Test Review 1 MA 433 S08

The test will be over chapers 1 and 2, except for sections 26 and 27. From chapter 1 you should
know how to work with and manipulate complex numbers using absolute values, complex conju-
gates, and the polar form of a complex number. Know how to find powers and roots of a complex
number. Be able to identify the boundary and interior of a set as well as tell when a set is bounded,
connected, open, and closed. From chapter 2, study mapping properties of w = 2",n = 2,3,...,
and w = e*. Know what is meant by limit, continuity, differentiability, and analyticity of a function
of a complex variable. Be able to use the Cauchy Riemann equations (in real, polar, or complex
forms) to determine when a function is not differentiable at a point and also when a function has
continuous first partials, to determine whether it is differentiable at a point. Finally in chapter 2
study harmonic functions and their various properties, including how to find a conjugate of a given
harmonic function in a disk or C. Here are two tests complete with answers and quite similar to
the actual test for you to practice on.

Practice Test 1
10 pts 1. Show that if P(z) = ag + a1z + ... + a,2", and the a;’s are real numbers, 0 < i < n, then

a) P(z) = P(z).
) For P as in (a) show that if z; is a root or zero of P then so also is Z.
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40 pts 2. Find the following:
a) All solutions to (22 4+ 1)* = —1. You can leave your answer in polar form.

b) li M when f(z2) = 2% + 2%
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(c) The interior and boundary of {z =z +iy:x <y < 1}N{z:|z| < 1}. Sketch your answers.
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d) Give real and imaginary parts of e
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f) The image of {z =z + iy : 2 > 0,y > 0} under w = 2%

25 pts 3. Given f(z) = e **T3[cos(2y) — isin(2y)] for z = z + iy.

a) Does f satisfy the Cauchy Riemann Equations for each z in C.
b) Show that f is entire (i.e analytic in C).
c)
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(c) Find f’(z) and express this function in terms of f.

(d) Let g(z) = f(2?). Determine all z ’ s for which g is analytic and find ¢'(2).

25 pts 4. If z = 79 let f(z) = r'/2e/0/247/%) when r > 0, || < 7/2. Find u = Re f,v = Im f, as
functions of 7, 6. (a) Show that u, v satisfy the polar CR equations when r > 0, 0| < /2.

(b) Given that the Laplacian of a function  in polar coordinates is, Ah = r~1(rh,.), +r~2hgy. Show
that v is harmonic in {z = = 4+ iy : * > 0}.

10 pts Extra Credit: Given that if g is analytic in a domain D and ¢’ = 0 in D, then g = constant
in D. Show that if f = u+iv is analytic in a domain D and 2u+3v = 0 in D then f = constant in D.




Answers Practice Test 1

1. (a) Follows from properties of conjugates, since the conjugate of a sum or product is the sum or
product of the conjugates and the fact that P has real coefficients.
(b) Use (a), in fact 0 = P(z) = P(Zo).

2 ( ) > il’l {:|:21/4 e57ri/8’ :|:21/4 e37ri/8}.
(b) -

(c) Inter10r isequal to {z =z +iy:xz <y}n{z:|z| <1}
Boundary is equal to {z = z+iy : x =y, |z| < 1}U{z : |z| = 1,y > z}. Can sketch in class if asked.
@ 1
(e) 8

(f) Image is {w =u+iv:v >0}

3. (a) Yes. f, = —2f = —if, as is easily shown.

(b) Since f has continuous first partials it follows from a theorem in the book that f is analytic for
all z so by definition, entire.

(c) f'(2) = fo = —2f(2).

(d) 22 and f are analytic everywhere, so by classwork g is analytic everywhere (entire). Moreover
by the chain rule, ¢'(z) = 2zf'(2%) = —4zf(z?).

4. TIf uw(z) +iv(z) = f(z) = r'/2e07247/D then u(r,0) = r'/%cos(0/2 + w/4) and v(r,0) =
r/2sin(0/2+m/4). (a) Polar Cauchy Riemann equations are u, = (1/2)r=1/2cos(0/2+m/4) = r vy
and 7 lug = —(1/2)r Y2sin(0/2 + w/4) = —

(b) From (a), 7~ 1(rv,), = (1/4)r=3/2sin(0/2+ 7 /4) and 72 vgg = —(1/4)r=3/2sin(0/2 + 7 /4). Thus
Av=0in {(r,0) :r>0,0| <7/2} ={z =z +iy: x> 0}.

EC. From the CR equations u, = v,,u, = —v,. Also by assumption, 2u + 3v = 0, so u, =
—3v,/2, u, = —3v,/2. Use in the CR equations to get v, = —3v,/2, v, = 3v,/2 Solve these equa-
9g

tions for v,, v, to get v, = v, = 0. Similarly u, = u, = 0so0 ¢'(2) = 3%(2) = 0 in D. By the given
theorem, g = complex constant.

Practice Test 2

35 pts 1. (a) Find the real and imaginary part of (1 + iv/3)710.

(b) Write the circle, K with center (2,3) and radius 4 in complex notation.

(c) If K is as in (b), write the tangent line to this circle and through (2,7) in complex notation.
(d) Determine where f(z) = 3(z —4)® + 1 has a z derivative.

(e) Use €3 = ()3 to find cos 30 in terms of cos,sin 6.

20 pts 2. Given w = u + iv = * = e”(cosy + isiny) when z = z + iy and the sets,
Si={z=z+iy:0<y<n},S={z=x+iy:2>0,0<y <7} Youmay assume that f is one
to one on both sets. Find the image of S7, S under e*.

20 pts 3. True or False and justify your reasoning !

(a) If f(2) = /2%, 2 # 0, then lim f(2) =

2,2
(b) If z=x+idy and f(z) = (ﬁf-?;?)?’/?’ (x,y) # (0,0), while f(0) = 0, then f satisfies the Cauchy




Riemann equations but f’(0) does not exist.

25 pts 4. Given the function Log z = Inr 4+ if, when z = re®
(a) Sketch the domain D of definition of Log z.

(b) Use the polar form of the Cauchy Riemann equations to show that Log z is analytic in D.

(c) Find £ Log = for z € D.

(d) Given that a composition of analytic functions is analytic, (provided the composition makes
‘sense’). Show that Log (1 — 2) is analytic in B(0,1) = {2z : |z| < 1}.

,—m <O <m r>D0.

10 pts Extra Credit: Let u(x,y) = 2z2(1 — y).

(a) Show that w is harmonic in the complex plane.
(b) Find all harmonic conjugates v of w.

(c) Find an entire function h such that u = Re h.

Answers Practice Test 2

1. (a) 27" (=14 iV3).

(b) K ={z:|z —2—3i| =4}.
(c){z: Im z=T7}.

(d) z derivative only at z = 4.
(e) cos 30 = cos®§ — 3 cosfsin? 0.

2. If f(z) =¢? then f(S;) ={w=u+iv:v >0} and f(S) ={w=u+iv:|w >1and v > 0}.
Can sketch f(S1), f(S2) in class if asked.

3. (a) False since if z = re?, then f(re?) = e* so that f— — 1 as z—0 along the ray
{z =rei™*:0 < r < oo} while f(2)—1 as z—0 along the real and/or imaginary axes.

(b) True since f(z,0) = f(0,y) = 0 implies f.(0,0) = 0 = —if,(0,0) and if z = re® then
f(2)/z = cos® §sin? e~ which does not have a limit as z2—0.

4. (a) Domain is D = C\ (—o0,0].

(b) Let u(r,0) = Inr, v(r,0) = 0. Then u, = r~' = r~tvg and r'uy = —v, = 0. Thus f(z) = Log z
satisfies the polar Cauchy Riemann equations in D. Since u, v have continuous first partials in D it
follows that f is analytic in D.

(c) f(z2) =ef, =2z"1in D.

(d) Note for z in B(0,1) that Re (1 —2) > 0 and so 1 — z € D whenever z € B(0,1). Since a
composition of analytic functions is analytic it follows that Log (1 — z) is analytic in D.

EC. (a) Show ., + uy, = 0.
(b)v=2y+a®—y*+c
(c) h(z) =2z +i2%



