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Abstract

In this paper we continue the study in [LNG6], concerning the regularity of the free bound-
ary in a general two-phase free boundary problem for the p-Laplace operator, by proving
regularity of the free boundary assuming that the free boundary is close to a Lipschitz graph.
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1 Introduction

In [C1,C2,C3| a theory for general two-phase free boundary problems for the Laplace operator
was developed. In particular, in [C1] Lipschitz free boundaries were shown to be C'7-smooth
for some v € (0,1) and in [C2] it was shown that free boundaries which are well approximated
by Lipschitz graphs are in fact Lipschitz. Finally, in [C3] the existence part of the theory was
developed. In [LN6] we initiated our study of the corresponding problems for the p-Laplace
operator by generalizing the results in [C1] to the p-Laplace operator when p # 2, 1 < p < co. In
this paper we continue our study by establishing results similar to [C2] for the p-Laplace operator
when p # 2, 1 < p < co. As in [LN6] we note that the generalization beyond the harmonic case,
which corresponds to p = 2, is non-trivial due to the non-linear and degenerate character of
the p-Laplace operator. In particular, our results and arguments rely heavily on the techniques
developed in [LN1-LN6, LLN].

To properly state our results we need to introduce some notation. Points in Euclidean n-

space R" are denoted by x = (x1,...,7,) or (2',2z,) where 2’ = (z1,...,2,-1) € R ! Let
E,0F, diam E be the closure, boundary, and diameter of E. Let (-, -) denote the standard
inner product on R”, |z| = (x,2)'/2, the Euclidean norm of z, and let dr be Lebesgue n-

measure on R". Given x € R", r > 0 and s > 0, put B(z,r) = {y € R" : |z —y| < r} and
Qrs(x) ={y =, yn) 1 |V — 2| <7, |y — xn| < s}. In case r = s, we write Q,(z) for Q,,(z).
Given E, F C R", let E + F denote the set {xr +y : z € E, y € F} and let d(F, F) be the
Euclidean distance from F to F. In case E = {y}, we write d(y, F'). Let

WE,F) = max{supd(y, F),sup d(y, E)}

yekE yel

be the Hausdorff distance from E to F.

If O C R"is open and 1 < ¢ < oo, then by Wh4(0), we denote the space of equivalence
classes of functions f with distributional gradient Vf = (f,,,..., fz,), both of which are g-th
power integrable on O. Let

| fllwraoy = I fllzacoy + 1V [ ] zaco)

be the norm in W?(0) where || || La(0) denotes the usual Lebesgue g-norm in O. Next let C§°(O)
be the set of infinitely differentiable functions with compact support in O and let C(F), be the
set of continuous functions on F.

Given D C R™ a bounded domain (i.e, a connected open set) and 1 < p < 0o, we say that u
is p-harmonic in D provided u € W'?(O) whenever O C D and

/ |Vul|P~2 (Vu, V) dr =0 (1.1)
whenever 0 € C§°(D) . Observe that if u is smooth enough and Vu # 0 in D, then
V- (|Vu|f~2Vu) =0 in D (1.2)

so u is a classical solution in D to the p-Laplace partial differential equation. Here, as in the
sequel, V- is the divergence operator. w is said to be p-subharmonic (p-superharmonic) in D



provided u € W1P(0O) whenever O C D and (1.1) holds with = replaced by < (>) whenever
0 >0in D. Let u € C(D) and put D (u) = {z € D : u(z) > 0}, F(u) = dD*(u)ND. Let D~ (u)
be the interior of {x € D : u(z) < 0} and set ™ = max{u,0}, v~ = —min{u,0}. Assuming
that w € F(u), and that F(u) is smooth in a neighborhood of w, we let v = v(w) denote the
unit normal, to F'(u) at w, pointing into DT (u). Moreover, we let v (w) and u,, (w) denote the
normal derivatives of ut and ™ at w in the direction of v. Note that v}, —u; > 0. In this paper
we consider weak solutions, defined and continuous in D, to the following general two-phase free
boundary problem,

(1)  V-(|Vu[P2Vu) =0in Dt (u)U D (u),
(i)  w)(w) = G(—u, (w)) whenever w € F(u),

v

(i4i)  w=ke C(0D) on 0D. (1.3)

In (1.3) (i2) the function G : [0, 00) — [0, 00) defines the free boundary condition and the interface
F(u) is referred to as the free boundary. If we make no a priori classical regularity assumptions
on the interface F'(u) then the free boundary condition in (1.3) (i¢) must be interpreted in a weak
sense and in particular a notion of weak solutions to the problem in (1.3) has to be introduced.
Let (-,-)" = max{(,-),0}, (-,-)” = —min{(-,-),0}. We will work with the following notion of
weak solutions to the problem in (1.3).

Definition 1.4. Let D C R" be a bounded domain, u € C(D) and 1 < p < 0o, be given. u
is said to be a (weak) solution to the problem in (1.3) if u is p-harmonic in D*(u) U D~ (u),
u =k, on 0D and if the free boundary condition in (1.3) (ii) is satisfied in the following sense.
Assume that w € F(u) and there exists a ball B(w, p), w € DT (u)UD™(u) with w € dB(w, p). If
v=(w—w)/|w—w|, then the following holds, as x — w, for some «, B € [0, 00] with o = G(3),

(i)  if B(w,p) C DT (u), then u(z) = oz —w, )t — Bz —w,v)” + o]z — wl),
(it)  if B(w,p) C D™ (u), then u(z) = a{w — z,v)" — B{w — x, V)~ + o |z — w|).

Let (v, 7) be the angle between v, 7 # 0 in R™. If |v| =1, 6y € (0, 7/2], set

I'(v,00) :={v:|¢| =1and 0(v,0) < by},
(1.5)
C(v,bp) :={tr:vel'(v,0) and 0 <t < o0}.

Given € > 0 we say that u is e-monotone in O C R", with respect to the directions in I'(v, ) if

sup  u(y —€v) <ulx) (1.6)
B(x,€’ sin0p)

whenever ¢ > € and z € O with B(x — €'v,€ sinfy) C O. u is said to be monotone in O C R”
with respect to the directions in I'(v,6y) if whenever y € B(z,r) C O and = € (v, by), it
is true that u(y) > wu(z). Note that if u is monotone in O and B(z,r) C O, then (1.6) holds

whenever 0 < ¢ < r/4.




Recall that f : E—R is Lipschitz on E provided there exists 0,0 < b < oo, such that
|f(2) = f(w)| < b|z — w| whenever z,w € E. The infimum of all b such that this inequality
holds is called the Lipschitz norm of f on E, denoted || f||.;, (g)- It is well known that if £ = R"™,
then f is differentiable almost everywhere on R"™! and || f||u;, mo-1) = || |V f] || 200 (mn-1). In this
paper we prove the following theorems.

Theorem 1. Let D C R" be a bounded domain, assume that u € C(D) and that u is a weak
solution in D, for some 1 < p < oo, to the problem in (1.3) in the sense of Definition 1.4.
Assume that the function G > 0 is strictly increasing and, for some N > 0, that s—sVG(s)
is decreasing on (0,00). Assume 0 € F(u), Q,(0) C D, and that § € (n/4,7/2). Then there
exists € = €(0,p,n, N) > 0 such that if u is e-monotone on Q1(0) with respect to the directions
in the spherical cap, I'(e,,0), for some € € (0,€), then u is monotone in Q1/2(0) with respect to
the directions in T'(e,,01) where 0, > /4. In particular,

D (u) NQr2(0) = {(«',2,) ER": 2, > fj(x/)} N Q1/2(0),
Fu)N@Qi2(0) = {(2’,2n) € R" : 2y = f(2')} N Q1/2(0),

where f : R"'—=R is Lipschitz with || f

Lip (Rn—1) < 1.

Theorem 2. Let D C R" be a bounded domain, assume that u € C(D) and that u is a solution
in D, for some 1 < p < oo, to the problem in (1.3) in the sense of Definition 1.4. Assume
that G > 0 is strictly increasing, Lipschitz continuous with ||G||,,, mr-1) < C,G(0) > 0, and,
for some N > 0, that s~V G(s) is decreasing on (0,00). If 0 € F(u) and Q1(0) C D, then there
exist ¢ > 0, 0 € (m/4,7/2), both depending on p,n,C, N,G(0), and maxg, oyu~, such that the
following statement is valid. If 0 < e < &,60 < 0 < 7/2, and if ut is e-monotone in Q1(0) with
respect to the directions in I'(e,,0), then u™ is monotone in Q1/2(0) with respect to the directions
in T(en, 0;) where 0, > /4.

As a corollary to Theorem 2 we also prove the following.

Corollary 1. Let D C R" be a bounded domain, assume that uw € C(D) and that u is a solution
in D, for some 1 < p < 00, to the problem in (1.3) in the sense of Definition 1.4. Let G be as
in the statement of Theorem 2 and assume that 0 € F(u) and Q,(0) C D. Assume that there
exists n > 1 such that

n~td(x, F(u) < u(z) < nd(z, F(u)) whenever x € Dt (u) N Qy(0).

Then there exist ¢ > 0, 0 € (7/4,7/2), both depending on p,n,C, N,G(0),maxg, gy u~ and 7,
such that the following statement is valid. If 0 < e < é,é <0 <m7/2 and if

R (F(u) N Q1(0), AN Q1(0) <,

where A = {(«/, f(2')) : 2 € R*'} and || f
Q1/2(0) with respect to the directions in I'(ep, él) where 0; > /4.

Ly R-1) < tan(m/2 — 0), then u* is monotone in



As mentioned earlier, Theorem 1, Theorem 2, and Corollary 1 are part of the program initi-
ated in [LN6]. In particular, in [LN6] we proved the following theorem.

Theorem A. Let D C R™ be a bounded domain, assume that u € C(D) and that u is a solution
in D, for some 1 < p < o0, to the problem in (1.3) in the sense of Definition 1.4. Moreover,
suppose that G > 0 is strictly increasing on [0,00) and, for some N > 0, that s~VG(s) is
decreasing on (0,00). Assume that 0 € F(u), B(0,2) C D, maxp(ope) |u| =1 and that,

DY (u)N B(0,2) = QN B(0,2), F(u)n B(0,2) = 002N B(0,2),
Q = {y="v) ER" 190 >¥(y)},
in an appropriate coordinate system, where ¢ is Lipschitz on R™™' with M = ||¢||,, RP1)-

Then there ezists o = o(p,n, M, N) € (0,1) such that Vi is Hélder continuous of order o on
{z": (o', ¢ ("))} € B(0,1/8). The C?-Hélder norm of V1 depends only on p,n, M, N.

Using Theorem A and invariance of the p-Laplacian under rotations, translations, and di-
lations, we deduce under the scenario of either Theorem 1, Theorem 2 or Corollary 1, that
F(u) N B(0,1/16) is of class C1?. Furthermore, to indicate earlier work, for p = 2, Theorem
A is given in [Cl] while Theorem 1, Theorem 2 and Corollary 1 can be found in [C2]. The
work in [C1, C2] was generalized in [W], [W1], to solutions of fully non-linear concave PDE of
the form F(D?*u) = 0, where F is homogeneous. Further analogues of the work in [C1] were
obtained for a class of nonisotropic operators in [F] and in [F1] the concavity assumption in [W]
was removed for viscosity solutions to fully non-linear PDE of the form, F(D?u, Du) = 0, where
F is homogeneous in both arguments. Moreover, generalizations of the results in [C1] were made
in [Fe] to fully non-linear PDE of the form F(D?u,z) = 0 which have interior C''-estimates.
Generalizations of the work in [C1], to linear divergence form PDE with variable Lipschitz con-
tinuous coefficients were obtained in [CFS], [FS1]. Finally the work in [C1], [C2] was generalized
to viscosity solutions of certain linear nondivergence form elliptic PDE with drift term in [FS].
However, Theorem A, Theorem 1, Theorem 2 and Corollary 1 are the first generalizations of [C1,
C2] to divergence form operators of p-Laplacian type.

The rest of the paper is organized in the following way. In section 2, which partly is of a
preliminary nature, we collect a number of results from [LN1, LN2, LLN, LN6] concerning p-
harmonic functions in Lipschitz domains. In section 3 we construct appropriate p-subsolutions
to the free boundary problem under consideration using results from [C2], [LN6], and [W]. We
also prove that if u is as in Theorem 1, then u satisfies

1 u(y) u(y)

c M < [Vu(y)| < Cm (1.7)
where ¢ = ¢(p,n), at points sufficiently far away from 0Q1(0) U F'(u). Finally, in section 3 we
use (1.7) to show that u is monotone in the directions I'(e,,f) at points sufficiently far away
from 0Q1(0) U F(u). In section 4 we then prove Theorem 1 leaving the proofs of Theorem 2 and
Corollary 1 for section 5. At the end of section 5 we mention possible generalizations of Theorem
1, Theorem 2 and Corollary 1.

Concerning our proofs of Theorem 1, Theorem 2 and Corollary 1 we note that our argument
combines the geometric approach developed in [C1, C2, W1] with the analytic techniques for
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p-harmonic functions in Lipschitz domains, and in domains which are well approximated by
Lipschitz graph domains in the Hausdorff distance sense, developed in [LN1, LN2, LN3, LN5,
LNG6]. In particular, based on the results in our previous papers, we are able to proceed along the
lines of [C2] and [W1] to complete the proofs. The most tricky part of the argument, as compared
to the harmonic case in [C2], is to obtain a contradiction when the graph of the solution u and
the graph of the carefully constructed subsolution v; touch. In [LN6] we obtained a contradiction,
and thus proved Theorem FA, by using a boundary Harnack inequality - Hopf type maximum
principle (see Theorem 2.9 below) as well as the fact that in [LN6] u satisfied the fundamental
inequality (1.7) up to F'(u). In the proof of Theorem 1, we can no longer assume (1.7) up to
F(u). Instead we have to introduce several other comparison functions and prove these functions
can be used to get the desired contradiction.

We emphasize that on the one hand this paper is not user friendly, as it relies heavily on
previous rather technical work of the authors mentioned above. On the other hand we state
and give references for results which are used in this paper. In general our strategy in writing
this paper has been to refer to previous work whenever possible, as well as, to provide details
whenever our arguments differ from previous arguments. Thus as a minimum the interested
reader should first be familiar with [C2], [LN6], and to have these papers at hand.

Finally the authors would like to thank the referee for some helpful comments.

2 Estimates for p-Harmonic functions

We say that 2 C R" is a bounded Lipschitz domain if there exists a finite set of balls { B(x;, 1)},
with z; € 0Q and r; > 0, such that {B(x;,7;)} constitutes a covering of an open neighborhood
of 002 and such that, for each 7,

QN B(x;,4r;) = {z= (2" 2,) e R" : z,, > ¢;(2")} N By, 4r5),
00N B(z,4r;) = {z=(2",2,) € R" 1z, = ¢;(2')} N B(x;, 4r;), (2.1)

in an appropriate coordinate system and for a Lipschitz function ¢; on R™"!. The Lipschitz
constant of €2 is defined to be M = max; ||¢; ||y, mn-1). If w € 0Q, 0 <1 < 1, we let A(w,r) =
002 N B(w,r) be the naturally defined surface ball and we let e;,1 < ¢ < n, denote the point
in R™ with one in the ¢-th coordinate position and zeroes elsewhere. Moreover, throughout the
paper ¢ will denote, unless otherwise stated, a positive constant > 1, not necessarily the same
at each occurrence, which only depends on p, n, and M. In general, c¢(aq,...,a,) denotes a
positive constant > 1, not necessarily the same at each occurrence, which depends on p, n, M
and ay,...,a,. If A~ B then A/B is bounded from above and below by constants which, unless

otherwise stated, depend on p,n and M at most. Moreover, we let g(lax) i, ér(lin) 1 be the essential

supremum and infimum of 4 on B(z, s) whenever B(z,s) C R™ and u is defined on B(z, s).

We first state a number of basic lemmas in Lipschitz domains. As a general reference for
proofs of the following lemmas we refer to [LN1]. Lemmas 2.2, 2.3, 2.5, are classical interior type
estimates for nonlinear partial differential equations in divergence form. Lemma 2.4 is well known
for harmonic functions while Theorems 2.6, 2.7, are recent results of the authors. Their proofs
use deformations of @ into 0, similar to the one in (2.13), as well as uniform ellipticity estimates,
similar to those in (2.14)-(2.17), and classical boundary Harnack inequalities for nondivergence




uniformly elliptic partial differential equations.

Lemma 2.2. Given p,1 < p < 00, let u be a positive p-harmonic function in B(w,2r). Then

(1) max @ < ¢ min 4.
B(w,r) B(w,r)

Furthermore, there exists « = a(p,n) € (0,1) such that if x,y € B(w,r), then

(i) |alz) —a(y)] < c('%y)a max .

B(w,2r)

Lemma 2.3. Let Q2 C R"™ be a bounded Lipschitz domain and p given, 1 < p < oo. Let w € 051,
0 <r < rg, and suppose that @ is a non-negative p-harmonic function in Q N B(w, 2r). Assume
also that 4 is continuous on QN B(w,2r) with @ = 0 on A(w,2r). There exist ¢ = c(p,n, M)
>1 and a = a(p,n, M) € (0,1) such that if z,y € QN B(w,r), then

la(x>—a<y)|3c<x7y')a max .

QNB(w,2r)

Lemma 2.4. Let Q C R" be a bounded Lipschitz domain and p given, 1 < p < co. Let w € 052,
0 < r < rg, and suppose that G is a non-negative p-harmonic function in QN B(w,2r). Assume
also that 4 is continuous in Q N B(w,2r) with @ = 0 on A(w,2r). There exists ¢ = c(p,n, M),
1 < ¢ < oo, such that if T =r/c, then

e dilan
Qr%e(xif)u < cu(ar(w)),

where az(w) is any point in QN B(w,T) with d(az(w), Q) > 7/c.

Lemma 2.5. Let Q2 C R" be a bounded Lipschitz domain and p given, 1 < p < co. Let w € 051,
0 < r <19 and suppose that @ is a nonnegative p-harmonic function in QN B(w, 2r). Assume also
that 4 is continuous in QN B(w,2r) with 4 = 0 on A(w,2r). Extend @ to B(w,2r) by defining
@ =0 on B(w,2r)\ Q. Then G has a representative in W'P(B(w,2r)) with Holder continuous
partial derivatives in QN B(w, 2r). In particular, there exists o € (0, 1], depending only on p and
n, such that if x,y € B(w,7/2), B(w,47) C QN B(w,2r), then

¢ Va(z) = Vay)| < (Jo—yl/7)° fnax Vil < et (lo = yl/7)7 a(@).

Moreover, if for some 3 € (1,00),

% < B|Va(y)| for all y € B(w, 2r),

then 4 € C*(B(w,2r)) and given a positive integer k there exists ¢ > 1, depending only on
p,n, 3, k, such that

max |DFa| < ¢ where D*4 denotes an arbitrary k-th order derivative of .

B(uj,g) d(d;,@Q)k



Next we state two theorems proved in [LN1, LN2].

Theorem 2.6. Let 2 C R™ be a bounded Lipschitz domain with constants M,ry. Given p,1 <
p < oo,w € N, 0 <r < 1y, suppose that 4 and v are positive p-harmonic functions in N
B(w,2r). Assume also that 1,0 are continuous in QN B(w,2r) and that 4 = 0 =0 on A(w, 2r).
Under these assumptions there exists ¢1,1 < ¢; < 00,7 > 0, depending only on p,n, and M, such
that if x,y € QN B(w,r/cy1), then

(1) () 2 (54

Theorem 2.7. Let 2 C R" be a bounded Lipschitz domain with constants M, rqy. Let w € 09,0 <
r < 19, and suppose that (2.1) holds with x;,r;, ¢;, replaced by w,r, . Given p,1 < p < 0o, let t be
a positive p-harmonic function in QN B(w, 2r). Assume also that 4 is continuous in QN B(w, 2r)
with & =0 on A(w, 2r). Then there exists 0y € (0,7/2] and 1 < ¢ < 00, both depending only on
p,n, M, such that

caﬁj§%g5s<vaw»£>s|vawﬂfz@—————

whenever y € QN B(w,r/cy) and € € T'(ey, 0o).

We note that in [LN1] we proved, under the assumptions stated in Theorem 2.6, that

log <ZE§;) ~log (Zég)’ < ¢ whenever z,y € QN B(w,r/c). (2.8)

Here ¢ = ¢(p,n, M). Using (2.8) we then obtained, essentially simultaneously, Theorem 2.6 and
Theorem 2.7 in [LN2]. Furthermore, in [LN6] we also proved the following theorem.

Theorem 2.9. Let Q) C R™ be a bounded Lipschitz domain with constants M, rq. Let w € 09,0 <
r <rg, 1l <p<oo, and suppose that 4,0 are positive p-harmonic functions in QN B(w, 2r) with
0 < 4. Assume also that 4,0 are continuous in Q N B(w,2r) with & = 9 =0 on A(w,2r). Then
there exists c3,1 < c3 < 00, such that

A~

iy) — ily) _  ile) = (o)

oy) 0(x)

whenever x,y € QN B(w,r/cs3).

We note that Theorem 2.9 implies (2.8), as follows easily from the fact that the p-Laplacian
is invariant under multiplication by a constant. Thus replacing © by 00 in the above display,
multiplying both sides by ¢, and then letting §—0, we get (2.8). A slightly more involved
argument (see section 6 of [LLN]) also gives Theorem 2.6. Also for later use we observe from
Theorem 2.6 that v can be replaced by u in the denominator of the display in Theorem 2.9.

Next we state Lemma 2.10 which gives a useful criteria for determining when a positive p-
harmonic function satisfies the last inequality in Theorem 2.7 at a point. Note that Lemma 2.10

8



is similar to Lemmas 4.3 and 5.4 in [LN2], Lemma 3.1 in [LN5], and Lemma 3.18 in [LLN]. Hence
we do not include a proof of this lemma here.

Lemma 2.10. Let O be an open set, and suppose that u, v are positive p-harmonic functions in
O. Leta>1,y€0, || =1, and assume that

1 9(y) . R 0(y)

M < < .
Let €' = (ca)*9)/? where o is as in Lemma 2.5 and c = c(p,n). Then the following statement
is true for ¢ = c¢(p,n) suitably large. If

(1-8L<—-<(1+8L

S| S

in By, 1d(y,80)) for some L,0 < L < oo, then

1 ay) ) . a(y)
ca d(y,00) < (Vi(y),§) < [Va(y)| < CGW-

To continue our basic estimates, we list some results for the difference of two p-harmonic
functions. To this end, let @, 0 be positive p-harmonic functions in an open set O, satisfying
1 <4/0 < ¢q. Suppose also that © satisfies, for some ¢ > 1, the fundamental inequality

5_1% < |Vo(z)] < 3%, whenever z € B(w,r), (2.11)
where B(w,2r) C O. Define
e(z) = u(x) — v(x) whenever x € B(w, ). (2.12)
and put
uw(z,7) = 1u(x) + (1 — 7)0(x) whenever z € B(w,r). and 7 € [0, 1]. (2.13)

Clearly, e(z) = u(z,1) — u(z,0). Using p-harmonicity of @, 0 and that

p— p—2, __ ! d{|t§ + (1 - t)77|p72[t5 + (1 - t)??]}
€2 — =2 = / - it

whenever £, n7 € R"\ {0}, it follows that e is a weak solution to

N "9

Le := o (Zsij<y>6yj<y)> = 0 whenever y € B(w,r) (2.14)
= Yi
i,7=1

where

botw) = [ bl riar
by(.7) = [Vuly P (0 — Dy (s Dy, (0:7) + 5l Valy, P)P). (2.15)

9



Here 4, j € {1,...,n} and §;; is the Kronecker 0. If y € B(w, r), then from (2.14) we observe that
e = 1 — v is the solution in to a symmetric divergence form PDE with ellipticity constants at y
estimated by

min{p — 1, HEPA) < D bis(y)&€; < max{p — 1, 1}H[¢[A(y), (2.16)

i,j=1

whenever £ € R", and where

\) = [ 19t (|va<y>\ ; \V@<y)l)p_ ~ ((y)/d(,00)P2%  (2.17)

The right-hand side inequality in (2.17) was obtained by using Lemma 2.5 to estimate |Va(-)|
in terms of 4(-)/d(-,00), the assumption that @ < ¢,0, (2.11), and the fact that
d(x,00
1/2 < % <2 for z,z € B(w,r)
since B(w,2r) C O. In (2.17) the constants of proportionality depend only on p, n, 5, and ¢,. In
sections 4 and 5 we will need the following interior Harnack inequality.

Lemma 2.18. Let 4,0, be positive p-harmonic functions in O with 1 < /v < ¢4 and suppose
that v satisfies (2.11) with r = 27, w = W, where B(w,47) C O. If e = @ — 0, then there exists a
constant ¢ = ¢(p,n,d,cy) > 1 such that

max e < ¢ min e.
B(w,7) B(w,F)

Proof. From (2.16), (2.17), and (2.11), we see that L is uniformly elliptic in B(w, 27) with
bounded measurable coefficients. Constants depend only on p,n,d,cs. The stated Harnack in-
equality now follows from classical arguments, see [LSW]. O

Finally in this section we prove a lemma concerning properties of a positive minimal p-
harmonic function in a cone. More specifically, if 0 < 0y < m, recall the definition of the cone
C(en,bp) in ( 1.5). We write C(6y) for C(e,,0y). Given p,1 < p < oo, we say that @ is a minimal
positive p-harmonic function in C(f), relative to co, provided @ is a positive p-harmonic function
in C'(6y) with continuous boundary value zero on 0C(6y).

Lemma 2.19. Given 6y € (0,7, and 1 < p < oo, there exists a unique minimal positive p-
harmonic function, u = u(-,6y), in C(0y) with u(e,) = 1. Moreover, if r = |x|,x, = rcosf,0 <
0 < 0y, are spherical coordinates of x, then there exist 1 € C*°(cos by, 1) and v > 0 such that

() = a(r,0) = r"1P(cosh),0 < 0 < b.

Also, v is a decreasing positive continuous function of 6y € (0,7) with v(mw/2) = 1.
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Proof. We note that in [K], homogeneous p-harmonic functions of the above form are constructed
in cones. To begin the proof of Lemma 2.19, existence of a minimal positive p-harmonic function @
relative to oo in C(fy) is easily shown. For example one can take @ to be the limit of a subsequence
of (u,)$° where u,, is a positive p-harmonic function in C'(6y) N B(0, m) with continuous boundary
value 0 on 0C(0y)NB(0, m) and u,,(e,) = 1. Existence of u,,, m = 1,2, ..., follows from a calculus
of variations argument. Applying Lemmas 2.2 - 2.5 to u,,,m = 1,2,..., and using Ascoli’s
theorem we get 4. To prove uniqueness of u, let © be another minimal positive p-harmonic
function in C'(6y) with v(e,) = 1. Using Theorem 2.6 with Q = C'(6y) N B(0,2r),w = 0, we get,
upon letting r—oo, that © = 4. Thus @ is the unique minimal positive p-harmonic function in
C(6y) with u(e,) = 1. To obtain the desired form for @ we first note that uniqueness of @ and
invariance of the p-Laplace equation under rotations imply that @ is symmetric about the x,
axis. Thus we write 4(r, ) for 4(z) when z € C(6y) and r = |x|, 2, = rcosd,0 < 0 < 6. Also
since the p-Laplacian is invariant under dilations it follows from uniqueness of @ that

w(Azx) = 4(Ae,)tu(x) whenever A > 0 and z € C(6p). (2.20)
Differentiating (2.20) with respect to A and evaluating at A = 1 we find that
ri, (r,0) = (z, Vi(z)) = (Vi(e,), en)u(r, 0).

Dividing this equality by ru(r, #), integrating, and then exponentiating, we get u(r, ) = 171 (cos 0)
where v = (e, Vi(e,)). Continuity of v once again follows from uniqueness of 4(-, 0y) and Lem-
mas 2.2 - 2.5. Also, 7(6y) is decreasing for 6, € (0,7), as follows easily from comparing so-
lutions in different cones and using the maximum principle for p-harmonic functions. Finally
(r) = x, =rcosf when 6y = /2, so y(r/2) =1. O

3 Preliminary reductions for Theorem 1

Recall that given a bounded domain D and 1 < p < oo, we say that u is p-subharmonic in D
provided u € W1?(Q) whenever Q is an open set with Q C D and

/ |VulP=2 (Vu, Vo) dz < 0 (3.1)

whenever § € C§°(D) and 6 > 0 on D. We say that u is p-superharmonic provided —u is p-
subharmonic. Moreover, we let C?(D) denote the set of functions which have continuous second
partial derivatives in D. For ¢ € C?*(D) we let V?¢(x) denote the Hessian matrix of ¢ at x € D.

Let S(n) denote the set of all symmetric n x n matrices and let P be the Pucci type extremal
operator (see [CC|) defined, for M € S(n), as

Here A, denotes the set of all symmetric n x n matrices A = {a;;} which satisfy

min{p — 1,1} |¢|* < Z a;i;&:& < max{p — 1,1} |¢]* whenever £ € R". (3.3)

ij=1
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For the proof of the following lemma we refer to [LN6, Lemma 3.5].

Lemma 3.4. Let ¢ > 0 be in C*(D), ||V¢||rep) < 1/2, p fized, 1 < p < 00, and suppose that
o(x)P(V*p(x)) > 50pn |Veé(x)|* whenever v € D.

Let u be continuous in an open set O containing the closure of |

B(z,¢(x)) and define

zeD

v(x) = max u
B(z,¢(x))

whenever x € D. If u is p-harmonic in O \ {u = 0}, then v is continuous and p-subharmonic in
{v#0}ND.

Next we consider the asymptotic development, near F(v), of the p-subharmonic function
constructed in Lemma 3.4.

Lemma 3.5. Let D,u,¢,0, and v = v, be as in the statement of Lemma 3.4 and let G be
as in Theorem 1. Suppose also that (i), (ii) of Definition 1.4 hold for some «,f3, whenever
w € ONo{u> 0} and there exists B(w,p) C O\ 0{u > 0} with w € 0B(w, p). If w € F(v),
then there exist w* € DT (v) and p* > 0 such that B(w*, p*) C D (v) and w € 0B(w*, p*). Also,
there exist &, (3 € [0,00), such that the following holds, as x — W, with v = (w* — W) /|w* — W|,

(@ ol@) > ale— @) — Bla - @.5) + ol — i),
a 6]
© @) G(Hrww)r)'

Proof. The proof of Lemma 3.5 for p = 2 can be found in Lemmas 10, 11 of [C1]. The proof is
based on a purely geometric argument using smoothness of ¢, and the asymptotic expansion of
w in balls tangent to F'(u). Hence it is also valid here. O

We will also use the following lemma.

Lemma 3.6. Let D,¢, be as in Lemma 3.4. Assume ¢ > 0 small, p fired, 1 < p < oo,
0o € (m/4,7/2) and let O be an open set containing

{y : ly — z| < 2¢ for some z in the closure of U B(z, ¢(x))}-

zeD

Assume that u is continuous, and e-monotone in O with respect to the directions in ['(en, 6p)-
Assume also that u is p-harmonic in O\ d{u > 0} and satisfies (as in Lemma 3.5) (i), (ii) of
Definition 1.4 at points of O N O{u > 0}. Let G be as in Theorem 1 and define v relative to u, ¢
as in Lemma 3.5. If 0 < 6 < 6y, 1 esinby < ¢(z) <e, and

: / 1 : € 2
sin 6 < W (sm 90 — W(COSH()) — ‘V(ﬁ’(l’))
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for all x € D, then v is monotone in D with respect to the directions in I'(e,,0") and F(v) N D
is the graph of a Lipschitz function with constant M', M' < cot@'.

Proof. A proof for p = 2 is given in [C2, Lemma 2]. The proof involves a purely geometric
argument so can be repeated here. However for p # 2,1 < p < oo, certain issues should be
clarified. Indeed, let € D and suppose § € 0B(Z, ¢(z)) with u(g) = v(Z). We consider several
cases. If j € O\ 0{x : u(z) > 0} and Vu(y) # 0, then u is p-harmonic, consequently infinitely
differentiable in a neighborhood of ¢, so we can argue as in Lemma 2 of [C2] to get that v is
increasing at Z in the directions given by I'(e,,, #'). If § € ONd{x : u(x) > 0} and & # 0 in Lemma
3.5 (a), we can once again use the geometric argument in [C2] to conclude that v is increasing
at & in the directions given by I'(e,, ) N {x : |z| = 1}. Hence it remains to consider the cases
when (a)g € O\ d{x : u(z) > 0}, Vu(9) = 0, and (b)j € ONd{x : u(z) > 0}, @ = 0. In case
(a) it follows from the Hopf boundary maximum principle and the fact that u(g) = max{u(z) :
z € B(2,¢(2))} that u = u(g) in B(&, #(2)). In this case we note that

20() > e sinfy > e(1 —sinfy) + (V2 — 1.

Thus
B(z + (¢(2) — €)en, esinby) N B(z, p(z)) # 0

and so it follows from the definition of e-monotonicity, that v > «(Z) in an open neighborhood of
T4 ¢(2)e,. Since v(z) > u(x + ¢(x)e,) we conclude that v > v(z) in an open neighborhood of z.
In case (b) it follows from Definition 1.4 applied to u, and the Hopf boundary maximum principle,
that v = 0 in B(%,¢(2)). Hence, once again using e-monotonicity we have that v > 0 = v(Z) in
an open neighborhood of #. Thus v is monotone in D with respect to the directions in I'(e,, ¢').
Lipschitzness of F'(v) N D follows from an easy geometric argument using monotonicity of v and
the definition of F'(v). The proof of Lemma 3.6 is now complete. O

Finally, we will use the following set of functions {¢;}, 0 < ¢ < 1, to construct appropriate
p-subharmonic functions to be used in the proof of Theorem 1 and Theorem 2.

Lemma 3.7. Let A = {(2/,x,) € R" : z, = Aa)} where A : R" 'SR, \(0) = 0, and
ALy w1y < M < oo for some M > 1. Given h,0 < h < 1073, let A(h) = {(2/, ) :
|z, — A(2")] < h} N Q250 (0). If B € (0,1), then there exists a family of functions {¢:}, 0 <t <1,
C?-regular in A(h), and ¢ = c(p,n, M,3) > 1,hyg = ho(p,n, M, 3) > 0, such that the following
holds. There exists u = pu(p,n), 0 < u < 2, such that for x € A(h),t € [0,1], and h € (0, ho], we
have

) I gue) <14ut,
) |Vou(x)| < cthP,
(iti)  ¢e(x)P(Vigi(x)) > 50pn|Vy(x)[*,
) ole) = 1 whenever 7 € AR) \ Q1_sps anr(0),
) 14 ut — ¢u(x) < cth” whenever x € A(h) N Qy_100m1-5.421(0).
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Proof. We could prove Lemma 3.7 by arguing as in [F'S] however we prefer to use a covering
argument and the construction in [LN6]. This construction in turn was based on a construction
in [W] (the construction in [W1] appears incorrect). To begin the argument let {a;;} € A, and

"0 )
let L be the operator E . (aija—) . Given & € R",p € (0,107?), we claim there exists
o x;
ig=1 """ J

0< feC?R"\ B(,p/2)) satisfying
Lf>0inR"\ B(%,p) and f =0 in R"\ B(&, 10). (3.8)
Also, for some k; = ki (p,p,n) > 1, we have

(i) ki' <min(f, Lf) on B(&,6)\ B(#, p)
(3.9)
(i) |VfI < Lf <kyin R"\ B(#,p).

For example, let N be a non-negative integer and let
f(x) = | — 2|7® whenever z € R"\ B(%, p/2).

It is easily checked that f satisfies (3.8), (3.9) on B(z,10) \ B(z,p), for N = N(p,p,n) > 0
large enough, except that f does not have support in B (2,10). To remedy this let f [max( f —
1072V 0)]*. Then f is C2 on R™\ B(&, p/2) and f = 0 in R™ \ B(,10). From the definition of
L and (3.9)(7i) we find that

Lf > Af*Lf > 4Af*|Vf| = |V /| whenever p < |z — &| < 10.

Thus (3.8), (3.9) are valid.
Next we choose p = (100M)~! and use a well known covering lemma to get { B(w;, ph)} with
{B(w;, ph/10)} pairwise disjoint, and

(@) wi € A(Bh)\ A(2h),i=1,2,...,

(b)  UB(ws, ph) N A(h) =0,
(3.10)
() A(h) N Qi_s0n1-5,40(0) C U B(w;, 6h),

(d)  (A(h)\ Q1_gp-5.400(0)) N B(w;, 10k) = 0.

Existence of {w;} satisfying (a), (¢), (d) is easily seen. Note that (b) follows from (a) our choice
of p, and the fact that A has Lipschitz norm < M. Next given w; we take & = w; in the definition
of f and set

~

fil@) = f(wi+ 254), 2 € R™\ B(wy, ph),i = 1,2, ...

Let
x) = hﬂz fi(z), whenz e R\ UB(wi,ph).

Observe from (3.8) that f; has support in B(w;, 10k). Using this fact, as well as the disjoint-
ness of {B(w;, ph/10)}, we deduce that if x € R™ \ | B(w;, ph), then {i : fi(z) # 0} has
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cardinality at most ¢ where ¢ = é(p,n, M) > 1. Using these facts (3.8)-(3.10) we see for some
c.=c_(p,n,M,3) > 1 that

(@)  Lip(x) > cZ'h7~? when o € A(h) N Q1 _son1-5,41(0),

(8) Ly = h™H V| on A(h),

(3.11)
() max( hIVe]) < e b on A(h),
(0) ¥ =0o0n A(h)\ Qi2n1-54u(0).
Let 0 € C3°(R™1) with 0 < 0 <1 and
() @=1on{z' e R"':|2/| <1—100n'"F},
(B) 6=0on{z’ e R"':|2/| >1—50nF}.
(3.12)
n—1 n—1
020 o0
1-8 < 6-1 Rn—l
(v) h 2 DT, + Z_: oz.| = ch”~" on ,

where ¢ = ¢(p,n, M, 3). Finally put
oi(x) = 1+ t[0(2) + ()], when z = (2, z,) € A(h).

Then (i), (v) of Lemma 3.7 are easily deduced from (3.11)(y) and (3.12)(«), (5). (i7) of Lemma
3.7 is implied by (3.11)(y) and (3.12)(~) while (iv) of this lemma is a consequence of (3.11)(d),
(3.12)(B). (iii) for x € A(h) N Qi_s0m-5(0) with P replaced by L follows from (3.11)(«),
(3.12)(7), and Lemma 3.7 (7). (¢ii) for x € A(h) \ Q1_s0n1-6(0) with P replaced by L follows for
ho = ho(p,n, M, 3) > 0 small enough from (3.11)(5), () and (3.12)(3). Taking the infimum over
all {a;;} € A,, we get (iii) for P. The proof of Lemma 3.7 is now complete. O

Next we prove

Lemma 3.13. Letu, D, G, 0, be as in Theorem 1. Assume @ € F(u) and Q,(%) C D. Then there
exist €, = ex(p,n) > 0, ¢, = cu(p,n) > 1, and 0* = 0*(p,n) € (0,7/2), such that if 0 < € < e,
then

o ful(x)/d(z, F(u)) < (Vu(z),&) < [Vu(z)| < elul(z)/d(z, F(u))

whenever r > ¢ e, x € Qe (2),€ € (e, 0%), and cie < d(z, F(u)).

Proof. To begin the proof of Lemma 3.13 assume r > 10"%, and let @ = Q,—100e,—50e(%), 2 €
F(u) N Q. We first show that

(i)  0=u(z) < u(w) whenever w € Q,(&) N B(z + pen, psind), e < p, and d(w,dQ, (%)) > 20e,
(i)  Either u(w) = 0 or u(w) < 0 for all w € Q,(%) N B(z — pey, psinf) with
e < p and d(w,0Q,(Z)) > 20e. (3.14)
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Indeed first assume € < p < 20e. Then replacing < in (i), (#7) by <, we deduce easily that the
amended (i), (i), follow from e-monotonicity of u in the directions given by I'(e,, 8). Moreover if
u(w) = 0 for some w as in (3.14) (¢), then v < 0 in an open neighborhood of z which contradicts
z € F(u). Also, if u(w) = 0 for some w as in (3.14) (éi), then v = 0 in Q,(z) N B(z — pe,, psinh)
follows from the maximum principle for p-harmonic functions. If p > 20¢, then to prove (i), we
can use convexity of @,.(Z) and choose successive points w;,1 < j < k, on the ray from z to w
with w; = z,w, = w, and € < |w;4; —w;| < He, 1 < j < k—1. Using ‘e-monotonicity’ once again
it follows that u(w;) < u(w;;1) and thereupon from the case p < 20e that u(w) > u(z). Hence
(1) is true. (i7) is proved similarly when p > 20¢, we omit the details.

Let C(en, 0) be the cone with axis parallel to e, and of angle opening # (as in (1.5)). Put

Y(x)=24+Cle,,0) ={x+(: € C(e,,0)}
0= |J 3.
zEF(uW)NQ
If Y € R let 7(y) = inf{y, : (¢, yn) € Q}. Then 7 is Lipschitz with
L o1y < tan(m/2 —0) < Land {(y,7(y)) : ¢/ e R} = o). (3.15)

I7

We claim that y o
h (F(u) nQ,a0N Q) <e (3.16)

To prove claim (3.16) note from (3.14) with z = 2 that for given v’ with |y’ — &'| < r — 100e,
we have E(y) = F(u) N{(y/,t) : [t — Zn| <7 —50e} £ 0. If y = (v, yn) € E(y'), then from the
definition of 7, (3.14), and (3.15) we see that 7(y') < y, < r—100¢+Z,,. Next from a compactness
argument we find that (y/,7(y')) is in $(z) for some 2z € F(u) N Q. Now y, — 7(y') < € since
otherwise y € Q N X(z), and y,, — 2, > € which violates (3.14) (7). Since y € E(y) is arbitrary
we conclude the validity of (3.16) from this contradiction.
Let
M ={y€Q:yn>7(y)+ 2}

D ={yeQ:y,>1(y)— 2}

Then from (3.15), (3.16) we get
QL Cc D Hu)NQ C Q. (3.17)

Let u; be the p-harmonic function in €, which is continuous in ; with boundary values

(@) w3 =0o0n 0 NAQ.

()  wui(y) = u(y) when y € 9 NOQ and y, > 7(y') + 3e. (3.18)

(0) ul(y) ===ty (3 7(y') + 3€) when y € 99 N OQ

€

and 7(y') + 2¢ <y, < 7(y') + 3e.

Let uy be the p-harmonic function in €2, which is continuous in Q, with boundary values uy = ut
on 0€)y. From the maximum principle for p-harmonic functions and (3.17) we deduce that

up < u < uyin Q. (3.19)
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Let ug(z) = ug(2’, x, — 4€) whenever x € Q. Observe that ug > 0 is p-harmonic in §; with
uz = 0 on 092; N Q. We claim that

The claim in (3.20) follows from the boundary maximum principle once we show that uz < uy
on 0. In fact, if y € 021 N IQ and y,, > 7(y') + 3¢, then

us(y) = w (Y, yn — 4€) Sy, yn) = ur(y', yn)-

Ify € 90 N0Q and 7(y') +2¢ <y, < 7(y') + 3 or y € 9% NQ, then uz(y) = 0 < ui(y) as
we see from e-monotonicity of u and the fact that F'(u) is contained in the closure of €). Hence
(3.20) is valid. From (3.19), (3.20), we have

Next we note from Lemma 2.2 that if € 2 N Q,/2(2) and d(x, F(u)) > Ae, for some A > 100,
then
0 < ug(z) — uz(z) = ug(a, &) — ua(a', x,, — 4e) < cA™uz(x) (3.22)

where ¢ > 1 and a > 0 depend only on p,n. Putting (3.21), (3.22) together we have
1 <u/ug <1+4cA™ (3.23)

Finally we observe from Theorem 2.7 that there exist ¢ = ¢(p,n) > 1 and ' = 0'(p,n) € (0,7/2)
such that
¢ un(2)/d(z,00) < (Vui(z),§) < [Vu(a)| < cui(z)/d(z,00) (3.24)

whenever € 0 N Q,/.(Z) and & € I'(ey, ¢'). From (3.23), (3.24), we see that Lemma 2.10 can
be applied for A = A(p,n) large enough with © = uy, & = u. Doing this we get Lemma 3.13 when
u(z) > 0.

Similarly, to prove Lemma 3.13 when u(z) < 0, let

Y(w) = w + C(—ep, 0),
Q= U > (w)
wEQNF (u)

and for ¢y € R ! let %(y/) = sup{¥n : (¥, ¥n) € Q} Then (3.15) holds with 7 replaced by 7.
Also (3.16) is true with €2 replaced by €2, as follows from an argument similar to the one used
earlier for (3.16). Let

le{yEQ:yn<7~'(y’)+26}

Qy={yeQ:y, <7(y)— 2}
Then from the new versions of (3.15), (3.16), we see that
Qy c Q\ DF(u) C .

From this relationship and (3.14) we see that either u = 0 on Q, or u(z) < 0 whenever z € Q,. If
u = 0 on €2y, then Lemma 3.13 is trivially true. Otherwise we can repeat the argument following
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(3.17) to (3.24) with u, Q, Qy, replaced by —u, Qy, Qy, respectively. The proof of Lemma 3.13 is
now complete. O

Finally in this section we prove the following lemma.

Lemma 3.25. Letu, D, G, 0, be as in Theorem 1. Assume & € F(u) and Q,.(%) C D. Then there
exist € = é(p,n) > 0 and ¢ = é(p,n) > 1, such that if 0 < € < ¢, then (Vu(x),&) > 0 whenever
r>&ex€Qru), € ey, 0), and ce < d(x, F(u)).

Proof. Fix ¢ € T'(e,,0), suppose r > cle, and w € Q,/2(%) with c?e < d(w, F(u)) where c,
is the constant in Lemma 3.13. Put d(w, F(u)) = 5Ae and note from Lemma 3.13, as well as
Harnack’s inequality for p-harmonic functions, that

(cAe) " u(w) < o] Vu(y)| < Puy, (y) < *(Ae) " u(w) (3.26)
for some ¢ = ¢(p,n) whenever y € B(w,44¢). If n € [1, A) is fixed and £ € T'(e,, 0), set
en(x) = u(x + ne§ + w) — u(x + w) whenever x € B(0, 3Ae).
From (3.26), (2.11) - (2.15), as well as Lemma 2.5, we see that

-3

where, if u(y, 7) = Tu(y + ne€ + w) + (1 — 7)u(y + w), for 7 € [0,1] and y € B(0, 3A¢), then

Q“>

(en)y,(y) ) = 0 whenever y € B(0,3A¢), (3.27)

1

bij(y) = /bij(y,T)dT, where
0

bi(y.m) = [Vuly, )P ((p — 2)uy, (v, T)uy, (4, 7) + 0| Vuly, 7)]%). (3.28)

Let b = (Ae/u(w))pﬁl;ij. Then as in (2.16), (2.17), we see from (3.26) that (b;;) are uniformly
elliptic and bounded with constants depending only on p, n. Also from Lemma 2.5 and (3.26) we
see, for a given positive integer k, that

DMb(y)] < e(Ae)™ for y € B(0,246),1 <i,j < n, (3.29)

where ¢ = ¢(p,n, k) and D* denotes an arbitrary k-th order derivative. Next observe from ‘e-
monotonicity’ that e, > 0in B(0, 3Ae). To continue, using (3.26) - (3.29), the above observations,
basic Schauder type estimates, and Harnack’s inequality for uniformly elliptic PDE in divergence
form we get, for some ¢ = ¢(p,n) > 1 and n € |2, 3], that

Ven(0)] < cey(0)/(Ae) < ey (0)/(Ae) (3:30)
Moreover,
¢ e1(0) < ep(2e€) = u(3e + w) — u(2ef +w) = 6/ (Vu(neé + w), €)dn. (3.31)
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(3.31) can be rewritten using that (Ve,(0),§) = (Vu(ne + w), &) — (Vu(w), ). Doing this we
find that

& ey (0 e/ Ve, (0),&)dn + (Vu(w), ). (3.32)

where ¢ > 1 depends only on p, n. Using (3.30) to make simple estimates in (3.32) we can conclude
that

2

& ley(0) < %61(0) + (Vau(w), €). (3.33)
In particular, if A = A(p,n) is large enough, and 0 < € < € small enough, then (Vu(w),§) >0
whenever ¢ € I'(e,,, #). This completes the proof of Lemma 3.25. O

4 Proof of Theorem 1

In this section we prove Theorem 1. To begin the proof, recall that u is p-harmonic, for some
fixed p,1 < p < oo, and that u is e-monotone in D D @Q;(0), in the spherical cap of directions,
I'(en, ), for some fixed 0 € (w/4,7/2). Also u is a weak solution to the free boundary problem
n (1.3), as defined in Definition 1.4. In view of Lemmas 3.13, 3.25, we may assume, without loss
of generality, that for some constants A > 1000, ¢’ € (0,7/2) , ¢o > 0, depending only on p,n
that

A ul(2)/d(z, F(w) < [Vu(@)| < A(Vu(z),€) < Aul(@)/d(s, F) (A1)

whenever x € Q1(0),& € I'(ep, 0'), and d(x, F(u)) > Ae, 0 < € < €. Also,
(Vu(z),€) > 0 whenever £ € T'(e,,0) and = € Q1(0) with d(z, F(u)) > Ae. (4.2)

Indeed, otherwise we consider u*(z) = u(Z + x/c),x € @Q1(0), for fixed & € F(u) N Q1/2(0)
and ¢ > 1 large. Then u* is p-harmonic in 1(0) \ F(u*) as we see from translation and
dilation invariance of the p-Laplacian. Also for ¢ = ¢(p,n) large enough, u* satisfies (4.1), (4.2)
with u replaced by u* thanks to Lemmas 3.13, 3.25 (provided €, 1/A are sufficiently small).
Finally u* is a weak solution to the free boundary problem in (1.3), as stated in Definition
1.4, with G replaced by G* where G*(s) = ¢ 'G(cs),s € [0,00). Proving Theorem 1 for u*
and translating back we get that F'(u) N Q1/(2¢)(2) is the graph of a Lipschitz function. Using
this result and covering @,2(0) by cylinders of the form Q10 (2),2 € F(u) N Q1/2(0) we
get Theorem 1. Hence throughout the proof of Theorem 1 we assume that (4.1), (4.2) hold.
Let O = 04 = {z € Q1(0) : d(z, F(u)) > 2Ae} for A large and note that (4.2) implies, for
A = A(p,n) large enough, that

u is monotone in O = Oy in the spherical cap of directions I'(e,,, ). (4.3)

Thus we may also assume that (4.3) holds. From (3.15), (3.16) with @ = Q1-100¢,1-50¢(0), we see
that there exists a Lipschitz function 7 : R* ' —=R with

Lip (Re-1) < 1 and MEWNQ{(y,7(y) v/ e R"1INQ) < e

I7
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Convoluting 7 with a suitable approximate identity on R"™! we get 7 € C>°(R"!) with

MEW) NQ,{(y, 7)) : v/ € R} N Q) < 2¢ while
(4.4)

17 ip o1y < 1 and || D*7|| oomn-1) < (ce)'~F for k > 2.

Here ¢ = c(p,n, k) and D* denotes an arbitrary k-th order derivative of 7. As in Lemma 3.7 set
A(R) = {(2',2,) € R : |z, — F(2")| < h} N Qq5(0).

Using Lemma 3.7 with A =7, M = 1,5 = 1/2, and h = 100Ae, we get {¢;(z),x € A(h),0 <t <
1} satisfying (i) — (v) of this lemma. Next let u = p(p,n) > 0 be the constant in Lemma 3.7 (7)
and let v € [7/8,1) be the smallest number such that

v sin @
k()

= <1+ 4.5
7 sind — 1+~ — H (4:5)

Since k is decreasing on [7/8, 1] with k(1) = 1 it is easily seen that 1 < k(7) = min(k(7/8), 14 p).
Also using 0 € (7/4,7/2), one deduces

1/2 <sinf+y—1<1. (4.6)
Let € € (€,2¢) and put o = € (sinf + v — 1). Observe from (4.6) that o € (¢'/2,¢). Also set

v(r) = max u(y—ee,) whenever B(x,0¢,(z)) C Q1(0),t € [0,1].
yeB(z,06:(z))

From (i) — (i47) of Lemma 3.7 and Lemma 3.4 we deduce that v; is p-subharmonic in (A(h/2) N
Q1-58:(0)) \ F(vy) for 0 < ¢t < 1. Also note from Lemma 3.7, with 5 = 1/2,h = 100A¢, and the
above observation, that

€/2 < o¢y < ce and o|Vey| < ce'/? on A(h), (4.7)

for some ¢ = ¢(p,n) > 1. Using (4.7) we first see that

1 - ¢ _
W <81119 — W(COS 0)* — U|V¢t|(x))
> e (inf = (cos0)° — ) > 0, (18)

for €y sufficiently small, 0 < € < €, whenever x € A(h) N Q25(0). Hence, using Lemma 3.6 with
e replaced by €, we deduce the existence of 6/,0 < 6’ < 6, such that

vy is monotone in A(h/2) N Q1-s.(0) in the set of directions I'(e,, #") while

F(v) N A(h/2) N Q1-s(0) is the graph of a Lipschitz function with norm < ccot ¢'. (4.9)

Let 2 = A(h/2) N Q1-1(0) where once again h = 100Ae. From Lemmas 3.4 and 3.7 we see that
vy is p-subharmonic in Q \ F'(v;). Next we prove the following lemma.
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Lemma 4.10. If ey > 0 is small enough, then there exists ¢ > 1, depending only on p,n,0, such

that if -

Y(sin @ — c'e'/*)
sinf — 14~

1+ put =

then t € (0,1), and fort € [0,1],

(+) v <uondQand v, < (1—€e/*u on Q\ A(h/16),

(+4) w>0 on F(u) NQ\ Qq_p1/2(0) = F(ug) NQ\ Q)_p1/2(0).

Proof. From basic geometry and the definition of ¢ we note that

B(x —v€e,, €(sinf +~v — 1)) = B(x —yeé'en,0) C B(x — €'e,, € sind). (4.11)
From (4.11), Lemma 3.7 (i), (iv), and e-monotonicity of u in the spherical cap of directions I'(e,,, )
we have vy < u in Q and v; = vo in Q\ Q_,1/2(0). Also u(x) > 0 whenever z € F(vg) N €2, since
otherwise we could use € € (¢,2¢) and argue as in the proof of (3.14) (i) to get a contradiction.
Using these facts it is easily seen that (++) of Lemma 4.10 is valid and v; < u on Q\ Q;_,1/2(0).
To complete the proof of Lemma 4.10 suppose x € Q\ A(h/16). Then from (4.3) we see that

a= max u(y —yee,) <u(z). (4.12)
yEB(x,y€ sin6)

From (4.12), Lemma (3.7) (i), and our choice of ¢, we deduce that

v(zr) <wvi(z) < max  uly—7€e,) = max u(y — ve'e,) = 0. (4.13)
yEB(z,0(1+ut)) yEB(z,ve! (sin O—c’el/4))

Finally from (4.12), (4.13), and (4.1) we get, for some ¢ = ¢(p, n), that
b<a- c’e5/4%f) < (1 — e/*)u(x) whenever z € Q\ A(h/16),
provided ¢ is large enough. The proof of Lemma 4.10 is now complete. O
To complete the proof of Theorem 1 we use, as in [C1, C2], a method of continuity type

argument. In particular, let
©={t:tel0,],n <uonf}

where ¢ is as stated in Lemma 4.10. We will prove that
© = [0,1]. (4.14)

To proceed we first note that 0 € © as we pointed out after (4.11). Moreover, the continuity of u
and v, imply that © is closed. Thus to prove (4.14) it suffices to prove that O is relatively open.
Note that if ¢ € ©, then D" (v;) = {z € Q : v(x) > 0} C D*(u). Also from Lemma 4.10 (4++)
we see, for 0 < t < ¢, that F(v;) NQ\ Qq_p1/2(0) lies strictly above F(u) N Q\ Q1_p1/2(0) and
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hence the two sets have an empty intersection. Also v; < u on 9 and F'(vg) N F(u) = 0. Since
vy is p-subharmonic in Q \ F(v;) it follows that either (4.14) is true or there exists t € © with

F(u) N Fo) N QN Q;_p1/2(0) # 0. (4.15)

To get a contradiction to (4.15) suppose @ € F(u) N F(v:) N Qq_p1/2(0). From Lemma 3.5 we
see that there exists w* € D¥(v;), and p* > 0 such that B(w*, p*) C D*(v;) with @ € 9B(w*, p*).
Moreover if 7 = (w* — W) /|w* — @], then there exist @, 3, € [0, 00), such that

v(r) > alr — 0, 0)" — Ble —w,0)” + o |z — ), (4.16)
near w. Furthermore,
o s
omvaan = o) 4

Since Dt (v,) NQ C D*(u) N, we see that B(w*, p*) is also a tangent ball for D (u). Using the
fact that u is a weak solution to the free boundary problem in (1.3), as defined in Definition 1.4,
we obtain

u(r) = ale —w,0)" — Bl — 0, 0)” + o(|lz — W), (4.18)

as x—w, for some «, 5 € [0,00) with o = G([3).
We claim that
0<a<a(l-—ee (4.19)
for some ¢ = ¢(p,n,0) > 1. (4.16)-(4.19) easily lead to a contradiction. In fact, from (4.16),

(4.18), and t € © we see that @ < « while § < ﬁ_._ Using the assumptions on G in Theorem 1,
(4.17), (4.19), and Lemma 3.7 (i) we find that if 5 # 0, then

-N
_ — G B
G(3) <G(B) <p~ (_1+J|V_¢t(ﬁ))|> G(1+0|V¢t(mb))
4.20
(1+ ce/2)N _ (420
T—caz ¢ 5%

_ (L+0|Vo(@)|
1~ o|Vi(d)

provided € is small enough, thanks to (4.19). If 3 = 0, we can omit the second inequality in
(4.20) and still get G(0) = G(B) < a. Since a = G([3), we have reached a contradiction in either
case. Thus (4.14) follows from (4.19).

As for claim (4.19) we first observe from (4.9) that there exists A : R""'—R, with ||\
tan(m/2 — '), such that

N

Lip (R"—1) <

Fu) NQ={(2,2,) : &, = Na")}. (4.21)

Also, from the definition of v;, and e-monotonicity of u in the cap of directions I'(e,,0), we
deduce that

hF(v) N Q, F(u) N Q) < 8¢ and hence F(v,) NQ C A(R/100). (4.22)
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Let U = QN D™ (v;) and let f; be the p-harmonic function in U with continuous boundary values
(a)  fi(2',\2')) =0 when z = (2, z,,) € F(v;) NOU,
(b)  fi(x) = v(z) for x € OU N 0Q1-n(0) N {z = (2, x,,) : z,, < A(2') + h/8},

(¢)  fi(x) = min{max(vi(z), a1(z)), (1 — e/ u(z)} for x = (2, z,) € OU N IQ;1_4(0) (4.23)
and h/8 < x, — A(2') < h/4, where ay(2', x,) = vi(a', A(2") + h/8)

4 B ACNNE) [ Y (el M) + h/4) — v (2!, N(') + h/8)]
(d)  fila',z,) = (1 — e/Yu(a’, 2,) when z € U and z,, > \(a') + h/4.
Next let fo be the p-harmonic function in U with continuous boundary values,
(@)  fo(2',N(2')) =0 when z = (2, z,,) € F(v;) NOU,

(b)  fa(x) = v(z) for 2 € U NOQ1-n(0) N {x = (2, x,) : &, < A(2') + h/8},

() fa(x) = min{max(v(z), as(z)), u(x)} for x = (2, x,) € OU N IQ1-1(0) (4.24)
and h/8 < x, — A(a') < h/4, where as(2’, x,) = v (2', N(a') + h/8)

S M) Ty A(2) + h/4) — vi(2!, A(@') + h/8)]

(d)  fo(a!, ) = u(2’, x,) when x € QU and z,, > \(z') + h/4.

From (4.22), (4.23) and (+) of Lemma 4.10 we see that v; < f; < fo < w on OU. Since v; is
p-subharmonic it follows from the boundary maximum principle for p-harmonic functions that

v < fi<fo<uinU. (4.25)
From Theorem 2.6 we see that
x = lim L) exists. (4.26)
T—W fZ(x)
zrelU

Using (4.25), (4.26), (4.16), and (4.18) we deduce that
7 < Tim i -1 ~ ) < Tim i -1 ~ 5 < .. -1 ~ 5\ <
a < hgn_}(r]lft v(w +tr) < h{n_}(r]lft fi(w +tr) < x h{ri}glft fa(w +t7) < xa. (4.27)

From (4.27) we conclude that in order to prove (4.19), and thus complete the proof of (4.14), we

only need to prove that
X <1—e/te (4.28)

for some & = &(p,n,0). To prove (4.28) we note from Theorem 2.9, with r = Ae, @t = fo, 0 = fi,
and the observation following that theorem, that we have

falx) = fi(@) o 1 fo(@ + Aeen/c) — f1(0 + Aeen/c) _ -
R - Folw + Acen /O ¢
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whenever 2 € B(w, Aee,/¢?). Letting z— in the last display it follows that 1 — xy > C. Thus
to get (4.28) it suffices to show that A
C > &ttt (4.29)

for some ¢ having the same dependence as ¢ in (4.28). To prove (4.29) we would like to use the fact
that f, — fi = €'/*u on OU NOA(h/2) as well as an iterative argument using a Harnack inequality
for fo — fi1. Unfortunately however we do not know if the lefthand inequality in (2.11) holds for
either v = fi or 0 = fy in a Harnack chain of balls connecting points in U near 0U N IA(h/2) to
W+ Aee,, /c. Thus for some balls in our Harnack chain we are not able to control the ellipticity in
the PDE satisfied by fo — f1 (see (2.14)-(2.16)). To overcome this difficulty we introduce another
p-harmonic function f which is continuous in U and satisfies

(@)  f(a',\2") =0 when x = (2/,z,) € F(v;) N AU,
()  f(z)=0forx € OU NOQ1_1(0) N{z = (2/,x,) : ,, < Na') + h/8},

(¢)  f(2',z,) =min {(1 — M2, zy), 8(n — MZJ) —1/8) [(1- /My ula M) + h/4)] }
when z € U N9Q;1_,(0) and h/8 < x,, — A(z") < h/4,
(d)  f(a', z,) = (1 — €/*u(a’, z,) when z € OU and x,, > \(z') + h/4. (4.30)

Observe from (4.30) that
0 < f <min{(1 — /)y, fi} (4.31)

on OU. Hence, by the maximum principle for p-harmonic functions (4.31) also holds in U. To
prove (4.29), and thus finally get (4.19), we prove that

fo(w + Aee,/c) — f(w + Aee,/c) fi(w + Aee,/c) — f(w + Aee,/c)

> el/4 < :
fa(w + Aee,,/c) z e/eand fo(w + Aee,/c) <e (432)
for some ¢ = ¢(p,n,0) > 1. To do this we first assert that
of 1
|V f(x)] > 5 (x) > ¢ " f(x)/h whenever x € U (4.33)

n

for some ¢ = ¢(p,n) > 1 is large enough. Indeed, for given 0 < § < 1073, let

flz +de,) — f(z)
)

To prove (4.33) we start by comparing the values of Dsf and f on OUs. Note from (4.31) that
Dsf > 0= fon F(v;) NQ1_x(0). We observe from (4.22) and h = 1004, that (4.1) holds at
points € OU N0Q1_4(0) with z, > A(z’) + h/16. Using this observation and (4.31) we see that
if v € OUs N OA(—6 + h/2), then

Dsf(z) =

and Us ={x € U : x+ de, € U}.

(1 — eNu(z + be,) — f(x)
)
> (1-— 61/4)[u(x;— den) — u(x)]

Dsf(z) =

> c tu(z)/h > f(x)/h.
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Moreover, if z € OUs N 0Q1-,(0) and A(z') + h/8 < z,, then we deduce from (4.1) and the
definition of f that x,— f(2’, z,,) is an increasing Lipschitz function, hence absolutely continuous,

and
L) 2 )bz )n

almost everywhere with respect to one dimensional Lebesgue measure. Integrating this inequality
and using Harnack’s inequality we deduce that

Dsf(x) > ¢ f(x)/h (4.34)

whenever = = (2, z,,) € OUs N 0Q1-4(0) and z,, > A(z’) + h/8. Finally, if 2 € 0Us N 0Q1-1(0),
and x, < A(z') + h/8, then f(x) =0, Dsf > 0. We now conclude that (4.34) holds on 9Us and
thereupon, by the maximum principle for p-harmonic functions, that (4.34) holds in Us. Letting
d—0 we obtain from (4.34) that assertion (4.33) is true.

To continue our proof of (4.32) recall that OU NOA(h/2) = {z : z, = 7(2') + h/2} and that 7
satisfies (4.4). Given & € OUNIA(h/2)NQ1—2n put G = {y € B(0,1) : &+ (h/4)y € UNB(&,h/4)}
and T = {y € B(0,1) : i-+(h/4)y € OUNB(&, hjA)}. 1t f' € £, fr, fo}, st f(3) = f'(i+(h/D)y)
and v/(y) = u(z + (h/4)y),y € G. From (4.4) we see that I' N B(0,1) is C? with C?-constants
depending only on p,n. Also, from (4.1) and Lemma 2.5 we see for k a positive integer that v’
has continuous k-th order derivatives in G, with L*-norm bounded by cu(#) where ¢ depends
only on p, n, k. Using these facts we deduce that Theorem 1 in [Li] can be applied to conclude
that f” has a Hélder continuous extension to G N B(0,1/2). In particular, |V f”| < cu(%) in
G N B(0,1/2). Transferring this inequality to f’ we conclude that

IVf| <cu(z)/hin UN B(&,h/8) whenever f' € {f, f1, f2} (4.35)

We observe from the boundary values of f, (4.35), and the mean value theorem from elementary
calculus that, for some ¢ = ¢(p, n),

uw(y)/¢ <u(z) < éf(y) whenever y € U N B(z, h/¢). (4.36)

Let z € F(v;) with @ = 2. Then from Theorem 2.6, (4.25), and (4.31) we see, for some
¢ =c(p,n), that
| < 12 < Cu(x—l—enh/c)

= f@+enhfc)
Also from Harnack’s inequality and (4.36) we find that

on B(z,h/c).

uls +heaf) _

f(z+ he,/c) —
where ¢ = ¢*(p,n). Combining the above inequalities and using arbitrariness of &, it follows
that
1< J;f((x)) < ¢ whenever z € U N Q1_2,(0). (4.37)
x
Again ¢ = ¢(p,n). Similarly from (4.33), (4.35), (4.36), and Theorem 2.7 we deduce that
o [ f(z)

— < < c———— wh UNQ1_24,(0). 4.38
c Az, Flo)) = IVf(x)] < Cd(:v,F(vt)) whenever x € Q1-21(0) (4.38)
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Now

|V fa(x)] < c% whenever € U N Q1-2,(0) (4.39)
as follows from (4.35) and Lemma 2.5. Let e = fo — f. From (4.37)- (4.39) and (2.12) - (2.17)
with & = fy,0 = f we see that e satisfies a locally uniformly elliptic divergence form PDE in
U for which solutions satisfy a Harnack inequality as in Lemma 2.18. Moreover, this PDE is
uniformly elliptic in U N B(Z, h/8) whenever z € OU N9A(h/2). Using results for such solutions
similar to those in Lemma 2.3 (see [CFMS]), and examining the boundary values of e, we deduce
that ce > €/4u(2) on U N B(#,h/8). Let & € OU N OA(h/2), with &' = @', where 0 is as in
(4.32). Then from the above deduction, Harnack’s inequality for e, (4.36), and (4.37), we get for
A, c as in (4.32) that
(0 + Aeepn/c) ) fo( + Aee,/c) > ¢t/ (4.40)
which is the lefthand inequality in (4.32).
To prove the righthand inequality in (4.32), let ¢ be a positive integer and let M; denote
the maximum of € = f; — f in U N Q1_#(0) for 1 < i < h™Y/2. We next prove, for some
n=n(p,n),0 <n <1, that

M, < cu(e,/2) and M;,; < nM; whenever 2 < i+ 1< h™1/2, (4.41)

The lefthand inequality in (4.41) follows from (4.25), (4.31), and e-monotonicity of u in the
directions T'(e,, ). To prove the righthand inequality in (4.41) we note from (4.25) that (4.37)
holds with fs replaced by f;. Also (4.39) is valid with fs replaced by fi. Arguing as below (4.39)
we see that € satisfies a locally uniformly elliptic PDE for which positive solutions satisfy a
Harnack inequality as in Lemma 2.18. Moreover, if # € Q1_(;11),(0) NOA(h/2), then this PDE is
uniformly elliptic in U N B(z, h/8) and € = 0 on OU N B(&, h/8). We can now conclude, arguing
as in [CFMS], that e is Holder continuous in a neighborhood of z. In particular, there exists
¢ = c(p,n) > 1 such that

é(x) < M;/2 whenever x € U N B(&,h/c). (4.42)
Let & € F(v;) with 2’ = #’. Then from Theorem 2.9 applied to €, f; we have

1 €(x) e(z + hey/c) cM;
7@ = HE + henfe) = Fi(@ + hewo)

for some ¢ = ¢(p,n) and z € B(Z,h/c). From this display, and Lemma 2.3 and Lemma 2.4 for
f1, we deduce, for some ¢ = ¢/(p,n) > 1, that

é(x) < M;/2 whenever x € UN B(Z,h/d). (4.43)

Let E = M;—e. Using (4.42), (4.43), and Harnack’s inequality for £ we conclude that £ > M;/c
on UNJQ1—(i4+1)r(0) for some ¢ = ¢(p,n) > 1. Thus € < (1 —1/¢)M; holds on U NIQ1—(i11)n(0).
Since & = 0 on the rest of the boundary of UNQ1—(i1+1)»(0) it follows once again from the boundary
maximum principle for p-harmonic functions that the righthand inequality in (4.41) is true.
Finally we use (4.41) to prove the righthand inequality in (4.32). Recall that @ € UNQ;_;1/2(0).
Using this fact and iterating (4.41) we see for some ¢* = ¢*(p,n) > 1 that

e(w + Aee,/c) = (fo — f1) (0 + Aee,/c) < exp [—1/(c*hY?)] u(e,/2) (4.44)
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where ¢ is the constant in (4.32). From Harnack’s inequality we deduce, for some ¢ = &(p, n),
that ]
u(en/2) < e “u(w + Aee,/c). (4.45)

Combining (4.44), (4.45) we get for ¢, sufficiently small that
e(i + Aeey,/c) < Eu( + Aee,/c) < efo(W + Ace,/c),

where the last inequality follows from the display above (4.37). Thus the righthand inequality
in (4.32) is valid for sufficiently small € > 0. . From earlier work we can now conclude first the
validity of (4.32) and then that (4.19) is valid. Finally, we get (4.14) from (4.19) as we proved
after that display.

Proof of Theorem 1. The rest of the proof of Theorem 1 follows as in [C2, section 7]. More
specifically, from (4.14) we have v; < u whenever x € U. In view of the definition of ¢,~, and
Lemma 3.7 (v), we deduce the existence of 0*, ¢, = c.(p,n,0) > 1, such that 0 < § — 6* < c,e'/*
and

" max )u(y —ve'e,) < u(x) whenever x € U N Qq_yp1/2(0) and € € (e, 2¢). (4.46)

x,ve' sin 0*

Clearly (4.46) and (4.2) imply, for €y = €o(p,n,8) > 0 sufficiently small, that u is (ye)-monotone
in Q1(0) in the directions I'(e,, 6*). We can now proceed by an iterative argument to obtain
Theorem 1. That is, we repeat the argument in section 4 with € replaced by ve and Q1(0)
replaced by Qq_g;1,2(0) to get that u is (y%€)-monotone, in a certain cap of directions in @,(0)
where p = 1—8h'/2—8(vh)'/2, etcetera. On the surface each iteration may yield constants which
depend on the angle opening of the cap yielding the directions of monotonicity. However these
constants can also be chosen to depend only on @ as we could have chosen the constants in each
iteration to depend only on 6; = § + Z (since I'(e,, 01) C I'(e,, 0)) provided we first choose € so
small that for the new ¢, above (4.46) we have

6*61/4 Z ,Ym/4 <
m=0

Since 8; = 6,(0) it follows that we can choose all constants to depend only on . Continuing the
induction or iterative process we eventually conclude that u is 7 monotone in the cap I'(e,, 6;)
in Q1/2(0) whenever i > 0. Clearly this conclusion implies that u is monotone in (1/2(0). The
proof of Theorem 1 is now complete. O

N | D

T
<

5 Proof of Theorem 2 and Corollary 1

To begin the proof of Theorem 2 we remark that much of the proof of Theorem 1 remains
valid (with modest changes) under the weaker assumption that u™ is e-monotone in D. More
specifically Lemma 3.13 remains valid under the additional assumption that u(xz) > 0. In fact,
arguing as in (3.14) - (3.16) we get 7 : R" =R such that if Q = {(/,z,,) : 2, > 7(2)}, then

(+) A (F(u) NnQ,o0n Q) <e,

A (5.1)
(+4) 7l @e-1y < tan(m/2 —0) << 1,
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where @ = Q1-100e1-50¢(0). Using this fact and repeating the argument from (3.17) to (3.24) we
get Lemma 3.13 when u(x) > 0. Also, Lemma 3.25 holds (under the assumptions of Theorem
2) with 6 replaced by 6 when u(z) > 0. Using the amended form of these lemmas we can now
assume, as in section 4 (see the remark after (4.2)), that for some A > 1000, ¢’ € (0,7/2), € >0
that

A7 u(z) fd(z, F(u)) < [Vu(z)] < A(Vu(z)

whenever z € Dt (u) N Q1(0),¢ € T'(e,, '), and d(z, F(u)

~

(Vu(x),&) > 0 whenever ¢ € I'(e,,0), and x € Dt (u) N Q1(0) with d(z, F(u)) > Ae.  (5.3)

< A%u(z)/d(z, F(u)) (5.2)

Ae, 0 < € < €. Furthermore,

,€)
) >

We can now repeat, essentially verbatim, the argument leading to (4.19). Unfortunately however,
in this case, we cannot use (4.19) to obtain the contradiction in (4.20). In fact we only have
v;7 < ut so we do not know that 3 < 3. To overcome this obstacle we follow closely the proof
scheme in [C2], [W1]. Indeed, if M = gle(to}i u~, then we first prove the following.
1

Lemma 5.4. Under the assumptions in Theorem 2, there exists € > 0,0 € (3w/8,7/2),a >
0,¢ > 1, all depending only on p,n, such that if 0 < € < &0 <0 < 7/2, and u™ (—e,/2) > Me'/2,
then u is €*-monotone in Q3/4(0) N{y : yn > —1/c} in the cap of directions I'(e,, 5m/16).

Proof. Let 7 be as in (5.1) and for z = (¢/,7(2') 4+ 2¢) € D*(u) N Q7/5(0) let K(2) be the set of

all points in (1(0) that are not in the closure of the cone z + C(e,, ). Observe from (5.1) that
D~ (u) N @Q1(0) C K(z). Let h be the p-harmonic function in K (z) with continuous boundary
values u~ on 0K (z). If y = z — tee,, € D™ (u) N Q7/5(0), where —3 < t < 3, then from Lemma
2.19 and Theorem 2.6 we see, for some ¢ = ¢(p,n),b = b(p,n, 0) > 1, that

u™(y) < cMe® where b—1 as —m/2. (5.5)
Let ' = {w € Q7/5(0) : w, < 7(w') — 2¢}. Then from (5.1) we find that
Q' C D™ (u) NQrs(0). (5.6)
Let @ be the p-harmonic function in € which is continuous in {2’ with boundary values

(@) 4 =0on0NA7;(0).

(b) u(y) =u (y) when y € 99" N 0Q7/5(0) and y,, < 7(y') — 3e. (57)
5.
(¢) a(y) = min {u*(y), Lt tWD29 (7 (y') — 36)} when y € 9Q' N 0Q7/3(0)
and 7(y') — 3e <y, < 7(¥) — 2e.
From the maximum principle for p-harmonic functions and (5.5) we deduce that
0<u” <a+cMe in Q. (5.8)

Next let o € T'(ey, 57/16),w = & — s0, where €* < s < ¢, 0 < ¢ < ¢, and set ¢(z) =
u(x) — u(w) whenever x € Q34(0). We show for ¢ large enough that there exists a = a(p,n) > 0
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with ¢(z) > 0 whenever x € Q34(0) with @, > —c~', provided § = (p,n) is near enough
/2 and € = €(p,n) is small enough. From e-monotonicity of u™ it is easily seen that we only
need to consider the case when z,w are in D™ (u) N Q3/4(0). From (5.1), (5.5), we see that if
—2¢ + 7(2') < x,, then

o(z) > —u(w) — M > a(w) — M. (5.9)
Using Lemma 2.19 applied to cones within ', and arguing as in the proof of (5.5), we deduce,
for small € > 0, that there exists d = d(p,n) > 1 with

a(w) > e*u(—e,/2) where d—1 as §—m/2. (5.10)
Combining (5.9), (5.10), and using the hypotheses in Lemma 5.4 we find that
P(x) > (/2 — M > 0 (5.11)

for small € > 0 provided ad +1/2 < b. If z,, < —2¢ + 7(2’) then z,w € Q' and we find from (5.8)
that
¢ > a(w) — w(z) — cMe. (5.12)

We note that Theorem 2.7 is valid for the current @ with 6y = 57/16. From this note we deduce
that if x, > —c™!, then 4 is increasing on the line segment from z to w. Let y be the point on
this line segment with |w — y| = %e“. Then from Theorem 2.7, the mean value theorem from
calculus, Harnack’s inequality, and the same estimate as in (5.10), we find that

a(w) —a(z) > a(w) — aly) > e a(w)/d(w, 0Q) > €u™(—e,/2). (5.13)

Using (5.13) in (5.12) we see that (5.11) is valid.
From arbitrariness of x, o, s, in (5.11), we now conclude Lemma 5.4. O

From Lemma 5.4 we see that if u=(—e,/2) > /M, then u is e*-monotone in Q34 N {w :
yn > —1/c}. Hence we can essentially repeat the proof of Theorem 1 with € replaced by €* and
Q1(0) by Q3/4(0) N {w : y, > —1/c} to prove Theorem 2. Thus throughout the rest of the proof
of Theorem 2 we assume that

u(—e,/2) < €Y2M. (5.14)

From (5.14) and Harnack’s inequality applied to u~ we see, for ¢ sufficiently small, that there
exists k = Kk(p,n),0 < kK < 1/100, such that

u(z) < €M when z = (2/,2,) € Q1_:(0) and z,, < 7(2') — €". (5.15)

Next suppose that w € F(u) N Q_qx/2(0) and that there exists a ball B(w, p), w € DT (u) with
w € 0B(w, p) and €/100 < p < 100e. From Definition 1.4 we obtain for v = (0 — w)/|w — w],
and some «, (3 € [0, 00] with a = G(f3), that

u(r) = alr —w, )" — Bl —w,v)” + o(jlz — w|)

as r—w. To proceed we prove the following lemma.
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Lemma 5.16. With the above notation and under the assumptions in Theorem 2, (5.14), there
exist 04 = 0, (p,n) € (5w /8,7/2) and €, = e, (p,n, M) > 0, such that if 0, <0 < 7/2,0 < e <
€4, then B < €%/,

Proof. Let ¢ be the p-harmonic function in B(w, 4p) \ B(w, p) with continuous boundary values
1 on OB(w,4p) and 0 on B(w, p). We note that ¢ (z) = ay|z — w|®P~/P=D 4 a, for properly
chosen aq, as when p # n, and ¢ (x) = ay log |z — w| + as for p = n. From the maximum principle
for p-harmonic functions it follows that

T (w—tr) < t(w — tr) max u”.
(w—1t) < 9w —tv) max

Letting t—0 we get, for some ¢ = ¢(p,n), that

<ce ! max u”. 5.17

B e max (5.17)

Let 0 < H <1 be p-harmonic in G = B(w, 2¢*)\{z : x,, < 7(2") + 2¢} with continuous boundary
values and with H = 1 on G NOB(w, 2¢") while H = 0 on 0G N B(w, €*). We claim, for e, > 0

sufficiently small, that

max u~ < ce/1 MH(w — 4ee,,) (5.18)
B(,4p)

whenever 0 < € < €,, where ¢ = ¢(p,n). Once (5.18) is proved we get Lemma 5.16 from the
following argument. Using Lemma 2.19 for H, as in the proof of (5.5), we have,

H(w — 4eey,) < ce®™%) where b—1 as 6, —m /2. (5.19)

Combining (5.17) - ( 5.19) we get 3 < €/8 by first choosing 6, near enough 7/2, so that
b(1 — k) > 15/16, and then €, > 0 small enough (depending on p,n, M).
To prove (5.18) we let

O =Q1-(0)N{z = (2, 2,) : 7(2)) — 26" <z, < 7(2") + 2¢}.

Let F,0 < F < M, be the p-harmonic function in * with continuous boundary values, F' = 0
on 0N*NQ1_e=(0) and F = u~ on 02*NIQ1_«(0)N{x : z,, > 7(2") — €"}. Existence of F follows
easily from (5.1). Put u* = (—u — €”/'M)* and note from (5.15), as well as the definition of F,
that u* is p-subharmonic in Q* with «* < F' on 9€2*. Thus by the boundary maximum principle
for these functions, u* < F in Q*. Using this fact, w € Q;_o./2(0), as well as Lemmas 2.2-2.4 for
F', we can now argue as in the proofs of (4.41), (4.44), to obtain, for some ¢ = ¢(p,n) > 1, that

u*(z) < F(x) < M exp [-1/(ce"/?)] whenever 2 € Q,_.«/2(0).

From this inequality, the maximum principle for p-harmonic functions, and Lemma 2.4 applied
to H we first conclude (5.18) and then Lemma 5.16. O

Next we prove the following lemma.

Lemma 5.20. Under the assumptions of Theorem 2 and (5.14) there exist v € [7/8,1) and
¢ > 1, both depending only on p,n, such that u™ is (ye)-monotone in Q_..2(0) in the cap of
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directions T (e, 0 — ce'/®).

Proof. Armed with Lemma 5.16 we are now in a position to prove this lemma by following
closely the proof of Theorem 1 in section 4. Let 7 be as in (5.1), let A = 100Ae, and let A(h)
be as defined in section 4 relative to 7. Let ¢, t € [0, 1], be the family of functions defined in
Lemma 3.7 with § = 1 — k/2. As pointed out at the beginning of section 5, (4.1) - (4.4) remain
valid with 6 replaced by 6 and for z € D*(u). We also define  as in (4.5) to be the smallest
number in [7/8, 1) such that

_osmb

sinf — 147
where 4 is as in Lemma 3.7. Put o = € (sinf +y — 1) whenever € € (¢, 2¢). From Lemma 3.7 we
see that

¢/2 < opy < ce and o|Vey| < ce' ™2 on A(h) N Qy5(0), (5.21)

some ¢ = ¢(p,n) > 1. Next set

v(r) = max ut(y—~ee,) whenever B(x,o¢,(x)) C Q1(0),t € [0,1].
yEB(z,0¢¢(x))

From (i) — (4¢i7) of Lemma 3.7 and Lemma 3.4 we deduce that v; is p-subharmonic in A(h/2) N
Q1-8:(0) \ F(v;) for 0 < t < 1. Using (5.21) we can also argue as in (4.7) and (4.8) to get
monotonicity of v; in a cap of directions (see (4.9)). Let Q = A(h/2) N Q1-4(0). Then as in
Lemma 4.10 we define ¢ by A
y(sin — ¢'et/*)

sinf — 1+ ol
and we observe, for ¢ > 0 sufficiently small, that ¢ € (0, 1), and, for ¢ € [0, ],

14 put =

(*) v <ut ondQ and v; < (1 — e/*)ut on Q\ A(h/16),
(5.22)
(rx) u >0 on F(vr) \ Q1_psr2(0) = F(v0) \ Q_per2(0)-

(5.22) follows from the argument after Lemma 4.10 (see (4.11) - (4.15)).
Next let
©={t:te0,,v; <uon D (u)NQ}.

Once again we use a contradiction argument to prove that © = [0, ¢]. If not, then repeating the
argument after (4.14) we see that there exists, for some ¢ € [0,%), @ € F(u) N F(vs) N Qq_pes2(0)
and w* € Dt (v;), p* > 0, such that B(w*, p*) C Dt (v),w € IB(w*,p*). Moreover if v =
(w* — ) /|w* — |, then there exist, @, 3, € [0, 00), such that

v(w) 2 ale —w,0)" = Bz —d,7)" + of|x — @),

near w. Here,

«

s
1— 0|V (0)] = G(l + 0|V¢t(w)|)'

Also,

u(r) = ale —w,0)" — Bl — 0, 0)” + o(jlz — W),
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as x—w, for some «, 5 € [0, 00) with o = G([3).
As in (4.19) we claim that
0<a<all—éee), (5.23)

for some ¢ = ¢(p,n) > 1. To obtain a contradiction from (5.23), we first note that ¢/100 < p* <
100¢, as shown in [W1,p 1511]. Thus the hypotheses of Lemma 5.16 are satisfied so that 5 < €*/%.
Using this note and the assumptions on G in Theorem 2 it follows that

a=G(B) < G <Cé®+G0) < +G(F)

< Ce3/8+5N(1+0‘§¢t(~),)_NG<1+a\§¢t(®)\)
)

(1+ o[V ()N s, (14 ce! N
< .24
oo (S0 T s ae o< BH

< Ce® +

thanks to (5.23), provided € is small enough (depending on p,n, M, G(0)). Here we have used the
fact that o > G(0) > 0 and that x < 1/100. From this contradiction we first get that © = [0, ]
and then Lemma 5.20 as in the discussion after (4.46). The proof of (5.23) is exactly the same
as the proof of (4.19). Therefore, we omit the details. O

Proof of Theorem 2. As mentioned earlier, Theorem 2 is true if (5.14) is false. If (5.14) is true,
we can apply Lemma 5.20 to get that u™ is (ye)-monotone in @;_./2(0) in the cap of directions
[(e,, 0 — ce'/*). If now (5.14) is false with € replaced by ~e, we get Theorem 2 from Lemma 5.4
and the argument in Theorem 1. Otherwise we repeat the argument leading to Lemma 5.20 in
order to get that u* is (y%€)-monotone in the directions I'(e,, d — ce'/* — ¢(ye)'/*). Continuing in
this manner, we obtain Theorem 2. O

Proof of Corollary 1. To avoid confusion we write €, 6 for ¢, 6 in Theorem 2. To prove Corollary
1 we show, that u* is (ce)-monotone in Q3/4(0)N{y : y, < 1/c} for some ¢ = ¢(p,n,n,0) provided
0 =0/2+ /4 and 0 < é << & The proof is essentially the same as in [W1], thanks to Theorem
2.7. For the readers convenience we include the details. Let f ,é,é be as in Corollary 1 and
suppose that § is near enough m/2 so that if Q. = {z : 2, > f(2) + 2¢} N Q3/4(0), then
Q4 C D*(u) N Q3/4(0). Let v be the p-harmonic function in €, with continuous boundary
values,

(@) v=0o0n 00 NQE34(0).

(b)  wv(y) =u'(y) when y € 04 NIQ3/4(0) and y, > ) + 3e.

€

(© () = min {ur(p), L= 4 (1, 7() + 30} when y € 904 10Qu4(0)
and f(y’) +2e <y, < f(y’) + 3e.

From the maximum principle for p-harmonic functions and the assumptions on u* in Corollary
1 we deduce that
v<ut <v+8pte (5.25)
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provided 0: is near enough /2. From Theorem 2.7, (5.25), and our choice of é, we deduce for all
¢ €T'(en,0) and some ¢ = é(p,n,0,n),cy = cy(p,n) > 1 that

&(Vu(y),&) > 1in {y € Q4 : ée < d(y,00:) < 100c.'} = K. (5.26)

Let ¢* >> ¢ and for given § € I'(e,, ), consider e(z) = u'(z) — u' (z — s£), when x € Q5/5(0)
and c'e <s < 2c;t If ut(x — s€) = 0, then trivially e(z) > 0. Also, if d(x — s&,0Q,) < 4ée we
can suppose ¢* large enough so that e(z) > 0 as we see from the assumptions on u in Corollary
1 and a geometric argument using Lipschitzness of f. Otherwise if z,z — s€ € K, we can use
(5.25), (5.26) to conclude that

e(z) > v(z) —v(r —c'e€) —8en ™' > & e —8en™' > 0 (5.27)

provided ¢* = ¢*(p,n,0,n) is large enough. It follows that u™ is (c¢*e)-monotone in F(u) N
Q5/5(0) N {y : y, < c;'}. We can now repeat the argument in Theorem 2 with Q;(0) replaced
by Qs/5(0)N{y : ¥, < '} or essentially just apply Theorem 2 in order to conclude Corollary 1. O

Closing Remarks. Theorem 2 remains valid when G in Theorem 2 is allowed to depend
Lipschitz continuously on x, v uniformly on bounded subsets of u, and causes no new problems.
Also, one can state a version of Theorem 1 in [LN6], and Theorem 1 and Theorem 2 in the
present paper, when u is p-harmonic in D" (u) and g-harmonic in D~ (u) where 1 < p,q < 0.
These more general theorems also appear likely to be true with minor changes in the proofs of
the corresponding theorems.
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