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Abstract

In this paper we study the regularity of the free boundary in a general two-phase free
boundary problem for the p-Laplace operator and we prove, in particular, that Lipschitz
free boundaries are C'7-smooth for some v € (0,1). As part of our argument, and which
is of independent interest, we establish a Hopf boundary type principle for non-negative
p-harmonic functions vanishing on a portion of the boundary of a Lipschitz domain.
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1 Introduction

In [C1,C2,C3] a theory for general two-phase free boundary problems for the Laplace operator was
developed. In [C1] Lipschitz free boundaries were shown to be C*7-smooth for some v € (0, 1)
and in [C2] it was shown that free boundaries which are well approximated by Lipschitz graphs
are in fact Lipschitz. Finally, in [C3] the existence part of the theory was developed.

In this paper, which is the first in a sequel, we begin our study of the corresponding problems
for the p-Laplace operator by generalizing the results in [C1] to the p-Laplace operator when
p # 2,1 < p < oo. This generalization is highly nontrivial due to the non-linear and degenerate
character of the p-Laplace operator for p # 2. Indeed, what enables us to proceed on these
problems in the case p # 2, 1 < p < oo, are the recent results in [LN,LN1,LN2] (see also [LN3]).
To briefly outline these results we recall that in [LN] we established the boundary Harnack
inequality for positive p-harmonic functions, 1 < p < co, vanishing on a portion of the boundary
of a Lipschitz domain {2 C R"™ and we carried out an in depth analysis of p-capacitary functions in
starlike Lipschitz ring domains. The study in [LN] was continued in [LN1] where we established,
as one of our results, the Holder continuity for ratios of positive p-harmonic functions, 1 < p < oo,
vanishing on a portion of the boundary of a Lipschitz domain 2 C R"™. Finally, in [LN2] several
results concerning the boundary behaviour of the gradient of a p-harmonic function, vanishing
on a portion of the boundary of a Lipschitz or C'-domain, were proved. The analysis in this
paper is a ‘tour de force’ of the techniques developed in [LN,LN1,LN2].

To properly state our results we need to introduce some notation. Points in Euclidean n-space
R" are denoted by = = (z1,...,x,) or (2/,x,) where 2’ = (z1,...,2,_1) € R" ! and we let S"~!
denote the (n — 1)-dimensional unit sphere in R™. Let £, 0F, diam E, be the closure, boundary,
diameter, of the set £ C R"™ and let d(y, E) be equal to the distance from y € R" to E. (-,-)
denotes the standard inner product on R™ and |z| = (z,z)'/? is the Euclidean norm of z. Let
B(z,r) ={y € R" : |t —y| < r} whenever x € R", r > 0, and let dz be Lebesgue n-measure
on R™. If O C R" is open and 1 < ¢ < oo, then by W9(0), we denote the space of equivalence
classes of functions f with distributional gradient Vf = (f,,..., fz,), both of which are ¢ th
power integrable on O. Let

1 llwraco) = [ fllzaoy + [V Fl (o)

be the norm in W14(O) where |- || (o) denotes the usual Lebesgue ¢ norm in O. Next let C5°(O)
be the set of infinitely differentiable functions with compact support in O and let VVO1 (0) be the
closure of C5°(0) in the norm of W¢(0). Finally let C(E) be the set of continuous functions
on b.

Given D C R™ a bounded domain (i.e, a connected open set) and 1 < p < 0o, we say that u
is p-harmonic in D provided u € W?(D) and

/ |Vul|P~2 (Vu, V) dx = 0 (1.1)
whenever 0 € Wol’p(D) . Observe that if u is smooth enough and Vu # 0 in D, then

V- (|[VulP?Vu)=0in D (1.2)

so u is a classical solution in D to the p-Laplace partial differential equation. Here, as in the
sequel, V- is the divergence operator. wu is said to be a p-subsolution (p-supersolution) in D
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provided u € W1?(D) and provided (1.1) holds with = replaced by < (>) whenever 6 > 0 a.e.
in D. Let u € C(D) and suppose that u changes sign in D. Put D*(u) = {z € D : u(x) > 0},
F(u) = 0D%(u) N D, and let D~ (u) be the interior of the set {x € D : u(x) < 0}. Set
ut = max{u,0}, v~ = —min{u,0}. Assuming that w € F(u) and that F(u) is smooth in a
neighborhood of w we let v = v(w) denote the unit normal, to F(u) at w, pointing into D™ (u).
Moreover, we let u} (w) and u; (w) denote the normal derivatives of u™ and v~ at w in the
direction of v. Note that w}, —u; > 0. In this paper we consider weak solutions, defined and
continuous in D, to the following general two-phase free boundary problem,

(1)  V-(|Vu[P>Vu) =0in Dt (u)U D (u),
(ii)  ul(w) = G(—u, (w)) whenever w € F(u),

v

(i)  w=feC(dD) on dD. (1.3)

In (1.3) (iz) the function G : [0, 00) — [0, 00) defines the free boundary condition and the interface
F(u) is referred to as the free boundary. If we make no a priori classical regularity assumptions
on the interface F'(u) then the free boundary condition in (1.3) (z¢) must be interpreted in a weak
sense and in particular a notion of weak solutions to the problem in (1.3) has to be introduced.
Let (-,-)" = max{(-,-),0}, (-,-)~ = —min{(-,-),0}. We will work with the following notion of
weak solutions to the problem in (1.3).

Definition 1.4. Let D C R" be a bounded domain, u € C(D) and 1 < p < oo, be given. u is a
(weak) solution to the problem in (1.83) if u is p-harmonic in DT (u)UD™(u), w = f on D and if
the free boundary condition in (1.3) (ii) is satisfied in the following sense. Assume that w € F(u)
and there exists a ball B(w, p), w € DT (u) U D~ (u) with w € 0B(w, p). If v = (0 —w)/|w —w],
then the following holds, as x — w non-tangentially, for some «, 3 € [0, 00| with « = G(),

(i)  if B(w,p) C DT (u), then u(z) = oz —w, )t — Bl —w,v)” + o]z — wl),
(it)  if B(w,p) C D™ (u), then u(z) = a{w — z,v)" — B{w — x, V)~ + o(|x — w|).

Recall that ¢ : E—R is said to be Lipschitz on E provided there exists b,0 < b < oo, such
that |¢(z) — ¢(w)| < b|z — w| whenever z,w € E. The infimum of all b such that this holds is

called the Lipschitz norm of ¢ on F, denoted ||¢>HE It is well known that if £ = R"™!, then ¢ is

differentiable almost everywhere on R"™ and ||¢||gn-1 = || [V | || oo (mn—1).-
We can now state the first main result proved in this paper.

Theorem 1. Let D C R" be a bounded domain, assume that u € C(D) and that u is a solution
in D, for some 1 < p < o0, to the problem in (1.3) in the sense of Definition 1.4. Moreover,
suppose that G > 0 is strictly increasing on [0,00) and, for some N > 0, that s~VG(s) is

decreasing on (0,00). Assume that 0 € F(u), B(0,2) C D, maxpz)|u| = 1 and that

D* ()N B(0,2) = QN B(0,2), F(u)NB(0,2) = 0N B(0,2),
Q = {y="y) ER" 1y > ()},

in an appropriate coordinate system where v is Lipschitz on R with M = HwﬂRn_l. Then
there exists o = o(p,n, M,N) € (0,1) such that Vi is Hélder continuous of order o on
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{z" : (2',9¢(a")} € B(0,1/8). The C° Hélder norm of Vi depends only on p,n, M, N.

We say that F'(u) N B(0,1/8) is C'7 whenever the conclusion of Theorem 1 holds. Theorem
1 is completely new if 1 < p < oo, p # 2, while, as previously stated, Theorem 1 was proved in
[C1] for p = 2 and the Laplace operator. We also note that the work in [C1] was generalized
in [W] to solutions of fully nonlinear PDEs of the form F(V?u) = 0, where F is homogeneous.
Further analogues of the work in [C1] were obtained for a class of nonisotropic operators in [F|
and for fully nonlinear PDEs of the form F(V?u,Vu) = 0, where F' is homogeneous in both
arguments, in [F1]. Finally generalizations of the results in [C1] were made to non-divergence
form linear PDE with variable coeficients in [CFS] and generalized in [Fe] to fully nonlinear PDEs
of the form F(V?u,z) = 0. Each of the above generalizations is concerned with non-divergence
form PDE. Generalizations of the work in [C1] to linear divergence form PDEs with variable
coefficients were obtained in [FS], [FS1].

To briefly outline the proof of Theorem 1 we note that our argument combines the geometric
approach developed in [C1] with the analytic techniques for p-harmonic functions in Lipschitz
domains developed in [LN,LN1,LN2]. In particular, let v € R™, |v| = 1, and consider 7 € R".
Let (v, ) denote the angle between v and v and for 6y € [0, 7], ¢g € Ry = (0, 00), we introduce

I'(v,00,6) :={p € R": 0(v,v) < By, |7| <€} (1.5)
Then I'(v, 6y, €o) is a cone of directions and if ¢y = 1 we write ['(v,0y) = I'(v, 0y, €y). Let O C R"

be an open set and let u € C(O). Let v € R™, |v| =1, 6y € (0,7/2] and ¢y € Ry be given. Put
O(v,00,€) ={x € O: B(x — 7,|1|sin(6y/2)) C O for every 7 € I'(v,00/2, €) }.
Then w is said to be monotone in O with respect to the directions in the cone I'(v, 0y, €) if

sup u(y — 1) < u(x) whenever 7 € I'(v,6/2, €p) and x € O(v, 0y, €). (1.6)
B(z,|7|sin(00/2))
If (1.6) is true then I'(v, 0y, €) is referred to as a cone of monotonicity for w in O.
Let u, 2, 0 € F(u) be as in the statement of Theorem 1 and let M denote the Lipschitz
constant of 2. To prove Theorem 1 we establish the following steps.

Step 0. (Existence of a cone of monotonicity) Using the Lipschitz character of € it follows that
w is monotone in B(0,ry), ry = 1/(4c2) where ¢, is the constant defined in Theorem 2.4 of section
2, with respect to the directions in the cone I'(e,, 6y, €) for some 0y = 0y(p,n, M) € (0,7/2] and
for some small eg = ¢y(p,n, M) > 0.

Step 1. (Enlargement of the cone of monotonicity in the interior) If 7 € I'(e,, 6y/2, €) for some
(0o, €0), put € = |7|sin(fy/2) and set

Ve(z) = v r(z) = sup uly — 1)
B(z,¢)

whenever u(y — 7) is defined in B(z,¢). Let v = Vu(=3*)/|Vu(=3*)|. In Lemma 4.2 we prove
the existence of positive 1 = u(p,n, M) and p = p(M) such that if € = |7]sin(6y/2), A =
cos(0y/2 + 0(v, 7)) and 0 < € < €gp, then

V(a+une(®) < (1 — pA)u(z) whenever x € B(5, pr1).
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Step 2. (Enlargement of the cone of monotonicity at the free boundary) Using the notation
stated in Steps 0,1, we in Lemma 4.3 prove that there exists i@ > 0, depending only on p, n, M,
and N, such that

Va+ane(®) < u(z) whenever x € B(0,7,/100).

It is shown in [C1, Lemma 17] that Step 2 implies the existence of w € S"~% 8 € (0,7/2],
c_,cy > 1, depending only on p,n, M and N such that

/2 —0=c'(n/2—0), ['(en, b0, c0) CT(w,0,6/cy), and u monotone in I'(w, d, ey/c ).

Using this fact, as well as invariance of the p-Laplace equation under scalings and translations,
we can replace u(x) by u(xg + nx)/n and given Step 0, repeat Steps 1, 2, in order to conclude,
as in [C1, p.157], the C'7-smoothness of F(u) N B(0,1/8) for some o = o(p,n, M, N) € (0,1).
Hence to prove Theorem 1 we only have to prove the statements in Step 0-2. The proof will use
the full strength of the toolbox developed in [LN,LN1,LN2]. In particular, we establish, a Hopf
boundary type principle for p-harmonic functions vanishing on a portion of a Lipschitz domain.
In order to describe some crucial ideas and an operator, fL, considered throughout this paper,
we assume that ' is Lipschitz with constant M’, w' € 9,7 > 0, and that «’,v’, are non-
negative p-harmonic functions in Q' N B(w’, 2r’). Also assume that u',v’, are continuous on the
closure of ' N B(w’,2r") and «',v" vanish continuously on 9§’ N B(w’,2r"). We say that |Vu/|
and |Vv'| satisfy a uniform non-degeneracy condition in Q' N B(w’, 21") if there exists a constant
b > 1 such that, for all y € Q' N B(w', 217),
u(y)

< |V'L~L(y)| < b—v u e {ulvv,}' (17)

b1 u(y)
d d(y, oY)

(y,0%)

In general, in our applications, b = b(p, n, M"). We note that (1.7), (1.8) (see Lemma 2.2) imply
u',v" are infinitely differentiable in ' N B(w, 2r’). Let

e(y) = u'(y) — v'(y) whenever y € ' N B(w', 2r") (1.8)

and introduce
u(y, 7) = 7/ (y) + (1 — 7)v'(y) whenever y € ' N B(w',2r') and 7 € [0, 1]. (1.9)
Using the fact that v/, v are classical solutions to the p-Laplace operator in (1.2) and the fact

that Va{jte + (1 — t)mP2[te + (1 —t)n]}
P=2¢ _ p|P7epn = — i —
| @ "

whenever £, € R\ {0}, it follows that

7 - 9 . / / /
Le := Z o0, (bij(y)ey, (y) ) = 0 whenever y € ' N B(w', 2r") (1.10)




where
1

%@::/%wﬂm
by ) = [Vuly, D)4 (0 — 2)uy, (9, 7Yy, (5, 7) + 05|V, 7)), (111)

for i,5 € {1,...,n} and &;; is the Kronecker 6. We observe that the operator L in (1.10)-(1.11)
is a symmetric linear operator in divergence form in ' N B(w’, 2r’) and that, in particular, the
function e, representing the difference between the p-harmonic functions v’ and v’, satisfies the
linear pde in (1.10). To estimate the ellipticity of LatyeQ'n B(w',2r") we note that

min{p — LIHEPAQ) < Y by (9)&&; < max{p — 1, 1}|¢[*A(y) (1.12)

i,j=1

whenever £ € R™ and

sz/WMwW”W%<WWM+WWM)_- (1.13)

Here, as in the sequel, A &~ B means that A/B is bounded above and below by constants which,
unless otherwise stated, may only depend on p,n and M. In Lemmas 2.12 and 2.14, we establish
interior and boundary Harnack inequalities for non-negative solutions to L (assuming v, v’ satisfy
(1.7)). Similar arguments are used to establish Theorem 2.22 which plays a fundamental role in
the proof of Theorem 1. As mentioned earlier, the proofs in section 2 use the toolbox developed
in [LN, LN1, LN2J.

As an application of Theorem 1 to free boundary-inverse type problems below the continuous
threshold, we show, see Theorem 5.1 in section 5, that Theorem 3 in [LN2] remains true without
any smallness assumption on the Lipschitz constant of the domain. A full statement of this
theorem together with an outline of its proof is given in section 5. Given Theorem 1 in this
paper and the results in [LN2], our task is to show that a certain blow-up limit p-harmonic
function, u., is a weak solution to a one phase free boundary problem in the sense described in
Definition 1.4.

This paper is organized in the following way. In section 2 we state a number of results
from [LN,LN1,LN2] concerning p-harmonic functions in Lipschitz domains. Moreover, in this
section we focus on the operator L constructed as in (1.7)-(1.13) and we develop, as described
above, a number of new results using the toolbox developed in [LN,LN1,LLN2]. In section 3
we then construct, in analogy with [C1], appropriate continuous p-subsolutions to be used for
comparison. In section 4 we establish Step 0-2 using the results stated and established in sections
2 and 3. In section 5 we prove Theorem 5.1 mentioned above. Finally in section 6, we briefly
discuss a generalization of Theorem 1.

2 p-Harmonic functions in Lipschitz domains

This section is devoted to the boundary behaviour of p-harmonic functions vanishing on a portion
of a Lipschitz domain. In particular, in the following we let 2 C R" be a bounded Lipschitz
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domain, i.e., we assume that there exists a finite set of balls { B(z;,7;)}, with z; € 9Q and r; > 0,
such that {B(z;,r;)} constitutes a covering of an open neighborhood of 02 and such that, for
each i,

QN B(wi,dr)) = {y=(,yn) €R" 1y > di(y)} N By, 4r),

in an appropriate coordinate system and for a Lipschitz function ¢;. The Lipschitz constant
of Q is defined to be M = max; |||V¢;|||lw. If Q is Lipschitz and ry = minr;, then for each
w € 990, 0 < r < rg, we can find points a,(w) € Q N IB(w,r) with d(a,(w),0N) > ¢ 'r for
a constant ¢ = ¢(M). In the following we let a,(w) denote one such point. Furthermore, if
w € 09, 0 <r < ry, then we let A(w,r) = 0Q N B(w,r) be the naturally defined surface ball.
We let e;,1 < i < n, denote the point in R"™ with one in the ¢ th coordinate position and zeroes
elsewhere. Moreover, throughout the paper ¢ will denote, unless otherwise stated, a positive
constant > 1, not necessarily the same at each occurrence, which only depends on p, n and
M. In general, c(ay,...,a,) denotes a positive constant > 1, not necessarily the same at each
occurrence, which depends on p, n, M and a4, ...,a,. With this notation we state,

Lemma 2.1. Let Q C R" be a bounded Lipschitz domain. Given p,1 < p < oo, w € 08,0 <
r < ro, suppose 4 > 0 is p-harmonic in Q N B(w,4r), and continuous in B(w,4r) with u = 0
on B(w,4r) \ Q. There exists, ¢,c > 1,a € (0,1), depending only on p,n, M, such that if
x € QN B(w,r/c), then

(a) max o < cdu(x).
B(m,%d(z,aﬂ))

(b) u(z) —u(y) < <%)a u(x) whenever z,y € B(z,2d(z,00)).

Lemma 2.2. Let Q,w,p,4,r, be as in Lemma 2.1. Then @ has a representative in WP (B(w, 47))
with Hélder continuous partial derivatives in QNB(w, 4r). In particular there exists o € (0,1],¢ >
1, depending only on p,n, such that if x,y € B(w,7/2), B(w,47) C QN B(w,4r), then

! Vi(e) = Vi(y)] < (le = yl/F)7 max [Vi| < c(|z —y|/7)7 w(@)/d(@,09).
If Vu(w) # 0, then u is infinitely differentiable in a neighborhood of w. Moreover, if for some
B € (1,00),
i(y)
d(y, 00)
then there exists ¢ > 1, depending only on p,n, 3, such that

n n 1/2
max Y iy, < ¢ (f‘" / > Iﬂyiyjl2dy> < & a(w)/d(w, 00)2.
B(@3) B(i,7)

1,7=1 3,7=1

< B|Vi(y)| whenever y € B(w, 27),



For the proof of Lemma 2.1, see [LN, Lemmas 2.1, 2.2]. A proof of the first display in Lemma
2.2 can be found for example in [L]. The rest of the proof of Lemma 2.2 follows from the first
display and Schauder type estimates. The following theorem is given in [LN1, Theorem 2.

Theorem 2.3. Let Q) C R"™ be a bounded Lipschitz domain with constant M. Given p,1 < p <
oo,w € I, 0 < r < ro, suppose that u,v > 0, are p-harmonic in Q N B(w,2r), continuous in
B(w,2r) with u =v =0 on B(w,2r) \ Q. Under these assumptions there exist c1,1 < ¢; < 00,
and o, ¢ € (0,1), both depending only on p,n, and M, such that if ¥ = r/c; and y1,y2 €

QN B(w,r/c1), then N
alaz(w)) (lyr —yol\”
ﬁ(a;(w))( r > '

We note that the proof in [LN1] of Theorem 2.3 uses an iteration-induction type argument
which assumes boundedness in the above inequality, i.e.,

a(az(w))
b(az(w))

This inequality was proved in [LN]. Moreover, the proof of Theorem 2.3 in [LN1] also yields,

a(yl) ﬁ(y2>

o(y1)  (y2)

< ¢

alyr) _ a(y2)

0(y)  0(y2)

< c

Theorem 2.4. Let 2 C R™ be a bounded Lipschitz domain with constant M. Let w € 0€),0 <
r < ro, and suppose that QN B(w,2r) = {x : z, > ¢(a’)} N B(w, 2r), where ¢ is Lipschitz with
norm < M. Given p,1 < p < oo,w € 082, 0 < r < rg, suppose that u > 0 is p-harmonic in
QN B(w, 2r) and continuous in B(w,2r) with t = 0 on B(w, 2r)\Q. There exist 0y, 0y € (0,7/2],
and co > 1, which both depend only on p, n, M, such that if ¥ = r/cy, then

i(y)

o a(y) ; I
@' .00y < (Vi) < Vi) < cxge o

whenever y € QN B(w,7) and £ € T'(e,,0) NS™1 .

We note that assuming Theorem 2.3, Theorem 2.4 can also be derived as in [C, Lemma 5.
The following lemma gives us a criteria for determining when the non degeneracy inequality in
Theorem 2.4. holds at a point.

Lemma 2.5. Let O be an open set, w € 00, r > 0, and suppose that 4,0 are positive p-harmonic
functions in O. Let a > 1,y € O, £ € R", |£| = 1 and assume that
0(y)

1 o(y) A .

— < ({V < |V <aoa———"—.

2 10.00) = (Vi(y), &) < |Vi(y)| < Y3y, 00)
Let &' = (ca)1+9)/7 where o is as in Lemma 2.2 and ¢ = c(p,n). Then the following statement
is true for ¢ = c¢(p,n) suitably large. If

1-8L<—-<(1+8L

S| S

oo



in By, 1d(y,00)) for some L,0 < L < oo, then

1 a(y)
ca d(y,00)

X . uly)
< (Vay), &) < |Vily)| < ca—2Y_.
= (Vily). &) = [Valy)l = cage=555
Proof. The stated lemma is similar to Lemmas 4.3 and 5.4 in [LN1] and Lemma 3.1 in [LN4].
We omit the details. O

We will also need one of the main theorems proved in [LLN2]. To state this theorem, we need
some more notation. Let 2 C R” be a bounded Lipschitz domain and w € 9Q,0 < r < ry. If
0<b<1andz e A(w,2r) then we let

D(x) =Th(x) ={y € Q: d(y,00) > blx — y|} N B(w, 4r). (2.6)

Let o denote surface area or Hausdorff (n — 1)-measure on 0f). Given a measurable function k
on Uzea(w,2rnl'(z) we define the non tangential maximal function N(k) : A(w,2r)—R for k as

N(k)(x) = sup |k|(y) whenever z € A(w, 2r). (2.7)
y€el'(z)

Next let LI(A(w,2r)), 1 < ¢ < 0o, be the space of ¢ th power integrable functions, with respect
to o, on A(w,2r). Furthermore, given a measurable function f on A(w,2r) we say that f is of
bounded mean oscillation on A(w,r), f € BMO(A(w,r)), if there exists A, 0 < A < oo, such
that

|f = fal’do < A%0(A(x, 5)) (2.8)
A(z,s)
whenever © € A(w,r) and 0 < s < r. Here fa denotes the average of f on A = A(z,s) with

respect to 0. The least A for which (2.8) holds is denoted by || f||zrmoaqw,r)- The following
theorem is Theorem 1 in [LN2].

Theorem 2.9. Let QQ C R™ be a bounded Lipschitz domain with constant M. Given p,1 < p <
oo, w € 9, 0 <1 < ro, suppose that i is a positive p-harmonic function in QN B(w, 4r), 4 is
continuous in QN B(w,4r), and =0 on A(w,4r). Then

lim Va(y) = Va(z)

yel'(z),y—z

for o almost every x € A(w, 4r). Furthermore, there exist ¢ > p and a constant ¢, 1 < ¢ < o0,
which both only depend on p,n and M, such that

(@) N(Val) € LY(A(w, 2r)),

L o/ (1)
A(w,2r) A(w,2r)
(vi1) log |Vu| € BMO(A(w,r)), |/log|Vil|||smonawry) < ¢



2.1 Degenerate elliptic equations

Let Q € R" be a Lipschitz domain with constant M, w € 90, and 0 < r < r¢. Suppose that
u',v" > 0 are p-harmonic in 2 N B(w,2r) and continuous on B(w,2r) with v’ = v = 0 on
B(w,2r) \ Q. Let v = r/(4max{cy, c2}) where ¢; is defined in Theorem 2.3 and ¢, is defined
in Theorem 2.4. From these theorems we deduce, for some ¢ = ¢(p,n, M), 1 < ¢ < oo, and all

y € QN B(w,2r"), that

(1) c’lL‘y) < |Va(y)] < cM for @ € {u',v'},

d(y, oY) ~d(y, o)
' (ap(w) _u'(y) _ u'(ar(w))
W ) = V() = Vlan(w) (210)
We define
e(y) = v/'(y) — v'(y) whenever y € QN B(w, 2r") (2.11)

and let L be the operator defined in (1.10)-(1.11). Recall that the ellipticity of L is estimated in
(1.12)-(1.13). We first state an interior Harnack inequality for positive solutions to L.

Lemma 2.12. Let Q, M, w € 9Q, r, ', v, v and L be as above. Assume that B(w, 27)
QN B(w,2r") for some w € Q and for some ¥ > 0. There exists a constant ¢ = c(p,n, M) >
such that if h is non-negative and Lh = 0 in B(w, 27), then

C
1

max h < ¢ min h.
B(w.7) B(w,7)

Proof. Using (2.10) (i), the Harnack inequality for p-harmonic functions, and (1.12), (1.13), we
see that L is uniformly elliptic in B(w, 37/2). The stated Harnack inequality then follows from
classical arguments, see [LSW]. O

Lemma 2.13. Let Q, M, w € 9Q, r, o/, v/, v’ and L be as above. Let € QNoB(w,3r'/2) with
d(¢,09) > nr. Let h* be a solution to L in QN B(w,3r'/2) with continuous boundary values.
Suppose that h* > 0 on 0[Q N B(w,3r'/2)] and h* > 1 on QN OB(w,3r"/2) NB((, d((, 082)/4).
Then there ezists ¢ = c¢(p,n, M,n) such that

ch*(a(w)) > 1.

Proof. Lemma 2.13 follows from Lemma 2.12 and standard arguments as in ([CFMS]) for uni-
formly elliptic PDE. O

Next we prove the boundary Harnack inequality for the operator L.

Lemma 2.14. Let Q, M, w € 9Q, r, ', v, v and L be as above. There exists ¢, 1 < ¢ <
00, depending only on p,n, M, such that if if ey, es, are positive solutions to the operator L in
QN B(w,2r") and ey, es, are continuous in B(w,2r") with ey =0 = eg on B(w,2r") \ , then

~€1 (ar” (w))

é_161(@r”(w)) < e1(y) <é )

where " =7r'/¢
ex(a () = ealy) /
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whenever y € QN B(w,r"). Moreover, if 0 < p < r, then the continuous Dirichlet problem for L
in QN B(w, p) always has a solution.

Proof. The proof of Lemma 2.14 is similar to the proof of Theorem 1 in [LN]. To outline the
proof observe from Theorem 2.9 (iii) that

log |[Vi| € BMO(A(w,r)) whenever @ € {u’,v'}

with norms < ¢(p,n, M). Using this fact and arguing as in [LN4, Lemma 4.1] (this lemma is a
refined version of Lemma 2.45 in [LN]), it follows that there exists, given z € 0Q, B(z,4s) C
B(w, 2r"), a starlike Lipschitz domain 2 C QN B(z, s) with center z, d(Z,09) > ¢ !'s, such that

(a)  co(@ANA(z,s)) > s",

~ 2.1
(b)  ctsTha(2) < |Via(x)| < esTta(2) whenever z € Q, @ € {u/,v'}. (2.15)

In (a) — (b) the constant ¢ depends only on p,n and M. Next we define, for z € Q, the measure

dy(z) = d(z,09) ( max Z |V by (- |2)d$ (2.16)

,%d(x,0Q))

where b;(-) is defined in (1.11) relative to «/,v’. From the conclusion of Theorem 2.4 we see that
|Va| ~ (Va, &) for u € {u',v'} and some £ € S"7! .

Using this fact and Lemma 2.2 we see that the integral defining Z)Zj(x) can be differentiated with
respect to x;, 1 <1i < n, under the integral sign. Doing this and using (2.10) (), (i7), we deduce
that

S [V (a r?<c(<|w<>r+rw oS v;ﬂj<m>>2) (2.17)

2,j=1 2,j=1

for some ¢ = ¢(p,n, M), 1 < ¢ < co. We assume, as we may, that u(Z) > v(2). Then from (2.15)
(b), (2.17) we deduce that

n

Z [Vhij (2)]* < |V (2) 770 Yt (2)) + e (2) /0 (2) 70 [V () P70 Y7 ()2, ()

b=l i,j=1 i,5=1
) (2.18)
We define the following measures whenever x € (2,

dy (z) = d(x,afz)( max  |Vu/(- y?pﬁz )

B(z,1d(z,09)) ]

tate) = dlo0f) (OO Z@;ﬁ.(-)f)da:
B(z,3d(z,00)) 52 ’
Using this display, (2.15) (b), and the estimate for second derivatives in Lemma 2.2, we get by
arguing as in [LN, Lemma 2.54],

QN By, 1) < et (G(2)/9)7
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whenever i = 1,2,y € Q, and 0 < t < 5/4. Here (; = v/ and {, = v. From this display and (2.18)
we see first that v < ¢(y1 + (v/(2)/v/(2))*%72) and thereupon that + is a Carleson measure on
0f) in the sense that

A2 Blz,t) < et™ (W(2)/5)7 4, (2.19)

whenever z € 9Q and 0 < t < 5/4. From (2.15)(b) and (1.11) we also see that

@)/ < Zb” )&& < c(W'(2)/s)" 2 [¢]” (2.20)

i,7=1

whenever ¢ € R and y € Q. For 1 < i,j < n, set by = (u'(2)/s)*? bi;(y) when y € Q. Let
L* = (u/(%)/s)*>? L and define v* as in (2.16) relative to (bj;). From (2.20) we observe that L*
is uniformly elliptic in 2 with constants depending only on p,n, M and L*e; = 0,7 = 1,2. From
(2.19) we also have 3

Y(QN B(z,t)) < cet™ !

whenever z € 9Q and 0 < ¢t < s/4. From this discussion and a theorem in [KP] it follows that
if w*(+, 2) is elliptic measure defined with respect to L*, Z, in Q, then w*(+,2) is an A*™ weight
with respect to surface area on 9 (see [LN, Theorem 3.11]). Since w*(dQ N B(z,s),2) > ¢!, it
follows from the A* condition and (2.15) (a) that

W (ON A(z,5),2) > L, (2.21)

where ¢, = ¢.(p,n, M). Finally one can use arbitrariness of z, s, in (2.21), as well as Lemma 2.12,
and some arguments on elliptic measure from [LN, Lemma 3.13], [HL, ch 3, sec 4], to conclude
that Lemma 2.14 is true. O

2.2 The Hopf boundary principle

The following theorem is a refinement of Theorem 2.3.

Theorem 2.22. Let Q2 C R"™ be a bounded Lipschitz domain with constant M. Given p,1 <
p < oo,w € 0, 0 <r <ry, suppose that u and ¥ are non-negative p-harmonic functions in

QN B(w,2r) with © < 4. Assume also that 4,0, are continuous in B(w,2r) with & =0 = 0 on
B(w,2r)\ Q. There exists c3,1 < c3 < 00, depending only on p,n, M, such that if 7 = r/cs, then

ifar(w)) — das(w)) _ aly) —o(y) _ aas(w)) — d(ax(w))
@) 0w =% daw)

whenever y € QN B(w, 7).

Proof. We first prove the left hand inequality in Theorem 2.22. To do so we argue as in [W].
Let ' = r/(4max{cy, ca,¢}) where ¢y, ¢y, ¢ are defined in Theorems 2.3, 2.4 and Lemma 2.14,
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respectively. Put 7 = 1//(4¢). We prove the existence of A\, 1 < A\ < oo, depending on p, n, M,
such that if

u(y) — 0 0
)= ) = o) ~ ol 22
for y € QN B(w, 2r"), then
e(y) > 0 whenever y € QN B(w, 27). (2.24)
To do this, we initially allow A > 1 to vary in (2.23). A is then fixed near the end of the argument.
Set
Aa(y)
) ) — o))
Ao(y) 0(y)

v'(y) = a(a;(w)) — o(as(w)) - o(ap(w))

Observe from (2.23) that e = u' —v'. Let L be defined as in (1.9)-(1.11) using o/, ', and let ey, e,
be the solutions to Le; = 0,7 = 1,2, in QN B(w, 3r'/2), with continuous boundary values:

) - ()
ei(y) = t(ar(w)) — v(az(w))

o (y)
W) = 5 (w))

(2.25)

whenever y € 9(Q2 N B(w, 31" /2)). Existence of ey, €5, follows from Lemma 2.14. From Lemma
2.14 we also get that

reilap(w) _e(y) _  eilas(w))
¢ < <c 2.26
o)) = ealy) = exas(w)) (220
whenever y € QN B(w, 2r). We now put
. ea(az(w))
A=¢—-—=
ex(az(w))
and observe from (2.26) that
Aei(y) — ea(y) > 0 whenever y € QN B(w, 27). (2.27)

Let ¢ = Ae; — e; and note from linearity of L that ¢, e, both satisfy the same linear pde in
QN B(w,3r'/2) and also that these functions have the same continuous boundary values on
J(2 N B(w,3r'/2)). Hence, using the maximum principle for the operator L, it follows that
e = ¢ and then by (2.27) that e(y) > 0 in QN B(w, 27"). To complete the proof of the left hand
inequality in Theorem 2.22 with 7 replaced by 7, we show that

A <c(p,n, M). (2.28)
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In fact let L denote the operator corresponding to & — © defined as in (1.9) - (1.11) with u’, v’
replaced by 4,v. Then from the Harnack inequality in Lemmas 2.12 for L, applied to @ — 9,
and the definition of 7, we deduce the existence of ¢ € Q N IB(w,3r'/2) with d({,00) > r/c
and e; > ¢! on QN IB(w,3r'/2) N B((,d(¢,09)/4). Lemmas 2.12, 2.13 can now be applied
with h, h* replaced by e, in order to get e;(a;(w)) > ¢~!. Also from Lemma 2.1 applied to ©
we get eg(aq(w)) < ¢ for some ¢ = é(p,n, M). Thus (2.28) is true and the proof of the left hand
inequality in Theorem 2.22 is valid.

To prove the right hand inequality in this theorem, one proceeds similarly only in this case

one needs to show for e;, e; as above that
e1(ar(w)) < ¢ and eg(az(w)) > €.

The first inequality follows from the proof that (2.21) implies Lemma 2.14 for L in [LN, section
3] while the second inequality follows from Lemma 2.1 and Lemma 2.13. This finishes the proof
of Theorem 2.22. O

Finally we note the following consequence of Theorem 2.22.

Corollary 2.29. Let Q, 4, v,w,p,r,r', 7, be as in Theorem 2.22. Assume B(w, p) C QNB(w,7/2)
and ¢ € OB(w, p) N OS2, There exists ¢y = c4(p,n, M) > 1 such that if y € B(w, p), then

ex(aly) — o) = (a) — o) L=,

Proof. Let v* be the p-harmonic function in B(w, p)\ B(w, p/4) which has continuous boundary
values zero on 0B(w, p) and 0(w) on IB(w, p/4). From Harnack’s inequality and the maximum
principle for p harmonic functions we see that v* < v in B(w, p) \ B(w, p/4) where ¢ = ¢/(p, n).
Using this fact it is easily seen (e.g., direct calculation) that if y € B(w, p) \ B(w, p/4), then
() 51 < et (y) < Poy) (2.30)
on B(w,p) \ B(w,p/4). From Harnack’s inequality we see that (2.30) holds for v in B(w,p).
Using (2.30) and the conclusion of Theorem 2.22 we deduce the last display in Corollary 2.29. O

3 Construction of subsolutions
Recall that given a bounded domain D and 1 < p < oo, we say that u is a p-subsolution in D
provided u € WP(D) and

/ V2 (Va, V) dz < 0 (3.1)
whenever 0 € VVO1 P(D) and 6 > 0 a.e. on D. Moreover, we say that u is a p-supersolution pro-
vided —u is a p-subsolution. Finally, let C*(D) denote functions with continuous second partials

on D. If ¢ € C*(D) we let V2¢(z) denote the Hessian matrix of ¢ at x € D. We shall need the
following criteria for p-subharmonicity.
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Lemma 3.2. Let u be continuous in the bounded open set D and suppose that if u < h on
OG, then uw < h in G, whenever G is an open set with G C D and h is p-harmonic on G with
continuous boundary values. Then u is a p-subsolution in the open set G whenever G C D.

Proof. see [HKM, Theorem 7.25]. O

Let S(n) denote the set of all symmetric n x n matrices and let P be the Pucci type extremal
operator (see [CC]) defined for M € S(n) by

P(M) = inf @i Mij . (3-3)
Pii=1

Here A, denotes the set of all symmetric n x n matrices A = {a;;} which satisfy

min{p — 1,1} < D a;6¢ < max{p — 1,1} |¢|* whenever { € R". (3.4)

ij=1
In this section we first prove the following lemma.

Lemma 3.5. Let D C R", let ¢ > 0 be in C*(D), ||Vl < 1/2, p fized, 1 < p < oo, and
suppose that

o(x)P(V*p(x)) > 50pn |Vé(x)|* whenever v € D.
B(x,¢(x)) and define

Let u be continuous in an open set O containing the closure of | J,cp

v(r) = max u
B(z,¢(x))

whenever x € D. If u is p-harmonic in O\ {u = 0}, then v is continuous and a p-subsolution in
{v # 0} NG whenever G is an open set with G C D.

Proof. We note that v is continuous in D as follows easily from the fact that u, ¢, are continuous
in D. We first prove Lemma 3.5 with D replaced by D*(v). The proof is by contradiction.
Indeed, if Lemma 3.5 is false, relative to DT (v), then there exists G open with G C D*(v) and
a p-harmonic function h on G that is continuous on G with

v < h on 0G and mGaX(v—h)>0.

From continuity it follows for small € > 0 that there exists £ € G with

max (v — h)(y) < max(v'C = h)(y) = (V17 = h)(%). (3.6)

Using translation and rotation invariance of the p-Laplacian, as well as the maximum principle
for p-harmonic functions, we may assume that

z=0and max u=u(¢(0)e,). 3.7
e = u(9(0)e,) (3.7
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Also, we may assume ¢(0) = 1, since otherwise we put

(@) = u(9(0)x), h(z) = h($(0)z)

o(x) = ¢(¢(0)2)/¢(0), 7(z) = max a.
B(z,¢(x))

~_ -

Then (3.6) holds with v, h replaced by o, h in a neighborhood of 0. Also, @, h are p-harmonic
and ¢ satisfies the same condition as ¢ in Lemma 3.5. Clearly QNS(O) = 1. Repeating the following
argument, we get a contradiction to (3.6) with v, h replaced by v, h. Thus we assume that (3.7)
holds and ¢(0) = 1. We claim that Vu(e,) # 0. Indeed, otherwise, since u(e,) = maxp 1) u
we can use the maximum principle for p-harmonic functions and estimate u(e,) — u from below
by a p-harmonic function ¢ in B(te,,1 —t)\ B(te,, (1 —t)/2) where 0 < t < 1 is so small that

B(te,,1 —t) € O\ {u = 0}. Moreover, 1 has continuous boundary value 0 on 9B(te,,1 — t)
and ¢ = min  (u(e,) — u), continuously on dB(te,, (1 —t)/2). ¥ can be written explicitly.

B(ten,(1-t)/2)
Doing this and using a Hopf boundary maximum principle type argument it follows that either

our claim is true or u = u(e,) in B(te,, 1 —t). In the latter case one readily concludes that u # 0
in B(0,1) and thereupon that u(0) = u(e,). Then from (3.6) and u < v we deduce

max(u'"* = h)(y) < max(u'" = h)(y) = (u = h)(0).

Now u!'*€ is a p-subsolution as is easily checked. Using this fact and the boundary maximum
principle for p-subsolutions we see that the above inequality cannot hold. Thus Vu(e,) # 0.

To continue the proof of Lemma 3.5 we note that Vu(e,) = [Vu(e,)|e,. and following [C1]
we choose the system of coordinates so that

Vo(0) = aey + Be, (3.8)

for some constants «, # € R and we introduce the direction

k n—1
o= %, o" =0"(x) = e, + (b1 — axy,)e; + vzxiei. (3.9)
o
i=2
The constant « is chosen below (3.15). Then
n—1
l0*|? = 14 (B, —aa:n)Q—i—'yQZl‘?. (3.10)
=2

Let y(x) = x + ¢(z)o(r) and note that y(0) = e,, as well as, v(x) > u(y(x)) for z in a
neighborhood of zero. In view of (3.6), (3.7), it follows for some ¢ > 0 that if

f(x) =u'"t(y(z)) — h(z),z € B(0,t), then 0 < f(0) = gﬁ% f. (3.11)

It turns out, as we will see below, that f has continuous second partials in a neighborhood of
0. Moreover, we will be able to use the second derivative test for a relative maximum in order
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to obtain a contradiction to (3.11). With this game plan in mind, we again follow [C1] and use
Taylor’s formula at z = 0 to derive that

y(x) = en 4+ y1(z) + 1a(x) + o(|z]?) (3.12)
where
n—1
n(z) = x+ (axy + Bry)e, + (Brr — axy)er +y Z i€,
=2
1< 1 1,
_ 2 2 2
yo(x) = <§Z;¢x%(0)xl:rj - é(ﬁxl —ar,)” — 57 Zz:;xz) en (3.13)

+(Vo(0), 2)((Bx; — axy,)e; + i xie;).

=2
Using the chain rule and (3.12), (3.13), we see that if g(x) = u(y(z)),z € B(0,t), then
Vg(0) = [Vu(en)|aer + (1 + Fen] # 0, (3.14)

since |Vo(0)] < 1/2 and Vu(e,) # 0.
From (3.11) and (3.14) we find that

0=Vf(0)=(1+€)ule,)*Vg(0) — Vh(0).

Thus

§ = Vg(0)/IVg(0)] = VA(0) [VA(0)].
From this display, (3.14), and Lemma 2.2 we obtain first that A is infinitely differentiable in a
neighborhood of 0 and thereupon from rotational invariance of the p-Laplace equation that

where A denotes the Laplacian and hee is the second directional derivative of h in the direction
of £. We now choose 7 so that (1 +v)72[(1+ 3)? + @*] =1 and note by an easy calculation that
y1(x) = Iz where I is an orthogonal matrix. Hence y;(z) can be interpreted as the composition
of a rotation and a dilation. Again using translation, rotation, and dilation invariance of the
p-Laplacian it follows that if ¢;(x) = u(e, + y1(x)), then g; is p-harmonic in a neighborhood of
0. Also Vg;(0) = Vg(0) # 0, so as in (3.15) we have,

(P = 2)(91)ee(0) + Aga(0) = 0. (3.16)

Let go(z) = g(x) — g1(x). Using Taylor’s formula at e, for u (permissible by Lemma 2.2), we see
that

g2(z) = (Vulen),1a(2)) + O(l2]’)

= VU (3 b Oty — (8 — ) =173 ) + O(f’). (317

ij=1 i=2
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Thus,
[Vu(en)| 7 (p — 2)(92)ec(0)  +Ag2(0)] = (p — 2)¢ee(0) + Ap(0)
—*(1+7)%(p—2) = (@ + 4 (n — 2)¥°) (3.18)
> P(V2¢(0)) — 50pn|Ve(0)]* > 0,

where the last inequality was obtained from using the definition of P, a, 3,7, |V¢(0)| < 1/2; and
a ball park estimate. From (3.16), (3.18) we see that

(P —2)ge(0) + Ag(0) = 0. (3.19)
Finally, using (3.19) and (3.11) we compute,
(P = 2)fec(0) + AF(0) = (p — De(L + €)u(en) " [Vg(0)[* > 0, (3.20)

which is a contradiction to the second derivative test for maxima. From this contradiction we
conclude that v < h in G. Hence v satisfies the hypotheses of Lemma 3.2 in D (v). Applying
Lemma 3.2 we get Lemma 3.5 in D" (v). The proof of Lemma 3.5 in D~ (v) is similar. In fact the
only place we used positivity of v was in (3.6). If we replace v'™ in this display by —(—v)!™,
then the proof for D~ (v) is essentially unchanged from the proof for D*(v). O

The next lemma gives the asymptotic development of the p-subsolution constructed in Lemma
3.5.

Lemma 3.21. Let D,u, 9,0, and v = v4 be as in the statement of Lemma 3.5 and assume
that (1), (i7) of Definition 1.4 hold for some «, 3 whenever w € O N {u > 0} and there exists
B(w, p) € O\ 0{u > 0} withw € 0B(w, p). If w € F(v), then there exist w* € D (v) and p* > 0
such that B(w*, p*) C D*(v) and @ € B(w*, p*). Also, there exist &, § € [0,00), such that the
following holds, as © — W non-tangentially with v = (w* — w)/|w* — w|,

(a)  v(z) > (e —@,9)" = Bz —@,7)" +of|z — @),

a 6]
©) 1—\v¢<w>rZG(l+rv¢<w>|>'

Furthermore, assume that O N 0{u > 0} is a Lipschitz graph, with Lipschitz constant M. If
IVO|lLepy < b and b = b(M) > 0 is sufficiently small, then F(v) is a Lipschitz graph with
Lipschitz constant M’ where M' < M + c||V¢|| L= (p)-

Proof. The proof of Lemma 3.21 for p = 2 can be found in Lemmas 10,11 of [C1]. The proof is
based on a purely geometric argument using only smoothness of ¢, the asymptotic expansion of

w in balls tangent to F'(u), and Lipschitzness of F(u), so is also valid here. O

Lemma 3.22. Let p € (0,1072), v € (0,1/2), be given. There exists h = h(p,p,n),0 < h < 1,
and a family of C* functions {¢;}, 0 <t < 1, defined in B(0,2)\ B(e,/8, p) such that
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(i) ¢i(x) =1 ifx € B(0,2)\ B(0,1/2) and ¢:(x) > 1+ hyt whenever x € B(0,1/16),
(1) 1< ¢(z) <1 +ty, [Vou(x)| <yt whenever z € B(0,2) \ B(e,/8,p),
(iii)  ¢u(x)P(V2¢i(2)) > 50pn| Ve, (z)|* whenever x € B(0,2)\ Ble,/8,p).

Proof. To prove this lemma we argue as in [F, Lemma 1.4]. Given p € (0,107%), v € (0,1/2),

let A = {a;;} be an arbitrary symmetric n x n matrix satisfying (3.4) and let L = Y a;j5-%—
i0%;

be the associated non divergence form operator. Let f(z) = 1/|z|*¥ whenever x € R™\ {0} and
for some large positive N. By an explicit calculation it follows that if ¢ = ¢(n) is large enough
and N > cmax{p,1/(p — 1)}, then for every operator L, as above,

Lf(z) > |V f(z)| whenever z € B(0,4) \ {0}. (3.23)
Next we let
f(x) = max{|e,/8 — z| 72N — 42N 0} whenever z € B(0,2)\ B(e./8, p). (3.24)

Then from (3.23), (3.24), we have Lf > |Vf~|~0n B(en/8,1/4) \ B(e,/8,p) and f = 0 outside
of B(e,/8,1/4). Moreover, if we let f = 4f* then f is C? on B(0,2) \ B(e,/8,p). Choose
4 =4(p,p,n) > 0 small enough so that

0 < max(f,|Vf|) <1 on B(0,2)\ B(e./8, p). (3.25)
Now on {f > 0}, we have
Lf = 43f°Lf = 43|V f| and |V f| = 45 f* |V f].
Therefore,
Lf >|Vf|in B(0,2)\ B(e,/8,p) and f =0 in B(0,2)\ B(0,1/2). (3.26)

Also,
f> k7' on B(0,1/16) for some ki = ky(p,n,p) > 1. (3.27)

To complete the construction we let ¢, (z) = 1+ 53#]?(3:) From (3.25) - (3.27) we see that {¢;},
t € [0, 1], satisfies (i) — (éi7) of Lemma 3.22. O

4 Regularity of the free boundary: establishing Step 0-2

The purpose of this section is to establish Step 0-2 stated in the introduction. In particular, we
prove the following three lemmas.

Lemma 4.1. Let u, Q, 0 € F(u), p,M, be as in the statement of Theorem 1. Let r =
(8 max{cy, co,c3}) ™! where ci,co,c5 are defined in Theorems 2.8, 2.4, and 2.22, respectively.
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Then w is monotone in B(0,ry) with respect to the directions in the cone I'(e,, 6y, €0) for some
0o = Oo(p,n, M) € (0,7/2) and for some eg = €y(p,n, M),0 < ¢y < 1.

Lemma 4.2. Let u, Q, 0 € F(u), p, M, r1, 0y, and €y be as in the statement of Lemma 4.1. If
T € (en, 00/2,€0), let € = |7|sin(6y/2) and put

Ve(x) = v -(z) = sup u(y — 7) whenever x € B(0,2 — 2e).
B(z,e)

Let v = Vu(rie,/32)/|Vu(rie,/32)|. There ezists ¢4 > 1000 max{cy, co, c3}, depending only on
p,n, M such that if p = (100n[M + 1])7', = 1/cq, A = cos(0p/2 + (v, 7)), and 0 < |7| < pegry,
then

V() < (1 — pre)u(x) whenever v € B(rie,/32, pry).

Lemma 4.3. Let u, Q, 0 € F(u), p, M, r1, 0y, €, T, €, Ve, V, C4, p, i, A be as in Lemma 4.2.
There exists cs = cs(p,n, M, N) > 1 such that if i = 1/cs, then

Va+ane(®) < u(x) whenever x € B(0,71/100).

Proof of Lemma 4.1. Observe from the hypotheses of Theorem 1 and the maximum principle
for p-harmonic functions that either F(u) = DN o{x € D : u(x) <0} or uw > 0 in D. Using this
observation we see that Lemma 4.1 is an easy consequence of Theorem 2.4. O

Proof of Lemma 4.2. Recall that 6(y, z) denotes the angle between the rays drawn from the
origin to ¥,z € R". From Theorem 2.4 and the definition of r; we have

1 u(x) u(x)
w00 < (Vu(z),§) < [Vu(z)] < © iz, 00 (4.4)

whenever x € QN B(0,4r,) and £ € ['(e,, 0y) NS"!, where ¢, > 1 depends only on p, n and M.
Let 7 € T'(en,60/2,€0) and let € be as in the statement of Lemma 4.2. Let y € B(x,¢), define
T =171 — (y — x), and note from basic geometry that

O(r,7) < 00/2, |7 — 7| < |7|sin(0y/2), |T| > |T]/2. (4.5)

From Lemma 4.1 we see that u is monotone in B(0,r;) with respect to the directions in the
cone I'(e,, 0y, €9). This fact, (4.5), and the definition of p in Lemma 4.2 imply that

(Vu(x),T) > 0 whenever x € B(rye,/32,8pr1). (4.6)

Using the uniform non-degeneracy property of |Vu| in (4.4) and Lemma 2.2, it follows from
differentiation of (1.2), that if ( = (Vu(z),7/|7]), then ( satisfies, at x € B(re,/32,8pr;), the
partial differential equation L{ = 0, where

D SEA(NREL o

ij=1

20



and
bij () = |[VulP~[(p — 2)up g, + 05| Vul?)(z),1 < i,j <n. (4.8)

In (4.8), d;; denotes the Kronecker é. Furthermore, if £ € R™ \ {0}, then

min(p — 1, 1) [Vu(z)"* [¢[* < Z bij(2)&&; < max{p — 1, 1}|Vu(x) "~ [¢]*. (4.9)

i,7=1

Therefore, using (4.4) we see first that L is uniformly elliptic in B(rie,/32,8pr;) and second
that positive solutions satisfy an interior Harnack inequality. In particular, we can conclude
there exists ¢ = ¢(p,n, M), 1 < ¢ < oo, such that

cHVu(rie,/32),7) < (Vu(z),7) < c(Vu(rie,/32),7) whenever x € B(rie,/32,4pr;). (4.10)

Using (4.10), as well as our assumptions on €, p, and the mean value theorem from elementary
calculus, we see that if x € B(rye,/32,2pr1), then

u(x —7) < u(x) — (Vu(z),7) (4.11)

for some & € B(rie,/32,4pr1) located on the line connecting the points z and x — 7. Combining
(4.11), (4.10), (4.4), and the Harnack inequality for p-harmonic functions, we see for some ¢ =
c(p,n, M) > 1 that

u(z —7) < u(x) — ¢ HVu(rie,/32),7) < u(x) — ¢ 2ecos(0/2 + (v, T))u(x)

. (4.12)

whenever x € B(rie,/32,2pr1) and where v is as stated in Lemma 4.2. Since u(y —7) = u(z —7)
we can take the supremum over y € B(z,¢) in (4.12) to get,

v(x) < (1 - /\e/c’) u() (4.13)

for some ¢ = (p,n, M) > 1 whenever © € B(rye,/32,2pr1). Finally we use (4.13) to complete
the proof of Lemma 4.2. In particular, for £ € R", |£| < 1, and = € B(rie,/32,2pr;) we define
e(x) = u(z) —u(zr — 7+ €€) and let p > 0 be a small positive constant to be chosen. To complete
the proof we intend to estimate u(z) —u(z—74(1+pM)ef). Using (4.4), the mean value theorem,
and Harnack’s inequality for p-harmonic functions we see, for some ¢ = ¢(p,n, M) > 1, that

wx) —u(lex —7+ (1 +pN)ef) = e(zr)+ulex —7+€) —ulx — 7+ (14 pA)ef)
e(xr) — cureu(r) (4.14)

Vv

whenever x € B(re,/32,2pr1). From (4.13) we also have,
e(x) > (Ne/d")u(x) whenever x € B(rie,/32,2pr1). (4.15)
Combining (4.14)-(4.15) we get

u(z) —u(r — 7+ (1 + pr)e€) Xe/cu(x) — cudeu(z)

¢ Ae(1 — pe?)u(x) (4.16)

21



whenever x € B(rie,/32,2pr1) provided ¢ = ¢;(p,n, M) > 1 is large enough and p < 1/c2. If
ft = 5o, then from (4.16) we conclude that
+
(1 —pXé)u(z) > u(x — 7+ (1 + pA)el) (4.17)
whenever z € B(rie,/32,2pr;). Taking the supremum of the right hand side of (4.17) over
¢ € B(0,1) we obtain Lemma 4.2. O

Proof of Lemma 4.3. Note that by scaling we can without loss of generality assume that
r1 = 4. Using Lemma 4.2 we see that

Va+pne(®) < (1 — pAe)u(x) whenever x € B(e, /8, 4p) (4.18)

where u, A, €, and p are as in the statement of Lemma 4.2. From Lemma 4.1 we also know, after
the rescaling, that

ve(x) < u(x) whenever x € B(0,4). (4.19)

Let {¢:}, t € [0,1], be the C?-regular family of functions introduced in Lemma 3.22, defined in
B(0,2) \ B(e,/8,p) and adapted to the parameters p, v, where 7 << 1 is a parameter to be
chosen. Let

Oy () := " s;lp ( ))u(y — 1) for t € [0, 1] whenever x € B(0,2) \ B(e,/8, p). (4.20)
Z,€ Xt €T

Then we see, using (4.18) - (4.20), Lemma 3.22, that
U (r) < wu(x) whenever z € B(0,2) \ B(0,1/2),
U(z) < vapue(®) < (1 — pe)u(r) whenever z € 0B(e, /8, p). (4.21)
Let
D (%) = {a:(z)>0}N[B(0,2)\ Blen/8, p)]

D (#) = B(0,2)\ [Blen/S,p)UD* (i)
F(t,) = 0{xz € B(0,2): 9(x) > 0} N[B(0,2) \ Ble,/8, p)l.
We observe from the hypotheses on u, ¢, t € [0, 1], that either y(x) < 0 for z € D~ (%) or vy =0
in D~ (0;). From this observation and Lemma 3.5 we deduce that @, t € [0, 1], is p-subharmonic

in D (9,)UD™ (). Using Lemma 3.21 we find for v = v(p, n, M) small enough, that there exists
Py R"IR and Q,t € [0,1], with
Qi ={y=(',yn) €ER" 1y > U(y)},
D* (1) 1 B(0,3/2) = 04 1 [B(0,3/2)\ Blew/S, ). (4.22)
F(v;) N B(0,3/2) = 09, N B(0,3/2),

and ||Vi|||co < M +cey. Also, from the definition of p, 0, and the above observation we conclude
that if ¢ € [0, 1], then

F(9;) N B(en/8,20p) = 0 and either F(9;) = B(0,2) N9{t; <0} or o, =0 in D~ (¥;). (4.23)
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To proceed we let
F'={t:te€|0,1],0(x) < u(x) whenever x € B(0,1) \ B(e,/8,p)}. (4.24)

Using the fact that ¢9 = 1 and (4.19) we see that 0 € I' and we intend to prove, for sufficiently
small v = ~v(p,n, M, N) > 0, that I" = [0, 1] by proving that " is both closed as well as relatively
open in [0, 1]. Here N is as in Theorem 1. In fact, by the continuity of v and 9; we immediately
see that I" is closed and hence it is enough to prove that I' is open. Note that if ¢ € I', then
DT (%) € Dt (u). To prove that I' is open it is enough to prove that

F(u) N F(t) N (B(0,3/4) \ B(e,/8,p)) =0 whenever t € ', t # 1. (4.25)

Indeed if (4.25) is true, then from (4.23) and another continuity argument, we deduce the exis-
tence of n > 0 such that

B(0,5/8) N F(v,) C D (u) whenever s € (t —n,t+n)N[0,1]. (4.26)
From (4.26) and (4.21), we obtain
Us <won I(B(0,1)\ [F(0s) U B(en/8, p)l). (4.27)

From (4.27), Lemma 3.5, and the maximum principle for p-harmonic functions, we have s € T
Thus (t —n,t+n)N[0,1] C I' and I is relatively open. We conclude that I' = [0, 1] when (4.25)
holds.
To prove (4.25) we argue by contradiction and thus we assume that (4.25) does not hold for
some t. Hence there exists
w € F(u)N F(t) N B(0,3/4). (4.28)

To obtain a contradiction to (4.28) we note from Lemma 3.21 that there exists w € D*(7;), and
p > 0 such that B(w, p) C D*(7;),w € OB(w, p). Moreover if 7 = (w0 — w)/|w — @], then there
exists, @, 3, € [0, 00), such that

O(7) > alr — 0, 0)" — Ble —w, 7)) + o |z — ), (4.29)

o)

non-tangentially near w. Furthermore,

a g
1 — e[V (w)| & G(l -+ e|v¢w(w)|>' (4.30)

Since DT (v;) C Dt (u) N B(0,2), we see that B(w, p) is also a tangent ball for D (u). Using the
fact that u is a weak solution to the free boundary problem in (1.3), as defined in Definition 1.4,
we obtain

uw(x) = alr —w,0)" — Bz —w,0)” + o]z — |, (4.31)

as x—w, non-tangentially for some «, # € [0, 00) with a = G(3).
We claim for some ¢ = ¢(p,n, M) > 1 that

0<a<all-—X/c). (4.32)
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(4.30)-(4.32) easily lead to a contradiction for sufficiently small v = v(p,n, M, N) > 0. Here 7 is
as in Lemma 3.22. In fact, from (4.29), (4.31), and our assumption that ¢ € I' we see that @ < «
while g < (. Using the assumptions on GG in Theorem 1 and (4.32) we find that if 5 # 0, then

_ -N =
G(8) < G(B) SBN(Fﬁﬁﬁzﬁﬂ) G(HﬂVQMW)>

_ (L4 V(@)
1 —€|Voun(w)

(4.33)

1 DY
agLiﬂiL@<m
1 —eyu

) N
|

provided « is small enough, thanks to (4.32). If 3 = 0, we can omit the second inequality in
(4.33) and still get G(0) = G(B) < a. Since a = G([3), we have reached a contradiction in either
case.

To prove claim (4.32) let 0 < &y < p/2, be a parameter to be chosen and let © be the
p-harmonic function in Q N B(0,1) \ B(e,/8,p) with continuous boundary values, & = u on
J[2N B(0,1)] and v = (1 — JpAe)u on B(e, /8, p). We note from Theorem 1 in [Li] that © has a
Clé-extension to the closure of B(e,/8,2p) \ B(e,/8, p) for some small £ > 0 with

|Vi(z)] < cu(e,/8)p " < cPu(x) (4.34)

on B(e,/8,2p) \ B(en/8,p), for ¢ = c(p,n) large enough. Next observe from the maximum
principle for p-harmonic functions that

1/2 <1 — efoA <

gl

<1 (4.35)

in QN B(0,1) \ Ble,/8,p). From (4.35), (4.4), and Lemma 2.5 with u, ¢ playing the role of
0,u, respectively, we deduce that if 9 = do(p,n, M) > 0 is small enough, then for some ¢ =
c(p,n, M) > 1,
L 0(@) A 0(x)
—r < |V <c———— 4.36
a0, 00) = V@l = cqr 505 (4:36)
whenever = € QN B(0,9/10) \ B(e,/8,2p). From (4.21) and the definition of I', we see that we

can also choose dy so small that
U <0 (4.37)

on J(D*(9,)NB(0,9/10)). From Lemma 3.5 and the maximum principle for p-harmonic functions,
we find that this inequality also holds in D* (%) N B(0,9/10). With &, now fixed, let L be the
elliptic operator in (1.11), with «/, v’ replaced by u, 0 and put e = uw—0. From (4.4), (4.34)-(4.36),
and (1.12), (1.13), we conclude that L is uniformly elliptic in QN [B(e,/8,3p) \ B(e,/8, p)] with
bounded measurable coefficients. Constants are proportional to u(e,/8)P~2. Also, it follows from
these displays that if z € B(0,9/10) \ B(e,/8,3p), then L is uniformly elliptic with bounded
coefficients in B(x, d(x, 9Q)/2). Constants are proportional to (u(z)/d(x, 9Q))P~2. We assert that

Ae/e < e/u on 0B(e,/8,2p) (4.38)

provided ¢ = ¢(p,n) is large enough. To prove (4.38) we compare boundary values of e, u, and
argue as in the proof of Lemma 2.13. We omit the details. From (4.4), (4.34) - (4.38), Harnack’s
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inequality for e, u, v, and Theorem 2.22, we conclude that if ¢ = é(p,n, M) > 1 is large enough,
then

e (4.39)
¢ u
in QN B(w, 1/¢). Using (4.39), (4.37) we see that
U (y) < 0(y) < (1 — eA/&)u(y) whenever y € B(w, p) N B(w, 1/¢). (4.40)

Clearly, (4.40), (4.29), (4.31), imply (4.32). In view of our earlier remarks, the proof of Lemma
4.3 is now complete. O

Proof of Theorem 1. Theorem 1 follows from Lemma 4.3 and an iteration argument, as
discussed in section 1 below Step 2. O

5 Regularity in a one-phase free boundary problem

Let 2 € R™ be a bounded Lipschitz domain and let w € 02, 0 < r < rg. To start with, recall that
the definition of BMO was given below (2.7). If f is a vector valued function, f = (f1,.., fn),
then we set fa = (fia,.., foa) and we let the BMO-norm of f be defined as in (2.8) with
|f — fal? = (f = fa, f — fa). Moreover, we say that f is of vanishing mean oscillation on
A(w,r) = 002N B(w,r), written f € VMO(A(w,r)), provided for each ¢ > 0 there is a 6 > 0
such that (2.8) holds with A replaced by € whenever 0 < s < min(é,r) and = € A(w,r). Note
that if 4, €, p,r,w, are as in Theorem 2.9, then Vu exists as a non-tangential limit, o almost
everywhere on A(w,4r), and log|Va| € BMO(A(w,r)).
In this section we use Theorem 1 to prove the following theorem.

Theorem 5.1. Let Q C R™ be a bounded Lipschitz domain with constant M. Given p,1 <
p < oo,w € 90, 0 <1 <ro, suppose that u is a positive p-harmonic function in 2 N B(w, 4r),
u s continuous in QN B(w,4r) and u = 0 on A(w,4r). Moreover, assume that log|Vu| €

VMO(A(w,r)). Then the outer unit normal to A(w,r) is in VMO(A(w,r/2)).

We let n denote the outer unit normal to 0€2. To begin the proof of Theorem 5.1 we first
outline the argument used in the proof of Theorem 3 in [LN2]. In particular, we define

n=1lm sup ||n[lpymoaw.m) (5.2)
=0 GeA(w,r/2)

and we note that to prove Theorem 5.1 it is enough to prove that 7 = 0. To do this we argue by
contradiction and assume that (5.2) holds for some n > 0. This assumption implies that there
exist a sequence of points {w;}, w; € A(w,r/2), and a sequence of scales {r;}, r; — 0, such that
7|l Baro(aw;ry)) — M as j — oo. To establish a contradiction we then use a blow-up argument.
In particular, let u be as in the statement of Theorem 5.1 and extend u to B(w,4r) by putting
u=0in B(w,4r) \ Q. For {w;}, {r;} as above we define §; = {rj_l(:z: —w;): x €N} and

u;j(2) = Aju(w; + rjz) whenever z € Q; (5.3)
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where {);} is an appropriate sequence of real numbers defined as in [LN2, (4.21)]. It also follows
from [LN2, section 4] that a subsequence of {€);}, converges to €, in the Hausdorft distance
sense, where (2, is an unbounded Lipschitz graph domain with Lipschitz constant bounded by
M. Moreover, by the choice of the sequence {\;} it follows that a subsequence of {u;} converges
uniformly on compact subsets of R" to u., a positive p-harmonic function in €2, which is Hoélder
continuous in R™ with us, =0 on R™ \ Q4. Also,

/ |Vl [P (Viteo, Vo) da / Pdo (5.4)

whenever ¢ € C3°(R"™) and
¢! < |Vius(2)| € 1 whenever z € Q. (5.5)

In (5.4), 04 is surface measure on 9., and ¢ is a constant, 1 < ¢ < 0o, depending only on p,n
and M. The proof of Theorem 5.1 now boils down to proving that (5.4) and (5.5) imply 2 is a
halfspace. Indeed once this is shown, we can get a contradiction to our assumption that n > 0,
by arguing as in [LN2, (4.42)].

In [LN2] we proved €, is a halfspace using (5.4), (5.5) and a theorem of Alt, Caffarelli and
Friedman [ACF]. In order to apply this theorem we needed a smallness assumption on the Lips-
chitz constant M of 2. Here we show Theorem 1 implies this conclusion without any smallness
assumption on M. Thus we prove,

Lemma 5.6. Let Qo C R" be constructed as above and assume that (5.4), (5.5) hold. Then
Qs 15 a half space.

Proof. We intend to first show that u., is a weak solution in R", in the sense of Definition 1.4,
to the free boundary problem in (1.3) with uy, = 0 and G(s) =1+ s,s € [0,00). To this end,
assume w € F(uy) and that there exists a ball B(w, p), w € R" \ 0Q and p > 0, such that
w € OB(w, p). Let P be the plane through w with normal v = (@0 — w)/|w — w|. We claim that
P is a tangent plane to €, at w in the usual sense. That is given € > 0 there exists 7(¢) > 0
such that

h(P N B(w,r),00:0 N B(w,r)) < er (5.7)

whenever 0 < r < 7(¢), where the Hausdorff distance, h(-,-) between two sets E, F C R" is
defined by
hE, F) = max (sup{d(y, E) : y € F},sup{d(y, F) 1 y € E}).
Once (5.7) is proved we can show that
(i) if B(w,p) C Qoo then ul (z) = (x —w,v) 4+ o]z — w|) in L

(5.8)
(i7) if B(w,p) C R™\ Qy then uf (z) = (w — z,v) + o(|x — w]) in Qu

Indeed, to prove (5.8), we assume that w = 0,v = e,, and p = 1. This assumption is
permissible since linear functions and the p-Laplacian are invariant under rotations, translations,
and dilations. Then & = e,, and either B(e,, 1) C Qs or B(e,, 1) C R™\ Q. In the proof that
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(5.7) implies (5.8) we also assume that B(e,, 1) C €, since the other possibility, B(e,,1) C
R™ \ Qu, is handled similarly. Let {r;} be a sequence of positive numbers tending to 0 and let
1;(2) = uoo(rj2)/r; whenever z € R™. Let Q; = {z : 7,2 € Q. } be the corresponding blow-up
regions. Then u; is p-harmonic in Qj and Holder continuous in R™ with 4; = 0 on R™\ Qj.
Moreover, (5.5) is valid for each j with us replaced by @;. Using these facts, assumption (5.7),
and Lemmas 2.1, 2.2 we see that a subsequence of {i;}, denoted {u}}, converges uniformly
on compact subsets of R", as j—o0, to a Holder continuous function wu. . Moreover, ul_ is a
nonnegative p-harmonic function in H = {z : z,, > 0} with u,, =0 on R"\ H.

Let {2} be the subsequence of {Q,} corresponding to {u’}. From (5.7) we see that 2 N
B(0, R) converges to H N B(0, R) whenever R > 0, in the sense of Hausdorff distance as j—oo.
Finally we note that Vu;—Vug, uniformly on compact subsets of H and hence

< |Vl | <1 (5.9)
where ¢ is the constant in (5.5). Next we apply Theorem 2.3 with
Q=H, u(x) =u(x), and 6(x) = z,.
Letting r—o0 in Theorem 2.3 it follows that

ul (z) = lz, (5.10)

o0

for some nonnegative [. From (5.9) and the above discussion we conclude that
<<l (5.11)

Next using (5.4) we see that if o7, is surface area on 2, o surface area on H, and ¢ > 0 € Cg°(R"),
then

pdo’, = — / |V [PV, V) da

o{u;>0} R»
— /|Vu P~2(Vul,, Vo)dx / pdo (5.12)
{zn=0}

as j — 00. Moreover, using the divergence theorem we find that

/ pdo; > — / V- (¢pey)dr — — / V- (¢ey)dx = / odo (5.13)

o{u!; >0} {u);>0} {ul, >0} {zn=0}

as j—oo. Combining (5.12), (5.13) we obtain first that [ > 1 and thereupon from (5.11) that
[ = 1. Thus any blowup sequence of u.,, relative to zero, tends to ;7 uniformly on compact
subsets of R", and the corresponding gradients tend uniformly to e, on compact subsets of H.
This conclusion is easily seen to imply (5.8). Hence (5.7) implies (5.8)(%).
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Proof of (5.7). The proof of (5.7) is by contradiction. We continue under the assumption that
w=0,v=w=e,, and p = 1. First suppose that

Blen, 1) C Q. (5.14)
If (5.7) is false, then there exists a sequence {s,, } of positive numbers and § > 0 with lim s, =0
and the property that
Qe NIB(0, 8,) Nz : 2y < =08} £ D (5.15)
for each m. To get a contradiction we show that (5.15) leads to
limsup ¢~ ug (te,) = 0o (5.16)

t—0

which in view of the mean value theorem from elementary calculus, contradicts (5.5). For this
purpose let f be the p-harmonic function in B(e,, 1) \ B(e,, 1/2) with continuous boundary
values,

f=0ondB(e,,1) and f = min wu, on 0B(e,, 1/2).
B(en,1/2)

Now f can be written explicitly in the form,

f() = Alx — e,|P~/®=Y 1 B when p # n,
| —Alog|zr —e,| + B when p =n,
where A, B are constants. Doing this we see that

lim ¢! f(te,) > 0. (5.17)

t—0

From the maximum principle for p-harmonic functions we also have
Uso > f in Blen, 1)\ Blen, 1/2). (5.18)

Next we show that if 0 < s < 1/4, and us, > kf in B(0,s) N B(ey, 1), for some k > 1, then
there exists £ = &(p,n, M,9) >0 and s',0 < s’ < s/2, such that

Uso > (1+&Ef in B(0,5) N B(en, 1). (5.19)

Clearly (5.17) - (5.19) and an iterative argument yield (5.16).
To prove (5.19) we observe from a direct calculation or Lemma 2.5 in [LN] that

|Vf(z)| = f(x)/(1 — |z — e,|) when 2 € B(en, 1)\ B(en, 1/2), (5.20)

where proportionality constants depend only on p,n. Also, we observe from (5.15) and Lips-
chitzness of 0€ that if mg is large enough, then there exists a sequence of points {#;}75 in
Qoo N{z : 2, =0} and n = n(p,n, M, ) > 0 such that for [ > my,

ns; < |[t] < n~ts; and d(t, 00) > nlti]. (5.21)
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Choose t,,, € {t;}pe such that 5" |t,,| < s/100. If p = d(t,,, 90%s), then from (5.21), Lemma 2.1
for us, and Harnack’s inequality we deduce for some C' = C(p,n, M,0) > 1 that

Cus(t,,) > max Us. 5.22

() 2 3(0,4\5;,\) ( )

From (5.22), the assumption that kf < u.,, Lemma 2.1 for kf, and the fact that ¢,, lies in the

tangent plane to B(e,, 1) through 0, we see there exists A = \(p,n, M,§),0 < A < 1072, and
my > mg such that if m > my and ¢, = t,,, + 3\pe,, then

B(t!,,2p)\) C Bley, 1) and (1 4+ A\)kf < us on B(t,, p)). (5.23)

Let f be the p-harmonic function in G = B(0,4[t,|) N Ble,, 1) \ B(t.,, pA) with continuous
boundary values f = kf on 9[B(en, 1) N B(0,4|t,,|)] while f = (1 + p)kf on dB(t,,, p)). If
0 < p < X and p is small enough, depending on p,n, M, , then we can use (5.20), Theorem 2.22
and Harnack’s inequality for f —kf, kf as in the proof of (4.40), in order to deduce the existence
of 7 >0,¢>1, with 3

(1+7p)kf < f (5.24)

in B(e,, 1) N B(0,|t,|/¢) where 7 = 7(p,n, M,6),0 < 7 < 1, and ¢ = &(p,n, M) > 1. Moreover,
using the maximum principle for p-harmonic functions we see from (5.23) that

f < uy in G. (5.25)

Combining (5.24), (5.25), we get (5.19) with £ = 7o and ¢’ = |¢,,|/¢. As mentioned earlier, (5.19)
leads to a contradiction. Hence (5.7) is true when (5.14) holds.

If B(e,,1) C R"\ Q4 we proceed similarly. That is, if (5.7) is false, then there exists a
sequence {s,,} of positive numbers and ¢ > 0 with li_1>noo sm = 0 and the property that

R™\ Qo NOB(0, 5,) N{x : 2 < =05y} # 0 (5.26)
for each m. To get a contradiction we show that (5.26) leads to
liminf ¢! max ue = 0 (5.27)
t—0 B(0,1)

which in view of Lipschitzness of 2 and the mean value theorem from elementary calculus,
contradicts (5.5). For this purpose let g be the p-harmonic function in B(0,2) \ B(e,, 1) with
continuous boundary values,

g=0on dB(e,, 1) and g = max uy on 0B(0,2).
B(0,2)

Then us < g in B(0,2) \ B(e,, 1) and

limsupt™' max g < oo. (5.28)
t—0 B(0,)\B(en;1)

(5.28) can be proved for example by comparison with functions of the type used to define f above
(5.17). In analogy with (5.19) we show that if 0 < s < 1/4, and ue < kg in Q4 N B(0, s), for
some 0 < k < 1, then there exists ' = &'(p,n, M,) >0 and s',0 < s’ < s/2, such that

Uso < (1 =& )kg in Qo N B(0, ). (5.29)
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To prove (5.29) we argue as in (5.21) to get t,, € (R"\Qu)N{z : 2, = 0} and ' = 7/ (p,n, M, ) >
0, with |t,,] < s17'/100 while p' = d(t,,, 00s)/8 > 1|t From Lemma 2.1 and Theorem 2.4 we
may also suppose |t,,| is so small that

Vg(z)| =~ g(z)/d(x,0B(en, 1)) when z € B(0,4|t,,]) \ Ble,, 1). (5.30)
Ift/ =t —3p'en, then

B(t ,2p) CR™\ Qy and C'g > max on B(t,,, 5.31

(£, 20") \ 92 ons, g on Blty, ). (5.31)

Here ¢’ = C'(p,n,d) > 1. Let g be the p-harmonic function in G' = B(0,4[t,,|) \ [B(en, 1) U

B(t!,, p')] with continuous boundary values § = kg on 9[B(0,4|t,,|)\ B(en, 1)] while g = (1—p/)kg
on 0B(t,,, p'). Using (5.30), (5.31), and arguing as in the proof of (5.24), we get

§< (1=t (5.32)

in B(0, |t,,|/c") where 7/, 1/, ¢, depend only on p,n, M,§. Since us < § on OG we see from the
boundary maximum principle for p-harmonic functions, that (5.32) holds with ¢ replaced by
Uso. Thus (5.29) is true with s = |t,,|/¢,§ = 7/¢/. From (5.29), (5.28), and iteration we get
(5.27) which leads to a contradiction. Hence (5.7) is true in all cases. From (5.7) and our earlier
remarks we now get (5.8). Thus u,, satisfies the tangent ball condition in Definition 1.4.

To complete the proof of Lemma 5.6 we assume, as we may, that 0Q. = {(2/,z,) : x, >
Yoo(z)}, where ¥, : R" 1R is Lipschitz with Lipschitz norm < M, since otherwise we
change coordinates and use invariance of the p-Laplacian under rotations. Thanks to (5.8),
we can now apply Theorem 1 with u(z) = uw(Rx)/R,z € B(0,2), and with 0Q N B(0,2) =
{(z/,¥o(R2")/R)} N B(0,2). Doing this, we find that

sup |Vihoo (2") — Vihoo (0)| < |2’ |7 R™7 (5.33)
{2": (2/,¥o0(2'))€B(0,R/8)}

where ¢ = ¢(p,n, M). Letting R—oo we see that Viboe = Vi)so(0). Thus 1 is linear and
consequently €2, is a halfspace. This completes the proof of Lemma 5.6. In view of the discussion
above Lemma 5.6, we also conclude the validity of Theorem 5.1. O

6 Concluding Remarks

We note that with minor modifications in the proof of Theorem 1 one can get, see the end of
[C1] and [W], the following generalization of Theorem 1.

Theorem 2. Let D C R" be a bounded domain, assume that u € C(D) and assume that u is a
solution in D, for some 1 < p < 0o, to the problem in (1.3) in the sense of Definition 1.4 with
G(-) replaced by G(-,w,v) where G : [0,00) x R" x S"! — (0,00). Assume that the function G
satisfies the following conditions.

(1)  logG(s,w,v) is Lipschitz in w and v with Lipschitz constant independent of s.

(it)  G(s,w,v) is, for fived w and v, strictly increasing in s and s~V G(s,w,v) is decreasing

in s on (0,00) for some N > 0 which is independent of w and v.
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Then the statement and conclusion of Theorem 1 remain true.
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