™, then the function lim sup, f) is a measurable function on E.
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Problem 3. Suppose that E;x C R" is a sequence of measurable sets with
m(Ey) < oo and increasing monotonically (that is Ej C Ery1) to a set E.
Prove that E is measurable and that
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Problem 4.
(i) If f > 0 and measurable, define INE

(ii) State Fatou’s Lemma.

(iii) Prove that if {fi} is a sequence of nonnegative measurable functions such
that fx — fa. e.on R% and 0 < f; < f, then [ f = limy_,o0 [ fi.
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