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NOTE ON AN EIGENVALUE PROBLEM FOR AN ODE
ORIGINATING FROM A HOMOGENEOUS p-HARMONIC
FUNCTION

© M. AKMAN, J. LEWIS, A. VOGEL

We discuss what is known about homogeneous solutions u to the p-Laplace

equation, p fixed, 1 < p < oo, when (A) u is an entire p-harmonic function

on Euclidean n-space, R™, or (B) u > 0 is p-harmonic in the cone
K(a)={z = (z1,...,2n) 1 21 > cosalz|} CR", n>2,

with continuous boundary value zero on 0K («) \ {0} when « € (0, 7].

We also outline a proof of our new result concerning the exact value,
A =1—(n—1)/p, for an eigenvalue problem in an ODE associated with
u when v is p hamonic in K(7) and p > n — 1. Generalizations of this
result are stated. Our result complements the work of Krol'-Maz'ya for
l<p<<n—-1.

§1. Introduction

In this paper we first discuss what is known about homogeneous solutions u
to the p-Laplace equation, p fixed, 1 < p < oo, when (A) w is an entire p-har-
monic function on Euclidean n-space, R", or (B) u > 0 is p-harmonic in the
cone

K(a)={z=(21,...,2,) : &1 > cosalz|} CR", n > 2,

with continuous boundary value 0 on JK («). More specifically, for fixed p,
1 < p < 00, uis a solution to

V- (|Vu|(p_2) Vu) =0 in R" or K(a) (1)
Key words: p-Laplacian, boundary Harnack inequalities, homogeneous p-harmonic func-

tions, eigenvalue problem.
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and

u(tz) = t'u(x), for some real A whenever ¢t > 0

(2)

and z is in the domain of w.

Given z € R™\ {0}, we introduce spherical coordinates r = |z|, 1 = 7 cos 6,
0 <6< If was in (2) is p-harmonic in K(«) and u(1,0,...,0) = 1, then it
turns out that u has the additional form:

u(x) = u(r,0) = r¢(0), >0, 0< 0 <o, with ¢(0) =1, ¢(a) =0, (3)

for some X € (—o00,00) and ¢ € C*([0, a]).

1.1. WHAT IS KNOWN. Case (A): Entire Solutions.

In R?, Krol’ in [12] constructed homogeneous p-harmonic functions, u, as in (3)
with continuous boundary value 0 on 0K () whenever a € (0, 7]. If « = 7/(2k)
and k is a positive integer, one can use Schwarz reflection to extend w to an
entire p-harmonic function in R?. Moreover, in [14], the second author showed
there are no real polynomial solutions to the p-Laplace equation in R? when
1 < p < oo. Tkachev in [23] proved for 1 < p < 0o, p # 2, that there are no
real homogeneous polynomials of degree three in R™ n > 3, that are solutions
to the p-Laplace equation. The second and third authors in [19] showed there
are no real homogeneous polynomial solutions of degree four in R™" n > 3,
and none of degree 5 in R? to the p-Laplace equation when 1 < p < oo,
p # 2. Finally, recent work was done by Tkachev in [24]. That paper contains
some very interesting examples of p-harmonic and related functions but still
no examples of p-harmonic real polynomials when p > 1,p #£ 2. In short we do
not know of any entire homogeneous real solutions to the p-Laplace equation
of the form (2) in R™ when 1 < p < 00, p # 2, other than those constructed
by Krol’ in two dimensions.

Case (B): Solutions in a Cone.
It was first shown by Krol’ and Maz'ya in [13] that if 1 < p < n —1 and
a € (0,7) is near enough 7, then there exists a unique solution to (1) in K(«)
of the special form (3) with A(a) > 0. Tolksdorf in [25] showed that given
a € (0,7), there exist unique \;, ¢, 7 = 1,2, with A2 < 0 < A1, and ¢; infinitely
differentiable on [0, o] satisfying ¢;(a) = 0, ¢;(0) = 1, and wu;(r, 0) = rigp;(6),
i = 1,2, are solutions to the p-Laplace equation in K(«a). Also Porretta and
Véron gave another proof of Tolksdorf’s result in [26]. A similar study was
done in more general Lipschitz cones by Gkikas and Véron in [8].

Now we discuss what is known about eigenvalues X in (3) for various «,n.
Krol” and Krol’ and Maz'ya in the papers mentioned above (see also [4]) used (1)
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to show for u as in (3) that

0= LD 0) + (620) ¢ (0) (sin0)" 2}
FANp — 1)+ (0= p)]N62(0) + (¢/)2(0)] 72 26(0) (s )"~

Letting ¢ = ¢'/¢ in the above equation, Krol’ in [12] obtained the first or-
der DE

0=((p— D>+ )¢
+ (A + ) [(p— 1)Y? + (n —2) cot Y + N (p — 1) + A(n — p)].

If n = 2, the cotangent term in the above DE goes out and variables can be
separated in (4) to get

(4)

Ad) (A —1)dy
- +df = 0.
A +? NP2+ A2 -p)/(p—1)
The boundary conditions imply that ¢ decreases on (0,«) so ¥(a) = —o0,
¥ (0) = 0. Using this fact and integrating, we see that
A—1
=2a/7 (5)

VX +AM2—-p)/(p—1)
where +1 is taken if A > 0 and —1 if A < 0. For later discussion we note that
if « =m/2, i.e, K(7/2) is a half space, then (5) gives

N=1 X =(1/3)(p=3-2/p—3p+3)/(p-1)

(M (7/2) =1 for n > 2 since x1 = rcosf is p-harmonic for 1 < p < o0). Also
if o =m n=2ie K(r)=R?\ (—00,0], then (5) yields

M=1-1/p, Xo=(1/16) <7p — 16— \/S1p% — 288p + 288) /(p—1).

For other values of A\o(a) when n = 2, see |20]. Forn > 3, a = 7/2, and p = 2,
one can use the Kelvin transformation to get Aao(w/2) = 1 — n while if p = n,

from the conformal invariance of the n-Laplacian it follows that Ay(7/2) = —1.
Also if p = (4n — 2)/3, then
D+ 1 -n

=p= 15 since u(r,0) = T‘_’B/Q(COS(Q/Z))/B

in (3) for o = m, as we first found using Maple and Mathematica, and then
by direct calculation (see the discussion following Theorem 1). DeBlassie and
Smits in [6] obtained estimates on —Aa(7/2), 1 < p < 00, p # 2, by leaving
out the cotangent term in (4). In fact their solution to the DE in (4) with the
cotangent term omitted leads to a super solution of the form (3) for the p-Lap-
lace equation, so leads to an upper estimate for —Ay(7/2) in the p-harmonic

—2Xg(m) =
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equation. Upper and lower estimates for Ag(7/2) were also obtained by these
authors in [7]. Recently, Llorente, Manfredi, Troy, and Wu in [21] used shooting
methods to get upper and lower bounds for \y(7/2). These authors also gave
a strictly ODE proof for the existence of a solution in this case.

In [3] we prove the following statement.

Theorem 1. The ezistence and uniqueness of u; = ri¢;, i = 1,2, also occur
when oo =m, n—1 < p < oo. Moreover, \j(7) =1—(n—1)/p forn >3 and

pt+l—mn

n—1<p<oo. In fact, as a—m, we have \j (o) —1+(n—1)/p~ (m1—a) »=1 .

Here ~ means that the ratio of the two functions is bounded above and
below by constants depending only on p and n. We note that if 1 <p <n—1,
then a slit has p-capacity zero in R™, n > 3, and so there are no solutions
to (4). In fact Krol’ and Maz'ya in the paper mentioned earlier obtained that
as q—m,

n—1—p
T —q) p1 forl<p<n-—1,
Al(a)m{( ) p

1
—m forp:n—l.

We also point out that Theorem 1 and conformal invariance of the n-Laplacian
imply for p = n that Ay(7) = —1/n.

To outline our efforts in proving Theorem 1, we began by trying to use the
DE in (4) to solve for Ai(m), ¢. From a boundary Harnack inequality in [17]
(see Theorem 1.9 and Lemma 5.3), we knew that

Jim $(0)(x — 0) = 5

where 8 = 1;’%1". Since ¢ has a relative maximum at 6 = 0, it also followed

that ¢(0) = 0. Using these initial conditions, we first assumed for certain p,n
that

B(0) = cos(0/2)%e90/2) for 0 < 0 < 7. (6)

To test the validity of what was then a conjecture, we considered as a test case
n=3,p=5/2 (so \i(w) =1/577) and in (6) put

glcos(6/2)) = " ar(cos(6/2))*, 0<6
k=0

N

T,

where the ai, k = 1,2, ..., are constants. Using this expression for g, our initial
conditions, and then computing v in (4), we deduced that the coeficients ay,
could be computed recursively. Thanks to Maple and Mathematica, we were
able to compute a; — a1g. Using the resulting partial sum for g, and then
computing ¢ we received strong evidence that Ai(7w) = 1/5 in this test case.
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Later we put = = cos(6/2), h(z) = f + z¢'(z), x € (—=1,1), where g is as
in (6), and transformed (4) into

(1—a®)z k' (z) [(p— 1)(1 — 2%) h?(z) + 42> N?]
= (= 1)(1 - 2?)? (@) + [(p — 1) + (n — 2)(22 — D](1 — 2?)*(2)
—AN2X(p — 1)+ (n —p)]2® (1 — %) h*(x)
+4X2[1 + (n —2)(22% — D)]2®h(z) — 16X3[A(p — 1) + (n — p)]z?,

where h(0) = 8 and v1 — 22h(z)—0 as x—1. Expanding h in a Macclaurin
series and using Maple and Mathematica, we received even stronger evidence
of the validity of A1 (7) = 1/5 when n = 3, p = 5/2. We also used this approach
to check other values of our conjecture. However this approach seemed hopeless
for proving Theorem 1. Finally we hit on using the following finess type proof.

§2. Outline of the Proof of Theorem 1 for A;(7) whenn —1<p<n
To outline the proof of Theorem 1 we need some notation. Let
B(z,p)={y=(y1,-..,yn) € R": |2 — y| < p} whenever z € R", p >0,

and let e; = (1,0,...,0). Let H" ! denote (n — 1)-dimensional Hausdorff
measure on R” and let d(Fy, F5) denote the distance between the sets Fy, Fs.
We write d(x, F') for d({x}, F'). Set

Sl ={z eR": |z| =1}

and let ¢ denote a positive constant greater than or equal to 1, which unless
otherwise stated may only depend on p,n, a.

The existence of a positive p-harmonic function v in K(«a), 0 < a < 7,
with v(e;) = 1 and continuous boundary value 0 on 0K («), follows easily from
interior regularity results, the Dirichlet problem, and Wiener type estimates for
p-harmonic functions given in [9]. For example, given 1 < p < oo, 7/2 < a < 7,
and [ = 1,2, ..., let v; be the continuous function in B(0, 2{) with v; a p-harmo-
nic function in B(0, 21)\[(R™\ K («))NB(0,1)] and v; = 0 on (R™\ K (o))" B(0,1)
while v; = M; on 0B(0,2l). Also M; is chosen so that v;(e;) = 1. Using results
which can be found in [9], one can show that a certain subsequence of {v;};>1,
converges uniformly to v > 0, a Hélder continuous function on R™ which is
p-harmonic in K («) with v =0 on 0K (a) and v(e;) = 1. The same argument
gives a solution in K (7) provided p > n—1. To prove the existence of v with the
above properties in K(«) when 0 < o < /2, let v; be a continuous function
in B(0,20) with v; a p-harmonic function in B(0,2l) N (K () \ B(le1,la/8)),
vi(e1) = 1, and v; = M; on B(ley,la/8) while v; = 0 on [B(0,20) \ K(a)] U
0B(0,2]). Taking limits as above, we get v.
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The uniqueness of v with the above properties can be shown by using bound-
ary Harnack inequalities proved by Lewis and Nystrom in [16,17]. Indeed in [16,
Theorem 2|, the authors proved a boundary Harnack theorem for domains with
a Lipschitz boundary, which, tailored to K(«), 0 < a < 7, is stated as follows.

Lemma 1. Let a € (0,m), p > 0, let p be fired with 1 < p < oo, and let
0 < v1,v2, be p-harmonic in K(a) N B(0,p) with continuous boundary values
and v1 = va = 0 on 0K (a) N B(0,p). There exists cy > land o € (0,1),
depending only on «,n,p, such that if p™ = p/ct and x,y € B(0,p") N K(a),
then

vi(z)  un(y) lz —y|\7 vi(z)
va(z) v2(y)‘ <C+< ot > ve () (7)

Letting p—oo in Lemma 1, we see that if v = v; and v are positive p-har-
monic functions in K (a) with continuous boundary value 0 on 0K («), then
v/vy = constant. To prove that v has the form (3), observe that for fixed ¢t > 0,
the function x—w(tx), x € K(«), is positive, p-harmonic, and has boundary
value 0 on 0K (), so by the uniqueness of v, we have

v(tz) =v(te)v(z), =€ K(a). (8)
Differentiating (8) with respect to ¢ and evaluating at ¢t = 1, we see that
(x, Vu(x)) = (e1, Vu(er))v(x) whenever z € K(a).
If we put p = |z|, x/|z| = w € S*7!, in this identity we obtain

pp(pw) = (e1, Vo(er))v(pw).
Dividing this relation by pv(pw) and integrating with respect to p over (0,r) we
deduce that v(rw) = r*v(w) whenever w € S"~1 where A\ = (e1, Vu(ey)). Fi-
nally since p-harmonic functions are invariant under rotation, from this equality
and uniqueness it follows that v has the form (3).

To prove the uniqueness of v in K (7), we use arguments from |17, Section 4|,
to prove (7) when p > n—1 and vy, vz are positive p-harmonic functions in K ()
with continuous boundary value 0 on 0K (7). The uniqueness of v implies, as
in the argument following (8), that v has the form (3). Existence, uniqueness,
and showing u has the form (3) when A < 0 in the so-called Martin problem
for K («) is proved similarly (see [16, Corollary 5.25], for an analog of Lemma 1).
We omit the details.

To avoid confusion in the rest of the proof of Theorem 1, we shall often
write u( -, ) for the positive p-harmonic function in (3) with u(-,a) =0 on
R™\ K(«a), u(e1,a) = 1, when o € (0,7] and p is fixed, n — 1 < p < oco. We
also write A(«) for the eigenvalue, A1, in (3). From the maximum principle
for p-harmonic functions, it follows that if 0 < a3 < ag < 7, then u(-, 1) <
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cu( -, a9) in K(aq1)NB(0,1) so necessarily, A(az) < A(aq). Also strict inequality
must occur since otherwise from (3) it would follow that u(-,aq)/u( -, az) has
an absolute maximum in K (o), which again leads to a contradiction by way
of the maximum principle for p-harmonic functions. From regularity estimates
in [9] it follows that u(-,a) converges uniformly to u(-,7) on R™ when a—.
Thus

o}ii)nw)\(a) = A\(m) and A(a) > A(m) when « € (0, ). (9)

To complete our proof of Theorem 1, we shall need some more notation,
definitions, and lemmas. We begin with the following definition.

Definition 1. A bounded domain D C R" is said to be starlike Lipschitz with
respect to z € D provided
0D ={z+ R(w)w:w € 9B(0,1)}
where log R : 9B(0,1) — R is Lipschitz on 0B(0,1).
Under the above scenario we say that z is the center of D. Let ||log R|gn-1

denote the Lipschitz norm of log R. We refer to ||logR||sn-1 as the starlike
Lipschitz constant for D.

In [15, Theorem 3|, Lewis and Nystrém proved the following fact.

Lemma 2. Suppose D is a starlike Lipschitz domain with center at z,w € 0D,
0 < r < |w-=2|/10, and p is fired, 1 < p < oo. Let v be p-harmonic in
D N B(w,4r) with continuous boundary value v =0 on 0D N B(w,r). There
exists ¢, = 1, depending only on n,p, and the starlike Lipschitz constant for D,
such that if ¥ = r/cy, then
(a) o sy < |Vu(@)| < evgiashy, # € DN B(w, ),
(b) the limit lim,—, Vo(z) = Vo(y) exists nontangentially for H" !-al-
most every y € 0D N B(w, 1),
(c) Vo(y) = —=|Vou(y)|v(y) for H* L-almost every y € OD N B(w,T) where
v(y) is the unit outer normal to 0D (a) at y,
(d) there exists ¢ > p and c. with the same dependence as ¢, such that

(Vo7 dH" ™ < cppr™ 190 (w')?
dDNB(w,7)
where |[w —w'| = 7/4 and w' lies on the ray from z to w.
Next if 1 < p < n, let
F(x) = Cp|x|(p—n)/(p—1).
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Here ¢, = Z—l wi/ 7P where HL(S" 1) = w,,. Then as is easily checked,

—-Pp
/ ([VF|P2VF,Vk) dz = k(0), whenever k € C§°(R").

F is said to be a fundamental solution to the p-Laplace equation with pole at 0.

Definition 2. Given a starlike Lipschitz domain D with center z, we say
that G is Green’s function for the p-Laplace equation in D, with pole at z
provided

(a) G is p-harmonic in D \ {z},
(b) G has continuous boundary value 0 on 0D,
(c) F(x —2) = G(z) + ((z), =z € D\ {z}, where 0 < ¢ is bounded

(10)
and Holder continuous in D,

(d) / (IVGIP2V @G, VO)dH" ' = 6(z) whenever 0 € C°(D).
D

For the existence and uniqueness of G satisfying (10), see Lemma 10.4
in [1]. In [1] we used Lemma 2 to prove the following Rellich type formula
for 1 <p<mn,

Lemma 3. Let D be a starlike Lipschitz domain with center at z, and for
firted p, 1 < p <mn, let G be the Green function for the p-Laplace equation in D
with pole at z. Then

/ IVG(2)|P(x — z,v) dH" ™ = (Z%’l’) ¢(z) >0 (11)
oD

where v 1s the outer unit normal to 0D.

For p = 2 this relation was proved by Jerison and Kenig in [JK].

We now return to our proof of Theorem 1. For a fixed p,n—1 < p < n, let G1
denote the Green function for D1 = B(0,2) N K(«), z = (1,0...,0) = e1, and
0 < m—a<7/4. Also let Gy denote the Green function for B(0,2) with pole
at 4e;. With this notation we state a lemma.

Lemma 4. For some ¢ > 1 depending only on p,n, we have

P -Gy =Tt (12)

IVG1(2)|P{x — e1,v) dH ! > |

K (a)NB(0,2)

where v is the outer unit normal to 0K (a) and (1,2, are defined relative to

G1,G2, as in 10(c).
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Proof. To prove the key inequality in (12), we first use (11) for G1, D;. Next
we note that |VGi| < |VG2| on 9B(0,2) N 0Dy as follows from the Hopf
boundary maximum principle. Using this note and (11) for G, B(0,2), we get
the left-hand inequality in (12). To prove the right-hand inequality in (12), we
note that Gy ~ 1 in B(0,1/4). Also if we put G; = 0in B(0,1/4)\ K(«), then
from Wiener type estimates for the p-Laplace equation (by using the fact that
a slit has positive p-capacity when n — 1 < p < n, see [22]), it follows that G
is Holder continuous in B(0,1/4) with Holder exponent and norm independent
of o € (3w/4, 7). Thus Go — G1 = (1 — (2 > a constant independent of « in
B(0,2p) for some 0 < p < 1/8. Also one can show that Go — G satisfies locally
a uniformly elliptic PDE in divergence form. Using Harnack’s inequality for
positive solutions to this PDE, we can connect a point in K (a) N B(0, p) to e;
by a chain of balls with radii > ¢~' = ¢(p,n)"!, and then apply Harnack’s
inequality in successive balls to finally get the right-hand side of (12). We
garnered the idea to use a Rellich type inequality to make estimates as above
from a paper of Venouziou and Verchota, see [27].

In order to use Lemma 4 in the proof of Theorem 1, first we observe that
c¢u(-,a) = Gq on Dy \ Ble1,1/2) where ¢ = ¢é(p,n) > 1 is independent of
a € (3m/4,m) so by the Hopf maximum principle

¢|Vu(-,a)] = |[VG| on 0K (a) N B(0,2) (13)

and from the boundary Harnack inequality in Theorem 1.9 of [17], mentioned
in the display above (6), we have

IVu(-, )| <E(r —a)@™/@"D on 9K () N [B(0,2) \ B(0,1)] (14)

where ¢ > 1 depends only on p,n when a € [37/4,7]. Finally note that
(x — e1,v) =sin(m — «) on 0K (a) N B(0,2). Using this note and (13), (14),
in (12) we conclude in view of (3) that for some ¢ depending only on p,n we
have

cig / sin(r — a)|VG[P dH™ 1
OK (a)NB(0,2)

2
<5</T()‘(O‘)_l)p+‘”_2 dr) (w—a)p:iﬁll (15)
0
<2
c (71'—0() p;ﬂ—l ;

<
Ma)=1)p+n—1

where we have also used the fact that an element of surface area on 9S(«) is
of the form sin(7 — )" ~2r"~2dr. From (15) and some arithmetic we conclude
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in view of (9) that
—n+1

AMr)<AMa)<1—(n—1)/p+c" (7 — a)pp—l as a—m (16)
for some ¢* = ¢*(p,n) which gives the upper estimate for A;(«) in Theorem 1
when n — 1 < p < n. The proof of the lower estimate for A\;(«) as a—7 when
n —1 < p < n is similar, merely by using Lemmas 3, 4, and Theorem 1.9
in [17], but somewhat more tedious. This completes our outline of the proof of
Theorem 1 whenn —1 < p <n. O

§3. Generalizations of Theorem 1

If O C R is open and 1 << oo, let W19(0) denote the space of equivalence
classes of functions h with distributional gradient Vh, both of which are gth
power integrable on O.

Definition 3. For fixed p>1, §€(0,1), and A=(Ay,...,A4,): R"\ {0} > R"
we say that A € M,(9) provided A = A(n) has continuous partial derivatives
in ng, 1 < k < n, and whenever £ € R" n € R"\ {0},

n

: _ 0A; " 1
(i) &[nP2E)* < Z 8—n-€i€j and Z IVA;(n)] <6 P2,
j

ij=1 i=1

(i) A(n) = [nl"~"Aln/In]).

Definition 4. Given A € M, (0), we say that u is A-harmonic in an open
set O provided u € WP(Q) for each bounded open 2 with Q C O and

/<A(Vu(y)), VO(y))dy =0 whenever 0 € C§°(%). (17)

As a short notation for (17) we write V - (A(Vu)) =0 in O.

An important special class of A’s for us is when
(a) there exists 1 < A < oo such that

0A; 0A;

_ v / <A _ / p—3
(n) o (n) ln — 'l

I a8)
whenever 0 < 1|n| < || <2Jn| and 1 <4,j < n,
of of of
—Df)= (2L 2 _p h _
(b) A(n)=Df(n) <8771’ o’ ,8%) so f(tn)=t"f(n) when t>0

Note that if A = Df in (18) and f(n) = p~!nlP, then u as in (17) is a
weak solution to the p-Laplace equation in O. Also observe that A-harmonic
functions remain A-harmonic under translation and dilation but not necessarily
under rotations. We use the same notation as in Theorem 1.
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Theorem 2. Given o« € (0,7), p € (1,00), or « = 7w, p > n— 1, and
A€ My(0), there exist unique w; for i = 1,2 that are positive A-harmonic
in K(a) with continuous boundary value 0 on 0K («) \ {0}, u;(e1) = 1, and of
the form (2) with Ao(a) < 0 < A\i(a).

Moreover, if A also satisfies (18), then \i(7) =1 —(n—1)/p forn—1<
p < oo. In fact

p—n-+1

M@ —1+n—-1)/px(r—a) P asa—n

where the ratio constants depend only on p,n,d, A.
3.1. Outline of the proof of Theorem 2.

Proof. The existence and uniqueness of u;, i = 1,2, in K(a), 0 < a < T,
follows from boundary Harnack inequalities proved in [18] for Reifenberg flat
domains and arguments similar to those in Section 4 of [17]. The proof that
A(m) =1 —(n—1)/p is essentially the same as the proof we outlined in the
p-harmonic setting for n — 1 < p < n. Indeed, Lemmas 1, 2, 3, 4 are proved in
Proposition 9.7, Lemma 10.9, Lemma 13.7, and display (13.86), respectively,
of [1] in the A-harmonic setting when A € M,,(6), 1 < p < n, satisfies (18). O

Remark 1. Lemma 3 remains valid when p > n, for G properly defined.
However for p > n there is a sign reversal in the inequality and so this lemma
can no longer be used to get an analog of Lemma 4 when p > n. Instead
in 3] we use a different Rellich inequality derived from the work on Theorem
B in [1] and Theorem B in [2| on a Minkowski existence problem. Armed with
this inequality, the proof of Theorems 1, 2 are similar to the proof outlined for
n — 1 < p < n. Finally we note that our interest in this eigenvalue problem
stems from our study of regularity in a Minkowski problem, originally proved in
Theorem 0.7 of [10] for harmonic functions and later generalized in Theorem 1.4
of [5] to p-harmonic functions when 1 < p < 2.
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