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ABSTRACT. In this paper, we define boundary single and double layer potentials
for Laplace’s equation in certain bounded d Ahlfors regular domains, considerably
more general than Lipschitz domains. We show that these layer potentials are in-
vertible as mappings between certain Besov spaces and thus obtain layer potential
solutions to the Regularity, Neumann, and Dirichlet problems with boundary data
in these spaces.
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1. INTRODUCTION

In this note we study layer potentials for Laplace’s equation on the boundaries
of certain bounded d Ahlfors regular domains in R", n > 3. As an application of
our results, we obtain layer potential solutions to the Regularity, Neumann, and
Dirichlet problems for the Laplacian with boundary data in certain Besov spaces. We
remark that in Lipschitz domains, there is an extensive literature concerning solution
of the Regularity, Neumann, and Dirichlet problems by way of layer potentials (with
boundary data in LP) for classical linear elliptic PDE arising in mathematical physics,
e.g., Laplace’s equation, Maxwell’s equation, Stokes and Lame systems of equations
(see , [2], [3], [4], [13]). More recently layer potential solutions to these problems
have been studied for Laplace’s equation in domains beyond Lipschitz domains and
in Lipschitz domains with boundary data in certain Besov spaces (see [7] and [14]
for references). To compare our results with those cited above, we shall need some
notation. Let X = (Xj,...,X,) denote a point in R"™, let |X| be the standard
Euclidean norm of X and for given r > 0, set B(X,r) ={Y € R" : |Y — X| < r}.
Let d(E,F) = inf{|X — Y|, X € E,Y € F} denote the Euclidean distance between,
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E,F C R" and let diam F = sup{|X — Y| : X,Y € E} be the diameter of E.
Given k > 0, define Hausdorff & measure on R", denoted H*, as follows: For fixed
0<d<rgand E CR" let L(§) = {B(Z;,r;)} be such that F C |J B(Z;,r;) and
O0<r; <6, 1=1,2,... Set

(b(g(E) = inf Z OékT’Zk

L(9)

where a4 is the volume of the unit ball in R¥. Then
H¥(E) = lim 65(E).

If 1 < g < oo, let LY be the usual Lebesgue space of ¢ th power integrable functions
h on R" with norm denoted, ||h|/z« . Let W be the Sobolev space of functions
f: R"—=R with distributional gradient Vf = (fs,,..., fz,), both of which are ¢ th

power integrable on R"™. Let

[ llwra = LAl + 1[IV f]l 2o

be the norm of f in W4, L9(O) and W4(O) are defined similarly whenever O is an
open set. Let |- | za(0), || - [[wra(0), denote the norms in these spaces and let Cg°(O) be
the class of infinitely differentiable functions with compact support in O. Let VVO1 9(0)
be the closure of C§°(0) in the W4(O) norm. If 1 < ¢ < n and ¢* = nq/(n —q), we
let R™ be the Riesz potential space consisting of real valued functions f on R™ with

distributional gradients and norm

[fllrre = [ F e + NIV Fllle < oo

Recall that a measurable function w : R"—[0, oo] is an Ay weight provided there is a

number C,0 < C' < oo, such that
/ wdX / wldX < C [H"(B(Z,p))]* .
B(Z,p) B(Z,p)

The least such C' for which the above display holds is denoted by ||wﬂ and is called
the A, constant for w. Let L2 be the space of Lebesgue measurable functions that

are square integrable with respect to wdX and with norm denoted by || - ||z2.
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Throughout this paper we assume that €2 is an open set and 9€2 C R" is a bounded
d = (dy,...,dy) Ahlfors regular set. That is,

N
(a) 0= U E; where E; C R",1 <i < N < 00, is compact.

i=1
Al: (b)  There is an 1 > 0 with d(E;, E;) > 1 whenever i # j and 1 <i,j < N.

(c) There exist c; <1< ¢y and d;, 1 <i < N, withn —2 < d; <n and
cir® < H%(B(X,7) N E;) < cor® whenever X € E;, 0 <1 < ry.
We note that if N = 1, then our definition agrees with the definition of a d set in

[10]. In our theorems involving double layer potentials we also require A2, A3 :

Let G be either 2 or R™\ Q. There exists og > 0 such that if
A2: q € [2— 00,2+ 09| and v € WY with v = a = constant in G, then
v(X) = a for H% almost every X € E;,1 <i < N.

Let G be either Q or R™\ Q. There exists c3,c4,0 < c3,¢4 < 00, such that

the following is true whenever w is an As weight with ||w|| < c3. Let f be
in WH1(O) whenever O C G is a bounded open set. Then f has a locally

integrable extension f to R™ with distributional derivative Vf. Moreover,

A3:

IVFIZ: < e / VP wdX
G

Note that the above inequality holds trivially if the righthand side is infinite. Also
if G is bounded, then f € W1 (G). Next given p,1 < p < oo, let LP(E;),1 < i < N,
be the Lebesgue space of p th power integrable functions g on F; with

91205, = /E gPdH® < oo.

If f:00—R and f|g, € LP(E;),1 <i < N, set

E; LP(EZ') .

N
1 ooy = Y IIf
=1

fl<p<oo0<s;<l,and1<i <N, let Bp’si(Ei) be the Besov space of H%

measurable functions f on Ej with || f|| gp.s, g,y < 00, where

P) — P 1/p
e = ([ [ st (PUnt(@)) -+ Il
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If f:90—R and f|g, € BP*(E;) for 1 <i < N we put s = (s1,...,5y) and write,

N
1 mreon) = Y 1|5l goose -
i=1

We note that BP*(0f2) is a Banach space. Let BP*(0f2) denote the space of bounded
linear functionals on BP*(00). Given 0 € BP*(0Q2) and f € BP*(92) let (0, f) be the
duality pairing between a Besov space and its dual (see [11] for further descriptions
of this pairing).
We now introduce the layer potentials we shall consider. Fix p,1 < p < oo, let
"=p/p—-1),0 =1—(n—d)/p, Bi =1 —(n—4d;)/p for 1 < i < N.Put
a=(a1,...,an),8=(Bi,...,0n). If p € BP'P(09Q) and 0N satisfies A1 set

(1.1) SH(X) =< o, (X —) >, X e R"\ 9,

where I'(X) = m\){l% is the fundamental solution of Laplace’s equation in R".

If © is a bounded connected open set (i.e, a domain) for which 0f2 satisfies A1, we
put 2, =Q, Q. =R"\ Q, and for f € BP%(99), set
(1.2) Kf(X)= [ Vy['(Y -X)-VF(Y)dY, X eR",

Q%
where F € WP is an extension of f. We remark that K*f does not depend on the
particular extension of f, as will follow from Lemma 2.3 and Proposition 2.2. Also, we
observe that S¢ is harmonic in R™\ 9 and K* f are harmonic in .. Our boundary
layer potentials are defined by
56 = Slon.
(1.3)
Ty f = K* flag-

We refer to S¢ as the single layer potential of ¢ in R™. Also, K* f are called the double
layer potentials of f in R". Finally define T} : B?*(0Q)—BP*(0Q) by (T, f) =
(¢, Ty f) whenever ¢ € BP*(02) and f € BP*(00).

Our main results in this paper are stated as follows.

Theorem 1.1. Let 02 satisfy Al. There exists ¢g > 0, depending only on d =
(dy,...,dy),c1,c9,71, N,n, and diam 0S), such that if 2 — ¢y < p < 2+ €, then
S : BY8(9Q)— BP(99) is one to one, bounded, and onto, so invertible.

Theorem 1.2. Let Q C R" be a bounded domain satisfying A1, and A2, A3 with

G =R"\ Q. There exists e > 0 depending on the same quantities as e in Theorem
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1.1 and also on oy, c3, ¢y, such that if p € [2—ey1, 2+€], then T : BP*(02) — BP*(0f2)

18 one to one, bounded, and onto, so invertible.

Theorem 1.3. Let €2 C R”™ be a bounded domain satisfying A1, and A2, A3 with
G = Q. There exists e > 0 depending on the same quantities as €; in Theorem 1.2
such that for p € [2 — €3,2 4 &, T* : BP(9Q)—BP(9R) is one to one, bounded,

and onto, so invertible.

In Theorem 1.3, BP*(9Q) = {¢ € BP*(09Q) : (¢,1) = 0}. We note that in
Remark 5.5 at the end of section 5 we shall define the weak normal derivative, g—z €
BP(99), respectively, of a harmonic functions u defined on Q, with |Vu| € L (Q).
If ¢ € BP*(09) and u = S¢|q, then it turns out that ¢—2 = T*¢.

Using this remark and Theorems 1.1 - 1.3 we easily obtain,

Theorem 1.4. Let 0X) satisfy Al. If 2 — ey < p < 2+ €, then given f € BP*(0N),
there is a unique ¢ € BPP(0Q) with ||¢||
if u=38o, then

Y (00 < c|| f||Bre(on) and the property that

Au=0 1in R™\ 09,
u=f on 0,

where ¢ > 0 has the same dependence as €.

Theorem 1.5. Let G,$, €1 be as in Theorem 1.2. If 2 — e < p < 2+ €, then given
f € BP2(09Q), there is a unique h € BP*(0R), for which u = KTh satisfies

Au=0 1nQ,

u=f on 0N

17l ooy < cl| fl e (o0

where ¢ > 0 has the same dependence as €s.

Theorem 1.6. Let G, ey be as in Theorem 1.3. If 2 — ey < p < 2+ €3, then given
NS Bf’o‘((‘?Q), there is a unique harmonic u in R™ \ 0%, satisfying

u =8¢ for some ¢ € Bf’a(ﬁﬁ)

If u = 1lq, then 2—1“1 =),

9l B2 a0y < |
¢ > 0 has the same dependence as €.

B (99)-

Remark 1.7. Theorems 1.4 - 1.6 can be thought of as weak versions for Besov spaces
of the Regularity, Neumann, and Dirichlet problems with boundary data in a Besov
space. For Lipschitz domains it follows from the results in [14] that analogues of

Theorems 1.4 - 1.6, hold for boundary data in a variety of other Besov and Hardy
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spaces. On the other hand, as mentioned earlier, the domains we consider are con-
siderably more general than Lipschitz domains or even those considered in [7]. For
example Theorem 1.4 holds when 02 is a finite union of Cantor sets (with the proper
dimension) and fractal surfaces. Theorems 1.5 and 1.6 are less general. For example
it follows easily from Propositions 2.1, 2.2 that necessarily 9Q = 9(R"™ \ ) when A2
holds and G' = R™ \ Q. Thus in this case N =1 and n > d; > n — 1. A3 further re-
stricts the class of admissible domains. Still there are numerous non Lipschitz fractal
type surfaces satisfying these requirements, as we point out in section 6.

As for the plan of this paper, in section 2, we prove a trace lemma which together
with theorems from [9] enables us to define our single layer potentials on R™ \ 02
under assumption A1. In this section we also study harmonic functions with Lipschitz
boundary values on a portion of a d Ahlfors regular domain and state a Whitney type
extension theorem. In section 3 we prove Theorem 1.1. In section 4 we prove Theorem
1.2. In section 5 we prove Theorem 1.3. In section 6 we discuss A2, A3 and indicate

some domains for which Theorems 1.1 - 1.3 are valid.

2. PRELIMINARY REDUCTIONS.

In the sequel we let ¢ > 1 denote a positive constant * depending , only on the data,’
not necessarily the same at each occurrence. By this phrase we include dependence on
c1,02,d = (dq,...,dy), N,ry, diam 09, and if explicity stated, p, throughout sections
2 and 3. In sections 4 and 5 we also allow dependence on cs, ¢y, and H™(2). In
the proof of Theorems 1.1 - 1.3 we shall need the following extension and restriction

theorems.

Proposition 2.1 (Extension Theorem). Let Q be a bounded domain satisfying A1
and p fired, n — min{dy,...,dy} < p < oo. Then for all f € BP*(0N) there exists
F € WP such that Flpq = [ and

[Elwre < cllfl| 5,000

where ¢ depends on the data (including p).

Proposition 2.2 (Restriction Theorem). Let Q2 be a bounded domain satisfying
A1 and p as in Proposition 2.1. Then the operator R : WP — BP(9Q) defined by
R(F) = Flaq is bounded. That is, there is a positive constant ¢ > 1, having the same

dependence as in Proposition 2.1, such that

IR(E)greon) < e[| Fllwra.
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Propositions 2.1 and 2.2 are proved in [9] when N = 1. Tt is easily seen that
Propositions 2.1, 2.2, follow from the just cited N = 1 case. Indeed to get Proposition
2.1 we extend f|g, to f; € WP for 1 < i < n where || fillwro < ¢|| f|Eil| pres (). Let
0 < v € C°(R™) with support C {X : d(X, E;) <1}, |V < erpt, and 4 = 1 on
E;for1<i<n. If F= sz\il fi;, it is easily checked that Proposition 2.1 holds for
this F. Proposition 2.2 follows from applying the N = 1 case to each F;,;1 <17 < N.
We note that since 02 is bounded, we may assume F' in Propositions 2.1, 2.2 has

compact support. We shall also need

Lemma 2.3. Let 0¥) satisfy A1 and p be fized, n—min{d,, ...,d,} < p < oo. Suppose
that F € WY with F = a = constant H% almost everywhere on E; for 1 < i < N.
Then given € > 0 there exists g € WYP with compact support, g = a in a neighborhood
of 0, and ||g — Fllw1» <e.

Proof. We remark that Lemma 2.3 is perhaps implied by the results in [9] or [10],
although we could not find any direct reference. Also if we knew that F' = 0 almost
everywhere with respect to a certain Riesz p capacity (defined below), then Lemma
2.3 would follow from [1], section 9.2. Since this also is not apparent to the authors
we give a proof of Lemma 2.3. In the proof ¢ may also depend on p. To begin, given
a bounded set £ C R and 1 < p < oo define the outer Riesz capacity of E , denoted
v(E), by 7,(E) = inf Jrn IVOPAX where the infimum is taken over all § € C3°(R")
with # = 1 on E. Tt is well known (see [1], ch.5) that for 1 < p < n,

(2.1) Yp(E) = 0 — H"P*¢(E) = 0 whenever € > 0.

If p > n, then nonempty sets have positive capacity. Let F' be as in Lemma 2.3 for
fixed p,n—min{dy,...,dn} < p < o0, and let Fig(x ) be the average of F' on B(X,r).
Then F' can be defined almost everywhere on R", with respect to v, capacity (see [1]
or [17]) by F(X) = )}ir_r&o Fp(x,). If I denotes the set where this limit does not exist,
then from (2.1) it follows that H% (E N E;) = 0 for p < n, while £ = () when p > n.
Let X € E;, 0 <r <ry/100, and
WIVE)Y) = [ [VR(Z)||1Z = Y[ dZ.Y € B(X.r),
B(X,r)

where x denotes the characteristic function of B(X,r). Approximating F' by C>
functions and taking limits it follows once again from Sobolev type estimates and

arguments involving v, that

(2.2) [F(Y) = Fpen| < ch(xIVED(Y)
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for H% almost every Y € B(X,r/2). Let u be r=% times H% measure on 9Q N
B(X,r/2) and set

ha(Y) = [ Y = 21 du(2).

Using F = a, H% almost everywhere on 0F;, as well as A1, and integrating (2.2)

with respect to p we deduce from Holder’s inequality that

(F - @) < c / Y F(2) Ly Z)dZ

(23) B(X,r)

< AIIVE o XDl < XVl v

For p > n, (2.3), is a consequence of Theorems of Sobolev and Morrey. (2.3) for p < n
follows from Holder’s inequality and the fact that (see [AH], section 4.5)

(2.4) Ll ~ / W) du(Y)
Rn
where W is the Wolff potential defined by
W(X) = / = (BOX, )]Vt 1.
0

Indeed from A1 and the definition of y we find that W (X) < er®=/(=1) whenever
X € R™. Using this inequality in (2.4) we deduce first that

1pllpr < et

and thereupon that (2.3) is true.
From (2.3) we get upon raising both sides to the p th power and then dividing by
r—P that

(25) T‘_p|(F — a)B(X,r)|p S C (|VF|p)B(X7T).

Next given 1,0 < n << 1y, let O; = {X € R" : d(X,00) < n} while Oy = {X €
R" : d(X,090) < 2n}. Let ¢ € C§°(Oq) with ¢ = 1 on Oy and |V(¢| < en~!. Put
g =F — (F — a)(. We shall show that if n = n(e) > 0 is small enough then

(2.6) g — Fllwre < €/2.

Indeed, from the definition of ¢ and our choice of (, we have

(27) 19~ Flley <c [ (VEP+u77IF - aP)ax.
O2

To estimate the righthand side of this equation we first use a well known covering

lemma to get a covering { B(Xj;, 10n)} of Oy with centers in O, and the property that
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the balls {B(X;,n)} are pairwise disjoint. Let Z; be a point in 02 with |X; — Z;| =
d(X;,00Q) and let O3 = {X : d(X,090) < 12n}. Then

(2.8)

[ 1P(X) —arax < Z/ _ aPdx

B(Z;,12n)
<c Z/ — Fpzaom"dX + en™Y |(F = a)pz,aoml” = I+ Ja.
B(Z;,12n) i
J1 can be estimated using Poincaré’s inequality. We get
(2.9) Ji<e) np / VFPPdX < P | |VF[PdX.
p B(Z;,12n) O3

where to get the last inequality we observed that each point in |J, B(Z;,12n) lies
in at most ¢ of the balls {B(Z;,12n)}, as follows from a * volume ’
disjointness of { B(X;,n)}. To estimate Jy we use (2.5) to get

(2.10)

" ZI — a)pz. 12" < enf Z/ IVE(X)PdX <P | [VF(X)[PdX.

B(Z;,12n) O3

argument using

Usmg (2.8)- (2.10) in (2.7), we get (2.6) for n = n(e) sufficiently small, since F' € WP,
Finally let ¢ € C§°(B(0,2R)) with ¢» =1 on B(0, R) and |V¢| < ¢/R. Let g = (gu)s
denote convolution of gy with an approximate identity whose support is contained
in B(0,0). If R is large enough and ¢ > 0 small enough we obtain from standard
properties of mollifiers that ||g — §|lwi» < €/2. Using this inequality in (2.6) we
conclude the validity of Lemma 2.3. O

Next we prove

Lemma 2.4. Suppose that v is harmonic in B(X,4p) \ 0Q where X € 9Q,0 <
p < 11/100, and ry is as in Al. Let ¢ € C°(B(X,3p)) with { =1 on B(X,2p) and
1|VC||| e < 1000p~". Assume that (v—F)¢ € Wo*(B(X,3p)\0Q), where F : R"—R
is in W4, There exists § > 0, depending only on the data, such that if 2 < g < 2+,

then [[vllye (g% ppon) < 00 Moreover,

qa/2
/ IVo|9dX < cpnt=1/2) (/ |Vv|2dX) +c / |VF|9dX.
B(X,p) B(X,2p) B(X,2p)

Proof. To prove Lemma 2.4, we show that if Y € B(X', p) and 0 < r < p/100, then
(2.11)

2/b
/ |Vo2dX < 1007 / Vo2 dX + crn-2)/0 < / |Vv|bdX) +cM
B(Y,r) B(Y,12r) B(Y,12r)
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where b = 6/5 for n = 3,4 and b =2 —4/n for n > 5. Also, M = VF]2dX.
B(Y,12r)
Lemma 2.4, then follows from this reverse Holder type inequality and an argument

originally due to Gehring ( see [5]). Thus we prove only (2.11).

We consider two cases. If 0 < r < d(Y,09)/2, then (2.11) follows from standard
estimates for harmonic functions in balls. If d(Y, Q) < 2r,Y € 99, and |Y — Y| =
d(Y,02), then

B(Y,t) C B(Y,3t) C B(Y,6t) whenever ¢t > r.
Hence it suffices to prove that (2.11) holds with Y, r, 12r, replaced by Y, 3r, 6r, re-
spectively. To this end, let 0 < ¢ € C°(B(Y,6r)) with ¢» = 1 on B(Y,3r) and
V| < er™!. If w = (v — F)4?, then from the hypotheses of Lemma 2.4 we see that

(2.12) / Vo -VwdX =0
B(Y ,6r)

where - denotes the standard inner product on R". Using (2.12) and Cauchy’s in-
equality with €’ s, we obtain
(2.13) / VoPdX <e M +or? / - GUX,

B(Y,3r) B(Y ,6r)
where we have put G = v — F. From (2.5) with a = 0,p = b, and r, X, F replaced by
67, EA/, G, we get

(2.14) Gpenl < cr'RIVG] ||
where ¥ denote the characteristic function of B(Y,6r). From (2.14) and Poincaré’s
inequality, we deduce

2 /B . GI2dX < 4r=2 / G = Gy o PAX + 1" (G o)

B(Y ,6r)
(2.15)

< c’r_Q/ o= vpgen PAX + M 4 RV |13,
B(Y,6r)

where ¢’ depends only on the data. Putting (2.15) in (2.13) we find that
(2.16)

/ ) ]Vv\de < cr_2/ ) lv — ’L)B(Y/,Gr)‘de +cM + cr”_%/bH)Z]VvH]%b.
B(Y,3r) B(Y ,6r)

Next we note from (2.2) with F' = v and r,Y, X replaced by 4r, X, Y, respectively,
that

(2.17) [0(X) = Vpyon] < ¢ Ti(X|V0])(X) whenever X € B(Y,6r).
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Also (see [1], Proposition 3.1.2), we have
(218)  L(XIVo)(X) < c|[RIVelll72" [M(RIVe]) (X)) for X € B(Y,6r)

L2

where

(2.19) ME(X) =sup [H"(B(X,r))]™ / |k|dX

r>0 B(X,r)
denotes the Hardy Littlewood Maximal function of a locally integrable function k
on R". Squaring both sides of (2.17) and integrating over B(Y,4r), we deduce from
(2.18) and the Hardy Littlewood Maximal Theorem (see [15]) that

(2.20)

- —2| ~ 4/n (.~ —4/n
e I T e AR T / IRV (O dX
B(Y 6r) B(Y 6r)

2n—4

nb
< e 7Tl ( /| rw\bdx)
B(Y ,67)

where A = w The right hand side of (2.20) can be estimated using Young’s
inequality with n’s. Doing this we find,
(2.21)

2n—4

i 4/n " n - —n/(n— n—2n -
I Vol[ ( / i )|wr”dx) < 2[RI V|2 + en Dy T |2,
,67

Combining (2.20), (2.21), and using the resulting inequality in (2.16) we conclude for
1 > 0 sufficiently small that

(2.22) / IVo|?dX < 100—”/ Vo2 dX + er™ 28| 3| Vol||2, + cM.
B(Y,3r) B(Y ,6r)
In view of our earlier remarks we now conclude the validity of Lemma 2.4. O

Finally in this section we state

Lemma 2.5. Given k € WP U R and X\ > 0 there exists a Lipschitz function 6 on
R" with 0(z) = k(z) for H" almost every x of L(\) = {y : M(|Vk|)(y) < A} and
VOl < cA.

Proof. Note from the definition of M(|Vk|) in (2.19) that L()) is closed. Also, L(\) #
() since M(|Vk|) € L? by the Hardy Littlewood Maximal theorem. Now for almost
every X, Y € L()\) if r =2|X — Y], then

(2.23) [B(X) = k(Y)| < ch(X[VEN(X) + ch (x| VE])(Y)
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where we have used (2.2) with F' replaced by k. Now one can write the integral

involving I; as a sum and make simple estimates to show (see [1]) ¢

(2.24)
L(X|IVENX)+L(XIVE)(Y) < | X =Y (M(IVE)(X)+M([VE)(Y)) < AX=Y],

since X,Y € L(\). From (2.23), (2.24) we conclude that k agrees H™ almost every-
where on L(A) with a Lipschitz function on L(A) having norm < c\. Existence of 6
now follows from applying the Whitney extension theorem to the Lipschitz function
on L(\) (see [15], chapter VI). O

3. PRrROOF OF THEOREM 1.1

In the proof of Theorem 1.1 we assume that p > n — min{d;,...,dy} and that
|p — 2| < 4. Initially we allow § > 0 to vary but shall later fix § to be a small positive
number satisfying several conditions. We then put ¢y = §. Since the Laplacian is
invariant under translations we assume, as we may, that 0 € 90Q. Let p’ = p/(p —
1), 0, =1—(n—d;)/p, i = 1—(n—d;)/p' for 1 <i < N,andset o = (avq,...,an),3 =
(81, B2, ..., Bn)- As in (1.1), (1.3), we put

So(X)=<¢, (X —+)> XeR"
and S¢ = Sé|aq whenever ¢ € B'#(9Q). We first prove
Lemma 3.1. If ¢ € BY5(99Q), then S € R"? and S¢ € BP*(9N) with
1S6lm1s + 1Sl neony < €101l gys oy

Proof. If X € R™\ Q, then it follows easily from linearity of ¢, Taylor’s theorem with

remainder, and a difference quotient argument that

o

B DI = (DAY - ) where DY = oo

and A is a multi-index. Since I' is harmonic in R™\ {0}, it follows that S¢ is harmonic
in R"\ 0. Let F' € C{°(R") and set O, = {z € R" : d(z,0) > ¢} for € > 0 while
Op = R™. We note that if x. is the characteristic function of O, and

L(x.F)(X) = /XG(Y)F(Y)F(X —Y)dY for e > 0,
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then from well known properties of Riesz potentials (see [1], section 1) we have

(3.2) 12(xeF)lza + V(e F) [l o < €l F| e

where 1/G=1/q—2/n and 1/q = 1/p’ + 1/n. We also note for € > 0 that

33) [ SoPaX = [ (T(X = HFOOLX = (6. h(xF)lon)
O Oc

as follows from writing the left hand integral as a limit of Riemann sums and using
linearity of ¢. To estimate the right hand term in (3.3) let Ry be the smallest positive
number > 1 such that dQ C B(0, Ry) and let ¢ € C[B(0,4R,)] with ¢ = 1 on
B(0,2Ry) and |V¢| < 1000R;". Then (Ir(x.F) € W' and from Proposition 2.2 we
have

(3.4)

60 O o) | < 19190 o0y TP onll 00y < el o oy I T ()l

Using (3.2) and Holder’s inequality we deduce first that
1CT2 () [l < ]| F'l| o
and thereupon from (3.3), (3.4) that for ¢ > 0,

(35) [ S0Fax| < ol 1Pl

Since C§°(R"™) is dense in L9 it follows from a duality argument that

(3.6)

SOl o (0, < C||¢||Bf’p/(89)

where p* = np/(n — p). Since c is independent of € we conclude that (3.6) holds with
e = 0. We now take limits in (3.3). Using (3.6), Proposition 2.2, and the fact that
CIy(xeF)—CI,F pointwise and in W' we deduce that

(3.7 [ Sorax = (6. LFlon)

Similarly for F, O, (, as above we find for 1 <7 < n and ¢ > 0 that

aS¢ aIQ(XeF)

: FdX = — — .
(3.8) o. 90X, <¢’ ox, 1o
From Calderén - Zygmund singular integral estimates we have,

0Ly (x.F)

. —_— < c||F||;,

(39) x|, S el

where ¢ is independent of € > 0. Using Proposition 2.2 once again it follows that

IS¢
/ FdX‘ S C||¢||Bf’p/(aﬂ) ||F||Lp,'

(3.10) e
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From duality and (3.10) we conclude first that
0S¢
Xe X, X,

where ¢ is independent of €. Second, letting e—0 we get (3.11) when € = 0.

(3.11)

< CHQSHB*B’I’/(QQ)
P

It remains to show that 83¢ is the distributional derivative of S¢. To this end we
note again from Calderén - Zygmund singular integral theory that ¢ MQ—Xe) converges

to (‘%F in W', Using this fact, Proposition 2.2, and (3.10) in (3.8) we obtain

0S¢ oL F oF
(3.12) /Rn ax, = —< X, |aQ> <¢,[2 (8Xi) \89>

where the last equality follows from integration by parts. Finally from (3.7) with F’
replaced by 0F/0X; for 1 <1i < n we see that

X = <¢,12 (35) |ag>

Hence 0S8¢/0X;,1 < i < n, is the distributional derivative of S¢. This fact, Proposi-
tion 2.2 applied to (S¢, and (3.6), (3.11) with e = 0, imply Lemma 3.1. O

(3.13)

To begin the proof of Theorem 1.1 we observe from Lemma 3.1 and Proposition
2.2 that S is a bounded linear operator from B?>#(9€2) into B»*(9). To show that

Sis 1-1 we prove

Lemma 3.2. There exists 6 > 0 such that if |p — 2| < 0 and ¢ € BY"P(99Q), with
S¢ =0, then ¢ = 0.

Proof. As in Lemma 3.1 we assume that 0 € 9Q and 9Q C B(0, Ry). We first prove
Lemma 3.2 when p’ < 2. In this case given p > 2Ry, choose 0 € C§°(B(0,2p)) with
o =1on B(0,p) and |||Vo|||z= < cp~!. Then from Lemma 3.1, the hypotheses of
Lemma 3.2, and Holder’s inequality we see that 0S¢ € WP with trace 0 on 9. In
view of Lemma 2.3 it follows that we can approximate this function in the W norm
by functions in C§°(R"™ \ 09). This fact, the fact that p > 2, and harmonicity of S¢
in R™\ 0f2 imply that
(3.14) VS¢-V(eS¢)dX = 0.

Rn
(3.14) and the usual estimates involving Cauchy’s inequality with €’s yield

(3.15) / VSH[2dX < cp2 / e
B(0,p) B(0,2p)\B(0,p)
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Now from linearity of ¢ we see there exists p* with
(3.16) [SHX)] < el X710l gy for |X] > p".

Using (3.16) to estimate the right hand side in (3.15) and letting p—o0, we conclude
first from (3.15) that

/ IVSH|’dX =0

and thereupon from (3.16) that VS¢ = 0 in R™ \ 99Q. Finally replacing F' by 68_)12 in
(3.12) and summing the resulting expression, we get

(3.17) [ 9S6-VFAX = ~(6. L(AF)) = ~(6. Flon)

where we have used the fact that F' = I,(AF) when F' € C§°(R") (see [15]). From
Proposition 2.2 and an approximation argument we see that (3.17) holds whenever
F € W' with compact support. From Proposition 2.1, (3.17), and VS¢ = 0 in
R™\ 092, we conclude that ¢ = 0. Hence Lemma 3.2 is valid when p’ < 2.

If p/ > 2, and XA > 0 is fixed, we use Lemma 2.5 with k = S¢ to get § € W with
[|V0]|| 1 < A and 6 = S¢ for H™ almost every X € L(\) = {X : M(|VS¢|)(X) <
A}. For fixed p > Ry let & = (-, p) be the unique harmonic function in B(0, 2p) \ 052
with & — 08 € Wy*(B(0,2p) \ Q). Here o is as in (3.14). Existence of @ follows
from the usual minimizing argument involving the Dirichlet integral and the fact
that v2(0€2) > 0 (see [1]). From the maximum principle for harmonic functions we
see that

(3.18) w(X) < C|X|*™in B(0,2p) \ B(0,2R,)

where C' is independent of p. Using (3.18), properties of harmonic functions, and the
fact that Wy*(B(0,2p)) is reflexive, we deduce that (-, p)—u as p—oo, where u
satisfies :

(a)  w is harmonic in R™\ 09,
(3.19) (b)  (u—0)o € Wy*(B(0,2p) \ 9Q) whenever p > Ry,

() w(X)<C|X[*"in R"\ B(0,2Ry).
From (3.19), Lemma 2.4, compactness of 02, and Sobolev’s theorem we see that
ou € W for some g > 2 depending only on the data. Also from (3.19) (b) and
Proposition 2.2 we see that (u — 6)o = 0 on 0N in the sense of Lemma 2.3. From

these facts and Lemma 2.3, we conclude that there exists a sequence of C§°(R™ \ 0%2)
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functions converging to (u — #)o in the norm of W14, Using these functions as test

functions and taking a limit, we see from Holder’s inequality, Lemma 3.1, that

(3.20) / VS -V(o(u—0))dX =0

provided 6 > 0 is small enough and 2 — § < p < 2. Thus,

(3.21) / VS¢ - [V(u—0)odX = —/ (VS¢-Vo)(u—0)dX.
" R"\B(0,p)

From (3.16), (3.19) (c), and properties of harmonic functions it also follows that there

exists p* with
(322) VSO + [Vu(X)| < eIl s + O)X I in R\ B0, 247).
Next note from (3.16) that for p* large enough
(3.23) 0(X) =S8¢(X)in R"\ B(0,2p%).
From (3.16), (3.19) (c), (3.23), it is easily seen that the righthand side of (3.21) —0

as p—oo. Likewise from (3.22), (3.23) the lefthand side of (3.21) converges in L' to

(3.24) N VS¢ - [V(u—0)dX.

Since |Vul,|V0| € L? for some ¢ > 2, it follows that

(3.25) / VS¢ - VudX = i VS¢-VOdX.

Now we can use Lemma 2.3 applied to F' = S¢, harmonicity of v in R™ \ 02, and
(3.16), (3.19) (¢), (3.22), to conclude that the lefthand side of (3.25) is zero. Hence

(3.26) / VS¢ - VOdX = 0.
From (3.26) and Lemma 2.5 it follows that

(3.27) Ti(\) = / IVSo|?dX < c)\/ VS¢|dX = Th(N).
L)) R™\L())

Multiplying both sides of (3.27) by A?~® and integrating the resulting inequality over

A € (0,00) we have

(3.28)

/ N NP3 (N)dA = / IVSo|? ( / N /\P‘3d/\) dX = (2—p)~' | M(|VS¢|)P2|VSe|2dX.
0 R"

M(|VSel) R"
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Similarly,
(3.29)

o0 M(|VS¢|) .
/ N3T(N)dA = c/ VS| / N2\ = (p—1)7! M(|VSo|)P~HVSo|dX.
0 n 0 R»
From (3.27) - (3.29) we see that
(3.30) I= | M(VS|)P2VSe|?dX < 65/ M(|VS¢|)PHVSH|dX = cb.J.
R R

We note that if [2—p| < 1/4, then M(|VS¢|)P~2 is an A, weight (see [16], chapter V)
with As constant depending only on n. Using this fact and properties of A; weights
we find that

(3.31) K= | M(VS¢|)PdX < cl.

Rn

Also, trivially J < K. In view of (3.30) it follows that K < ¢d K where ¢ depends only
on the data. Hence K = 0 for § > 0 small enough, depending only on the data, which
implies as earlier that S¢ = 0. Thus Lemma 3.2 is valid if § > 0 is small enough. [

Next we prove
Lemma 3.3. There exists § > 0 such that if |p — 2| < 8, then S(BP"#(00)) is closed.

Proof. Since S is continuous it is easily seen that Lemma 3.3 follows from

(3'32) ||S¢||Bp""(39) > 77||¢||Bf'ﬂ(ag)

for some > 0 and all ¢ € BP'#(9Q). The proof of (3.32) is by contradiction.
Otherwise, there exists ¢,,, € BY#(9Q), m = 1,2,..., with

(3.33) |’¢mHBf’ﬂ(aQ) =1 and S¢,,—0 as m—o0 in BP*(09Q).

Again we consider two cases. If p > 2, we can put ¢ = ¢, and F = 0S¢, in
(3.17). Here 0 € C§°(B(0,2p)) is as in (3.14). Using (3.16), (3.22) and letting p—oo

it follows as earlier that

(3.34) / VSGmPdX = — (s Sbm) < ¢l Sl pim—0 a5 M—s0.

Here we have :sed the fact that

(3.35) BP*(09) C BYP(09) when p > 2 with || - || g (90) < cll - | Braan).
If p > 2 we note that (3.34) and (3.16) yield

(3.36) 8¢y, —0 uniformly in O,
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where O, was define below (3.1). From Proposition 2.1, Lemma 3.1, we deduce for
p > 2 the existence of Fy, € W' m = 1,2,... with compact support, Fy,|sq = Sém,

and
(3.37) ||Fm||W1,p S C||S¢mHBp,a(aQ)—>0 as m—0Q.

Given X € 99, let p,(, be as in Lemma 2.4 and note from Lemma 2.3 that (Som —
F,)¢ € WoP[B(X,3p) \ 09 whenever X € 9. Thus we can apply Lemma 2.4 with
v =38¢,,p = ¢, to conclude for § > 0 small enough that

(3.38)

p/2
/ |VS¢|PdX < cpni=P/2) ( / |V8¢m|2dX) +c / IVE,|PdX.
B(X,p) B(X,2p) B(X,2p)

In view of (3.38), (3.34), (3.37) it follows that / VS, [PdX —0 as m—oo. Next
B(X,p)

from arbitrariness of X € 9Q and compactness of 0€2, we see for € > 0 small enough

that / |VS,,|PdX —0 as m—oo. Finally, this limit, (3.36), properties of harmonic
O\O.
functions, and (3.22) imply for 2 < p < 2+ § that

(3.39) |IVE@dml|| Lr—0 as m—oo.

If p = 2, then (3.39) follows from (3.34). From (3.39) we can easily get a contradiction
to (3.33) when 2 < p < 2+ 6. In fact if g € B (9Q) and G € W'* are as in
Proposition 2.1 with compact support and G = ¢ on 91, then from (3.17) we see
that

(3.40)

(6mg) == [ 96, 9GAX < TS0l lallpsomy < (1/2 o
for m large enough independent of g € B (9€). We have reached a contradiction
since || @ || o' o) = 1 From this contradiction we obtain first (3.32) and after that
Lemma 3.3 when 2 < p <2+ 4.

If2 -6 < p < 2 suppose ¢ € BYP(00N), € BP*(0Q), and ¢ is as in (3.14).
Putting F' = ¢S% in (3.17), using Lemma 3.1, (3.16), (3.22), and letting p—oo it

follows from now standard arguments that

(3.41) VS¢-VSpdX = —(p,SY) = —(, Sp)

R
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where the last equality follows from interchanging the roles of ¢,1. We now also

interchange the roles of p, p’ in the earlier case proved of Lemma 3.3. Thus

(3.42) 11l 22 00) < el SVl o o 00

From (3.41), (3.42) we find that

(3.43)  [{fm, SV = [(, Som)| < cl|SomlBra(on[|SYl o5 a0)—0 as m—o0.
We conclude from (3.43) (as in (3.40)), that if S(B»*(9Q)) is dense in BP"#(99)

with respect to the norm of this space, then again we have reached a contradiction
to (3.33). Otherwise, it follows from the Hahn Banach theorem and (3.41) that there
exists ¢ € BP'8 ¢ # 0, with

(3.44) 0= (¢, 5v) = V8¢ - VS dX whenever ¢ € BP*(0Q).

R"

To get a contradiction, we essentially repeat the argument after (3.15) with a few
twists. Given A > 0 construct 6 relative to & = S¢, A, as in Lemma 2.5. This
construction is permissible thanks to Lemma 3.1. Next construct u relative to 6,
satisfying (3.19). Then |Vul,|V6| in L? provided 2 < p' < 2 + 4. Using this fact,
(3.19), (3.22), and harmonicity of S¢ in R™\ 052, we get as in (3.25),

(3.45) / VS¢-VudX = | VS¢-VodX.

R”
Now if h € BP*(09) then from Proposition 2.1 there is an extension H of h with

compact support and ||H||y1r < c||h||gro@n). Hence

(3.46) Vu-VHdX

Rn

Since |Vu| € L* it follows from (3.46), (3.17), that if ¢ is defined by

< d[Vull g [| 2] B (20 -

(3.47) (Y, h) = / Vu-VHdX for all h € BP*(01),
then ¢ € BP*(0Q)) and

(3.48) Vu-VHIX = — VSy - VHdX.

R" R~
Also, if h = S¢ then we can argue as earlier using Lemmas 2.3, 3.1, (3.48), (3.44),and
(3.45) to deduce that

(349) 0= [ VSY -VS¢pdX =— | Vu-VSpdX =— [ VO -VS¢dX.

R R" R"
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Armed with (3.49) we can now repeat verbatim the argument after (3.26) to get
S¢ = 0. From Lemma 3.2 it follows that ¢ = 0. We have reached a contradiction to

our assumption that ¢ # 0. The proof of Lemma 3.3 is now complete. O
We complete the proof of Theorem 1.1 with

Lemma 3.4. If |[p— 2| < § and § > 0 is small enough, depending only on the data,
then S : BY'"%(0Q) onto BP*(99).

Proof. The proof of Lemma 3.4 is by contradiction. Otherwise it follows from Lemma
3.3 and the Hahn Banach theorem that there exists ¢ € BP*(0€), ¢» # 0, with
(¢, S¢) = 0 whenever ¢ € B (99). For 2 < p < 2+ § the argument from (3.44)
to the end of Lemma 3.3 gives a contradiction. If 2 — ¢ < p < 2, we can use (3.35)
with p, p’ interchanged and argue as in (3.34) to get first that [, [VS¥[|?dX = 0 and
second that ¢ = 0. In either case we have reached a contradiction. Thus Lemma 3.4
is true. Finally, invertibility follows from Lemmas 3.2-3.4 and (3.32). In fact it is well

known that a 1 - 1, onto linear operator is invertible. 0

4. PROOF OF THEOREM 1.2.

In the proof of Theorems 1.2, 1.3 we assume that 2 = ), is a bounded domain
with 0 € Q € B(0, Ry) and Q_ = R"\ Q.

Recall from (1.2), (1.3), that the double layer and boundary double layer potentials
are defined for f € BP*(02) by

Krf(X) = fQ; VyI'(Y — X) - VE(Y)dY, X eR",
(4.1)
Ty f = K* flag-

where F' € WP with compact support in R" and F|sq = f. Existence of one such F’
is a consequence of Proposition 2.1. Using Calderén - Zygmund theory and properties
of Riesz potentials we also deduce that K* f € R with

(4.2) 1K= fllgro < e[ VE | 1o

We now show that T’ f is independent of the choice of F. Indeed, suppose F), Fewhtr,
and f = Floqg = Floq € BP*(0Q). Then G = F — F has trace 0 so by Lemma 2.3,
given € > 0 there exists ¢ € WIP(R™) N Cg°(R™ \ 9Q) with ||g — G|lw1» < €. Let
¢ € C(B(0,2Ry)) with ¢ =1 on B(0, Ry) and |V(| < ¢ Ry*. We note that Tig = 0
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on 9N as follows easily from integration by parts in the integral defining K*g. Using
this fact, (4.2), and Proposition 2.2, we deduce that

|IT2Gllproon) = 1Tx(g — G)llBro@e) < cllCK*(g — G)llwrs
(4.3)

< K59 = Gllms < Vg = VG|l < e

Letting e—0 we get ToG = 0 in BP*(012). Hence T F = T, F and T, is well defined
on BP(0R2). Next for given f € BP*(0f2) we choose F' as in Proposition 2.1 with
support in B(0,2R,) and use the same argument as in (4.3) to get

(4.4) 1T fllgracaey < IS fllwre < IVE||Le < | fllraon)-

From (4.4) we see that T} is a bounded linear operator from B?(0§2)— BP*(0f2).
Now let f € BP*(0Q2) and ¢ € BP*(0N2). From Theorem 1.1 we see for 6 > 0 small
enough, that there exists ¢ € BY#(9Q) with S¢ = f. Arguing as in the proof of
Theorem 1.1 we find as in (3.41) that
(4.5) (0. 75(59)) = | VSu- VSodx = (6. Tu(50).
¥

Now assume that A3 holds with G = Q_ or G = . Given p with |p — 2| < 1/4,
let v be as in A3 with v = f. Assume also that |Vov| € LP(G). Let v be the extension
of v to R™ guaranteed by A3. Put h = |Vo| when G = Q_ and h = |V0|y when
G = Q. where y is the characteristic function of B(0, p) for some p > Ry. Once again
we observe that (MR)?~2 is an A, weight when |p — 2| < 1/4. Using this observation,
properties of A; weights, A3, and either Young’s inequality with € ’ s or Mh > h, we
see that

/ (Mh)PdX <ec / (Mh)P~2|V2dX < ¢ / (Mh)P=2|Vo|2dX
n n G
(4.6)
< (1/2) / (MRh)PdX + ¢ / IVo[PdX
n G

where ¢ depends only on the data. Subtracting the first term on the lower righthand
side of (4.6) from the lefthand side we get

/ (MRPdX < ¢ / IVolPdX.
n e
This equality and (4.6) imply for G = Q_ that

(4.7) / IVoPdX ~ M(|Vﬁ|)p_2|Vﬁ|2dXz/|Vv|de
n G

R
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where ~ means the ratio of any two quantities is bounded above and below by con-
stants depending only on the data. If G = Q. , then (4.7) is also valid as we deduce
from letting p—oo in the above inequalities and using the monotone convergence
theorem.

We now begin the proof of Theorem 1.2. Fix p,|p — 2| < 1/4, and let V'?(Q_) be
the space of all locally integrable functions v on 2_ with distributional gradient Vv
satisfying pli_r)noo VB, = 0 and ||v]|yie@_) = |||VV]||lLr@_). Recall that vpg,) is the
average of v on B(0, p). Let © be the extension of v to R™ given by As. From (4.7)

and Sobolev type estimates we see that © € RY? with
-1 ~
¢ Hvllvirgoy < llollree < cllvllvirq.).

Thus V7 is a reflexive Banach space. The following lemma will play a key role in

our proof of Theorem 1.2.

Lemma 4.1. There is a 0 > 0,c > 1, depending only on the data such that if
lp — 2| < 6 and v € VYP(Q), then there erists u € CP(R™) with u = ilq_,

HﬂHVLP'(Q7) <ec, and

||U||VLP(Q)§/Q Viua-VodX.

Proof. If v = 0 set & = 0. Otherwise, from linearity we may assume that ||v||y1r_) =
1. Let ¥ denote the extension of v to R™ guaranteed by A3. Given n > 0 we claim
there exists w € C§°(R") such that if w = w|g_ then

@ o= vl <0
(4.8)

(b)  (4.7) is valid with v, 0, G replaced by w,w, _
To prove (4.8) we note that if o, p are as in (3.14) and v* = (0 — Up(o,2p))0 then v*
converges to ¢ in the norm of V? as p—oo. To prove this note we could for example,
use (2.2) vith F' = v, X = 0,r = 2p. Writing the resulting integral on the righthand
side of (2.2) as a sum one gets as in (2.24) that

[0(Y) — 0B(0,20)| < epM(|V9|)(Y) whenever Y € B(0,2p).
Our note follows easily from this display and the Hardy Littlewood maximal theorem.
Regularizing v* we see there exists a sequence, v; € C°(R"),j =1,2,..., converging

to 0 pointwise and in the norm of V1?. Clearly (a) of (4.8) is valid if we take w = v,

and j is large enough. Moreover, using (4.6) for 0, v, the Fatou lemma, and the fact
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that
M|V =2")]) < M(|VV'|) + M(]V0"]) whenever o', v" € {v;, 0,7 =1,2,...}
we get

limsup | NI(IViy])PdX < climint / NIV vy |72V 2dX
I Jal

j—>00 R

< (1/2)limsup | N(IVey[)PdX + ¢ lim nf / Vo, [PdX
)77 Jal

j—roo JRn
It follows from this inequality and the Hardy Littlewood maximal theorem that we
can also choose w = v; in (b) of (4.8) when j is large enough.
To continue the proof of Lemma 4.1 we suppose 7 is a small positive number and w
has been chosen relative to n. First suppose that 0 < 2 —p < 1/4. Let A\g > 0 be the
largest number such that M(|Vd]) > 2 on the support of . Construct 6 = 6(-, \)

relative to w, A as in Lemma 2.5. Put

u=(2-p) i 2me=2) g(., 2m)

m=mgo

where my is the largest integer such that 20 < A\g. We note that since M (|Vw|) is
bounded, we have 6(-, \) = w for large A. Also, (-, \) = 0 in a neighborhood of co
independent of A > X\y/2. From these remarks it is easily seen that u is Lipschitz and

for almost every X
(4.9) Vu(X)=Vi(X)(2-p) Y 2"+ E(X)
meA(X)

where A(X) denotes the set of all integers m > mg with 2™ > M (|Vw|)(X). Moreover,
if A;(X) denotes all integers > my that are not in A(X), then

(4.10) BX)| <c2-p) ) 2"V < d@2-pM(IVa|)(X) .

meN

Finally if A(X) = (2—p) »_ 2"®" then

meA(X)

(4.11)  h < cM(|V])P"? on R™ and h > ¢ *M(]Vw|)?~? on the support of 1.

(4.11) is understood to hold in the almost every sense. This display can be proved
by comparing h(X) with fz\?(wm)()() AP73dN. From (4.9)-(4.11), we conclude first that
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|Vu| < eM(|Vw])P~! so from the Hardy Littlewood maximal theorem and (a) of
(4.8),
(4.12) fullys gy < cllolfihg, < 2
Second from (4.9)-(4.11) we get
(4.13) /‘KNFdex?zc—{/‘|vuwm2qva*WdX—c@—p) M(|Vw|)? dX
_ _ R"

From (4.12), (4.13), and (4.8), we see first that the display in Lemma 4.1 holds with
u,v replaced by w,w provided § > 0 is small. Second choosing n small enough,
depending only on the data, we find that this display holds for u,v. Finally, as in the
approximation of ¢ by v;, we can approximate u by @ € C§°(R") in such a way that
Lemma 4.1 is valid when 2 —§ < p < 2.

The case p = 2 of Lemma 4.1 is easily handled so we assume 2 < p < 2+ 4. Let
V1P(Q_) be the space of bounded linear functions on V1*(Q_) and let T' C V.}P(Q_)
be all linear functionals 1) which can be written in the form

(4.14) (Y, v) = Vu-VodX,v € VIP(Q_), where u € V7 (Q_).

Q_

We claim that

(4.15) L =V"Q).
Once (4.15) is proved we can use the Hahn Banach theorem to get for v € V1P(Q2_)
with [[v]lvis@ ) =1, a linear functional ¢ as in (4.14) with [|¢]|ly10, ) =1 and
(4.16) 1= (,v) = Vu-VvdX.

Q-

Also, since p’ < 2 we can apply the previous case with p, p" interchanged to conclude
that ||u||y1.» < c. Asin the case 2—¢ < p < 2, we can then extend u to @ as in A3 and
after that approximate @ by a C§°(R") function in such a way that Lemma 4.1 holds.
Thus to complete the proof of Lemma 4.1 when 2 < p < 2+, it suffices to prove (4.15).
To do this given « € V' (Q_) let A(u) be the bounded linear functional on V'?(Q)
defined in (4.14). From Holder’s inequality we see that A : V¥ (Q_)—=V!?(Q_) is a
bounded linear operator with norm < 1. From the 2 — § < p < 2 case of Lemma 4.1

with p, p’ interchanged it is easily seen that

(4.17) ¢ Hlullyrp < A (u)

vir <lullyar
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Clearly (4.17) implies that T' = A(V'(Q_)) is closed in V.'?(Q_). If (4.15) is false,
it follows from an argument involving the Hahn Banach theorem and reflexivity of
V1P(Q_) that there exists v € VIP(Q_),v # 0, with

(4.18) Vu - Vodr =0 for all u e V¥ (Q_).
0

It is easily seen that (4.18) implies v is harmonic in 2_. Using subharmonicity of

|Vo|,v € V1P and Holder’s inequality one sees for some constant C' that
(4.19) IVo(X)| < C|X|~P

for |x| > 2Ry. Using (4.19), the mean value theorem, and lim vp(,) = 0, it follows
p—>00

that v(X)—0 as |X|—oo. This fact and either the Kelvin transformation or the
Poisson integral formula for R™ \ B(0,2R,) imply for some constant C’ that

(4.20) [v(X)| + | X||[Vo(X)| < C'|X P for | X| > 2R,.

Armed with (4.20) we can now argue as earlier to get a contradiction. That is let o, p
be as in (3.14) and set u = vo. Then u € V' (Q_) and from (4.18), (4.20), it follows
that

/ |Vo2dX < cp_z/ v?*dX —0 as p—o0.
B(0,p) B(0,2p)\B(0,p)

Thus v = 0 in Q_ which is a contradiction. We conclude that (4.15) and Lemma 4.1
are true when 2 < p < 2+ § provided § > 0 is sufficiently small, depending only on
the data. 0J

We continue the proof of Theorem 1.2 with

Lemma 4.2. There ezists 6 > 0 such that if [p — 2| < § and f € BP*(0Q) with
T, f =0 then f =0.

Proof. Let ¢ € BP"#(0Q) with f = S¢. From (4.5) we see that
(4.21) (W, T f) = VS¢-VSYpdX =0
o-
whenever 1) € BP*(99Q). Also, from Lemma 3.1 we find that v = S¢ € V?(Q_) so
by Lemma 4.1 there exists u € Cg°(R") with alo_ = @, [|u[[y1.7q ) < ¢, and

(4.22) 1SSllvrriay < / VSé - VadX.
Q_
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Choose 1 € BP*(02) with S¢ = @|sq. This choice is possible as we see from Proposi-
tion 2.2 and Theorem 1.1. Using once again Lemma 2.3, the fact that @ has compact
support, and decay of Sy near oo given by (3.16), (3.22), we conclude that
(4.23) VS¢ - (VSY — Vu)dX = 0.

o-
Combining (4.21) - (4.23) we have

/ IVS¢|PdX =0
QO
which in view of (3.16) implies S¢ = 0 in Q_. Using A2 we see that f =S¢ =0. O

Next we prove
Lemma 4.3. There ezists § > 0 such that if |p— 2| < 0 then T (BP*(0Q)) is closed.

Proof. Asin (3.32) it is easily seen that Lemma 4.3 follows once we show the existence
of n > 0 so that

(4.24) T4 fll ooy = 1l fllreon)-

To prove (4.24) we again argue by contradiction. Otherwise there exist f,,, € BP*(92), m =
1,2,..., with

(4.25) HmeBp,a(ag) =1 and "T+fm|‘3p,a(ag)—>0 as m—0oQ.

Choose ¢,, € BY%(9Q) with S¢,|oa = fm,m = 1,2, ..., and note from (4.5), (4.25),
that
(4.26) VS, - VSYdX = (¢ T4 fin)—0 as m—oo

o-
whenever ¢ € BP*(92). As in Lemma 4.2 we set v = S¢,, and choose 4,7 as in
Lemma 4.1 relative to v. We then find ¢ € BP*(0Q) with Sty = d|g_. Arguing as in
(4.21) - (4.23) it follows that

/ IVSon[PdX < / VS¢m - VudX

(4.27)
= VS, - VSYdX—0 as m—oo.

Q_

Let Séy, be the extension of Séy,|a_ to R™ guaranteed by A3. Then from (4.27) and
(4.7) we deduce that

(4.28) 1IVSbmlll e < e[ VSPml|l o )—0 as m—oo.
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From A2 applied to Sé,, — S¢n, with G = Q_, we see that 3(bm|ag = fm. Using this
fact and applying Proposition 2.2 to oS¢, (o,p as in (3.14)) we get upon letting

p—00,
(4.29) | fnll o) < || VG || 2o —0 as m—soo.
(4.29) contradicts (4.25). Thus Lemma 4.3 is true. O

To complete the proof of Theorem 1.2 we prove

Lemma 4.4. If |p — 2| < § and § > 0 is small enough, depending only on the data,
then T, : BP*(0S2) onto BP*(0N).

Proof. The proof of Lemma 4.4 is also by contradiction. Otherwise it follows from
Lemma 4.3, the Hahn Banach theorem, and Theorem 1.1 that there exists ¥ &
Bre(082),4 # 0, with (¢, T, (S$)) = 0 whenever ¢ € BY'#(9Q). From (4.5) we
see that

(4.30) 0= (1, Sp) = / VSY - VS¢dX whenever ¢ € BY#(09).

Also using Lemma 4.1 and arguing as in (4.21) - (4.23) we obtain for some ¢ €
BP#(9Q) and ¢ depending only on the data that

(4.31) /Q |VSUPdX < | VSE-VSpdX.

o-
(4.30), (4.31) yield first that [, |[VS9[PdX = 0 and then from (3.16) that Sy = 0
on _. Using A2 we conclude that Sv = 0 which in view of Theorem 1.1 is a

contradiction to our assumption that ¢ Z 0. U

5. PROOF OF THEOREM 1.3

Recall from section 1, as well as Theorem 1.1, that if 1» € B»*(99), ¢ € BP"?(99Q),
then

(5.1) (T” 4, 5¢) = (&, T_(59))

and that BP*(9Q) = {¢ € B>*(9Q) with (), 1) = 0}. We first claim that

(5.2) T* is a bounded linear operator from BP*(9Q) into B»*(d).

To prove claim (5.2) given f € BP*(9S2) choose ¢ € BF"#(9Q) with S¢ = f. Existence

of ¢ follows from Theorem 1.1. If f = 1, then from Lemma 2.3 we may approximate
0S¢ (0 as in (3.14)), arbitrarily closely in the norm of W' by Cg°(R™) functions
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which are 1 in a neighborhood of 0f2. Using this fact, (5.1), (4.5), and Lemma 3.1,
we find that
(5.3) (T* ¢, S¢) = VS¢-VSYPdX =0

Q4
whenever ¢ € BP(982). From (5.3) we conclude that 7* maps B> (9) into BP*(92).
Boundedness of T* follows from (5.1) and (4.4). Thus claim (5.2) is true.

We follow the same proof scheme as in Theorem 1.2.

Lemma 5.1. Thereis ad > 0,c > 1, depending only on the data, such that if [p—2| <
§ the following statement is true. Given v € WHP(Q,), there exists u € Cg°(R™) with

u= 7“~L|Q+? |Hva|HL1)’(Q+) <c, and
1190l reny < / Vi VudX.
Q4

Proof. To prove Lemma 5.1 for 2 — § < p < 2, we simply copy the proof of Lemma
4.1 with Q_ replaced by €2,. To prove this lemma for 2 < p < 2 4 § we introduce
for 2 — 09 < q < 2 + ¢ the space, UM(Q,), of integrable functions v on €, with
distributional gradient, Vv, satisfying
Vol € LY(Q,) and / vdX = 0.
Q4
Given v € UM(Q, ), let © denoted the extension of v to R"™ provided for in A3. From
(4.7) and Poincaré’s inequality we see that
080,80 = [0B(0,Re) — Ve, |? < c[H" ()] o, [0(Y) — vpo,ry)[1dY
(5.4)
< c[H"(Q)]'RE fB(O,RO) IVo|7dX < fQ+ |Vul?dX.
Using (5.4), Poincaré’s inequality, and (4.7) we deduce that U is a reflexive Banach

space with norm ||v||g1ae,) = [|VV||Le,) - In fact
c‘leHme) < [Jollwra@y) < cllvlloraey)-
Let U(€2,) denote bounded linear functionals on U(2,). If 2 < p < 24§ we let

I' Cc UM(Q,) denote all linear functionals ¢/ which can be written in the form

(Y, v) = Vu-VodX,v € U (), where u € U (Qy).

Q4
We claim that

(5.5) I'=UQ,).
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Once (5.5) is proved we can argue as in the discussion after (4.15) to get Lemma
5.1. Thus we shall only prove prove (5.5). To do this we argue by contradiction.
Repeating the argument after (4.15) we find that if (5.5) is false, then there exists
v e UM (Q,),v #0, with

(5.6) / Vu - VudX =0 for all u € UM ().
Q4

Choosing u = v in (5.6) it follows that

/ Vol dX =0
Q4

so that v is constant in €2, . Finally v = 0 in Q4 since v, = 0. From this contradiction
we conclude Lemma 5.1 when 2 < p <24 4. U

We continue the proof of Theorem 1.3 with

Lemma 5.2. There exists 0 > 0 such that if |p — 2| < & and ¢ € BP*(9Q) with
Ty =0 then b = 0.

Proof. Given f € BP(98) choose ¢ € BY%(9Q) with f = S¢. From (4.5), (5.1), and
Theorem 1.1 we see that
(5.7) 0= (T, f)= | VSY-VSpdX

Q4
whenever ¢ € BY#(98). Now from Lemma 5.1 with p,p’ interchanged and Lemma
3.1, there exists @ € C3°(R") with @ = d|q, , [||Val|r,) < ¢, and

(53) 195 6lluv 0,y < | VS0 Vadx,
+
Choose ¢ as above so that @|sg = S¢. Then from Lemma 2.3 we conclude that
(5.9) VS - (Vu—VS¢)dX =0.
Q4

(5.7) - (5.9) imply that VS¢ = 0 in Q.. Thus Sy = a = constant in €, so by
A2 S =a 1f2—§ <p <2, it follows from (3.41) and (3.35) with p, p’ interchanged
that

(5.10) 0= (.50 = [ [VSuPax

so from (3.16), St» = 0. In view of Theorem 1.1 we have » = 0. If 2 < p <2+ 4
we observe from Theorem 1.1 that there exists ¢ € BP'*(9Q) with Si) = a. From
uniqueness in Theorem 1.1 and (3.35) it follows that 1| gr.a(aq) = . Moreover, Sth =
Sv s0 (5.10) is also valid when 2 < p < 24§ and once again, ¢ = 0. O
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To continue the proof of Theorem 1.3 we have

A

Lemma 5.3. There exists § > 0 such that if |p— 2| < § then T*(BP*(92)) is closed.

Proof. As earlier it is easily seen that Lemma 5.3 follows once we show the existence
of n > 0 so that

(5.11) | T* 4|

Breen) = NlYllsreoo)-

To prove (5.11) we again argue by contradiction. Otherwise there exist 1, € Bre (09),m =
1,2,..., with
(5.12) 19|

Using (5.12), Lemma 5.1, Theorem 1.1, (4.5), and (5.1), as in Lemma 5.2, we find
that

prepa) = 1 and [T pre g0 —0 as m—oo.

/ VS|P dX —0
Q4

as m—oo. From (4.7) it follows that
/ (VS [P dX —0

as m—oo where Swm denotes the extension of St,|q, in A3. From Proposition 2.2
and A2 applied to St — Sty in Q. it follows that 1SYml| por.590)—0 as m—oo.

Since from Theorem 1.1,

[[4m]

we have reached a contradiction to (5.12). Thus Lemma 5.3 is true. U

Br(oa) < ¢ ||S¢m||Bﬁlﬂ(aQ)

To complete the proof of Theorem 1.3 we prove

Lemma 5.4. If |[p — 2| < § and § > 0 is small enough, depending only on the data,
then T* : BP*(9Q) onto BP*(99).

Proof. The proof of Lemma 5.4 is once again by contradiction. Otherwise it follows
from the Hahn Banach theorem and reflexivity of BP*(02) that there exists f €
BP(092), f # constant with

(5.13) (I7, f) = (1, T-f) = 0

for all 7 € BP(99). Choose 0 € BP*(9) so that S = 1. From Theorem 1.1 and a

uniqueness argument, as in Lemma 5.2, we see that S6 € RY? and

n

(5.14) 6,1) = (0, 56) :/ IVSO? dX # 0.
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Also from Lemma 2.3 we see that

/ IVSH?dX =0
Q4

so 80 = 1 in Q. It follows from this fact and (4.5) that if f = S¢, ¢ € BF'#(9Q),
then

(5.15) (T*0,fy=0,T_f) = VS0 -VSpdX = 0.
Q4
Finally we note from (5.14) that if ¢» € B?*(952), then
(¥, 1)
.1 pr— —
(5.16) (G T+<9’1>9

where 7 € BP*(9Q). Using (5.13), (5.15), (5.16), and (4.5) we see that
(5.17) 0= (T*, f) =, T f)=[| VS -VSpdX =0
Q4
for all ¢» € BP*(0f2). Thanks to (5.17) we can now apply the same argument as in
Lemma 5.2 with 1, ¢ interchanged. Doing this, we conclude that f = S¢ = constant.

From this contradiction we get first Lemma 5.4 and then Theorem 1.3. U

Remark 5.5. Given p,1 < p < oo, let u be harmonic in Q with |Vu| € LY (Q).

Define a linear functional 2% on BP*(9<2) by

<@,f> :/VU-VFdX
On O

where f € BP*(9Q) and F € WP is the extension of f in Proposition 2.1. Using
Holder’s inequality and Proposition 2.1 we see that
< cllVaulll Ly -

‘au
B (09)

on
If u = St|q, then from (4.5), (5.1) we see that 2% = T4

6. DOMAINS WHICH SATISFY A1-A3

In this section we discuss conditions A1-A3. We begin with a class of domains

first considered in [8].

A connected open set G is said to be an (A, rg) uniform domain if given X;, X5 € G
with | X; — Xs| < 1o, there is a rectifiable curve 7 : [0, 1] =G with v(0) = Xy,v(1) =



32 TONGKEUN CHANG AND JOHN. L. LEWIS

X5, and
(a) H'(v) < A[X1— Xaf
(6.1)
®)  mindH' (00, 8), H' (1)} < Ad(r(6),09) for t € [0,1].
We remark that our definition of a (A, ) uniform domain is slightly different but
equivalent to the (1/A, ) uniform domain defined in [8] (see [6]). For short we say

that G is a uniform domain if (6.1) holds for some (A, ). We first prove,

Lemma 6.1. Let Q be a bounded domain satisfying A1l and p > n —min{d; : 1 <
i < N}. If either G = Q or G = R\ Q is a uniform domain, then A2 holds for G.

Proof. In this section we let ¢ denote a positive constant which may depend on rg, A, n,
and {2, not necessarily the same at each occurrence. We first prove A2 when () is
a uniform domain. Suppose v € WP and v = a = constant on Q. Let X € 0Q
and 0 < r < 3min{rg, diam Q}. Then it is easily seen that (6.1) and connectivity
of 2 imply the existence of W = W(X,r) and ¢ > 4 with W € QN B(X,r/2) and
d(W,09) > r/c. Using this fact and integrating v = F' in (2.2) over Y € B(W,r/c)
we deduce that
la —vpxn| < er | Vol < cr(\Vv[%(X,r))l/p
or equivalently,
(6.2) " Pla —vpxnf <c / |VoulPdX .
B(X,r)
Given € > 0 let K(e) C 09 be the set of points X € 02 where

limsup |a — vp(xn| > €.
r—0

Using a well known covering theorem, (6.2), and the definition of Hausdorff measure

it is easily seen that

n

H"P(K(e)) < cep/ |VolPdX.

From this inequality and p > n — min{d; : 1 < i < N} we conclude that if K =
Ueso K (€), then H%(K N E;) = 0 whenever 1 < i < N. Thus A2 holds with G = Q
when  is a (A,7y) uniform domain. To prove (6.1) when R"™ \ Q is a uniform
domain observe that our definition of uniform requires R™\  to be connected. Thus
00 = J[R" \ Q). With this observation the proof is essentially unchanged. We omit
the details. ]

We also prove,
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Lemma 6.2. Let Q2 be a bounded domain. If G = Q or G = R"\ Q is a uniform
domain, then A3 holds for G.

Proof. Again we shall just prove Lemma 6.2 when G = 2. We assume as we may that
0 € Q and Ry is the smallest positive number for which 2 C B(0, Ry). We note that
since 2 is bounded, connected, and satisfies (6.1) for some (A, rg) it follows from a
compactness argument that in fact 2 is a (b, 00) uniform domain (see [6]) where b
now depends on A, n, ). Following Jones in [8] we let {Q; = Q;(X;,,r;)},j =1,2, ...
be a Whitney decomposition of R™ \ 0f2 into open cubes with center at X; and side
length r; satisfying

() UG =R\ 00,
(6.3) (B) Q;NQ; =0 when i # j.

(v) 1072"d(Q;,09) < r; < 107d(Q;, 09).
Let L1 = {Q; : Q; C Q} and let Ly = {Q; : Q; C R™\ Q}. The same argument as in
Lemma 6.1 shows that if Q; = Q;(X;,7;) € Lo, and 0 < r; < 2Ry, then we can choose
Q; = Qj(ijTj) € Ll with
(6.4) max{r;,7;, | X; — X;|} < cmin{r;,r;, | X; — Xj|}.

We call @) the reflection of @Q; in 0. If r; > 2R, we set Q) = Q where Q is a fixed
cube in L; with side length > Ry/c. Next given Q; € Ly let A(i) = {j : Q; N Q; # 0}
and let K; be the interior of |J;c,; Q;. Let {¢;} be a partition of unity for R" \ Q,
with ¢; adapted to Q); € Ls. That is,

(1) 0<¢; € C°(K;) with |Vo,| < ¢/r;.

(6.5) (i1) ¢; = constant > ¢! on Q;.

(i17) Z(bi(X) = 1 whenever X € R"\ Q.
Let f € Wh(Q). Define f on R*\ dQ by f = f on Q and
F(X) =) ¢i(X)fq when X € R"\ Q.

In this display @; is the reflection of Q; € Ly in 92 and fq, denotes the average of f
on Q.. From (6.3), (6.5), we see there exists ¢ > 1 such that

(6.6) f=f5inR"\ B(0,¢R,).
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In [8] it is shown that H™(dQ) = 0 and that f € WH(B(0, p)) for each p > 0. It
remains to prove the inequality involving Ay weights in A3. To do this, we observe
as in [8], Lemma 2.8, that if Q; € Ly and j € A(4), then it follows from the uniform
condition in (6.1) that there is a chain of cubes C;; = {Q7,Q5, ..., QF } in L; with
m < ¢ such that Qf = @}, @y, = Q% and Q; N Q. # ¥ for 1 <k < m — 1. Using
(2.2) in balls containing successive cubes, (6.4), and the triangle inequality we find
that

(6.7 for = fayl <eri™ [ vflax

where O ; is an open set with Q;, Q C O;; and the property that
(6.8) ¢ 'r; <min{diam O;;,d(0;;,00)} < max{diam O, ;,d(0;;,00)} < cr;.

Let O; = Ujea)O;,; and let © be the set of all O; C €2 corresponding to a ); € Ly
with Q; N B(0,2¢Ry) # (. From (6.3) and (6.8) we see for X € Q) that
(6.9) Y xo(X) <

0,€0
where X, is the characteristic function of O;. Finally we note from (6.5),(6.7), and
the definition of f that for X € Q; € Lo, Q; N B(0,2¢Rg) # 0, that we have

©10) VA0 Y Ifg Sl <ot [ |VAlax
— 0;
JEA(D)
while Vf = 0 in R™\ B(0, ¢R,) thanks to (6.6). Now suppose that w is an A, weight
on R”. Then from (6.8) - (6.10), and Holder’s inequality we conclude that
(6.11)

[ evitax = 32 [ uvipax <e 3w (o [ 1vsx)

Qi€L2 Qi€L2

< 2w Z /o IV flPwdX < c3Hwﬂ/Q]Vf|2de.

Qi€Ls
In (6.11) we have used the doubling property of w. From (6.11) we conclude the

validity of Lemma 6.2 when €2 is a uniform domain. 0

Lemmas 6.1 and 6.2 are easily used to identify bounded domains 2 C R3 satisfying
the hypotheses of Theorems 1.1 - 1.3. These domains can have fractal boundaries of
Hausdorff dimension larger than n — 1. For example Wolff snowflakes constructed in

[19] have this property and satisfy the hypotheses of Theorems 1.1 - 1.3, as we see
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from Lemmas 6.1, 6.2.

Concluding Remarks. We remark that A2 is a stability property of Sobolev func-
tions defined in [1], Definition 11.1.7. Sufficient conditions for this stability property
to hold are also given in [1], Theorem 11.4.1. Based on these conditions our intuition
is that Lemma 6.1 remains valid for {2 without any uniform assumption. Also we be-
lieve that Lemma 6.1 is valid for R™ \ 2, without any uniform assumption, provided
this set is connected. However, we have not been able to justify our intuition.

A3 implies a similar condition for A, weights, 1 < p < oo, as can be deduced
from Proposition 2.17 in [7]. The authors consider it an interesting question whether
Theorems 1.2, 1.3 remain valid under more general conditions than the uniform as-
sumption in Lemmas 6.1, 6.2. For example can this uniform condition be replaced by
a local John type condition as in Definition 3.4 of [7] or more generally by the visual

John boundary condition in Condition 4.1 of [12].
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