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ABSTRACT. We prove decorrelation estimates for generalized lattice Ander-
son models on Z? constructed with finite-rank perturbations in the spirit
of Klopp [9]. These are applied to prove that the local eigenvalue statistics
£ and &%, associated with two energies F and E’ in the localization re-
gion and satisfying |E — E’| > 4d, are independent. That is, if I, J are two
bounded intervals, the random variables £%(I) and €5/ (J), are independent
and distributed according to a compound Poisson distribution whose Lévy
measure has finite support. We also prove that the extended Minami esti-
mate implies that the eigenvalues in the localization region have multiplicity
at most the rank of the perturbation. The method of proof contains new
ingredients that simplify the proof of the rank one case [9, 18, 20|, extends
to models for which the eigenvalues are degenerate, and applies to models
for which the potential is not sign definite [19] in dimensions d > 1.
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1. STATEMENT OF THE PROBLEM AND RESULTS

We consider random Schrodinger operators HY = L + V,, on the lattice
Hilbert space ¢2(Z%) (or, for matrix-valued potentials, on £%(Z%) @ C™*), and
prove that certain natural random variables associated with the local eigenvalue
statistics around two distinct energies E and E’, in the region of complete
localization Xy, and with |[E — E’| > 4d, are independent. From previous
work [10], these random variables distributed according to a compound Poisson
distribution. The operator £ is the discrete Laplacian on Z?, although this can
be generalized. For these lattice models, the random potential V,, has the form

(Vo )(G) =Y wi(Pf)(4), (1.1)
ieJ

where {P;};c7 is a family of finite-rank projections with the same rank my > 1,
the set J is a sublattice of Z%, and ZiejPi = 1. We assume that P, =
UZ'POUZ-_I, for all ¢ € J, where U; is the unitary implementation of the transla-
tion group (Ui f)(k) = f(k+1i), for i,k € Z%. The coefficients {w;} are a family
of independent, identically distributed (iid) random variables with a bounded
density of compact support on a product probability space 2 with probability
measure P. It follows from the conditions above that the family of random
Schrodinger operators HY is ergodic with respect to the translations generated
by the sublattice 7.

One example on the lattice is the polymer model. For this model, the pro-
jector P; = xy, (i) is the characteristic function on the cube A(i) of side length
2k € N centered at i € Z%. The rank of P; is (2k + 1)? and the set J is chosen
so that Uje7Ax(7) = Z%. Another example is a matrix-valued model for which
P;, i € 7Z¢, projects onto the my-dimensional subspace C™*, and J = Z%. The
corresponding Schrodinger operator is

HY=L+) wP, (1.2)
ieJ

where £ is the discrete lattice Laplacian A on £2(Z4), or A® I on £2(Z%) @ C™*
or, more generally, A ® A, where A is a Hermitian positive-definite my x my
matrix), respectively. In the following, we denote by H,, (or simply as Hy
omitting the w) the matrices xa,H*“x, and similarly H,, 1, Hy, by replacing ¢

with L, for positive integers ¢ and L.
A lot is known about the eigenvalue statistics for random Schrédinger op-
erators on £2(R?). When the projectors P; are rank one projectors, the local
eigenvalue statistics in the localization regime has been proved to be given by a
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Poisson process by Minami [15] (see also Molchanov [16] for a model on R and
Germinet-Klopp [6] for a comprehensive discussion and additional results). For
the non rank one case, Tautenhahn and Veseli¢ [19] proved a Minami estimate
for certain models that may be described as weak perturbations of the rank one
case. The general non finite rank case was studied by the first two authors in
[10] who proved that, roughly speaking, the local eigenvalue statistics in the lo-
calization regime are compound Poisson point processes. This result also holds
for random Schrodinger operators on R

In this paper, we further refine these results for lattice models with non
rank one projections and prove, roughly speaking, that the processes associ-
ated with two energies are independent. The method applies to Schrodinger
operators with non simple eigenvalues, see the discussion at the end of section
5. Klopp [9] proved decorrelation estimates for rank one lattice models in any
dimension. He applied them to show that the local eigenvalue point processes
at distinct energies converge to independent Poisson processes (in dimensions
d > 1 the energies need to be far apart as is the case for the models studied
here). Shirley [18] extended the family of one-dimensional lattice models for
which the decorrelation estimate may be proved to include alloy-type models
with correlated random variables, hopping models, and certain one-dimensional
quantum graphs.

One of the advantages of the methods employed in this paper is that mono-
tonicity is no longer needed. Consequently, we can treat the almost rank one
models for which the potential is not sign definite. A class of such models was
considered by Tautenhahn and Veseli¢ [19] who proved a Minami estimate.

1.1. Asymptotic independence and decorrelation estimates. The main
result is the asymptotic independence of random variables associated with the
local eigenvalue statistics centered at two distinct energies F and E’ satisfying
|E — E'| > 4d.

We note that in one-dimension there are stronger results and the condition
|E — E'| > 4d is not needed. Our results are inspired by the work of Klopp
[9] for the Anderson models on Z¢ and of Shirley [18] for related models on
7. The condition |E — E'| > 4d requires that the two energies be fairly
far apart. For example, if wy € [—K, K] so that the deterministic spectrum
Y = [-2d — K,2d + K], the region of complete localization ¢y, is near the
band edges +(2d + K). In this case, one can consider E and E’ near each of
the band edges. Our main result on asymptotic independence is the following
theorem.

Theorem 1.1. Let E, E' € X¢y, be two distinct energies with |E—E'| > 4d. Let
§w,E, respectively, &, g, be a limit point of the local eigenvalue statistics centered
at I, respectively, at E'. Then these two processes are independent. That is, for
any bounded intervals I,J € B(R), the random variables &, p(I) and &, g/ (J)
are independent random variables distributed according to a compound Poisson
process.

We refer to [6] for a description of the region of complete localization Xcr,.
For information on Lévy processes, we refer to the books by Applebaum [2]
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and by Bertoin [3]. Theorem 1.1 follows (see section 4) from the following
decorrelation estimate. We assume that L > 0 is a positive integer, and that
¢ := [L?] is the greatest integer less than L for an exponent 0 < o < 1. For
polymer type models, we assume that my divides L and /.

Proposition 1.1. We choose any 0 < a < 1 and 5 > %, and length scales

L and ¢ := [L®] as described above. For a pair of energies E,E' € ¢,
the region of complete localization, with AE := |E — E'| > 4d, and bounded
intervals I,J C R, we define I1(E) := L™ + E and Jy(E') := L=%J + F'
as two scaled energy intervals centered at E and E’, respectively. There exists
Lo = Lo(e, 5,d) > 0 and a constant Cy = Cy(Lg) such that for all L > Loy we
have

K||pll2my™ (Clog L) +21

P{(TrBu,, (11(E)) > DN(TeEn,,, (JL(E) > 1)} < Co= 2= 28 0

(1.3)

The extended Minami estimate [10] (see section 3.1) implies that we only
need to estimate the probability that there is a small number of eigenvalues in
each interval:

P{(TEn, ,(I(E)) < me) 0 (BB, (JL(E) <mg)}  (14)
In fact, we consider the more general estimate:
B{(TxEn, , (IL(E)) = k1) N (B, , (JL(E) = k2)},  (L5)

where k1, ko < my, are positive integers independent of L.

We allow that there may be several eigenvalues in I7,(F) and Jz(E') with
nontrivial multiplicities. To deal with this, we introduce the mean trace of the
eigenvalues Ej(w) of H, ¢ in the interval I7,(E):

t _ Tr(HoeBn,, (IL(E) 1 b )
TY(E, ki,w) = Tr(Ele([L(E))) T ;E]( ), (1.6)

where ky := Tr(Epg, ,(IL(E))) is the number of eigenvalues, including multi-
plicity, of Hy, ¢ in I, (E). Similarly, we define

, _ Tr(Hy(En,,(JL(E)))
Te(E' ko,w) = T""(EHM,Z(JL(E/))) -

1 &2
. > El(w), (1.7)
j=1

where ky := Tr(Eg, ,(JL(E'))). We will show in section 2 that these weighted
sums behave like effective eigenvalues in each scaled interval I1,(E) and Jp(E'),
respectively.

As another application of the extended Minami estimate, we prove that the
multiplicity of eigenvalues in ¢y, is at most the multiplicity of the perturbations
my, in dimensions d > 1. The proof of this fact follows the argument of Klein
and Molchanov [8]. For d = 1, Shirley [18] proved that the usual Minami
estimate holds for the dimer model (mj = 2) so the eigenvalues are almost
surely simple.
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1.2. Contents. We present properties of the average of eigenvalues in section
2, including gradients estimates.The proof of the main technical result, Propo-
sition 1.1, is presented in section 3. The proof of asymptotic independence is
given in section 4. We show in section 5 that the argument of Klein-Molchanov
[8] applies to higher rank perturbations and implies that the multiplicity of
eigenvalues in Y ¢, is at most my, the uniform rank of the perturbations. In
section 6, we prove that the decorrelation estimates, and therefore asymptotic
independence of local eigenvalue processes, hold for non sign definite models
studied by Tautenhahn and Veseli¢ [19]. This paper replaces the manuscript
[11] by the first two authors, completing and improving the arguments, and
extending the results.

2. ESTIMATES ON WEIGHTED SUMS OF EIGENVALUES

In this section, we present some technical results on weighted sums of eigen-
values of H, ¢ defined in (1.6)-(1.7). These are used in section 4 to prove the
main technical result (1.3). We recall that £ = [L?], for 0 < a < 1.

2.1. Properties of the weighted trace. When the total number of eigenval-
ues of Hy, ¢ in I (F) := L= + E is k;, we have

T(w) = (B, ) = T, brw) = — 3 Bj(w), (2.1)

for eigenvalues Ef (w) € I,(E). Properties (1)-(3) below are valid for the similar
expression obtained by replacing k; with kg, the interval I with J, and the
energy F with E/. We will write

T’(w) = ﬁ(El, kQ) = T(E/, k‘Q,w).
We write Pr(w) for the spectral projection Ey,, ,(I1(E)) onto the eigenspace

of H, ¢ corresponding to the eigenvalues E! (w) in I (E). Let g be a sim-
ple closed contour containing only these eigenvalues of H,,, with a counter-
clockwise orientation. Since the mean of the eigenvalues may be expressed as

1
T(w) = ETer7gPE(w),
and the projection has the representation
-1 B
Pp(w) = - R(2) dz, R(2):= (Hyo—2)""
0 Sy

The Hamiltonian H,, ¢ is analytic in the variables w;. The projection Pg(w)
is also analytic in w provided the contour g remains isolated from the other
eigenvalues of H, . We work on that part of the probability space for which
the total multiplicity of the eigenspace Ran Pgr(w) = ki, that is, on the set
Q(k1) == {w | TrPr(w) = k1}. If we place a security zone around I(E) of
width L~¢ then the probability that H,,, has no eigenvalues in this zone is
larger than 1 — (¢/L)? by the Wegner estimate. On this set, it follows that

OT (w) 1

Ow; - 2miky Jy, THRERRE)] 2 =2
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where P; is the finite-rank projector associated with site j or block j, depending
on the model. Evaluating the contour integral, we find that

0T (w)
8&)]' ]C

X LT {Py(w)P i} (2.3)

Formula (2.3) shows that the eigenvalue average behaves like an effective
eigenvalue in the following sense:

(1) Te(E k1, w) € IL(E), so the average of the eigenvalue cluster in I1,(FE)
belongs to I1,(F).

(2) The wj-derivative of T (w) is nonnegative as follows directly from (2.3).

(3) Since > c7rn, 5 = Ia,, it follows from this and (2.3) that the w-
gradient of the weighted trace is normalized: ||V, T (w)||x = 1.

Remark 1. It follows from property (1) above and the fact that the intervals
I(E) and Ji(E) are O(L~%), that if |E — E'| > 4d, then |T(w) — T ()| >
4d — cL~?, for some ¢ > 0. We will use this result below.

2.2. Variational formulae. We can estimate the variation of the mean trace
with respect to the random variables as follows. The w-directional derivative is

W VST =T W) = 3 w {;:ITTPE(”)PJ‘ - klgTrPE'(w)Pj}

JETNA,
w 1 w
= {k‘l TI'PE( )VAE - kaTI‘PE/(W)VAé}
1 1
= —TrPE(w)Hw Vi fTI‘PE/ (w)Hw V4
k1 ’ ko ’
1 1
——TrPg(w)L + —TrPr/(w)L ¢ . (2.4)
k1 ko

The absolute value of each trace involving the Laplacian £ in (2.4) may be
bounded above by 2d. If we assume that

|T(w) = T'(w)| > AE
then we obtain from (2.4),
< |T(w) =T (w)| —4d
< w- Vo(T(w) = T'(W)I- (2.5)

As the number of components of w is bounded by ¢¢ and |w;| < K, it follows
by Cauchy-Schwartz inequality that

AFE — 4d 1
Vo ! > ) 2.6
V(T (@) = T' @Dl > === Gy (26)
We also obtain an ¢! lower bound:
AFE —4d

196 (T() = T @)l > 22— (2.7
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2.3. Dependence of the weighted eigenvalue averages on the ran-
dom variables. Suppose that H, , has ki eigenvalues (including multiplici-
ties) { £ (w);m = 1,...,k1} in an interval I C R. The corresponding weighted
average is

T (k) = kll S OB (W) el (2.8)

We consider the tensor product operator Huljlz on the Hilbert space ’H?l =
Rk, F2(Ag) defined as

M-: ZI@ T ®H, ® - ®1, (2.9)

where the Hamiltonian H,,, appears in the jt-position. From the normalized
eigenfunctions 1!, of H,, ¢, we form the eigenfunctions

Vo(ke) = Yy @ Yy © - @ Py, (2.10)
where o(k1) = (m1,...,mg,). These functions are eigenfunctions of H:fle with
eigenvalue 7! (k1) defined in (2.8):

HE ) = To (k)W) (2.11)

It is important to know how the eigenvalue average T(k;) depends on the
random variables w;, w; with ¢, j € Ay. As the matrix Hﬁ}e is of size (my|Ag|)*
(my|Ag])¥t, the expression det((mg|Ag|)** — EI) is a real polynomial of degree
mgl in the pair of random variables w;,w; for 7,5 € Ay. We will use this in
section 3 when we apply the Harnack Curve Theorem.

3. PROOF OF PROPOSITION 1.1

In this section, we prove the technical result, Proposition 1.1. We let
Xg(IL(E)) = TI“EHMZ(IL(E)% Xg(JL(E/)) = TI“EHMZ(JL(E/)), and consider
the scale £ = [L?], for 0 < a < 1. Then, we show

K||p|2,m;™ (Clog L)(+8)d

AFE — 4d L(2-a)d
(3.1)

P{(Xe(IL(E)) = 1) N (X(JL(E')) = 1)} < Cy

for positive numbers 0 < @ < 1 and any 8 > g

3.1. Reduction via the extended Minami estimate. Let y4(w) be the
characteristic function on the subset A C 2. In this section, we write Jr(E) :=
L~=%J + E since we are dealing with one interval. We use an extended Minami
estimate of the form

/ 2d
E{X{w | xo(0(E)2mp+1y Xe(JL(E))(Xe(JL(E)) —mi) 2 1} < Cu <L> ;

as follows from [10].
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Lemma 3.1. Under the condition that the projectors have uniform dimension
my > 1, we have

2d
P{Xg(JL(E)) > mk} CM (f_/) . (3.2)

Proof. Recalling that X,(J(E)) € {0} UN, we have
P{X((JL(E)) > my}
< PXu(Ji(B)) —mi > 1)
= P{Xo(JL(E)(Xe(JL(E)) —mg) > 1}

= P{Xquw | x071(B)2mp+13 Xe(JL(E)) (X (JL(E)) —my) > 1}
< E{Xqw | x0@)zme+13 Xe(JL(E)(Xe(JL(E)) — my) = 1}
2N 2
by the extended Minami estimate. O

3.2. Estimates on the joint probability. We return to considering two
scaled intervals I7,(F) and Ji(E'), with E # E’. Because of (3.2), we have

P{(X¢(IL(E)) = 1) N (X(JL(E")) = 1)}
< P{(Xe(IL(E)) = my + 1) (Xe(JL(E") = my + 1)}
FP{(Xe(IL(E)) < mg) N (Xe(JL(E
+P{(X(IL(E)) < my, + 1) N (Xe(
FP{(X,(IL(E)) < my) N (Xe(JL(E")) < my)}

< P{X(I(E)) < my) N (Xe(JL(E)) < my)}

+Cy <£)2d. (3.4)

The probability on the last line of (3.4) may be bounded above by
P{(Xe(IL(E)) < mp) N (Xe(JL(E')) < my)}

< Y P{XUL(E)) = ki) N (Xe(JL(E")) = k2)}. (3.5)
k1,ka=1

Since my, is independent of L, it suffices to estimate

P{(X(IL(E)) = k1) N (Xe(JL(E)) = k2)}, (3.6)
for 1 S kl,kg § m

3.3. Reduction of length scale using localization. If we continue to work
at scale £ = L, we can prove Proposition (1.1) but only for o > 0 sufficiently
small. In order to prove Proposition 1.1 for all 0 < a < 1, we must follow
Klopp [9, section 2.2] and use localization in order to reduce the length scale
to £ := C'log L, for C > 0. Once we work with the length scale ¢, we will be
able to prove Proposition 1.1 for all 0 < a < 1. The goal of this section is
to bound (3.6) by a similar estimate involving the length scale { up to errors
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vanishing as L — co. The key to this reduction is the localization properties of
the Hamiltonians given in (Loc).

Definition 3.1. We say that the local Hamiltonian H, ¢ satisfies (Loc) in an
interval I C X if

(1) The finite-volume fractional moment criteria of [1] holds on the interval
I for some constant C' > 0 sufficiently large;

(2) There ezists v > 0 such that, for any p > 0, there exists ¢ > 0 and
a length scale £y > 0 such that, for all £ > £y, the following hold with
probability greater than 1 — LP:

(a) If gog(w) is a normalized eigenvector of H,, with eigenvalue
Ef(w) €l, and

(b) x?(w) is a mazimum of r — \go?(w)\ in Ay,

then, for n € Ay, one has

[ (w)(@)] < e I, (3.7)
The point a;f (w) s called a localization center for wﬁ(w) or for Ef(w).

The main consequence in the present context of (Loc) is the following result
on the localization of eigenvectors.

Lemma 3.2. [9, Lemma 2.2] Let Qq be the set of configuration w for which (Loc)
holds with probability greater than 1 — L™2%. There exists a covering of Ay =
UyerAj,), where Ay = Ay +1, such that for all w € Qo N {w | (Xe(IL(E)) =
k1) N (Xe(JL(E")) = k2)}, we have that

either

(1) There exist v, € T' so that Ajiy N A0 = 0 and

Xi(v)(‘fL(E)) > 1 and XE(V')(jL(E/)) =1,

or
(2) For some vy € I', we have X5\ (IL(E)) = k1 and X5é~(v)(JL(E’)) = ks.

Because of the localization properties of the eigenfunctions given in Lemma
3.2, we can reduce the estimate on scale £ to one on scale ¢ as presented in the
following lemma.

Lemma 3.3. For any k1,ko € {1,...,my}, we have
PUX(IL(E)) = k1) N (Xe(JL(E")) = k2)}

7\ 24 o\ 4 R
< (L) " (6) P{(Xs500) (L (E)) = ) () (X0 (Ju(E)) = k).
(3.8)
Proof. According to Lemma 3.2, we have

P{(X((IL(E)) = k1) N (Xe(JL(E")) = k2)}
< P{(Xe(IL(E)) = k1) N (Xe(JL(E")) = k2) N Qo} + P{Q2\Q0}
< L7244 Py + Py, (3.9)
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where, according to Lemma 3.2, P; is the probability that option (1) occurs
and Py is the probability that option (2) occurs. To estimate Pj, we use the
independence of the Hamiltonians associated with Ag( ) and AZ( e together

with Wegner’s estimate on scale ¢, to obtain

Py

N

A y
(5) PLCGEB) > 00 Gt (B > 1)

N

/¢ 2d ~ N
(5) PO (BN > 1 PUXG (B > 1)

N

2d
¢ (5) (@IET®)E)

C% <£>2d. (3.10)

In order to estimate P, condition (2) implies

N

A% -
o< () PO (TL(E) = 1) 0 (i, (B = k). (311)
Bounds (3.9)-(3.11) imply the bound (3.8). O

3.4. Key estimate on the log-scale. The proof of the next key Proposition
3.1 follows the ideas in [9].

Proposition 3.1. For ki,ko = 1,...,mg and for any 5 > %, there exists a

scale Ly > 0, so that for any L > Lg, there exists a constant Cy > 0 so that,
we have

K plmi™ (C'log L)+

P{(Xy5,)(IL(E)) = k)N (X550 (JL(E)) = k2)} < Co AL — 4d 12d

(3.12)

Proof. 1. We begin with some observation concerning the eigenvalue averages.
We let Qo(¢, k1, k2) denote the event

Qo0 k1, ko) = {w | (X;((IL(E))) = k1) N (X ((JL(E"))) = k2)} N Qo, (3.13)

for ki,ko = 1,...,mg, and where we write ¢ instead of 5[7(7) to simplify the
notation. We define the subset A C A; x A; by A := {(i,7) | i € A;}. For
each pair of sites (4,7) € A; x A;\A, the Jacobian determinant of the mapping
o (@inw;) = (Ti(E. k1), THE', k), given by:
O, T(E kl) w]E( 7k1)

: 3.14
8w172(E k2) w]’n( ,7k) ( )

As we will show in section 3.5, the condition Ji;(T;(E, k1), T;(E', k2)) = A(L) >

0 implies that the average of the eigenvalues in I7(F) and Jp(E') effectively
vary independently with respect to any pair of independent random variables
(wi,w;), for i # j. We define the following events for pairs (i,5) € A; x Aj\A:

Q7 (0 Ky, k) := Qo(C by, ko) N {w | Ty (TH(B, k), To(E' k2)) 2 ML)}, (3.15)

Jij(T{(E, k1), THE' k2)) =
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where A(L) > 0 is given by
ML) := (AE — 4d)K~}(Clog L) "4, (3.16)
where the exponent § > 0 is chosen below. Following Klopp [9, pg. 242], we
note in section 3.5 that the positivity of the Jacobian determinant insures that
the map ¢, restricted to a certain domain, is a diffeomorphism. In particular,
this allows us to compute P{Qé’j (0, k1, k)} as in Lemma 3.4.
2. We next bound P{Qq(/, k1, k)} in terms of P{Qé’j (0, k1, k2)} using [9, Lemma
2.5]. This lemma states that for (u,v) € (R*)?" normalized so that |jul|; =
|lv]]1 = 1, we have
Uj; Uk
V5 Vg

2
1
max > —llu— v, (3.17)

Applying this with n = (2¢ + 1)?, and v = V,7(w) and v = V,7"(w), and
recalling the positivity property mentioned in point (2) following from (2.3) and
the normalization in point (3) of section 2.1, we obtain from (3.17) and (2.7):

T TE.TEN > (2 IVaTE) - TED
max JyTUELTE > (5) VL) - TEDIE

() o

We partition the probability space as {w | Ji; = A(L) some (4, ) € A;x Aj\A}U
{w | Jij < ML)V (i,5) € Aj x Aj\A}, where we write J;; for the Jacobian
Jij(T;(E), T;(E")). Suppose that the second event {w | J;; < ML) V (i,]) €
A; x Aj\A} occurs, so that from (3.18), we have:

AE —4d \?
2 (T - 1\ 2
ML = (et fy) > sy (T, THE)
23
> (52) 19u0738) - TR (3.19)
Taking (=C log L, this implies that
V(T3 (E) ~ THE)IE < C1(Clog LY*291 (3.20)

So, provided 8 > 5/2, we find that the bound (3.20) implies that the V,T;(E)
is almost collinear with V,,7;(E’). This contradicts the lower bound (2.7) as
long as AFE —4d > 0. Consequently, the probability of the second event is zero.
3. It follows from this, the partition of the probability space, and Lemma 3.4
that

P{Qo(g, kla kQ)} < Z P{QBJ (‘ga kla kQ)}
(’i,j)EAzXAz\A

K||pl|2om;™ (Clog L)P4

< .
S PO g a1 (3:21)
With ¢ = C'log L, we find the probability P{Q (0, ki, k2)} is bounded as
_ K|l pll2.m>™ (Clog L)2+8)d

AFE —4d L2 ’
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Replacing ¢ by 5!7(7), changing the constant Cp, this completes the proof of
Proposition 3.1. g

In summary, Proposition 3.1 shows that
P{Q(50(7), k1, k2)} — 0,as L — 0.

As a consequence of this and (3.9)—(3.11), there exist constants Cy, C7 > 0 such
that for all L >> 0,

P{(X(IL(E)) = k1) N (X, (JL(E')) = ka)}

1 K||pl[3my™ (Clog L) +9¢
< ]2 )
G (Ll—a> I+ g —1d Lo
showing that P{(X,(I(E)) = k1) N (X¢(JL(E")) = k2)} — 0 as L — oo, for any
integers ki,ke = 1,...,mg. This proves, up to the proof of the diffeomorphism
property of ¢, the main result (1.3).

(3.23)

3.5. Estimate of P{Q}7 (¢, k1, ka)}. Let Qo(Z, k1, ko), k1, ko = 1,...,my be the
set of configurations described in (3.13). Similarly, for any pair of sites (i,7) €
A; x AF\A, the Jacobian determinant Ji;(T;(E, k1), T;(E', k2)) is defined in
equation (3.14). We also defined events Q (f, k1, k2), for pairs (4, ) € Aj x
ANA, in (3.15):

Qé’j(g, k1, kg) = QO(Z, k1, k?g) N {w ‘ Jz‘j<7;7(E, kl), E(E,, kg)) > A(L)}, (3.24)
where A\(L) > 0 has the value

AE —4d

ML) = 2 Clog D) (3.25)

for some 3 > g We present an important technical lemma that is a simplifica-
tion of [9, Lemma 2.6].

Lemma 3.4. For all L large, there is a finite constant Cy > 0, independent of
L, so that

2
K| pllzemi™ (C'log L)*

IP’{QBJ(E? kl)kQ)} < CO AE —4d LQd )

for any B > %
Proof. 1. Since Qéj (Z’Nkl’ k2) C Q is measurable and bounded, we can find a
compact set K C QF (¢, k1, k2) so that
P{Q (0, k1, ko) \K'} < C1 L2, (3.26)
We define the map ¢ : Qé’j(g, k1, ko) — R? by
p(wi,w;) = (TH(E, k1,w), To(E', k2, w)).

This map is continuous so ¢(K) C I1(E) x J(E') is compact.

2. For each p € p(K), we choose any element w;;(p) € K in the pre-image of
p under ¢~ w;j(p) € ¢ 1 (p) C K C Q’ (¢, k1, k). Because the Jacobian of
¢ is bounded below at each point of ¢ 1(p), as follows from the definition of
Qg7 (¢, k1, k2), the Inverse Function Theorem states that there are open balls
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Uwij(p) C QZO’JQZ, kl,kg) and Vp C jL(E) X jL(E/), with wij(p) S Uwij(p) and
p € Vp so that the restriction ¢ to U, () is a diffeomorphism with V,. As
a consequence, the point w;j(p) € K is the unique point in U, () such that
¢(w;;) = p so that such points are isolated points of K. It follows that ¢ ~1(p)
is a discrete subset of K.

3. We can apply Harnack’s Curve Theorem [7] in order to obtain an upper

bound on the number of points in ¢~!(p). In section 2.3, we showed that
TX(ky) is a zero of a determinant constructed from the tensor product operator
H 512. For fixed E € R, this determinant defines the function fgl (Wi, wj) =

)

det(H 512 — F) that is a polynomial of degree at most le in each random
variable w; and w;. As such, the polynomial fgl (wi,w;) may be extended to R2.
. : / : 1 kik .
For two distinct energies e # €, we consider the polynomial fefe, *(wy,ws) ==
(R (wi, w))]? + [ff,1 (wi,w;)]>. The Harnack Curve Theorem states that the
maximum number of connected components of the zero set of j"ek”le’,k2
above by max(mikl,mzk"’). Each of those connected components lying in K
is necessarily zero dimensional by the above diffeomorphism argument. Hence,
since ki, ks < my, the number of points in the set = !(p) in K is bounded
above by mim’“, independent of L.
4. The sets {V,}pep(k) cover o(K). Since ¢(K) is compact, there is a finite
subcover {V}, }I¥; so that

is bounded

p(K) C UL Vy, CIL(E) x Jo(E).

The restriction of ¢ to U, (p,), & diffeomorphism with Vj,, is denoted by ¢p,.
We take intersections and relative complements to obtain a finite collection

{Wp} of disjoint sets so that
SO(K) - Uanzlw = Ui\ilv})z?

up to a set of Lebesgue measure zero, and where N is a function of N , and each
W C V), for some index t. We can choose W, so that it is in the domain of

-1
(‘Opt . L
5. We compute the P-measure of g7 (¢, k1, k2) by first computing the measure

of go;tl(Wm):
Plopl (Wb = [ plandplee) dos dos (3.27)
‘Pz?t (W’m)
Upon changing variables, we obtain

[ pwnple) dus doy < gace ol [ dEdE. (329)
Ppr (Wm)

m

It follows from (3.25) that the Jacobian |Jace;,'| satisfies the bound

(Clog L)P

K
[Jace, ! (Ti(wij), T (wij))] < INY (3.29)
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Using this bound, the fact that the W,,, are disjoint, and the fact that there are

M

at most m,z isolated points in p~1(p), for p € p(K), we find

N
PIK} < [plZmy™ (max|Jace;!]) | 3 (Wl
m=1

K(Clog L)Bd 2 2mg | T T /
S g Pl mi™ IHL(B) x JL(EY)
KHPHgomzmk (Clog L)P
S AE—4d L2d (3.30)
Finally, we have
PG (R, k) < PUK + PAQG (L Ry k) \ K, (3.31)
so the result follows from (3.30) and the fact that P{Qéﬂ'(g’ k ko \KV s
(’)(Lde)' -

4. ASYMPTOTICALLY INDEPENDENT RANDOM VARIABLES: PROOF OF
THEOREM 1.1

In this section, we give the proof of Theorem 1.1. To prove that £ (1) and
£%,(J) are independent, we recall that the limit points £} are the same as
those obtained from a certain uniformly asymptotically negligible array ([10,
Proposition 4.4]). To obtain this array, we construct a cover of A by non-
overlapping cubes of side length 2¢ 4+ 1 centered at points n,. We use £ = [L%],
where (, 8) satisfy 0 < o < 1 and 8 > 2. The number of such cubes Ag(n,)
is Np := [(2L + 1)/(2¢ + 1)]%. The local Hamiltonian is H',. The associated
eigenvalue point process at energy F is denoted by n%’g’p. We define the point
process (g, = ZI])V:LI 77%4;[ For a bounded interval I C R, we define the local
random variable 0 , () = Tr(EH;Z (IL(E))) and similarly n , (J) for the
scaled interval Jp(E'). For p # p, the random variables 7, , (1) and 1, , (/)

are independent for any energies E and E’ and any bounded intervals I and .J.
We compute

Np
P{(CBA, (D Z )N (G, (D 2D} = D P{iBe,(D) = 1) N (0 (1) 2 1)}
pp'=1
Nr
= > P{nBe,(D) = BP0 () > 1}
pp'=1
+EL(E,E'1,J), (4.1)
where the error term is just the diagonal p = p’ contribution:
Np
EL(EEL L) = Y [P{(nf e, (1) = 1) N (g g,(J) = 1)}
p=1

~P{niz e (1) = 1IP{rfis 4, (J) > 1}] . (4.2)
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If we now assume that |E — E’| > 4d and E,E’ € Y¢r, then the first term
on the right side of (4.2) is bounded above by L~%(log L)+ due to the
decorrelation estimate (1.3). The bound on the second probability on the right
of (4.2) is CZ,L=21=%) Tt is obtained from the square of the Wegner estimate

P{n% o p(J) > 1} < Cw (¢/L)* = Cyy L™=,

is bounded Since Nj, ~ (L/f)* = LU-®4 we find that the second term
on the right of (4.2) above by CZ,L~%1=%). Consequently, the error term
EL(E,E'I,J) — 0 as L — oo. Since the set of limit points ¢ and & are the
same [10], this estimate proves that

lim P{(G, (1) > DN(CHa, (7) > D} = PLERD) > DP{EL () > 1}, (43)

establishing the asymptotic independence of the random variables £%(I) and
€%, (J) provided |E — E'| > 4d.

5. BOUNDS ON EIGENVALUE MULTIPLICITY

The extended Minami estimate may be used with the Klein-Molchanov ar-
gument [8] to bound the multiplicity of eigenvalues in the localization regime.
The basic argument of Klein-Molchanov is the following. If H, has at least
my, + 1 linearly independent eigenfunctions with eigenvalue F in the localiza-
tion regime, so that the eigenfunctions exhibit rapid decay, then any finite
volume operator H,, ; must have at least m; + 1 eigenvalues close to E for
large L. But, by the extended Minami estimate, this event occurs with small
probability. The first lemma is a deterministic result based on perturbation
theory.

Lemma 5.1. Suppose that E € o(H) is an eigenvalue of a self adjoint operator
H with multiplicity at least my + 1. Suppose that all the associated eigenfunc-
tions decay faster than (x)~%, for some o > d/2 > 0. We define ef, := CL=+5.
Then for all L >> 0, the local Hamiltonian Hy, := xa, Hxa, has at least mj+1
eigenvalues in the interval [E — €, E + €r].

Proof. 1. Let {¢; | j =1,..., M} be an orthonormal basis of the eigenspace for
H and eigenvalue E. We assume that the eigenvalue multiplicity M > my + 1.
We define the local functions ¢j 1, := xa,pj, for j = 1,..., M. These local
functions satisfy:

1 —er sl <1,
’<g0i,L7 W],LH €L, { 7é j (51)

It is easy to check that these conditions imply that the family is linearly in-
dependent. Let V7, denote the M-dimensional subspace of £2(Ay) spanned by
these functions.

2. As in [8], it is not difficult to prove that the functions ; j, are approximate
eigenfunctions for Hy:

<
<

[(HL — E)pjoll < ecllescll- (5.2)
Furthermore, for any ¢, € Vi, we have ||(Hr — E)Yr|| < 2er||vL]|-
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3. Let J := [E — 3er, E + 3er]. We write P, for the spectral projector
Pr, = xy, (Hr) and Qr, := 1— Py, is the complementary projector. For any ¢ €

Vi, we have [|Qri|| < (3er) M |(Hr — E)Qry|| < (2/3)[¢]. Since [|PLy]* =
lol? = 1QLw? = (5/9)|%], it follows that Pr : Vi — £2(AL) is injective.
Consequently, we have

dimRan P;, = Tr(Pr) > dim Vi, = M > my.

Redefining the constant C' > 0 in the definition of e¢r, we find that H has at
least my, + 1 eigenvalues in [F — e, E + €1]. 0

The second lemma is a probabilistic one and the proof uses the extended
Minami estimate.

Lemma 5.2. Let I C R be a bounded interval. For q > 2d, and any interval
J C I with |J| < L™9, we define the event

Errgi={w | Tl (Hor) <me VI CLIJ| <L (53)
Then, the probability of this event satisfies
P{Er1q4} =1 — CoL? . (5.4)

Proof. We cover the interval I by 2([L9]I|/2] + 1) subintervals of length 2L~9
so that any subinterval J of length L™7 is contained in one of these. We then
have

P{EL 14} < (LU + 2)P{xs(Ho,) > my}. (5:5)

The probability on the right side is estimated from the extended Minami esti-
mate

P{xs(Hu,L) > mip} < Car(L7ILY)? = Cp LX), (5.6)

so that
P{ES 1 3 < On(LI] +2)L*4=D = Cy(|T] + 1) L2474, (5.7)
This establishes (5.4). O

Theorem 5.1. Let H¥ be the generalized Anderson Hamiltonian described in
section 1 with perturbations P; having uniform rank my. Then the eigenvalues
in the localization regime have multiplicity at most my with probability one.

Proof. We consider a length scale L = 2. Tt follows from (5.4) that the
probability of the complementary event SEIW Iq 18 summable. By the Borel-
Cantelli Theorem, that means for almost every w there is a k(q,w) so that for
all & > k(q,w) the event &, 1, occurs with probability one. Let us suppose
that H¥ an eigenvalue with multiplicity at least my + 1 in an interval I and
that the corresponding eigenfunctions decay exponentially. Then, by Lemma

5.1, the local Hamiltonian H,, 1, has at least m;, + 1 eigenvalues in the interval
d

[E — €, E+€p] where ¢, = CL=®=3)_ for any 8 > 5d/2. This contradicts the
event &1, 1, which states that there are no more than mj, eigenvalues in any
subinterval J C I with |J| < L™ since we can find ¢ > 2d so that 3—4 > ¢. O
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Further investigations on the simplicity of eigenvalues for Anderson-type
models may be found in the article by Naboko, Nichols, and Stolz [17], Mallick
[12], Mallick and Krishna [13], and Mallick and Narayanan [14]. Mallick [12]
proves that the singular spectrum is simple for a class of Anderson models with
higher rank perturbation extending the results of Naboko, Nichols, and Stolz
[17]. Mallick and Krishna [13] prove that, for higher rank Anderson models
with the single site potential having support in the whole real line, the Mi-
nami estimate implies simplicity of the pure point spectrum away from the
continuous spectrum. They a also show that in the case of higher multiplic-
ity spectrum the spectral statistics cannot be Poisson but must be compound
Poisson. Mallick and Narayanan [14] prove that higher rank models on some
graphs have eigenvalues of higher multiplicity.

6. DECORRELATION ESTIMATES FOR THE DISCRETE ALLOY-TYPE MODEL

In this section, we prove decorrelation estimates for the nonsign definite
alloy model studied by Tautenhahn and Veselic [19]. As above, these imply
the asymptotic independence of local eigenvlaue statistics associated with two
energies in the localization regime sufficiently far apart. The discrete random
Schrédinger operator acting on ¢?(Z%) is described by

H,=L+V,, (6.1)

where L is the finite-difference Laplacian, and the random potential V,, is de-
fined by

Vo(m) := Z Wi Q.- (6.2)
nezd

The potentials at two sites, V,,(m) and V,,(n), are independent only if ||[n—m|| >
diam a. Furthermore, the rank of V,,(m) is |supp a|. The single-site potential
a and random variables (wy) satisfy the following hypotheses.

Hypothesis 1. The single-site potential a is a real, compactly supported func-
tion a : Z% — R with ag > 0 satisfying the condition

0< Z lan| < ap. (6.3)
neZ\{0}

Given a single-site potential a, we define a parameter 6 > 0 by:
> lam|
m##0

ao

d:= <1, (6.4)

Hypothesis 2. The single-site potential a is such that the parameter § > 0.
The Fourier transform @ : T¢ = [0,27)? — C, is defined by

a(f) = Z e*ay, 0 e T,
kezd
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Hypothesis 3. The Fourier transform a of the single-site potential a is never

zero: a(6) # 0, for all € T

Hypothesis 4. The family of random variables (wy,) are iid random variables
with a common, compactly supported density p € WL(R) with support p C
[—M, M], for some 0 < M < oo.

We note that the usual rank one Anderson model corresponds to a,, = agdmo
S0 a is supported at a single point and 6 = 0. In the case considered here, we will
always assume that § > 0 and the single site potential a has compact support.
In particular, there is no restriction on the sign of the terms a,,.

Let us write

m = Zan > ap(l1—146) > 0. (6.5)

It follows from standard methods that the almost sure spectrum of H,, is equal
to [—2d,2d] + m - supp wp. In particular, the almost sure spectrum is a union
of intervals and contains at least two intervals I, I such that dist([y, I2) >
4d 4+ me, for some 0 < ¢ < 2M, only depending on supp wg. We always assume
that the constant (M, ¢, d) satisfy the condition

M1 —6)? —26(1+6) > 0. (6.6)

Under this condition, we extract from [19, Corollary 3.4] the following Minami
estimate (M): There exists C' > 0 such that for all interval I € R, we have

P (Tr X,(I) > 2) < C|I|*¢* (6.7)

Although not explicitly stated in [19], the Minami estimate (6.7) and the
method of Klein-Molchanov [8], presented in section 5, allow us to prove that
the eigenvalues of the alloy model (6.1)—(6.2) are almost surely simple. So
although the rank of a is greater than one, the standard Minami estimate holds
implying simplicity of the eigenvalues in the localization regime and Poisson
statistics.

We now turn to the proof of the decorrelation estimates, Proposition 1.1, for
the random alloy model assuming (6.6). Because of the Minami estimate (6.7),
we may take my = 1.

We take E, E' € Y¢r, and such that |[E — E’| > 4d. We may restrict ourselves
to those configurations w such there is one eigenvalue in I7,(E) and one in J7,(E’)
and such that the distance with the rest of the spectrum of H,, 4 is greater than
(Llog L)~%. By the Wegner estimate, this is possible with probability greater
than 1—(¢/(Llog L))¢. Let us write Ef(w) and Ef (w) these two eigenvalues with

normalized eigenvectors uﬁ and uf. We note that u§ (m),uf,(m) =0, if m ¢ Ay.

The results of section 2.1 hold with k; = 1, ko = 1, and T¢(E, 1,w) = Ef(w)
and Ty(F',1,w) = Ef(w).

The first main difference appears in the variational formulas of section 2.2,
in particular, the lower bound (2.7). In the alloy case, the gradients of the
eigenvalues are not normalized. We prove the following lower bound:
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Lemma 6.1. There exists a finite constant K > 0, depending only on M =
supwo, and § defined in (6.4), such that

Proof. By the Feynman-Hellmann formula we have

0w, BS(w) = > amluf(m +n)? (6.8)

meZ4

VOB | VuE{w)
IVoE{ (@)l VB (@)1

from which it follows that

100, B (@) = aoluf () 2| < 3 lamfuf(n -+ m) . (6.9)
m70

This implies that the L!-norm of the gradient of Ef (w) satisfies

‘HVWE w)l1 —ao’ D lamllub(n+m)> < laml. (6.10)

n€Zd m#0 m#£0
Therefore, one has
ao(1 = 8) < ||VwEj (@)1, | Vo EL (@)1 < ao(1 +9), (6.11)
and
VB @)l — IVuBE @] <23 lam| < 20a. (6.12)
m£0

It also follows from the Feynman-Hellmann formula that
W (VB (@) = VuBLw)) = (1A — B (w)Jugsuy) — (1A — BL@)up up)
= (Auj, uz) — (Dug,ug) + (B (w) — Ej(w)),
so that
M|V ES(w) — VuEg(w)|1 > lw - (VuEi(w) — VuEf(w))| > |E — E'| — 4d > me,
where m > 0 is defined in (6.5). We can now finally estimate
Vo ES(w) Vo EL(w)
IVoES@)ll1 IVwEf (W)l
IV Ef ()1 Vo B (@) = I VW Ej () |h Vo Ej (w)
IV E§ (@) 11 Vo B ()11
IV Ep ()l | Ve Ej(w) — VwEﬁ(w)} + IV Ep()lh = IVwEjll1] Vo Ej(w)
IV Ef ()1 Vo B (w) 1 ’
(6.13)
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so that
VuEf(w) | VuEf(w)
IVLEEW  [IVWuEL(@)

IV Ej(w) = Ve By (w)|h IIV Bl = [IIVe Ep (@)l = IV B (@) 11| Ve By ()1

Z 4 4
Vo Ej (@)1 Ve By (w)
< meM (1 —8) — 25(1 + 8)ag
- (1+6)2
eM~Y(1 —6)2 —26(1 +6)
> >0, 6.14
0 (1+0)2 (6:14)
giving an explicit formula for the constant K > 0 in the lemma. U
We also compute
> 00, Ef(w) =) 0w, Bi(w) =m >0, (6.15)
nezd nezd

for the constant m > 0 defined in (6.5), and

wn Oy E¢ 2
J (@) n E’“(w) > M 5o (6.16)
S IV, Bl VB (@)l ~ ao(1 = 9)
Therefore, it follows that
¢
Vo 5() Vo Ei(w) (6.17)
IVoES (@)l IV ER (@)1,

To complete the proof of the decorrelation estimate (1.3), we note that the
reduction of section 3 holds for the alloy-type model. It remains for us to prove
the analog of Proposition 3.1 for the alloy-type model.

Proposition 6.1. Let E,E' € Xy, be two distinct energies with |E — E'| >
4d. For any bounded intervals I,J C R, we define I1(E) := L™ + E and
J(E") == L] + E', as above. We write X,(IL(E) := TrEy, ,(IL(E)), and
similarly Xo(Jp(E'). Then, for any 8 > g, there exists a scale Lo > 0, so that
for any L > Ly, there exists a constant Cy > 0 so that

K|pl% (ClogL)@*H1

Xo(I =1)N(X N =1)} < . (6.1
P{X(IL(B)) = )N (XL (B) = 1)} < Co 2 B (6.18)
Lemma 6.1 allows us to write the analog of
23 VB (w) VoEL (W)
max Ji;(ES(w), E > = . T —
Jnax Jij (Ej(w), k(@) <€5d> IVoE @) [VuBi@) ],
2 (2°
s 1 (3). o)

where K > 0 is the constant defined in (6.14). Consequently, an estimate of
the form (3.20) holds for the alloy-type model, and the probability that the
normalized gradients are collinear is zero.
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With regard to Lemma 3.4, we mention that because of the support of the
single-site function a, the determinant fg(w;,wy) = det(H,  — F) is a polyno-
mial of degree |supp a| in each random variable w; and wy. Hence, the Harnack
Curve Theorem states that the number of connected components in the zero
set of fp is bounded above by |supp a|?. By the argument in the proof of
Lemma 3.4, the number of points in ¢ ~!(p), for any p € K, is bounded above
by |supp a|?. As this number is independent of L, the proof concludes as in
section 3.2.
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