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ABSTRACT: We consider boundary value problems for the heat equation in time varying
graph domains of the form Q = {(zg,z,t) € R x R" ' x R: xy > A(z,t)}, obtaining solvability
of the Dirichlet and Neumann problems when the data lies in L*(92). We also prove optimal reg-
ularity estimates for solutions to the Dirichlet problem when the data lies in a parabolic Sobolev
space of functions having a tangential (spatial) gradient, and 1/2 of a time derivative in L?(9%Q).
Furthermore, we obtain representations of our solutions as caloric layer potentials. We prove these
results for functions A(z, t) satisfying a minimal regularity condition which is essentially sharp from
the point of view of the related singular integral theory. We construct counter examples which show
that our results are in the nature of “ best possible. ”
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0. Background and Notation. A longstanding problem concerning solvability of the Dirich-
let problem for Laplace’s equation in a Lipschitz domain was resolved by B. Dahlberg [D1], who
showed that in such domains harmonic measure, dw, and surface measure, do, are mutually abso-
lutely continuous, and furthermore, that the Dirichlet problem is solvable with data in L?(do) (and
consequently with data in LP,2—¢ < p < o0). R. Hunt proposed the problem of finding an analogue
of Dahlberg’s result for the heat equation in domains whose boundaries are given locally as graphs
of functions A(z,t) which are Lipschitz in the space variable. It was conjectured at one time that A
should be Lip 1 in the time variable, but subsequent counterexamples of Kaufmann and Wu [KW]
showed that this condition does not suffice. Motivated in part by work of Strichartz [Stz] on BMO
Sobolev spaces, and in part by work of M. Murray [Mu], Lewis and Murray [L.M], made significant
progress toward a solution of Hunt’s question, by establishing mutual absolute continuity of caloric
measure and a certain parabolic analogue of surface measure in the case that A has % of a time
derivative in BMO(R™) on rectangles, a condition only slightly stronger than Lip 1. Furthermore
these authors obtained solvability of the Dirichlet problem with data in L?, for p sufficiently large,
but unspecified. The regularity condition which Lewis and Murray imposed upon A(x,t) (or, to be
more precise, an equivalent formulation of it) was shown by the first named author to be necessary
and sufficient for L? boundedness of the first parabolic Calderén commutator, thus further clarifying
the connection between the results of [LM] and those of [D1]. Still, by analogy to [D1], it remained
an open problem to treat the case of boundary value problems with L? data in the parabolic setting.
It is this issue of L? solvability that we address here.

To be more specific in this paper we study the Dirichlet and Neumann problems for the heat

equation in non cylindrical (i.e. time-varying) graph domains. We treat each of these problems in

the case that the data belongs to L? with respect to a certain projective Lebesgue measure. We



also consider regularity estimates for solutions of the Dirichlet problem when the data belongs to
a parabolic Sobolev space having a full spatial derivative and one half of a time derivative in L?.
Existence of our solutions will be obtained by using the method of layer potentials. In addition we
shall give an alternate, simpler proof of recent results of the first author [H2| concerning “ smoothing
operators of Calderon type, 7 including the caloric single layer potential.

We shall study these problems in graph domains of the form
Q= {(rp,z,t) ERXx R" ' x R:zy> A(x,t) } (0.1)
where n > 2 and A(z,t) is Lipschitz in the space variable, uniformly in time, i.e.,
Az, t) = Aly.t)| < Bolz —yl, 2,y e " L E R, (0.2)

and where A(x,t) satisfies a certain half order smoothness condition in the time variable. To
describe this condition we follow Fabes and Riviere [FR1] and define a half-order time derivative

by

A(g,ﬂ) (z,1) (0.3)

1€ )

where " and ~denote respectively the Fourier and inverse Fourier transforms on R", and &, 7 denote,

D, Az, t) = (

respectively, the space and time variables on the Fourier transform side. Also ||z|| denotes the

¢ ) bl

parabolic “ norm ” of z. We recall that this “ norm ” satisfies the non-isotropic dilation invariance

property ||(dz,6%t)|| = 6||(z,t)||. Indeed, ||(z,t)| is defined as the unique positive solution p of the

equation

n—1

~ 1 (0.4)

Rol%

1

i
The half order smoothness condition in the time variable which we impose upon A is that

DD, A € (parabolic) BMO. We recall that parabolic BMO is the space of all locally integrable
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functions modulo constants satisfying
1
1B]], = sup — / 1b(z) — mpb|dz < oco. (0.5)
B |B| /B
Here, z = (x,t) and B denotes the parabolic ball
B=B.(z)={z€ R":||z— 2] <r} (0.6)
where | B| denotes the Lesbegue n measure of B and

1
mpb = B /B b(z)dz.

We note that |B,(2)] = cr? where ¢ is a constant and d = n + 1 is the homogeneous dimension
of R" endowed with the metric induced by || - ||. We observe that R™ so endowed is a space of
homogeneous type in the sense of Coifman and Weiss [CW]. Indeed, there is a polar decomposition
2= (z,t) = (pby,...,p0nh 1, 0%0,),
(0.7)
dz = dxdt = p?~1(1 + 6%)dp df

where 6 = (61,...,6,), |6] = 1, and df denotes surface area on the unit sphere.

Throughout this paper LP(R"!),1 < p < oo, denotes, as usual, the space of p th power

integrable functions f on R""! with norm, ||f|, . To explain the significance of the conditions

which we have imposed upon A, we recall a result of the first author [H1], which states that

where ~ means the two quantities are bounded by constant multiples of each other. Moreover, | - ||

a-2 4

~ xA oo DnA )
5 IVaAllso + [ Dn A

op

denotes the operator norm on L?*(R"™'), and

0 0

VIE(axl,...,axn_l).




Finally [\/A — % , A} denotes the commutator with multplication by A of the square root of the

heat operator in R* = R" ' x R defined by

(Va=ojotr) (&r) =c/leP —ir fe.m)

Since this commutator is the parabolic analogue of the first Calderén commutator, the condition

1A

comm = || V3 Alloo + || DpAll <8 < o0 (0.9)

is, at least from the standpoint of singular integral theory, the parabolic analogue of the Lipschitz
condition which has proved to be of fundamental importance in elliptic theory ( see e.g. Calderén
[Cal], [Ca2], Coifman, McIntosh, and Meyer [CMM], Dahlberg [D1], Jerison and Kenig [JK1], Kenig
[K], Verchota [V], and Dahlberg and Kenig [DK 1, 2], to name just a few . In [H1] it is shown that

(0.9) implies the parabolic Lipschitz condition:
Az, t) = Ay, s)| < eBll(x,t) = (y,9)| = B (lx =yl + [t = s[V*). (0.10)

Thus in analogy to the elliptic case, it is natural to conjecture that (0.9) defines essentially the

minimal amount of regularity needed in a graph domain
Q= {(xg,x,t) : &g > A(x, 1), (z,t) € R"} (0.11)

to obtain solvability of our boundary value problems with data in L?(91), as well as establish the

4

mutual absolute continuity of parabolic measure and a certain “ surface measure 7 (all terms will
be defined below). Indeed, as mentioned above, it follows from the work of Kaufman and Wu [KW]|
(see also [LS]) that there exist domains C R? whose boundaries are graphs of functions Lip, /2 I
the time variable (this condition is only slightly weaker than ours) and such that the corresponding

«

caloric measure fails to be absolutely continuous with respect to the * surface measure ” on 0f)
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mentioned above. By “surface measure 7 on 92 we mean the measure

do(Q)dt (0.12)

where for fixed ¢ > 0, do; denotes true n — 1 dimensional surface measure on the boundary of the
cross-section

QO = {(zo,x,t) € Rx R x {t} : 2 > A(z,t) }.

Define LP(02),1 < p < o0, to be equivalence classes of functions which are p th power integrable

4

and measurable with respect to the “ surface measure ” defined in (0.12). We shall also denote the

norm in LP(02) by || - ||, when there is no chance for confusion.
We now state our boundary value problems. To solve the Dirichlet problem, for given g €

LP(09), p fixed, 1 < p < 0o, we seek a function u such that
Au— 2% =0 inQ,
(0.13)
u =g a.e on 0f).

In (0.13) a.e means almost everywhere with respect to the measure in (0.12). For fixed t,1 < ¢t < o0,
let n; denote the outer unit normal to 92, considered as a subset of R x R"*. To solve the Neumann
problem for given g € LP(02) we seck a function u such that

Au—%zo,

(0.14)

%:97 a.e on 08, for —oo <t < o00.

In the case of cylindrical domains(i.e. A(x,t) = A(x)) the Dirichlet problem (0.13) was solved
by Fabes and Salsa [FS], in the optimal range p > 2 — ¢ where ¢ = €(||V,A| ) by using the
relationship between caloric measure and Green’s function for the heat (also adjoint heat) equation.
The Neumann problem (0.14) was solved by Brown [BR1, the case p =2 ] and [BR2, 1 < p < 2+¢]

using the method of layer potentials. Brown also obtained (again in the cylinder case) optimal



regularity estimates for solutions to the Dirichlet problem (0.13), when the boundary data g € L4,

[N

[BR1, p = 2], [BR2, 1 < p < 2+ ¢]. Following Fabes and Jodeit [FJ] we define the parabolic

Sobolev space L7, (99) as follows: Let 7 : 9Q—R" be the projection m(A(z,t),z,t) = (x,t) and

set f = fon L. Then L’l’ 1 (092) consists of equivalence classes of functions f with distributional
)

derivatives in x satisfying || f||» L (89) < 00, where
Lg

1lles oy = 11Fler @y = 17, (0.15)

Here,

(DF) (&) = lI&7] f(& ),
(0.16)

ie., f =D, ¢ cLP(RY),

where ID™! is a parabolic Riesz potential. If p = 2 in (0.15), then from Plancherel’s theorem we see
that

1D fllz = 1D5 o f 2 + [IV2fll2 (0.17)

where D, denotes the one dimensional 1/2 fractional derivative of f in the time variable. Recall
that if 0 < o < 2, then for g € C§°(R) the one dimensional fractional differentiation operators D,,

are defined by

~

(Dag) (1) = [7|% (7).

It is well known that if 0 < a < 1, then

D.g(s) = C/R MdT

|S _ t|1+o¢

whenever s € R and I, = ¢ D! where I,,(s) = |s|*™!, s € R, is the one dimensional Riesz transform
of order . If h € C§°(R™), then by D! h : R"— R we mean the function D,h(x,-) defined a.e. for

each fixed z € R 1.



In the case of time - varying graph domains much less is known about the above boundary value
problems. As outlined in the beginning, recently, in [LM, ch 3, Thm 2] it is shown that if A satisfies
(0.2) and

1D All. < B < o0, (0.18)

then parabolic measure on 0f2 evaluated at certain points in €2 and the measure in (0.12) are Ay
weights with respect to each other (see section 2 for a definition of A.,) with constants depending
only on n and ||V Al +[| D7 ;o Al|« . Using this fact and the relationship between parabolic measure
and Green’s function for the heat - adjoint heat equations, it is easily seen that the Dirichlet problem
(0.13) has a solution for large p, say p > po, where py depends on ||V, Al + || D] 5 A+ In fact these
authors show [LM, ch 3, Thm 2] that if (0.2) is weakened to V, A € parabolic BMO (componentwise),
then these measures remain A, weights with respect to each other which is a parabolic analogue
of a result of Jerison and Kenig [JK2, Thm 10.1] for “* BMO ; ” domains.

To illustrate the relationship of the present work to that of [LM], we note that in section 8 we
shall show

D1 Al + [Vadllo = [DaAlls + [ Vad o - (0.19)

Thus the above measures are also A, weights with respect to each other when (0.9) holds. To
further illustrate the connection between this paper and [LM], it shall also be important to know
that the right and left hand sides of (0.19) are equivalent in the small in the following sense : Given
€>0,0<e<1,and 7,0 < v < oo, there exists 6 = d(¢,y) > 0 such that if |V, Al < v < o0,
then

min {[| D}, Al [|D, Al } < 6 = max {||D},All., DAl } < e. (0.20)

This fact will be proved in section 8.



In view of the results for cylinders, the work of [LM] still leaves several questions unanswered in
time - varying domains: For example, if A satisfies (0.9),

(a)  Can the Dirichlet problem (0.13) be solved for p > 2 — €7

(b)  Can the Neumann problem be solved for any p? If so is it solvable for 1 < p < 2+ €7

(c) If solutions exist to the Dirichlet and Neumann problems for some p, can one obtain a

representation for the solutions in terms of layer potentials?

The method of layer potentials used in [LM, see Thms 5, 6] and (0.20) shows that the answer to
all these questions is yes (in fact for 1 < p < 0o) provided f in (0.9) is small enough (see Theorems
1.13 - 1.15 in section 1 for an exact statement of these results).

In this paper we answer the above questions when p =2, 0 < ||V, A||s < 00, provided
HDnA“* < € (0.21)

and €y = €o(||VzAl|o) > 0 is sufficiently small. In view of (0.20), it would be equivalent to take
D] )5 Al < do. Thus our results will remove the smallness assumption on ||V, All when p =2 in
the work of [LM]. To do this will require a large amount of effort on our part. A precise statement
of our results is given in section 1.

We close this section by introducing some more notation which will be used throughout this
paper. In (0.8) we defined V,, the gradient in the x variable when x € R""!'. The gradient in

X = (o, x) will be denoted by

o 0 0
v_<aaj0,azvl’...7aaj’n_1>.

In sections 2-4, we shall often denote points in R" by z = (z,t) and the usual inner product in R"
or R"! by (-,-). In these sections we shall also frequently find it convenient to use the notational
convention T'(z,v), z,v € R"™ (or simply 7'(z) in the convolution case), to denote the kernel of an
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operator T. Throughout this paper, «, will denote the n dimensional multi-index o = (1,...,1,2)

so that if z = (x,t), then
Az = (Ax, A%t)

A% = (§,32)-

We define a parabolic approximate identity(which will be fixed throughout this paper) as follows:

let P(z) € C§°(B1(0)) and with d = n + 1 set
P\(2) = AYP(AT2). (0.22)
Next let Py f be the convolution operator

Pf(z) = /mn Py\(z —v)f(v) dv.
In addition we take P(z) to be an even non-negative function, with [,. P(z)dz = 1.

We shall also use two other notational conventions: first ¢ will denote a positive constant, not
necessarily the same at each occurence, but depending only on the dimension and other harmless
factors such as our choice of P(z). In general cg,, denotes a positive constant depending only on
B, i, v, and the above harmless factors, not necessarily the same at each occurence. Second @), will
denote a “ generic ” approximation to the zero operator, not necessarily the same at each occurence,
but chosen from a finite stock of such operators depending only on our original choice of Py. That
is, @, will denote the operator of convolution with a generic kernel of the form

Qx(z) =XQ(N " 2), (0.23)

where @ € C3°(R"), and [,. Q(z)dz = 0. Similarly, @, will denote a generic approximation to the

zero operator whose kernel may not have compact support, but at least satisfies the conditions

~ cA
|Q>\(Z)| S W (O 24)
; ; cl)z = vl |
|Q,\(z) - QA(U)’ < W;



where the latter estimate holds for some 6 € (0,1], whenever 2||z — v|| < ||z||. Similarly, QE\O)
will denote an approximation to the zero operator whose kernel in addition to (0.24) satisfies for

1 <j <n—1, the moment condition

/ / T, Q&O)(x,t) dedt = 0. (0.25)
Bt JR

Finally, we shall often refer to the inequality ab < lea® + g—i as Cauchy’s inequality with € ’s.

2
1. Statement of Results. We begin this section with a description of the layer potentials which

we shall use to represent our solutions. Given (X,¢) € R™" let

_ —n/2 _|‘XV|2
W(X,t) = (4rt) exp n X(0,00) (t)

denote the usual Gaussian in R™™. Next for given ¢ > 0, let W (X,t) = W(X,t) when both
| X| > ¢, t > €2 Otherwise, W, = 0. Given f € LP(09),1 < p < oo, we define the single and double

layer potentials respectively of f by

St = [ WX - Qit—5) £(Qus) don(Q)ds N
1.1

DA 1) = /too /695 ais W(X —Q,t—s)f(Q,s)dos(Q)ds,

where, as in (0.14), ns; = ng(Q,s), (Q,s) € 02, is the outer unit normal to 02 considered as a

subset of R" and 52~ denotes differentiation at @ in the direction of n,. Next for (P,t) € 09 and
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€ > 0, define K., K*, and associated maximal operators K, K* by

K. f(P,t) = /_; /BQ aiWE(P—Q,t—s)f(Q,s) doy(Q) ds

. B
K*f(P,t) = /_OO /8Q G WelP = Q1= ) £(Q.5) do (@) ds

(1.2)
Kf(Pt)= sup | K.fI(P, )
K*f(Pt) = sup |[KZf|(P ).
In (1.2), ny, = ny(P,t). Set
Kf(Pat) = eh_I{lO Kef(P,t),

sty = [ WP -Qut-5) f(@.) do(Q)ds,

whenever (P t) € 0f2, and these expressions make sense. K f and S,f are called the boundary
single and double layer potentials of f, respectively. It is easily seen from Sobolev type estimates
that S, f(P,t) exists for a.e (P,t) with respect to the surface measure defined in (0.12).

The first key ingredient in the method of layer potentials is to obtain estimates for singular
integral operators similar to K, K*. The following results are of fundamental importance to us. The
first result is due to Lewis and Murray [LM, chs 1, 2] (see also [H2, Thm 2| for a simpler and more

direct proof).

Theorem 1.4 Let A satisfy (0.9) and suppose f € LP(OS2), for some p,1 < p < oo. Then

max {[|K*fllp. 1K fllp } < el £l

where ¢, 3—0 as B—0. Moreover
Kf(Pt) = Elgll()KJ(Pj),

K*f(P,t) = lim K; f(P.t),

11



for almost every (P,t) € 02 with respect to the measure defined in (0.12).

We remark that Theorem 1.4 was proved in [LM] under the assumption that (0.10) holds and A
satisfies a certain Carleson measure condition. However, these assumptions are equivalent to (0.9)

(‘as well as (0.2), (0.18) ). The next result is due to the first author [H2, Thm 4].

Theorem 1.5 If A satisfies (0.9) and f € LP(0R2) for some p,1 < p < oo, then

||Sb(f)”L11’71/2(6Q) < & [ flp-

Remarks:

1) The main issue in Theorem 1.5 was the LP boundedness of ID,,(S,f o w~!). The boundedness

! was at least implicit in [LM].

of spatial derivatives of Syf o7~
2) Neither of Theorems 1.4, 1.5, requires the smallness assumption, (0.21) - we shall only need
this extra assumption when we discuss invertibility of the layer potentials.
Theorems 1.4 and 1.5 are a consequence of a more general pair of results of the first author

Y

[H2, Thms 1,3] for operators of “ Calderén type ,” as can be seen for example by writing the single
and double layer potentials in graph coordinates and then using the method of Coifman, David,
and Meyer [CDM]. To be more specific, let H and J denote kernels which satisfy the homogeneity
properties

H(6z,0%t) = 6~ H(x,t),

(1.6)
J(0x,6%t) = 674 J(x,t),

where d = n + 1 and (z,t) € R". We also assume that H, J are sufficiently smooth away from the

origin, i.e, H,J € C™(R" \ {0}), for some large m. With this notation, let E denote either sine or

12



cosine, and define singular integrals of Calderén type by
A(z)— A
Ty f(z) = pv/ H(z—v)FE <(”Z)“(U>> f(v)dv
" zZ—v

e o (AD - AW BG -BE)
TA,Bf(>—p /]R”H< )E< ||Z—U|| ) HZ_UH f()d,

when f € LP(R"), 1 < p < oo. Here pv means the limit as e—0 of truncated kernels similar to

(1.7)

those in Theorem 1.4. Set
A(z) — Alv
Saf(z) = /Rn J(z—v)FE <(||Z)—U||()> f(v)dv

[ e p (AR AW BE) - Bw)
R e = = L2

We have the following results of the first author mentioned above [H2, Thms 1, 3].

Theorem 1.9 Let || Allcomms || Bllcomm < 00 and f € LP(R"),1 < p < co. If E = cosine, and H(z,t)

is odd in x, or if E = sine, and H(x,t) is even in x, then for H sufficiently smooth away from the

origin and for some large positive N, we have

Comm)N Hf”p :

| Taflly, < cpm (14 [A]

Similarly, if the parity of H(x,t) is the same in x as that of E, then

comm )™ [1F 1y -

1+]A

comm(

I Tap fIl < con B

comms || Bllcomm < 00 and f € LP(R"),1 < p < oo. Suppose that J is

Theorem 1.10 Let ||A

sufficiently smooth away from the origin. If J(x,t) has the same parity in x as does E, then for

some large positive N, we have

comm) ™ 1 f 1 -

1Safller,, < e (1+]A

1,1/2
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Similarly if J(x,t) has opposite parity in x to that of E, then

WWap fllz,, < cslB comm) ™ {11l

comm (]- + ||A

Remarks

1) Using the method of [CDM], one can immediately replace the trigonometric function E by
any sufficiently smooth function defined on R with the same parity as E. One can also treat layer
potentials via this method.

2) In section 3, we shall give a new and simpler proof of Theorem 1.10. The original proof in
[H2] was made more difficult by the fact that operators like ID,,S4 are in general “ rough operators ”

which need not map constants into BMO. Our proof in the present paper will be an easy consequence

[4 )

of estimates for “ square functions of Calderén type ” which we also establish in section 3. Such
square function estimates in the special case that S f is the single layer potential of f will also be
crucial to our proof of the invertibility of the layer potentials.

3) Theorem 3 in [H2] is stated for Ay weights but implies our Theorem 1.10 (see the remarks
after Theorem 3 in [H2]).

To continue our discussion of layer potentials, for given a > 0 let (P,t) = (po,p,t) € 9 and

let T(P,t) = ['4(P,t) be the parabolic cone :

I(Pt) = {(q0:¢,5) €Q: |[(p—q,t = 5)l| < algo—Alp.t)|} (1.11)

and if & is a function defined on Q define the nontangential maximal function N,h : R"—R by

N.h(P,t) = sup |h|(Q,s). (1.12)
(Q,s)el

14



If (P,t) € 0N, then by @ %i_HQ(P )h(Q, s) we mean the limit as (Q, s)—(P,t) in T'(P,t). With this
,S b

notation we note that the second key ingredient in solving the Dirichlet problem by the method of
layer potentials is to obtain estimates for N,u where u = Df, f € LP (092), as well as show that u
has nontangential limits a.e equal to (—%I + K)f. The third and perhaps most difficult ingredient
to obtain is to show that a certain integral equation on 02 has a solution.

Regarding this method, we have the following theorem (see [LM, ch 3, Thm 5]).

Theorem 1.13 Let A satisfy (0.9) for some B and g € LP(02),1 < p < oo. If B = B(a,p,n)
is small enough there exists f € LP(0SY) such that ||f||, ~ |lgll, and such that Df is the unique

solution to the heat equation in 0 for which (A) and (B) hold

Qm  DFQ.s) = g(P) (4)

for a.e (P,t) € OQ2 with respect to the surface measure defined in (0.12)

INDF) Iy < cp llglly- (B)

f s the solution to the integral equation.
—3[(P.t) + Kf(P,t) = g(P,t)

for almost every (P,t) € 0S.

The layer potential method can also be used to solve the Neumann problem for 2. The following

result is stated but not proved in [LM, ch 3, Thm 6].
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Theorem 1.14 Let A satisfy (0.9) for some 5 and g € LP(02),1 < p < oo. If B = B(a,p,n) is
small enough there exists f € LP(Q) such that || f|l, = ||g|l, and such that Sf + c are all solutions

to the heat equation in Q for which (A) and (B) hold.

AL U (VSf(@Q,s), ne(P,t)) = g(P,t) (A)

for a.e (P,t) € OQ with respect to the surface measure defined in (0.12)
|¥ (B | < cslighs, foro<i<n—1. (B)
g 1s the solution to the integral equation.
sF(Pt)+ K*f(Pt) = g(P,t)

for almost every (P,t) € 0. Modulo constants, this solution is unique among those for which

N.(Vu) € LP(09).

Using Theorem 1.10 and applying the method of layer potentials as in the proof of Theorem 1.13

one can also solve the following boundary value problem for functions in LIL1 /2 (092).

Theorem 1.15 Let A satisfy (0.9) for some 5 and g € Lg{m(am, 1 <p<oo. If 8=7p(a,p,n)

is small enough there exists ¢, 3 and f € LP(0) such that || fll, < cppllgllze

| (09) and such that

Sf+c are all solutions to the heat equation in Q) with nontangential limits at a.e every point of OS2

for which (A) and (B) hold :

Sf=gin Li1/2(aQ)a (A)
n—1 5 o
>IN () 1l < cppllfllze, - (B)
i=0
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Modulo constants, the solution is unique among those for which N,(Vu) € LP(0).
Remarks

1) Theorems 1.13 - 1.15 are, after deleting the smallness assumption on 3, a precise statement
of the boundary value problems for the heat equation discussed in section 0 (see (0.13), (0.14)).

2) In Theorem 1.13, the nontangential maximal function result, can be obtained by estimating
N.(Df) in terms of Kf (see (1.2)) and a certain Hardy Littlewood maximal function of f defined
relative to || - || (see [LM,ch 3, sec 2]). A similar estimate with K* in (1.2) replacing K can be made
for the nontangential maximal functions in Theorems 1.14 and 1.15 (see Lemma 2.14 of section 2
for estimates of the nontangential maximal function of Df ,(Spfo7r™") ).

3) Theorem 1.4 and the fact that ¢, g—0, as f—0, imply that the Neumann series i (2K)' g,

i=0
converges absolutely in LP(02) for small enough 5. Thus in this case it is easy to get a solution
to the integral equation in Theorem 1.13. A similar statement holds for the integral equation in

Theorem 1.14.

In this paper we prove

Theorem 1.16 Theorems 1.13 - 1.15 remain valid for arbitrary 5y < oo, and for sufficiently small

€0 when p =2 and A satisfies (0.2) and (0.21).

Remarks

1) In view of (0.20), we could replace the smallness of || D, A[. by that of || D] ,Al..

2) As in section 0, we note that Theorem 1.16 is much more difficult to prove than Theorems
1.13 - 1.15, because we now must use another method (other than convergence of the Neumann

series) to show that the integral equations in these theorems have a solution.
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3) Theorem 1.16 is equivalent to solving the above boundary value problems for solutions to

4

K2Au—u; = 0, in Q whenever || Al|.omm < 00, as long as the “ conductivity coefficient ” k? is large

enough. This equivalence is easily shown using the mapping t—t/k%.

To show that the smallness assumption on |[D,A|. in Theorem 1.16 cannot be removed, we

shall prove the following theorem.

Theorem 1.17 Given p,1 < p < oo, there exists f = B(p) < 0o and A: R—R (A <0), such that

|1D7 5 Alls < B and the adjoint Green’s function G of the domain
D ={(z,t) : A(t) <z <2,—4 <t <4}
with pole at (1, 1) for the adjoint heat equation, satisfies

1/2
/

Theorem 1.17 will be used to prove the following corollaries.

p

oG (A(t),t) dt = +oo.

or

Corollary 1.18 Given p,1 < p < oo, there exists § = [(p) < oo and A : R"—R" such that

1A

comm < [ and the Radon-Nikodym derivative of parabolic measure at (1,0,...,0,1) in Q (with

respect to the surface measure defined in (0.12)) is not locally in LP(0S).

Corollary 1.19 Given p,1 < p < oo, there exists f = 3(p) < 0o such that the Dirichlet, Neumann,
and related Sobolev boundary value problems cannot be solved in the sense of Theorems 1.15-1.15

for some A with |A

comm S ﬁ
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Remarks:
1) Corollary 1.18 shows that the results of [LM, ch 3] are essentially best possible.
2) Corollary 1.19 with p = 2 implies that the smallness assumption on || D, A||, in Theorem 1.16

cannot be removed.

To outline our strategy for proving Theorem 1.16, suppose f € L*(99) and f = for™! € C°(Q)
with u = Sf. Set u™ = ulg, u= = ulymnq. First we discuss the case when A(x,t) = A(x) and
flzt)=f (x), so that u is a solution to Laplace’s equation in R™ \ 0f2. Verchota (see section 0
for references) observed that in order to show [|glls < [[(3] + K*)g]|> it suffices by the triangle

inequality to show ||(31 — K*)glls < ¢s|(31 + K*)g|l2, and this inequality can be written as

/BQI (up,)?dor < ¢ /89 () do. (1.20)

He obtained the above inequality by using a certain Rellich inequality to show that both of the above
integrals are ~ equal to the L?(9€) norm squared of the tangential derivatives of u. Since u™,u~,
have the same tangential derivatives, he then gets (1.20). Brown generalized (1.20) to Lipschitz

cylinders by showing that

1fll2 = 1S/l

2| ,(09) (1.21)
and

1£1l2 =~ (1G] + K7) £l (1.22)

where all constants depend on . His argument again uses a Rellich inequality, but he also makes
masterful use of the Fourier transform in the ¢ variable.

To prove (1.21), (1.22) in our situation, we use a non Fourier transform version of Brown’s
argument more akin to Shen [Sh]. Unfortunately, though, in our noncylindrical domains, we do not
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get the excellent cancellation which occurs in the cylindrical case. In short in applying the method
of the above authors we arrive at error terms involving square functions. We then show that each
error term can be estimated by c., || f||%, where ¢,—0 as €y — 0. Finally we obtain (1.21) and (1.22)
(see (5.2), (5.3)) for small || D, A||. in section 6. (1.21), (1.22), Theorems 1.9, 1.10, and a continuity
method (see [K, p 150]) imply that the integral equations in Theorems 1.13, 1.14 have a solution.
The rest of the paper is organized as follows. In section 2, we discuss certain Carleson measures

involving A and also the behaviour of layer potentials on the boundary of our graph domains. In

4 Y

section 3, we prove our estimates for “ square functions of Calderon type ” which will be used to
estimate the error terms mentioned above and also to give a new and simpler proof of Theorem 1.10.
In section 4, we give analogous square function estimates in the special case that our “ Calderon -
type ” operators arise as caloric layer potentials. In this section, we also sketch another proof of this
special case, due to Dahlberg, Kenig, Pipher, and Verchota (oral communication). In section 5 we
begin the proof of existence in Theorem 1.16. Using a Rellich type argument we reduce the proof of
existence in this theorem to a “ main lemma ” which we then prove in section 6. In section 7 we use
our apriori estimates, (1.21) and (1.22), to establish uniqueness in our boundary value problems.
In section 8 we prove (0.19) and (0.20). In section 9 we prove Theorem 1.17 and Corollaries 1.18 -
1.19.

Finally we remark that in order to keep this paper at a manageable length we have not included
local versions of our results. In a future paper we plan to discuss local versions of our results and

also obtain analogues of Brown’s work in our situation for the L? Dirichlet problem (2 - € < p < 00)

and the LP Neumann problems (1 <p <2+ ¢).

Acknowledgements We are grateful to J. Pipher and P. Auscher for helpful conversations which
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have led to simiplifications of some of our arguments in sections 3 and 6, and for pointing out to
us that our use of a certain mapping of our domain was not new; indeed such a mapping to the
half-space (see (2.1)) had been previously introduced (with a more complicated construction) by B.
Dahlberg and the explicit construction (2.1) had been found by C. Kenig and E.M. Stein. We thank
C. Kenig for pointing out to us that furthermore our use of the mapping (2.1) is similar to that of

Y

Dahlberg[D2]: to estimate “ paraproducts ” on nonsmooth domains. We remark that another use
of the mapping in (2.1) has recently been found by Dahlberg, Kenig, Pipher, and Verchota, who
use it to prove square function estimates for solutions of constant coefficient elliptic operators and
systems. We thank J. Pipher for showing us this argument, which adapts easily to the parabolic
setting, and which can be used to give an alternative proof of our estimate for the special square
functions of section 4. As mentioned above, we sketch their proof in section 4, along with our own
proof based on the method of section 3. The first author would also like to thank A. Carberry for
a helpful suggestion, and J. Pipher, M. Mitrea, for pointing out that our reduction of the proof
of Theorem 1.16 to the square function estimates in section 3 is similar to an argument of Li,

MeclIntosh, Semmes[LiMS]. Finally the second author would like to thank Russell Brown for several

helpful conversations and suggestions.

2. Carleson Measures and Boundary Behavior of Layer Potentials. We begin by
introducing the Dahlberg - Kenig - Stein change of variable mentioned in the acknowledgements of

section 1. We use the notation in section 0. Let A > 0 and put

ro = A+ P\ Az, 1), (2.1)

where Py denotes the parabolic approximate identity defined in (0.22) and where ~ is a fixed small
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positive number (depending on ||A|comm ) Which is chosen to make our estimates work out. In

particular, we first suppose 7 is so small that if z = (z,¢) € R", then
OP,\A(z
1/2 < 1+ 2226 < 3/2 (2.2)
We can always do this since by (0.10)

[A(z) = A(v)] < ¢f|A

comm ||Z — V||, whenever z,v € R". (2.3)

From (2.2) and /\li_n>10 P\A(z,t) = A(xz,t), we see that the change of variable (2.1) defines a 1-1
mapping of our domain 2 onto the upper half-space R = {(\,z,t) : A > 0, (2,t) € R"}. We

denote by p the “ lifting ” of RTl onto €2 defined by
p(\,z,t) = (A4 PpA(z,t),z,t). (2.4)

Define p(0,z,t) = (A(x,t),z,t) and note that p is continuous on the closure of R* . For a function
g on Rffl, and fixed a > 1, we define analogous to (1.12) the non - tangential maximal function of

g, denoted N,g, by
N.g(z,t) = S;ilg{ 91\ y,8) : (y,8) € Bax(, ) }

where By (z,t) is defined as in (0.6) with » = a\ and z = (x,t). Let I',(x,t) denote the parabolic
cone {(A\,y,s) : A >0, and (y,s) € Bax(z,t) }, and note from geometry, (2.3), and the definition of
[in (1.11) that Ta(p(0,2,t)) C p(Tq(x,t)) for sufficiently small @ depending on @, ||A||comm. Given
a>1,let lim mean the limit as (A, y, s)—(0,z,t) in T'y(z,1).
(Ny,8)—(0,z,t)
Let u be a positive Borel measure on Riﬂ and d = n + 1. Then p is said to be a Carleson

measure with respect to || - || if

p(Br(z) x (0,r)) <c¢, ré
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for some positive ¢, < oo independent of z € R"™ and r > 0. Let w : R"—R be a nonnegative

Lebesgue measurable function and put
W(E) = / wdz, E Borel C R".
E

Given p,1 < p < oo, recall that w is said to be an A, weight on R"™ with respect to || - || (written

w € A,), provided that for some ¢, ,,0 < ¢, , < 00, and all balls B = B,(z) C R", we have

w’p’

(r—1)
(/ wdz) (/ w1 dz) < c,,|BP. (2.5)
B B ’

We note that A, C A, when ¢ > p. We say that w is an A, weight (w € Ay ) if w € A, for some p.
For several other equivalent definitions of A see [ GR, ch 4]. For 1 < p < oo, we let LP = LP (R")

denote the space of Lebesgue measurable functions g with ||g||,.. < oo, where

lolls, = [ lglwd:.

In the sequel, unless otherwise stated, we write ¢, for a constant depending only on p,n, and ¢, ,
(the A, constant). A similar interpretation applies to any constant which has w as a subscript.
Next let Q A be the approximation to the zero operator defined in section 0 satisfying the conditions

in (0.24). If g € parabolic BMO and w € A, we note that the measure v defined by

dv(\,z) = (Qxg)? (2)w(2) A dzd)
is a weighted Carleson measure in the sense that whenever B = B,(z) C R",
V(B x (0,1)) < cup@(B)llgll:- (2:6)

The unweighted version of this inequality (w = 1) is due to Fefferman and Stein. For general w, see
[H2, sec 6, Lem 1]. Next let g, v, be as in (2.6) and w € A, for some p,1 <p < oo. If h: R =R
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is continuous, then

Lo 10 dv < cupligl? | (Vb)Y wds, (27)

+

The unweighted version of this inequality is well known and due to Carleson. For the weighted
verion see [GR, p 470]. To estimate the error terms mentioned in section 1, we shall need the

following lemma.

Lemma 2.8 Let 0,0 be nonnegative integers and ¢ = (¢1,...,¢n_1), a multi-index, with | =
o+ |p|+0. Ifw e Ay and A satisfies (0.9) for some 5 < oo, then the measure v defined at (A, z,t)
by

PaA
dy = <M> w NEF20-3) g0 drd )
0%

is a weighted Carleson measure whenever either o +60 > 1 or |p| > 2, with
(@) v(Bi(2) x (0,7) < apw(B,(2)7* 200 (14 5)%,

where b = || D, A||. when 8 > 1 and b =1, if @ = 0. Moreover if | > 1, then

O'P A
(b) H O\ Oz® OtY

< o yUT19=20) \(=1=0) g (1+8)

o0

while if either o +60 > 1 or |¢| > 2, then

J'P\A

, aro-1) O PnA ) | .
<C) (/\,y,S)gn(O,x,t) <>\ a)\aay¢ BYC 0, fora.e ($,t) cR

Proof: We prove (a) and (b) of Lemma 2.7 only for (+) 6 = 1,0 = |¢| =0, and (++) 0 = 1,|¢| =

0 = 0, since the other cases are similar to these two cases. In case (+) we note from the definition
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of D, D, in (0.3), (0.4), and (0.16) that

D = ZRij where

J=1

D, =2 for1<j<n-—1,
T 0w =J = (2.9)

~

(R;) (&, 7) = 1§/, 7)l[ for 1 <j <mn—1,
(Ra)(E.7) = 7/E 7).
In the above display, i = v/—1 and R;,1 < j < n, are the parabolic version of Riesz transforms.
That is, each R; has average zero on spheres about the origin (with respect to the weight 1 4 62
defined in (0.7)), and if z = (z,t), then R;(\*2) = A~? R;(2). Furthermore, each R;,1 < j < n,

has a Calderén - Zygmund kernel, in the sense that
[Rj(2)] < cflz]~
(2.10)
| Rj(2) — Rj(v) | < cllz —ol[/|[z]|** for ||z — o] < [I2]l/2.
For the above properties of R;,1 < j < n, see [FR1]. Using these properties, it follows from
Calderén - Zygmund theory that R; is a bounded operator on LP(R"),1 < p < oo, with norm < c.
This fact, (2.10), and an easy argument often called Peetre’s Lemma imply that R;,1 < j <n,is a

bounded operator on parabolic BMO with norm < ¢. From this discussion and (2.9) we deduce as

in [FR1] that at z = (z,1)
ol — _i(DP,y) * D, A

= i3 (D;P) # (Ry D, A)

j=

(2.11)

—_

= (W) 713 Qi * (B D, A)
j=1
where each Q;, 1 < j < n, satisfies (0.24). From (2.6), (2.11), we conclude that (a) is valid in
case (+). (b) follows from (0.24), (2.11), and a well known argument of Fefferman and Stein. In

OP

case (++) we observe that Z3* = A~ QS)A), where QE\O) denotes (as in section 0) a kernel satisfying
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in addition to (0.24) the moment condition (0.25). We now apply Lemma 1 of [H2, section 2] which
states that at z = (z, ),

AT QY = Q, (2.12)
where Q, satisfies (0.24). From the above observations and (2.12) we find

o A _10
Dot = (D71 %52 )« (DA)

i n (2.13)
= v7Qn* (3. R;D; A).

J=1

We conclude from (2.13) and (2.6) that (a) is valid in case (++). (b) follows from (2.13) and the
above mentioned argument of Fefferman and Stein. Thus (a), (b), are true in Lemma 2.8.

To prove (¢) we use (a) and (b) . Indeed from (a) with w = 1 and Fubini’s theorem we see that

L dPyA
/\(2l+29—3) d\
I (aAoawate =

for a.e. (z,t). This inequality and (b) with (o, ¢, 8) replaced by (o + 1, ¢,0) imply that the limit
as (A, z,t)—(0,x,t) of the function in (c), vanishes for a.e. (z,t) € R". Existence of this limit, (b)
with (o, ¢,0) replaced by (o,¢,0 + 1), (0, ¢,60) where || = |¢| + 1, Egoroff’s theorem, and a point
of density type argument imply that the nontangential limit in (c) exists a.e for any a > 1. O

We note that Lemma 2.8 (a) does not say anything about the case when ¢ = 1,0 = 0 = 0.
In fact in this case the corresponding measure need not be Carleson, which is unfortunate, since
otherwise many of our arguments could be substantially simplified. To continue our discussion of

layer potentials, we state the following lemma.

Lemma 2.14 Let f € L*(09) and let u = Sf,u’ = Df denote the single and double layer potentials
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of f in Q defined as in (1.1). If A satisfies (0.9) (i.e ||A

(@) N op) o < casllfle,
(i) I Nutg0p) 2 < capllflle for0<i<n—1,
(i) N (HD (w0 p) lla < cas (1477 1DaALL) £l

comm < 3 ) and a > 1 is fized, then

where H denotes the one dimensional Hilbert transform acting in the t variable (x fized) and D?j/2

is defined following (0.17).

Proof From the geometric observation on mappings of parabolic cones we see that (i) and (i7) are

similar to (B) of Theorems 1.13 and 1.14. As pointed out in section 1, the proof of these inequalities

are essentially given in [LM, ch 3, sec 2] where the nontangential maximal functions are estimated

in terms of the maximal operators K f, K*f and a certain Hardy Littlewood maximal function of

f. We omit the details. It remains to prove (iii). To do this given (z,t) € R™ observe for fixed

a>1,K>2 A>0, (1) € By(,t) that

. -
HDY, (w0 p)(\2.1) = 1 sgn (7~ 5)

im — 7 (uo \, 7, s)ds
6_>‘)/{e<s—z?|<1/e} |t—3|3/2 ( P)( )

= lim ...+ lim
€0 J{e<|s—I|<(Ka))?} €0 J{(Ka\)2<|s—E|<1/e}

- gl<)‘7 i‘7 E) + 92(/\7 j? f) .
As a first step in estimating g; we note that if
93(/\75:7 ) = sup |(uop)T (A7j77)|’

{r:| 7=t |<(2Ka))?}

then

‘gl‘()‘ai‘7t) < gd()‘w%ag)/ - ’8_7’:’_1/2 ds < C(ZK)\gg()\,fi,t)-
{ls—t[<(2aKA)?}

Next if |7 — ] < (2Ka))?, then at (), &, 7) we observe that

P, A
(wop)r = urop + (uz, 0 p)(=57=)-
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From (b) of Lemma 2.8 with 6 =1, |¢| = 0 = 0, we see for (A, Z, T), as above that

(a0 )(Z22) A&, 7] < Carep (YA DR Al Ne(uzg © p) (i, 1). (2.18)

In order to avoid confusion in (2.18) we have let N,, be the nontangential maximal function defined
relative to I'., ka(x,t) where ¢; is so large that (A, Z,7) € ¢, kq(2,1).

We note that u, u,,, 0 <7 <mn—1, are solutions to the heat equation in 2. Using this fact and
standard estimates for the heat equation in caloric balls we deduce for given b = (b,...,b,) € R"

and for |7 — #| < (2aK\)?, that at (\, %, 7)

n—1

|ur o p? < € [z, 0 p?
i=0
3x/2 n—1 - -
<epam [ [ S (0 p) = i (A, s)dAdyds (2.19)
By2(@m) JA/2
n—1
< Ca,K,B )\_2 Z [N**(uétz cp— bl)]2 (3:7 t)
i=0

provided ¢ is chosen still larger if necessary so that the above integrals are integrated over subsets

of I'cyka(x,t). We use (2.18) and (2.19) with b = 0 in (2.17) to obtain an estimate for gs(\, Z,1).

Putting this estimate in (2.16), we get

n—1
Nogi(@,t) < capp(L+77 [ DnAlL) D0 Niwl(ua, 0 p)(2,1) (2.20)
=0
and so from (ii),
INgnllz < carcp L+ DAl 112 (2.21)

As for go set

t—
g4(/\71_;7f) = lim o ( S)

E_>0/{(Ka>\)2<|s—t'<1/e} E—sPr (wop)(0,2,5)ds
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and note from Sobolev type estimates that g4(\, Z,t) is well defined for a.e (Z,t) € R". Arguing as
in (2.16) and using |z — &| + |t — t]'/? < ca), we get
‘ 92()\7 577 E) - g4<)‘7 Z, t) ’ < ’ g2(>\7 j? t) - 92<)\, z, t)’ + | 92()\7 5:7 t) - g2(/\7 '%7 t~)|

+ |92(>‘ax7t) - 94()‘7x7t) |

< / | wop(\,Z, 5)—u02p()\ ,Z,8) | ds + / | wop(\,Z, §+t)—u20p (M\E,6+7) | dg
= Jitkan2<is—1y t=s 1/ {(Kan2<[el} &

+/ | uop(A, xlts)sg;;p(Oxs ‘dS (222)
{(KaX)2<|s—t|}
< Cap / Ne((wop)s J@s) g Az/ Ma((400)s) (2:5) 7

s Z KaN?<|s—t]}  [sP/? P Jikanz<psmiyy s

< s K7 (5 Mo 2 )(0n0) + AMP (e P02 )
where M,,, denotes the one dimensional Hardy Littlewood maximal function in the ¢ variable, while
the other variables are held constant and ngz) = M, o M,. The last line in the above inequality
was obtained as in [S1, Thm 1, p 62]. From (2.17)-(2.19) with b = 0 and K = ¢ we deduce for ¢

large enough and £ € R that

n—1

Muop)i N2, t+€) <cap (1 + | DoA|) (Z p))(z,t + f)) (2.23 a)

-0
where N, is defined relative to I'y,. Also as in (2.17) we see for any point in Rfﬁ“ and 0<i<n-—1
that

(10 p)a; = ta, 0 p + (tgy © p)(752%) (2.23 D)

Putting (2.23) into (2.22) and using Lemma 2.8 (b) with |¢| = 1,0 = 0 = o, we get

N.go(z,t) < sup |gs(\, z, t)| + Kt Cap (1 + 7_1||DnA||*) Z M}f)(]v*(u% op))(x,t). (2.24)
A>0 i=0

Let ¢(x,t) = sup|gs(A, x,t)| whenever (z,t) € R". Then from (i7) of Lemma 2.14, (2.24), and the
A>0
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Hardy-Littlewood maximal theorem, we see that
INwg2ll2 < K™ cap (177 DR AL [ fll2 + [[2]]2. (2.25)

From (2.25),(2.21), with K = 2, and (2.15) we see that in order to complete the proof of (ii7)
of Lemma 2.14 it suffices to show that [[¢||a < cq5]/f]l2- To do this we note that u o p(0,x,t) =
Spf(A(x,t),x,t). Moreover from Theorem 1.5, (0.16), (0.17), and the discussion following (0.17),
we find for fixed z € R"™! that
Sbf<A($>t>7$>t> = CIl/Q(Di/QSbeA(xvt)u xvt) = CIl/Qh(‘xat)?
where h € L*(R") and ||h||2 < ¢z || f]|2- Thus
Y(x,t) = esup | Voh(z,t)| = cVih(z,t), (2.26)

e>0

where V, is defined on functions k € L*(R) by

Vok(t) = / sgn (t — s)112k(s)

{ls—t|>¢} |s — t]3/2

ds

and V_h(z,t) = V.h(z,-) evaluated at t. We conclude from (2.26), this discussion, and Fubini’s

theorem that the proof of (¢ii) will be complete once we prove (*) of the following lemma.

Lemma 2.27 If k € L*(R) and V.k = sup |V.k|, then

>0
[Vikll2 < e[kl (*)
and
lim Vok(r) = cHE(t) (%)

for almost every t € R with respect to one dimensional Lebesgue measure.
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Proof: We believe that Lemma 2.27 is well known although we have not been able to find a proof
of (*) in the literature. Therefore we shall sketch the proof of this lemma. We note that V.k = L.k
where L (t) = e ' L(t/¢) and
L(r) =202 [ ) ds

=bsgn T + 2i|7|7V2 [} SE'(% ds (2.28)

=bsgn T + J(1),
where b is a complex constant and ~ denotes the Fourier transform on IR. Next observe that J e
C*(R\ {0}) with

dJ/dr'| < ¢min{|r|V?7 |7|7"} for 1 > 0.

Using this observation and the fact that the Fourier - inverse Fourier transforms turn derivatives
into powers, it is easily seen that J, is a standard Calder6n - Zygmund kernel in the sense that (2.10)
holds with R;,d, || - || replaced by J., 1,]| - |. Thus (J;) is uniformly bounded on L?(R),1 < p < oc.
Now by (2.28), L. is a linear combination of the Hilbert transform (H) and /¢, so the same statement
also applies to V.

To show that V,k € L?(R) requires a deeper analysis based on Cotlar’s inequality(see [T, p 291,
Lem 6.1]). To outline the proof, from (2.28) we see that (L.) tends weakly in L?(R) to aH for some

complex . We claim that if ¢, € R and k € L*(R), then
L.k(to) < cM(HE)(to) + cM?k(to) (+)

where M denotes the Hardy-Littlewood maximal function on intervals, M? = M o M, and H is the

Hilbert transform. To prove (+) one first shows that given € > 0,

|Lok(to) — aHk(ty)| < c|Hky(to)| + cM?k(ty),
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where k = ki + ko and k = ky in {t : |t — to| < 4e} while k; vanishes outside of this set. Next one
proves that

[HEy(to)] < c([HE(to)| + [HE(O)] + [HE1 (8)] + ME(to)),

whenever |t — ty| < €. Integrating the above inequality over a certain subset of {¢ : |t —to| < €} and

using the fact that H is of weak type ( 1, 1), we conclude first that
|HE1(to)| < c|M(HE)(to)| + cME(to)

and thereupon that (+) is true. Taking the supremum over all such ¢ we get our claim. (*) in
Lemma 2.27 follows from (+) and properties of H, M. (**) is a consequence of (x) and the fact that
the limit exists for smooth functions. O

From our earlier remarks we now have proved (éi7) and so Lemma 2.14 is valid . O

We note that (**) was not needed in the proof of Lemma 2.14, but it will be useful in the proof
of the next lemma.

To set the stage for the next lemma recall that n;(P,t) as defined in (0.14) is the outer normal
to 0€ considered as a subset of R™ at (P,t) € 09; which exists almost everywhere with respect
to the measure in (0.14). Let v, = v;(P,t),1 < j < n — 1, be the curve through (P, ) which is
the image under p of the line [; through p~*(P,¢) that is parallel to the j th coordinate axis. We
parametrize 7, so that the positive direction on this curve corresponds to the direction of increasing
xjon l;. Let T;,1 < j < n —1, be the unit tangent vector to v; at (P,t) whose tip points in the
positive direction along ;. Clearly, T} exists for a.e (P, t) € 9 and is orthogonal to n;. Also {T;}77"

is a basis for the tangent space at (P, t). Finally let K, K* be as in (1.2). With this notation we have

Lemma 2.29 Let u, v/, f,a be as in Lemma 2.14. Then for fired a > 0,1 < j <n—1, and almost
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every (z,t) € R™ with respect to o in (0.12) we have
(a) (A:y,s)gl(o,z,t)u O'O( ’y’8> ( 5 + f) oP( y L, ),

(ﬂ) ()\,y,s)lgn(o,a:,t)< Vuo )0()\7 Y, S>’ g © p<07 Z, t) > - (2f + K f) o p(O, X, t)7

<r)/) (A,y,s)lgl((),x,t) <Vu © p()\’ y7 S)’ 1} o p(()’ x’ t) > = [u o p(07 x; t)}xja

©) (Ays)lgn(OIt)HDi/Q (wo p)(Ny,s) = HDJjp(uop)(0,2,1),

where the limits are taken in the non tangential sense.

In Lemma 2.29, (-,-) denotes the usual inner product on R™ and the partial derivatives of the
righthand side in () are meant in the distributional sense. The proof of () and () again follow
from our geometric observation on mappings of parabolic cones and (A) of Theorems 1.13 and 1.14.

To prove (7) one first shows as in [LM, ch3, sec 2] that for fixed a > 0

o )ligl(o : Vuop(Ay,s) exists componentwise and nontangentially for a.e (z,1). (2.30)
Y,8 T, t

Thus the lefthand side of () in Lemma 2.29 makes sense for a.e (z,t). To see this limit equals
the righthand side of () observe that (z,t) —w o p(e, z,t) has distributional derivatives in z; for
1 < j < n—1. Letting e—0, using (2.30) and (77) of Lemma (2.14), as well as dominated convergence
we see that u o p(0,z,t) has distributional derivatives in x which agree with those obtained from
using the chain rule in a naive way. Thus the righthand side of () makes sense a.e. Using these
observations and writing the lefthand side of () in graph coordinates we see that (7) is valid.

It remains to prove (§). To do so we retrace the proof of (iii) of Lemma 2.14. Recall that
HDjjy(uop) = g1+ gz (see (2.15)) and g; was estimated in terms of Ags (see (2.16)). We claim
that

! AT 1) = li Ags(A,z,t) = 0. 2.31
(A’i’g)in(o’m’t) 513 2,9) ()\,i",f)in(o,x,t) 95(A. 1) ( )

33



From (2.16) we see that it suffices to prove this inequality for Ags and with limsup replacing lim .
To estimate Ags note from (c) of Lemma 2.8 with 0 = 1,|¢| = 0 = 0, and (4i) of Lemma (2.14) that

for a.e (z,t)

. i OP,\ A - _
o dim (s, 0 ) (P (0,3, 7) = (2.32)

where the limit is taken in I'. kq(x,t) and ¢; is defined in the sentence after (2.18). Using (2.30)

and arguing as in (2.19) with b = lim  (Vuop)(Avy,s) we deduce for a.e (z,t) that
(Ay,8)—>(0,z,t)
n—1
limsup A |uro0p*(N,2,7) < ¢ limsup A Y |ug 0 p|*(N,E,7)
(\z,7)—>(0,x,t) (\z,7)—>(0,x,t) i=0
3X/2 s - 9
< limsup A" / / |(Vuo p)(A\,y,s) — b|> d\dyds (2.33)
(A\Z,7)—>(0,a,t) By2(#,7) JA/2
= 0.
From (2.32) and (2.33) we find in view of (2.17) that (2.31) holds.
Next as in (2.24) we see that
limsup | go(A, &,8) — ga(N, 2, 8) | < " K1Y MP (N (uy, 0 p)) (2, 1) (2.34)

(’\7‘5&7{)_>(0:m’t) =0

where ¢™ depends only on a, 3,n, and 7. In (2.34) the limsup is taken through points in T',(z, ).

Also from the note above (2.26) and Lemma 2.27 (**) we get
)}i_r>n0 gs(A\,z,t) = HDqjo(uo p)(0,z,1) (2.35)

Hence from (2.35) and (2.34) we have

n—1
limsup [go(A, &,8) — HD} p(uo p)(0,2,1)] <™ K'Y MP(Nu(uy, 0p))(w,t)  (2.36)
Mz, t)—>(0,x,t) i=0

From (2.36) and (2.31) we find that

n—1
limsup | HDyjo(uo p)(\,&,t) — HDyp(uo p)(0.z,) | < ¢t K783 MP(N.(uy, 0 p))(,1)
(\Z2,8)—>(0,2,t) i=0

(2.37)
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where again the limit is relative to I'y(z,t). Since K in (2.37) is arbitrary and the sum in (2.37) is
finite for a.e (z,t), we conclude that () is true. The proof of Lemma 2.29 is now complete. O

Let p_(\,z,t) = p(—=\,z,t) when (\,z,t) € R*™" = {(A\,x,t) : A\ < 0and (z,t) € R"}.
We note that p_ maps R"" onto R"*'\ Q and p_ extends continuouly to the closure of R™**
by putting p— = p on the boundary of this domain. Given a > 0, let I'_(z,t) = I'_ ,(z,t) =
{(\y,8) : A <oand (y,8) € By (x,t) }. Given a function g defined on R"*' let N.g(z,t) denote
the nontangential maximal function of g defined relative to I'_(z,t) and let lim g(\,y,s) be

(Ny,8)—(0,z,t)

the limit in I'_(z, t). For use in section 5 we now state analogues of Lemmas 2.14 and 2.29 for uop_.

Lemma 2.38 Let A,a, f be as in Lemma 2.14 and let u= = Sf, be the single layer potential of f

in R"\ Q. Then (ii) — (i4i) of Lemma 2.14 are valid with u, p replaced by u™, p_.

Lemma 2.39 Let u™, f,a, A, be as in Lemma 2.57 and let n,,T;, 1 < j <n —1, be as in Lemma

2.29. Then (7), (0) remain true with u, p replaced by u~, p_. Moreover, for a.e (z,t)

. _ _ (1 *
()\,y,s)lin(o,x,t)<vu Op—()‘vyas)a TLtOp_<0,£L’,t)> - ( 2f+K f)Op_(O,J,’7t).

The proofs of Lemmas 2.38 and 2.39 are essentially the same as the proofs of Lemmas 2.14 and
2.29, so we omit the details. Comparing Lemmas 2.29 and 2.39 we see that u,u~ have the same
“tangential derivatives ” in the space variable and the same 1/2 derivatives in time at points of 052.
Also the “ outer normal derivatives ” of these functions at a point (P, t) € 909, differ by 2K* f(P,t).

This jump relation is one of the key facts which will allow us to prove Theorem 1.16 in sections 5-7.
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3. Square Functions of “Calderén - type ” and a Simple Proof of Theorem 1.10.

In this section we prove the square function estimates mentioned in section 1 which are in the spirit
of those considered by David, Journé, and Semmes [DJS, sec 11]. However we shall use a different
method of proof. Our method of proof is based on an idea of P. Jones [JnsP], who gave a proof
of the deep result of Coifman, MacIntosh, and Meyer [CMM] concerning the L? boundedness of
the Cauchy integral operator along a Lipschitz curve, by viewing the Lipschitz curve as (locally)
a pertubation of an approximating line and then controlling the resulting error terms by a certain
Carleson measure estimate. In this context see also the work of Fang [Fng|, and the monograph
of Christ [Ch]. We note that an important antecedent of Jones’ ideas is contained in the work
of Dorronsoro [Do]. We shall apply our square function estimates to get an alternative proof of

Theorem 1.10.

To this end let Ky(z,v), (A, 2), (A, v) € R be a family of real valued kernels satisfying

A
K < . 3.1
Hale ol = e G e &y
- o 1 A
) = K0 < exlo = ol min (5 s ) 32)

whenever 2||v — 9|| < ||z — v]|. Let w be an A, weight and f € L2(R") (see (2.5)). Put

n

K f(2) :/ Ky(z,v) f(v)dv, z € R".

Using the A, condition and making estimates in terms of the maximal function of f? with respect
to @ it is easily seen for fixed A > 0 that the integral defining K, f(z) is absolutely convergent for a.e

z = (z,t) € R™ with respect to Lebesgue n measure. We shall need the following “ orthogonality ”
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theorem. This result is perhaps well known, but for completeness we sketch the proof.

Theorem 3.3 Let (K)) satisfy (3.1), (3.2) and let w, f be as above. If Kx1 =0 for each A > 0,

then

dzdA
/R (Kxf)*(2) w(2) ZA < cxw | fI2., -

+

In Theorem 3.3, ck,, denotes a constant depending only on K, d, and the Ay constant in (2.5),
which is the same convention we used in section 2. Theorem 3.3 is stated in [Ch, p 69, Thm 20] for
w =1 ( see also [CJ2] ) under slightly weaker hypotheses.
Proof: Let Q, be an approximation to the zero operator (see (0.23)) which satisfies (0.24) and the
condition that
/Ooo Q» * Q) d:\ = identity

as a convolution operator on L?(R"). Here we are using our notational convention: the two Q)
operators need not be the same.

Thus we can write f = [5° Q§ %, and use the fact that K, Qs kill constants and satisfy

“standard estimates ” to get the bound

- [0 A ~
FQQufI(2) < ca min (3.5) (S, (3.4
where M is the maximal function defined relative to balls in || - ||. Using (3.4), Hardy’s inequality,

Muckenhoupt’s theorem for A, weights (see [GR, ch 4]), and weighted Littlewood-Paley theory we
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find

dzd\ ~ 2 dzdA
2
/ o P 0() 5 < e / o (M@) @)=
(3.5)
~ dzd\
< x| (@O 0(2) 52 < exullFIB.
Ry
This completes the sketch of Theorem 3.3. O
Next let H € C'(R™ \ {0}) satisfy the homogeneity condition
H(6%) =0 H(2) for 2 = (2,t),d=n+1, (3.6)
and assume that F' € C'(R) with
F < L
[F(r)| < CFW
(3.7)
1
|F'(r)] < cp W

whenever r € R . For f,w as above define a square function G of “ Calderén type ” by setting

A(z) — A(v) + A

Iz = ol

Raf(2) = )\/

n

H(z—v)F ( ) (o) dv, (3.8)

616) = ([ 1R P dj)/ . (3.9

We now prove the following theorem.

Theorem 3.10 Suppose that for H, F' as above we have either F' is odd and H(x,t) is odd in x for
each fized t; or else that F' is even, H(x,t) is even in x for each fized t, and also that [, F(r)dr = 0.

If [|Allcomm < B < 00, and w, f are as above, then there exists a positive integer N depending only

on d such that

1Gfllow < crpw (L4 B)Y | fll2w-
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Proof: As in section 0 let P € C§°(B1(0)) be an even function with [,. P\(z)dz = 1 and let Py f

be the convolution operator defined in (0.22). Put

(Vo P\A(z),2 —v") + A
Iz = wli

Qif) = A |

RrR™

H(z—v)F ( ) (o) dv,

where 2/ = z,v" =y if z = (z,t) and v = (y, s). Then
= dx\"? = d\
o1 < ([T1m - )+ ([T erers)

= G1f(2) + Gaf(2).

We set V), = R\ — Q3% and observe from (3.6), (3.7) and a ball park estimate that the kernel V)(z,v)

1/2

(3.11)

of V) satisfies

A
vz oy 4G

Va(z,0)| < c(1 + p)4+2 — A(v) = (V. P\A(2), 2/ =) | (3.12)

where ¢ depends on F, H, d. Using (3.12) and (0.10) we deduce that V) satisfies (3.1) with K replaced
by V and cg replaced by c(1 + 3)4™3. Also by the same argument we see that the kernel of Q%
satisfies (3.1) with @* = K and the same constants as V. Moreover, since H € C*(R"\ {0}) we find
in addition from (3.6), (3.7), (0.10), that the kernels of V), Q% satisfy (3.2) with the same constants
as in (3.1).

First we consider G in (3.11). This term will be handled in the spirit of [JnsP|. From the
above discussion we see that if K = V) — (V1) Py, then we may apply Theorem 3.10 to K, f since

K,1 =0 for each A > 0. Thus to show

IG1fll2w < crmrw (14 B)" 1 fllzw (3.13)

we need only prove

oo dzd\
L[ Pgrpe S < e (14 9 1]
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To prove this inequality we note from simple estimates involving the maximal function and Muck-

enhoupt’s theorem it follows that

INC(PAf) 200 < coll fll2,

where N, (Py\f)(z) is the nontangential maximal function of Py f(z) defined relative to I';(z) as in
section 2. From this note and (2.7) we deduce that in order to prove the above inequality it suffices
to show that

dv(\, z) = [V\1(2)]? w(z) dzd\/\ (3.14)
is a weighted Carleson measure with norm comparable to the constants in Theorem 3.10. For this
purpose let zp € R",r > 0, and let x, x* denote the characteristic functions of Bio.(20), R" \

Bior(20), respectively. Using (3.1) for V), we deduce first that

B o G000 S5 < 009708 )

and thereupon that it suffices to prove that v in (3.14) is a Carleson measure with 1 replaced by
x. Next we put A(z) = ¥(||z — 20||) (A(z) — A(20)), z € R", where ¢ € C3°(—20r,20r) is an even
function with ¢» = 1 on [—15r,15r]. Then V) x(z) is unchanged for z € Bjg,(2), 0 < A < r, if we

replace A in its definition by A. Moreover from [H2, sec 6, Lem 2] we have

(@) N Allcomn < c]lA

comm

(3.15)
(i)  Forl<p<oo, ||DA|} < ¢, p7re

Using (3.12), Schwarz’s inequality, and the change of variable A—\/2! we obtain, for N large enough

that

e [ e e

Pl AR i i N dzd\ (3.
fcg 2 l/O AR VBW)'A(Z)_A(”)‘ (VaPynA(2), 2 = o) o] () (3.16)

é Cw ﬂ2 W(BT(ZO>)7
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where the last inequality follows from (3.15) and an argument involving Plancherel’s Theorem in
the case w =1 ( see [H2, sec 5] for more details) or else the argument of [H2, sec 6, Lem 3] in the
weighted case. Thus (3.13) is true.

To prove (3.13) with G; replaced by Gy we note from (3.1), (3.2) for Q% and Theorem 3.3 that
it is enough to show that @31 = 0. To do this we introduce parabolic polar coordinates as in (0.7)
to get

Q1) = [ ([T FU@o) + Mo ol ) Hio) Do) do,

where @ = V_/ P\A(z), ®(0) = (1 +02), and 0 = (¢/,0,) € S = the unit sphere in R". We change

variables in the above integral by p—Ap, then r = 1/p, then r —r — (@, ¢’), to obtain

Q:l1(z) = /S </<°O F(r) dr) H(o)D(0)do = 0
since our hypotheses in Theorem 3.10 guarantee that this last expression is zero. Indeed |, <°§?U,> F(r)dr
is a function of ¢’ having opposite parity to H(o)®(o), for each fixed non-zero a@. The case @ = 0
is much simpler : if H is odd in ¢’, then clearly [¢ H(0)®(c)do = 0, and if F' is even with
2o, F(r)dr = 0, then [5° F(r)dr = 0. Thus (3.13) also holds for G. From (3.13) for Gy, Gy we
find in view of (3.11) that Theorem 3.10 is true. O
Theorem 3.10 is easily generalized. Indeed, let H, F, be as in (3.6), (3.7), and let B : R"—R

with ||B

comm < o < 00. Let A be as in Theorem 3.10 and put

Raf(z) = A H(z—wv)

w Iz =]l

B(z) — B(v) 7 (A(z) — A(v) + A
Iz =

) f(v) dv, (3.17)

61t = ([ 1) d;)/ (3.18)

We then have
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Theorem 3.19 Let H, F, A, B be as above and suppose that either F' is odd and H(x,t) is even
in x for each fized t; or else that F is even, H(x,t) is odd in x for each fixed t, and also that
Jz F(r)dr =0. If f,w are as in Theorem 3.10, then there exists a positive integer N depending only

on d such that

G fllow < crmwBo (14 B)Y (1 fll2w-

Proof: We shall be brief, since the ideas are now familiar. Put

Unf(z) = A /R H(z —v) (Vo PAB(z), 2" —v') F (A(z) — A(v) + A

Iz = vll

) F(v) dv.

Iz = wli

Then as in (3.11)

Gf () < (/OOO|(R>\—UA)f(z)|2d/\)\>1/2 + (/Ooo |UAf(z)|2d;>

= G1f(2) + G2f(2).

1/2

(3.20)

If V\ = Ry — U,, then as in (3.12) we deduce

Y 1
Iz = ol " Az — o]

Va(z,0)| < ¢(1+ B)4? min ( ) |B(z) — B(v) — (V. P\B(2), 2/ — )]

where ¢ depends on F, H, d. Using this inequality in place of (3.12) we can now repeat the argument
following (3.12) through (3.16) to get that (3.13) holds with Gy replaced by Gy and constants as
in Theorem 3.19. As for Gy we note from (0.10) that the kernel of Uy can be written as a sum of
L* functions (the components of V.. P\B(z)) times operators whose kernels satisfy the hypotheses
of Theorem 3.10. Thus (3.13) holds with Gy replaced by G and constants as in Theorem 3.19. In
view of (3.20) we conclude that Theorem 3.19 is valid. O

In our applications the square functions defined in (3.8)-(3.9) and (3.17)-(3.18) model the second

derivatives of the single layer potential lifted by p in (2.4) to Ri“ . We shall also need a model for
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higher order derivatives. We refrain from proving the most general result of this type as it would

lead us too far astray from the purposes of this paper. Suppose L € C'(R"\ {0}) with
L(6%2) = 6 972L(2),z € R, (3.21)

and let F € C'(R) with
]E(r)| < CEW
(3.22)

1
B0 < 6
whenever r € R. Suppose that either E is even with [, E(r)dr = 0 and L(x,t) is odd in x for each
fixed t; or else that F is odd, with [, rE(r)dr = 0, and L(z,t) is even in « for each fixed ¢. Next
assume that L € C'(R™ \ {0}) satisfies (3.21) and E € C*(IR) satisfies (3.22). Suppose that either

E is even with [, E(r)dr = 0 while L(x,t) is even in x for each fixed t; or else that E is odd with

[, rE(r)dr =0, while L(z,t) is odd in z for each fixed ¢. We set
L(z—v)E (A(Z> —A©) + A) f(v) dv,

Inf(z) = )\2/m

- Iz = vll
(3.23)
T,\f(z) = )2 /Rn E(Z _ U) B<HZ; : UBH(U) E <A(Z)H; f(l;UH) + )\) f(v)dv,
where A, B are as in Theorem 3.19 and
- 1/2
R VYOI
(3.24)

w06 = (71T S

With this notation we have

Theorem 3.25 Let E. L, E. L, g, 4, A, B, be as above. Then there exists a positive integer N = N(d)

such that if f,w are as in Theorem 3.10, we have

lg(N 2w + B3 3Nz < (X + BV ([ ll2-
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where ¢ depends on w, E, L, E, L, and d.

Proof: We prove Theorem 3.25 only for g since the bound for g can be deduced from the one for ¢
in the same way that Theorem 3.10 implied Theorem 3.19. We shall be very brief since the reader
should now be well versed in our method of proof. Using (3.21), (3.22) in place of (3.6), (3.7) and
arguing exactly as in the proof of Theorem 3.10, we reduce matters to demonstrating that ¢ 1 = 0,

for each A > 0, where

o (2,0) =N L(z—v)E <<Vz/P,\A(Z), 2 =)+ )\>

Iz =]

To do this we again pass to parabolic polar coordinates and write

i) = [ [7 By + 30 % ) Lo)b(o)io

S
where @ = V, P\A(z), as previously. Again we change variables by p—MAp, then r = 1/p, then

r—r — (d,o’). We obtain

pl(z) = /S (/(oo rE(r)dr) L(o)®(0)do

a,o’)

_/s </<;/> E(T)dr) (@,0") L(o)®(c)do = 0,

as follows from our parity assumptions on F, L. This concludes the proof of Theorem 3.25. O

Alternative Proof of Theorem 1.10 : Next we shall use Theorems 3.10, 3.19, 3.25, and Theorem
1.9 to give an alternate proof of Theorem 1.10 (i.e essentially Theorem 3 of [H2]). As mentioned in
section 1, our reduction of the proof of Theorem 1.10 to square function estimates which we have

proved in the previous theorems, will be in the spirit of some recent work of Li, MacIntosh, and
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Semmes [LiMS, sec 4]. In this vein see also Mitrea [Mi]. To begin, we consider first the operator

S = S5, of Theorem 1.10. For specificity, we consider

A(z) = A(v)

Iz = wll

576 = [ I = o) cos ) rwae,

where
(a) J(z,t) is even in z, for each fixed t,

(b)  J(A%2) =\ J(2), 2 € R, (3.26)

() JeCV(R™\{0}), for some large N.
Then from (0.15) we need to show for some large N that

DS £y < c1p (1+B8)" [ f1l,- (3.27)
n—1

whenever f € LP(R"), and 1 < p < oo. To prove (3.27) recall from (2.9) that ID = > R;ID; where
j=1

R; are parabolic Riesz transforms which are bounded on LP(R"),1 < p < oo, and D; = % for
1 <j<n-—1 Since V,A € L*(R") it follows from a truncation type argument and Theorem
1.9 that we can differentiate inside the integral defining Sf to deduce that ID;S, 1 <j <n —1,is

a bounded function times a Calderén-Zygmund operator falling under the scope of Theorem 1.9.

%)

5 Where

Thus to prove (3.27) it suffices to prove this inequality with ID replaced by D, = iID~!

D,, is defined as in (0.3). In fact if w is an Ay weight and f € L2(R"), we shall show that

IDaSfllze < €0 (1+B)Y 1 f 200 (3.28)

Once (3.28) is proved, it then follows from extrapolation (see [GR, ch 4, thm 5.19]) that (3.27) is
true.

To make our arguments rigorous, observe that since |A(z)—A(v)| < ¢||A|

comm |Z_U|| (See (010))7
we can replace the cosine in the definition of Sf by A where A(r) = ¢(r)cos(r) and ¢ € C§°(R)

is an even function with ¢ =1 on [—cf3, ¢f]. Clearly we can also choose ¢ so that [* A(r)dr = 0.
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We make the a priori assumption that f € C§°(R"), A € C*°(R"), and that J has been smoothly
truncated so that it is supported on a parabolic annulus. These assumptions allow us to easily
justify repeated differentiations and integrations by parts in the argument which follows. In the
rest of the proof we shall systematically suppress the truncation, so as not to tire the reader with
routine details. This means that we shall be ignoring certain error terms which arise as a result
of the truncation, but these are not difficult to handle. Of course, our estimates will not have any
quantitative dependence upon our a priori assumptions.

Under these assumptions we first use a construction of Kenig-Stein to write Sf(z) = )}iglOS Z(2),

where

Syf(z) = /R J(z—v) A <P’Y*A(Z> A A(“)> f(v)dv, = € R",

Iz =
and P,y is as in (0.22), while 7 > [¢(1 4+ §)]7" is the largest number < 1 such that (2.2) is true.

Next let g € C5°(R") with [|g||2,1/» = 1 and observe that

)

| D,Sfl20w = sup’/mn D,Sf gdz

where the supremum is taken over all such g. Moreover,

—| D,Sfgdz = /°°/ 2(ID,S\f Prg) dzd\
R" 0 B"
— /OOO/M D, ZS\f Pg dZd)\+/()OO/HE7LDnSAf B Prg dzd\ (3.29)
=1+ 1II

We recall from (2.12) and the observation directly above (2.12) that aa% = DQ, where Q is an

approximation to the zero operator which satisfies (0.24). Thus since D,, = UD_I%, we have

17 = ‘/0 || &5t Qagdzax,
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We note from ||g||2,1/. = 1, and weighted Littlewood-Paley theory that
o0 ~ dA
|7 [ @92 ()@ <
0 Jr" A
Using this note and Schwarz’s inequality we deduce
1172 < e, / / 2.8, |2 w Adzd. (3.30)
0 Jr"

Now let

xo — A(v)
Iz = vl

w(wo, 2) = /}Rn J(z—v)A( )f(v)dv

and let p(\, z) = (A + P,\A(2), 2) be as defined in (2.4). Since w o p(A,z) = S\f(z), we have for

z = (x,1) f
28.(2) = &(wo PN 1)
(3.31)
= w; 0 p(\, 3, ) + wy, 0 p(\, 3, 1) 2P\ A(, 1).
To handle the contribution of w; o p to the integral in (3.30) we use the change of variable
A=A+ PuA(z) — A(2), (3.32)

which defines a mapping (\, 2)—(}, 2) of R™! with Jacobian
1+ 2 P)A(2) = n() 2).

Since | X PhA(2)] < L (see (2.2)) and Ali_r>nOP7)\A = A, we deduce first that 1/2 < n < 3/2 and
thereupon that the above mapping is 1-1 and onto R’fr“. Differentiating under the integral defining

w with respect to ¢ and then changing variables as in (3.32) we find at z that
j\wt op = Rmf + R;\Qf,

where R, ; is defined as in (3.8) with H;, F; replacing H, F' for ¢ = 1,2. Here at z, H, = %‘t], H, =

—J%/HZH, and at r, F1 = A, Fy, = rA’. Let G' be the square functions defined relative to Ry ; as
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in (3.9) for i = 1,2. Then from the above equality and Theorem 3.10, we get

o0 2 .
L] wiepwrdzar < e 30 16 B, < cnnll+B)™ I (3.33)
=1

which is the desired estimate for the contribution of w; o p to the integral in (3.30).

To handle the contribution of the second term in (3.31) to this integral, we shall briefly discuss
Theorem 1.9 and some of its consequences. To begin this discussion, we note that Theorem 1.9
extends to Ay weights with T4, T4 p replaced by the corresponding maximal operators, Ty, TA, B .

To be more specific, T}, TA, p are defined by
TAf = sup ’TA,6f|7 TA,Bf = sup |TA,B,ef’7
e>0 e>0

where T4 . denotes the operator whose kernel is

Ta(z,0) if |z =[] = ¢,
0if ||z —v| <e

Tac(z,0) = {

and T4 g is defined similarly. If w is as above, ||A|comm < B, || Bllcomm < Bo, and f € Lo, (R"), then

Theorem 1.9 extends to

ITafllzw + B 1Tapfllzew < crw @+ B8)Y [1fll2w. (3.34)

By [H2], (3.34) holds with T, in place of T, with a bound uniform in e. To get T in (3.34) one first

shows that
€li_r%rlo Tacf(z), and Eli_% Tapef(2),

exist weakly in L*(R"™). Second, from (3.34) for T4, Ta p, existence of the above limits, the fact
that the kernels of these operators satisfy “ standard estimates,” and an argument of Cotlar (see

[T, p 291, Lem 6.1] or [DK]), one obtains (3.34).
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Next for w as above we note that (3.34) implies

1N (wzy 0 p)ll2w < €0 (1+B)Y 1 f |20

In fact using (3.26) it is easily shown that

No(wz 0 p)(2) < o0 (Mf +Taf)(2)

(3.35)

(3.36)

where T4 is defined relative to the sine and H(z) = —J(2)/||z||. Squaring both sides of (3.36),

integrating with respect to w, and using (3.34), as well as Muckenhoupt’s Theorem, we obtain

(3.35). This ends our discussion of Theorem 1.9.

From (3.35), (2.7), and Lemma 2.8 with § = 1,0 = |¢| = 0, we deduce that

L] G0 0 (G PaA? w Az < el (L4 BN 113,

Combining (3.37), (3.33), we find in view of (3.30), (3.31) that

11| < csuB 1+ B)Y [ fllze
We now turn to [ in (3.29). We integrate by parts in the integral defining I to get
I = /0 /}Rnll)naa—;&f Pyg Adzd)

+ [T ] DuzSiS GPag Az
0 R™

=1 + L.

Arguing as in the proof of (3.30) we find
[o'e) - 2
|L|? = ’/0 / 9 855 Qag Adzd
R’V‘L

< a [ 15 Saf P wA® ded

49

(3.37)

(3.38)

(3.39)

(3.40)



Again
ataASAf Bta)\w °p= Q([wmo opl[1+ a%PwAA])

= (gt 0 ) (1 ZPAA) + (Wagay © )G PA) 1+ Z P2 A) (3.41)

+ (wxo © p)(ata,\P’MA) A+ Ay + Az,
Since | & PjyA| < 1/2, we have Ay < 2|wy,; o p|. Observe from the change of variable (3.32) that

N wy,0p = Ts.f + Tsof

where T); is defined as in (3.23) relative to L;, E; for i = 1,2. Here at z,L; = 2.J/|z|, L, =
8HZ”/H |, and at r, By = A, By = rA”. Let ¢',1 = 1,2, be the square functions defined in

(3.24). Then from the above equality and Theorem 3.25 we have

/ / A2w N3dzd) < ¢ / / (Wayt © p)? w A3dzd
0 R" 0 R"
) (3.42)
<Y g fl, < crw(l+ 8N £,

=1

As for Ay, observe from (b) of Lemma 2.8 with 6 = 1,0 = 0 = |¢| that |2 P,y A| < ¢(148)*A7! and
50 [Ag| < e(148)2 A Hwgymeop]. Using (3.32) and Theorem 3.10 in the same way that we treated w;op
earlier, it follows that (3.33) is true with w; replaced by w,,.,. Hence the last inequality in (3.42)
is valid with A; replaced by As. Finally from the usual nontangential maximum-Carleson measure
argument we get (3.42) for Az. That is, using (2.7), (3.35), and Lemma 2.8 with § =0 =1, |¢| =0
we find that the last line in (3.42) continues to hold when A; is replaced by Az. We conclude from
(3.42) for A;,1 <4 <3, and (3.41), (3.40), that (3.38) is true with II replaced by Is.

It remains to estimate I;. to do this we note that Q,\ = \AD, P\, where Q satisfies (0.24), as can

be seen for example from taking Fourier transforms and using standard multiplier theorems. Thus
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arguing as in the proof of (3.30), we obtain

1 =|[7 [ Zesir Qagdzan

(3.43)
o . 1/2
<e, </ / |80A23Af|2w/\dzd/\>
0 R™

But
2SS = (Wagey 0 ) (1 + FPpA + (s 0 p) (2 PpA).

The contribution of the first term on the righthand side of this equality to (3.43) was handled
in the estimate of Ay. The contribution of the second term to (3.43) can be estimated using a
nontangential maximum-Carleson measure argument, as we see from (2.7), (3.35), and Lemma 2.8
with 0 = 2,0 = |¢| = 0. Thus we can make the desired estimates for |I;|. From this discussion and
our earlier estimate for |I;| we conclude that (3.38) is also true with II replaced by I. In view of
(3.29), the proof of (3.28) is now complete. As mentioned earlier, (3.28) implies Theorem 1.10 for
S =Sa.

We now turn to the second class of operators, Us p = U, considered in Theorem 1.10 (see (1.8)).

For specificity we consider

B(z) — B(v) . [A(z) — A(v)
Uf(z) = / J(z —v) sin f(v)dv,
" [l [l
where [|Allcomm < B, |5]lcomm < Bo, and J satisfies (3.26). We make the same deductions as in the

previous case : again to prove (3.27) for U it suffices to prove (3.28) with S replaced by U. Moreover
we may replace the sine in the definition of U by a certain odd function ¥ € C§°(R). Finally, we
may assume that J is supported in a parabolic annulus, and A, B € C§°(R"). We employ the same

strategy we used for estimating ||D,,S f||. We set

Urf(2) E/ J(z —v)

" Iz = wli

P\B(z) — B(v) " <P7AA(2') + A —A(v)

Iz = wll

) Fw)v,
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and we write for g € C§°(R"™) with ||g||2, = 1, that

HDRU fl2 = sup

/Oo/ DU gdzdA|,
0 R™

where the supremum is taken over all such g. Now as previously,

_/ D,Uf gdz :/Oo/ 9(D,Usf Prg) dzd)
R™ 0 R™

:Af/l%gmwaww+zf/l)mf 2-Prg dzd\ (3.44)
-
=1+ I

Since 95> = = DQ, and D,, = iD~ 12 we have

111 =|[7 [ 40:f Qrgdzan

() 1/2
< e (/ / |§tUAf\2w/\dzd/\> .
0 Jerm™

(3.45)

Setting

w(zoo, To, 2) = /R J(z —v) oo — B(U)\IJ <xo — A(v)

fv)dv
Iz = wli IV—UH>
and letting (A, 2) = (P\B(z), A + P, A(2), z) we see that w o (X, z) = Uy f(2). Hence, at (A, 2) =

(A, z,t)
SUA = G (wop)
(3.46)

= Wt O b+ (w:po © :u) 8tP'Y>\A + (wl"oo © ,u) 6PAB'

To handle the third term on the righthand side of (3.46), We note that (3.35) remains valid with w,,

replaced by w,,,, thanks to (3.34). From this note, (2.7), and Lemma 2.8 with § = 1,0 = |¢| = 0, we
see that the usual nontangential maximum-Carleson measure argument can be applied to get that
(3.37) is true with w,, replaced by w,,,. We treat the second term on the righthand side of (3.46)

in a similar fashion. Indeed changing variables in the integral defining w,, according to (3.32), we
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find that

Wy © u(/\v Z) = (PAB(Z) - B(Z))/ J(Z — U) \I// <A<Z> _ A(U) - A

w2 =of?

) F(v)dv

Iz =]

+ [ I oy BB = BO) (A(Z> — A(v) + )

[l

) f(v)dv

Iz = ]|

= Eif (A z) + BEof (X, 2).

Using (3.34) and |Py\B — B| < ¢fpA (see (0.10), it is easily shown as in the proof of (3.35) that
E;f,i = 1,2, are nontangentially bounded by L2 (R") functions with norms < c,, Bo(1 + 8)V || f||2.
From this fact, (2.7), and Lemma 2.8, we get (3.37) in this case. To handle the first term on the

right hand side of (3.46) we shall need another lemma.

Lemma 3.47 If |B

comm < Po, and w is an Ay weight, then the measure

dv(\, z) = |B(z) — P,\B(z)|2w(z)dzi§

1s a weighted Carleson measure on RTI with
v(B,(20) x (0,7)) < cu i w(Br(20))

whenever r > 0 and z € R".

Proof: To give a rigorous proof we integrate in A over (¢, r) and let e—0. Integrating by parts with

respect to A we obtain

d\

v(B,(20) X (¢,7)) < | boundary terms | 4+ /T/ ( )(B — P,\B)%PAdezp :
€ (20

The boundary terms are easy to handle since as noted above, |PA\B — B| < ¢fp\. To estimate the

7

integral on the righthand side of the above equality we use “ Cauchy ’s inequality with ¢ s 7 and
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then hide the small term on the left, to conclude that it suffices to show

d\
Lo ) TEPBEET < e uBi (),

in order to prove Lemma 3.47. The above inequality is a consequence of Lemma 2.8 for B with
o =1,0 = |¢| = 0. This completes the proof of Lemma 3.47. O
We now use Lemma 3.47 to estimate the first term on the right hand side of (3.46). Changing

variables in the integral defining w; according to (3.32), we find that

Sy o izﬁzX BB - BE)Y. 6,4, (3.48)

i=1
where Ry;, i = 1,2, is defined relative to H;, F; as in (3.17) and at z, H, = 1212 (J/|2]]), Ho =

—JZ1z||/|Iz|l, while at r, Fy = ¥, F; = r¥’. Moreover,

Hz=v) , <A<z> — Aw) + A) "

Iz = wli

Oix(2) = N2 /

|z =]

Let G%,i = 1,2, be the square functions corresponding to RM Then from Theorem 3.19 we deduce

2
> G2 < o Bo(1+ B)Y [1f 120
i=1

Moreover as in the proof of (3.35) we see that ©;,7 = 1,2 are nontangentially bounded by L?(R")
integrable functions. Using this fact, Lemma 3.47, and the above inequality in (3.48) we find that
(3.33) is still true. Putting these estimates in (3.45) we conclude (3.38) for U f.

Next we consider 1. We shall be brief since the ideas should now be familiar. Arguing as we did

for S, we get upon integration by parts

I = /Oo/ D, Z5Usf Pyg Adzd)
0 Jerm
[T DagU P Az (3.49)
0

:Il + IQ.
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As in (3.40) it follows that

L2 < e /Rn|af—;UAf|2w/\3 dzd\ (3.50)

Again since Uy(A, z) = w o u(), z) we can compute %UAf in terms of derivatives of w o u. We
obtain an equality similar to (3.41) with pu, U, replacing p, S, but with three additional terms
involving partial derivatives of w in which one of the subscripts is xgg. All terms can be handled by
using either Theorem 3.19, Theorem 3.25, or the usual nontangential maximum-Carleson measure
argument involving Lemmas 2.8 and 3.47. We omit the details.

Similarly we can write
h==["[ #U.f Qugdzax
'

and this term may be handled like its analogue involving S), again with straightforward modifica-
tions. We omit the details. Thus we have obtained the desired estimates for I, ], in this situation.
From (3.44) we conclude that (3.28) holds with S replaced by U. The alternative proof of Theorem

1.10 is complete. O

4. Square Function Estimates for Derivatives of the Single Layer Potential.

In this section we give analogues of the square function estimates of Theorem 3.10 and Theorem
3.25 when our square functions arise by taking derivatives of a single layer potential. These esti-
mates will be very useful in the proof of Theorem 1.16. To this end, recall that ||A|.omm < 5 < 00
(see (0.9)), and Q is the graph domain defined relative to A as in (0.1). Throughout this section
we suppose that v < 1 satisfies (2.2), and ||D, A, < ey < 4% Also, recall for f € L?(2), that

uop=S8fopis the single layer potential of f in Q (see (1.1)), lifted by p in (2.4) to R™. With

this notation we prove
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Theorem 4.1 Let u, p, A, v, €o, f be as above. Then for z = (x,t) € R",

/ / | Ugia; © p(A, 2) Pdz AdX < g fI|3 for 0 <i,j <n—1,

(i7) / / | a0 p(N, 2) [Pdz NPdN < egl|f[[5 for 0 <j <n—1,

it) [ 1Dl (e, 0 p)(0,2) Bz < 513 for0 <j <n— 1
0 [T [ 1Dla(wo p)0 ) Pz XA < e I3 for0 <5 <m—1.

We note that (i) is the key estimate in Theorem 4.1. In fact (i) implies (i7) — (iv), as we shall see in
the proof of Theorem 4.1. We know three different proofs of (). In addition to the following proof

which is nearly identical to the arguments in section 3, we shall indicate in a remark at the end of

44 7

this section, a “ pde ” inspired proof which as mentioned in section 1, was adapted from a proof

of Dahlberg, Kenig, Pipher, and Verchota for the Laplacian. The third proof uses the absolute

continuity results for caloric measure of [LM, ch 3] and the square function estimates of [Br3]. Of

« 7

the three proofs, only the present one is of a “ real variable ” character, relying essentially upon
the geometry of the domain and not on pde or absolute continuity results.
To prove (i) we shall need to slightly alter Theorem 3.10. To this end let F' € C'(R) be as in

(3.7) and let H € C*(R™\ {0}) satisfy (3.6) as well as

C|Zn|3/2

H < i
HE = e

Recall our various notations for points in R" : z = (z,t) = (2/, 2,) and put

Az) = ’igf o A) F(v) do. (4.2)

Ryf(z) = A /nH(z—v)F<

|20 —
Finally define G f relative to Ry f as in (3.9). Then we have the following analogue of Theorem 3.10.
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Theorem 4.3 Suppose that for H, F' as above we have either (a) F is odd and H is odd in 2’ for each

fized z, or (b) F is even, H is even in 2" for each fized z,, while one of the integrals : [, F(r)dr,

[s H(0)|on|V2(1 + 02)do, vanishes. If || A

comm < B < 00, and f is as above, then there exists a

positive integer N depending only on d such that

IGfllz < cru(+B)Y (/]2

Proof: In Theorem 4.3, S denotes the unit sphere in R™ which is the notation used in section 3.
We define Q3 f(2) as in the display above (3.11) only now we replace ||z —v|| in the argument of F' by
|2, — v |Y/2. Tt is easily checked that (3.12)-(3.16) remain true under this alteration. Thus the proof
of Theorem 4.3 reduces, as in the proof of Theorem 3.10, to showing that ()31 = 0. Introducing

parabolic polar coordinates as in the proof of this theorem, we deduce that

9=1/ (/0“ F(W) ig) H(o)(1 + 02) do.

As in the discussion after (3.16) we use the change of variables p—Ap, then r = 1/p, then r—r —

(@,0"), and finally, r—|0,|'/2 7, to rewrite the above display as

Q:1(z) = /S (/<°°> Fr) dr) H(o)|ow|2 (1 + 02)do.

‘O'n|1/2
If F'is odd, then the function inside the big parentheses is even as a function of ¢’ for fixed o,,. Since
H is odd in ¢’ for fixed o, we see that the righthand side of the above equality is identically zero in

this case. Otherwise, let b = [, F'(r) dr and note that if ¥(s) = [° F(r)dr, then ¥(s) + ¢ (—s) =

as we see from the evenness of F. Using this fact and evenness of H we deduce that

2031( —b/ o)lon|(1 4 07)do = 0,
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thanks to our hypotheses. O

Proof of Theorem 4.1. We now use Theorem 4.3 to prove (i) of Theorem 4.1. Let p(\,z) =
(A + A(z), 2) for z = (z,t) and observe from the change of variable (3.32) as well as the discussion

following this display, that it suffices to prove (i) with p replaced by p. For the reader’s convenience

we recall from (1.1) that if (X,t) = (zg,z,t) € R""" and

_ —n/2 _|‘XV|2
W(X,t) = (4rt) exp n X(0,00) (1)

is the usual Gaussian, then

SFX 1) = /_too /m WX = Q.t— s) £(Q, ) doa(Q) ds.

Next for 0 <i,5 <n — 1, we compute

Ty —[X] S
le‘xj (X7 t) =cC t2+n/2 exp{ 4t X(0,00)? [ # .]7

(4.4)

2 2

Wi, (X, 1) = Cl 2t1_+i/2 * 4tf+jn/2] xp { _Et(‘ } X(000)
Suppose first that i = 0 and 1 < 7 < n — 1 in (¢) (with p replacing p). We write do in graph
coordinates and replace (X,t) by p(\, z) = (A + A(z),2) in (4.4). Using the resulting equality we
get

A Ugga; © PN, 2) = Ry, f(2),

where f(z) = \/1 + VLA (fop)(0,2), 2 € R", and Ry, f is defined as in (4.2) relative to H;, F

for 1 < j <n— 1. Here F(r) = re ""/* while

% —|2'?
Hj(z) = Cz(n+3)/2 exp Az, X(0,00) (2n)-
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Since H is odd in 2’ for each fixed z, and F is odd, we may apply Theorem 4.3 to deduce (i) of
Theorem 4.1 when 1 =0,1 <7 <n—1.

Next if i # j, 1 <i,5 <n—1, then g, 0 p(\,2) = RY f(2), where Ry f(2) is defined as in

2

(4.2) relative to H; ;, F’*. In this case F*(r) = e™"/* and

2i2j —|2'J?
Hij(z) = o2 o) (2n).
,](z) czz+n/2 eXp { 4Zn } X(O, )(ZTL)

Clearly, F* is even and H;; is even as a function of 2’ for fixed z,. Also since H;; is odd as a

function of z; for fixed (21, ..., 21, 2j11,. ., 2n), We see that
[gHi,j(U)|0n|1/2 (14 02)do = 0.

Thus again we can apply Theorem 4.3 to conclude that (i) of Theorem 4.1 holds when 1 < 4,5 < n—1
and i # j.

To finish the proof of estimate (i) of Theorem 4.1, we consider separately the cases u,,,, and
Uy o, 1 < j < n— 1. In the latter case we again have Au, ., o p(A, z) = R&f'(z), where R&f is

defined relative to H’, F* with F'* as above and

. _1 22 _ Z/ 2
J _ J
H (Z) =cC ZrlL+n/2 + 42721-}—71/2 ‘| eXp{ 4zn } X(0,00)-

Since F* is even and H/ is even as a function of 2/ for fixed z,, we need to show that

0= /S H(0)|o]*? (1 + 02)do = (1/1og2) / 20| /? HY (2)dz = I/ log 2, (4.5)

{1<]lz]I<2}

where the second equality follows from the homogeneity of H?. Next we note that if K7(z) =
|2,|Y/2 H7(2), for 1 < j < n — 1, then by direct calculation and our choice of H7, we have

) 82 1 _|Z/|2
K](Z) = @ (2("_1)/2 exp {42 X(0,00) .
7 n

n
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This note implies that I = 0, as can be seen from either the divergence theorem and homogeneity
of K7 or the following argument due to Fabes and Riviere [FR2]. Observe from the above equality
that
/ Ki(, 2,)d = 0 (4.6)
Rnfl
for each z, > 0. Moreover, from the definition of I in (4.5) we find for 1 < j <n — 1 that
I :/ Ki(2)dz + / K'(2)dz
{1<2, <4}
0<zp<1
{ l[2]|>1 }
- / K (2)dz.
0<zp <4
{ 12]1>2 }
The difference of the last two terms is zero as we see from homogeneity of K7 (i.e K7(\*2) =

A"4K7(2)). Furthermore, the first term equals

4 .
/ / KI(2', 2,)d dz, = 0,
1 R'n,—l

by (4.6). Hence I = 0 and so by (4.5) we may apply Theorem 4.3 to conclude (i) when i = j,1 <
7<n—1.

Finally in the case of uz.,, we have Az q, 0 p(A, 2) = R,\fN(z), where R, f is defined relative to
H, F with

F(r)y=(r?/4 — 1/2)€_T2/4 = j—;e*ﬂ/‘l

and

N() ! |Z/|2 ( )
H(z)=c ex o (Zn).
Z}L+n/2 p 4z, X(0,00)

Clearly H is even in o’ for fixed o,, and F is even. Also Jn F (r)dr = 0, by the Fundamental Theorem

of Calculus, so Theorem (4.3) again implies (i) in this case. This concludes our treatment of (7).
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To prove (ii) of Theorem 4.1 we could first prove a slight alteration of Theorem 3.25 and then
proceed as in (7). The reader is invited to fill in the details for this argument. Another proof of (iz)
is to use the fact that wu, is a solution to the heat equation in 2 and standard estimates for the heat

equation in caloric balls, to deduce as in (2.19) that at(\, z,t)

3x/2 n—l - -
[0S (e, 0 0)* (A, 5)dMdyds,
A

2 —n—4
w0 p < eph [ ,
,j=0

By a(.t)
Using (i) and integrating the above inequality over R we get (i) for 0 < j <n — 1.

In the proof of (ii7) and (iv) of Theorem 4.1 we assume that A, f € C§°(R"), in order to justify
integration by parts. To see this assumption is no restriction we note that f, A are the pointwise
limit of such functions and u, as well as all its derivatives, are pointwise limits of the corresponding
potentials and their derivatives. Using this observation and the Fatou Lemma one gets (i), (iv),
for a general A, f from the smooth case. To begin the proof of (iii), we integrate by parts in A to

get

// D! (g, 0 p) [Pdz AdX = — // D! y(t; 0 )y Dl (g, 0 p) dz N2dN = J. (4.7)

To justify this integration by parts, we note from our smoothness assumption for A\ > 1 and

0<j<n-—1that
casllfl
(A < s o
|uzj( 7Z)| — ()\+|Z|)d
casllfll
< .
M= e

Now for A > 1 and 0 < j <n — 1, we can estimate D! /2(u$j o p) in terms of the above derivatives,

|ul'j t()\7

as in (2.15), (2.16), and (2.22). Doing this and using Lemma2.8(b) we get for A > 1,0 < j <n—1,

that

AD (s, 0 p) (0, 2)| < -<2AlTlL
| 1/2(uyop)( 7Z)| = ()\+||Z||)d
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Integrating the integrand on the lefthand side of (4.7) by parts over [0, R] x R" and letting R—o0,
we obtain from the above estimate that (4.7) is true. To estimate J in (4.7), we use Schwarz’s

inequality, self-adjointness of D} /2. and the fact that Dt /2 * D! = cH 2 where H is the one

at?

dimensional Hilbert transform, to obtain

1/2 1/2
J<ec (// |2dz)\d)\> (// |2dz/\3d)\> — i

Now
(tta; © P)x = (taya0 © p) (1 + FPA),

so J1 < cgl| f]|2 thanks to (i) of Theorem 4.1 and (2.2). Also,

(uxj oph = Uzt O p + (uwjxo © p)(%PW,\A)

so Jo < cg(1 + 7D,y A|) ||f]l2 thanks to (i), (i7) of Theorem 4.1 and Lemma 2.8 (b) with
0 = 1,0 = |¢| = 0. Using the above estimates for Ji, Jy in the displays containing J and the fact
that || D, All. <, we get (iii).

To conclude the proof of Theorem 4.1, it remains to prove estimate (iv). To do so we integrate

by parts in A to obtain
/ / | D3/2 wo p)[*dz\*d\ = _%/0 /m D:t>,/2(“ ° p)A D§/2(U o p)dzX* dA
— —%/O /R Dt (uwo p)y Dy(uo p)dzidr = L.
This integration by parts can be justified using our smoothness assumption on A, f as in the proof

of (i7i). From the above equality, Schwarz’s inequality, and boundedness of the Hilbert transform

on L*(R), we deduce

12 2
L<c<// 2 (40 p) |2dz/\3d)\) (// uop|2dz)\5d)\) — ¢L Lo,
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Now
2(woph = 2 [(tn 0 p)(1+ 5 PrA)]

= (Usor 0 p)(1 + a%P’y/\A) + (Uzgay © p)(%P’MA)(l + a%Pw\A)

2
+ (tay © p) (5225 PaA).
The contribution of the first term on the righthand side of the last equality to L; can be handled

immediately by (i) and (2.2). The second term yields the desired estimate as we see from (i),
(2.2), and Theorem 2.8 (b) with § = 1,0 = |¢| = 0. Finally the contribution of the third term
is handled using (2.7), Lemma 2.8 (a) with 8 = 1 = 0,|¢| = 0, and (i) of Lemma 2.14. Thus
Ly < g (L+ 77 DAl ) [ fll2-
To estimate Lo we note that
S (wop) = g [(wrop) + (uay 0 ) (5 Pad)]
= Uyt © P+ 2(Up s, © P)(%PMA)

+ (tagay © )G PAA) + (tay © p)(FpPaA).

The contribution of the first term on the righthand side of the above equality to Ls can be handled
using (77) and local interior estimates for solutions to the heat equation as in the proof of (iz). The
second term is estimated using (i7) and Lemma 2.8(b), while the third term is treated using (i) and
Lemma 2.8(b). The fourth term is handled using (2.7), Lemma 2.8(a) with § = 2,0 = |¢| = 0 and
(ii) of Lemma 2.14. Altogether we get, Ly < cs(1+~v 73| D, Al ) ||f]l2- Using these estimates for
L1, Ly in the displays for L and the fact that ||ID, Al < 3, we get (iv). The proof of Theorem 4.1

is now complete . O

Next we show that Theorem 4.1 implies the following corollary.

Corollary 4.8 Let v/ = Df and suppose that p,A,~, €, f are as in Theorem 4.1. Then for
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z=(x,t) € R",

(7) /OO/ |l o p(\ 2) [PdzAd\ < cg||fl|3 for 0 <j <n—1,
0 n J

Gi) [ [ Tubep(nz) P dz X < el

(i17) / / | DY ja(u 0 p)(A, 2) [Pdz AdA < e | f113-

Proof : To prove Corollary 4.8, we note from the definition of D that

n—1
u o= Z =S ki,
i=0
where
ki(yas)_ mf(ya ) 1§Z§n_1a and kO(yas):ﬁf(yas)'

Using this note we get Corollary 4.8 by applying Theorem 4.1 (i) — (i7i) to each term of the above

sum defining «’. O

Remark. Here we indicate another proof of (i) of Theorem 4.1 due to Dahlberg, Kenig, Pipher,
and Verchota. Again we may assume that A, f € C§°(R"), in order to justify our integrations by

parts. For fixed 7,0 < j < n — 1, the argument of the above authors gives

(1+ L PpA)?
1 M 2 _
2~/Rn (ua; ©p)*(0,2) dz + / / 14 |V, P A2 Vg, 0 p|” dz2AdA = G (4.9)

where G means a good term which can be estimated using Cauchy’s inequality with €’s (to hide the
small term on the lefthand side of (4.9)) and (2.7), Lemma 2.8, Lemma 2.14 (i.e. a nontangential

maximum-Carleson measure argument). Clearly (4.9) and Lemma 2.14 imply (i) of Theorem 4.1.
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To prove (4.9) we write

0

-/ / (11, © ) (s, mp 0 p)(Ls PaA) dz XA = Ty + Ty + Gy,
.
(4.10)

where (57 is a good term as described above. To estimate T we note that since Uy, 18 a solution to

the heat equation in 2 we have
n—1
(1 + |V$P>\A|2> (umjz?) © :0) - Z [_(uwjivi © p)m + (%PAA) (uétjﬂﬁo © p)xz]

=1

+ (14 [VoPyA) (g, 1 0 p) .
Thus

Y (1 +3 9 P )\A) nl 9
T, —/0 /R T 1o P (e ) 2 [ © Pl = (G PA) (s © )2 XA

~ 9 9 2
_ /0 /n (25}77)\14 + (55 PaA) ) (g, © p) (Ug;¢ 0 p)dz AdA (4.11)

—/ / Pz, © p)e = (taya © p) (5 PoaA)]dz A
=T3 + Gy + Gs.
Goodness of Gy follows from Cauchy’s inequality with €'s, local estimates for solutions to the heat
equation as in the proof of (ii), and the usual nontangential maximum-Carleson measure argument.
Goodness of (G5 is obtained by noting that the first term in brackets in the integrand of G5 integrates

to zero. As for Ty we integrate by parts once again to get

TSZ/OO/ (1+a)\ W)\AQ nz:l umx (iP,\A)Q(uxx 0,0)2]d2)\d)\+G4
0 1+|V P)\A|2 jti Ox; 320
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where again G4 is a good term. We first put this expression for T3 into (4.11). Second we put the

resulting expression for 75 into (4.10). Adding 77 and T, we get (4.9) after some juggling. O

5. The Dirichlet, Neumann, and Regularity Problems. In this section we begin the proof
of Theorem 1.16 for small || D, Al|. . We shall reduce the proof for existence of a solution in the
various regularity problems to a main lemma which we then prove in section 6. In section 7 we
prove uniqueness in these regularity problems. We begin with the Neumann problem (Theorem
1.14). Given f € L*(09) we again let u = Sf and set p(\, z,t) = (A + P)A(z,t),z,t). From

Lemma (2.29)(/3) we see that

li — (1 K*
(A,y,S)gn(O,z,t) <Vu ° 'OO\’ Y, S>’ ne o p<0’ Z, t) > (zf + f) o /)(0, x, t),

for a.e (x,t) € R", where n; is the outer unit normal to 0€); considered as a subset of R™ and

K*f(Pt) = pv/ /6 —WP Q,t—35)f(Q,s)dos(Q) ds.

Q. Ony
Here W is the Gaussian (see (1.1) or (4.4)). Thus to prove existence of a layer potential solution to
the Neumann problem (Theorem 1.14) it suffices to show that the mapping f—>%f + K*fis 1-1 and
onto L*(09). From Lemma 2.14 (44) and Lemma 2.29 () we see that this mapping is into L?(99)

with constants depending only on 3. To prove 1-1 and onto, we claim that it is enough to prove

Ifll2 < cgmin{ [|5f + K fll2. l5f — K" fll2 } (5.1)

whenever f o p(0,z,t),(x,t) € R", is in C°(R"). Indeed since such functions f are dense in
L?(092), and (5.1) implies the above mapping is invertible, it suffices to show that f—)%f + K*f
is onto L?(09). To see that this mapping is onto we use a method of continuity argument which
in this context was first seen by the authors in [K, p 150] . Let L4 be the linear operator defined
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for g € L*(R™) by Lag(z,t) = (31 + K3) (g0 p ) (A(z,t),2,t), (z,t) € R", where K} = K* as in
(1.3) for O given by the graph of A. Consider the operators (L4y) for A € [0, 1] acting on L*(R").

We note that Ly = £ maps L?(R") onto itself and also

I 5 Largllz < csllglle:

as follows from Theorem 1.9 and a Fourier transform type argument (see [H2, (12)]). Using the

above note, (5.1), and a continuity argument we get that L, is onto. Hence we need only prove

(5.1) in order to prove existence in Theorem 1.14 when [|A|comm < 8 < o0 and ||D,Al. < €,
where 0 < €y = €y(3). A corresponding theorem also holds for R" \ Q, as we see from Lemma 2.38
and (5.1). Finally, for use in the Dirichlet problem, we note that Theorem 1.14 implies a similar
theorem for the adjoint heat equation, since u(x,—t) is a solution to the adjoint heat equation
in {(X,t) : 29 > A(x,—t)} and A(z, —t) has the same properties as A(z,t). In particular if K is
defined as in Lemma 2.29 () with K*, S, replaced by K and the adjoint heat kernel, then (5.1)
remains valid with K* replaced by K.

Next we consider the Dirichlet problem (Theorem 1.13). From the above reasoning, Lemmas
2.14 (i), and 2.29 (), we see that in order to prove existence in Theorem 1.13, we need only show
that (5.1) holds with K* replaced by K. In fact (5.1) for K* implies (5.1) for K since K, K, are
adjoints of each other as operators on L?(992).

Finally to prove existence in Theorem 1.15 we have to show that the mapping f—S,f from
Ly(0) to Ly,12(0R2) is 1-1 and onto. From Lemma 2.14 (i7), (49¢) and Lemma 2.29 (), (9), we

deduce that this mapping is into. Moreover, using the continuity argument above, but this time

invoking Theorem 1.10, we see that it suffices to show

1fll2 < eallSpfllcz

1,1/2

09) (5.2)
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in order to establish existence in Theorem 1.15 when [|A||comm < B and [[D,A|l. < €. Thus to
complete the proof of existence in Theorem 1.16 we need to prove (5.1) and (5.2). To prove

(5.1) and (5.2) we adopt the strategy of Brown [Brl], Shen [Sh]|, and Verchota [V] mentioned

in section 1. To recall this strategy let Q= = R"\ Q,u" = u|g,u” = u|g-, as in section 1. Let
ut(Pt) = . )ligl(P : (Vu® | ny) (Y, s) where the limit is taken nontangentially in 2, ™, respectively.
K b

Existence a.e with respect to the measure in (0.12) is guaranteed by Lemma 2.38 and (/3) of Lemma

2.29. From these lemmas and the triangle inequality we find
1Al < NG+ K fllz + G = K fllz = lugllz + llug [z - (5.3)
We shall prove for ¢ sufficiently small in Theorem 1.16 that

max{|luy 2, lug 2} < Z1fll2 + llSefllez | o0 - (5.4)

1,1/2

156 12112020 < Ollfll2 + cpo min{[luyll2, Juy 2}, (5.5)

where 6 can be chosen small with €. Using (5.4) in (5.3) we see that (5.2) is true. To get (5.1) we

first use (5.5) in (5.4) to deduce
max{|[(37 + K*)fll2, 1G] = K*) fll} = max{]uf 2, [uy[l2 }

< (7 + EOISll2 + cpo min{llu 2, lug 2}

= G+ Ol + cao mindl (5T + Kl |3 - K512
where cj is as in (5.4). Putting the above inequality in (5.3) we see from the resulting inequality
that (5.1) is true provided ¢ is chosen so that cjf) < 1/8.
To prove (5.4) and (5.5), let eg be a unit vector directed along the positive zy axis. We note
that at (X,t) € Q,
(1/2)V - (eo |VUuT]?) = V- (v Vut) — uf, uf
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where as usual V- denotes the divergence operator and we have used u;” = Au™. A similar formula
holds in Q= with u™* replaced by u~. For fixed ¢ > 0, we use the above equality and apply the
divergence theorem in {(X,t) : zg > € + P.A(x,t) and |X| < 1/e}. Letting e—0 we see from (i)

of Lemma (2.14) and simple estimates, using f o p(0,z,t) € C§°(R"), that for a.e t € R,

l/ (e, e0) [Vt |2 do :/ ut ut do, —/ wh uf dX (5.6)
o0 oN Q4

2 t
where the last integral on the righthand side of (5.6) is interpreted as a principal value. Similarly,

1 —2 - - -

= ng, eg) |Vu da:/uuda—l—/uudX. 5.7

b, oo IVurPdoe = [ doy b [y (5.7)
where again the solid integral is interpreted as a principal value. Our goal is to show that if v < %

satisfies (2.2), and || D, A|, < ¥4, then

i dx] < e 2SI + ol (1Sflz, yom )2, 53

1,1/2
where we have written Q% for 2. We claim that (5.8) implies (5.4). To prove this claim, we write

at a point (P,t) € 0,
Vut = (Vut,n)n, + (Vut, T)T =uln, + uf T,

where T' is a unit vector in the tangent space to 0€; at (P,t). We note that
ujy_o = <€07 nt> Unp, + <607T>UT7
s
< —=E2 = - .
1< WirTvTE cs (eo, ne)

Using this note in (5.6), and integrating with respect to t we obtain after some juggling
a5 < s (1 + | [ ui o, dxar). 5.9

In the sequel we shall write u o p for u o p om"H when there is no chance of confusion. From

Lemma 2.29 () and the fact that (see (0.17))

[u Ly 2000 = I Va(wo p)lla + [1D]ja(u o p)ll2,
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we deduce, |urllz < c[|SpfllL, ;.00 Also from (5.8) and Cauchy’s inequality with € * s we see for

~ sufficiently small that

[ wraxa] < 3l + Htll + collSif sz, yom-
Using these inequalities in (5.9) we find that (5.4) is true for w;. A similar argument using (5.7)

can be given for u, . Thus (5.8) implies (5.4).

To prove (5.5) we shall need in addition to (5.8),

1Dz (wo p)ll3 < sy IfI3 + con min{lluf |12, s ll2} [1S6f1lz2 o0 (5.10)
provided € is small enough. To see that (5.10) and (5.8) imply (5.5) we first deduce from (5.6),

(5.7), as in the proof of (5.4) that

Jurlp < co (il + | [ o i dxXat])

where we have written Q* for Q, and up for uf since both functions have the same tangential
derivatives on 0f2. Adding (5.10) to both sides of the above inequality, using (5.8) and Cauchy’s
inequality with €’'s, we get (5.5) provided 7 and thus also ¢ < ~®¥¢ are chosen small enough
(depending on 3 ). Thus we need only prove (5.8) and (5.10). To prove these “ main estimates ” is
really the heart of the matter. It is in proving them that we shall be forced to deal with obstacles
which do not arise in the cylinder case. In this section we shall reduce the proof of (5.8) and (5.10)
to the following lemma (Lemma 5.11). We then prove Lemma 5.11 in section 6 to complete the
proof of existence in Theorem 1.16.

To state this lemma let R"™ = {(\,2) : A < 0,z € R"} and as in Lemma 2.38, let p_(\, z) =

p(=A, z) when A < 0. Finally set p, = p.
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Lemma 5.11 With the above notation and u = Sf, we have

0 [
(i) /R -

whenever ||D,A|, < eg < A8+

2
D}y (ut 0 pe) (M, 2)| dzd) < eq|f[3 for 0<j<n—1,

2
D3, 0 p )\, )| dzd) < esllut o 1Sufllzz oy + es 13

Next we reduce the proof of (5.10) to Lemma 5.11. We shall prove this inequality only for u™
as the proof for v~ is identical. We shall write u for u™. To begin we pass to graph coordinates and

write

G DL gu 3 = [ 1D a0 p)(0, 2)Pdz
- —/ / a@ 1/2(wo p)(A, 2)2dzd\ = —2/ / Dj jo(uo p) D jo(u 0 p)y dzdA
= =2 [ Dijp(uop) Dlyylus, o p) dedr (5.12)

=2 [ Dl p)DS (s, © 1252 )dzd
= I + Iy,
where again we have used (uo p)y = (uy, 0 p)(1+ Z P2A). Also z = (,t) in the integrands and all
integrations are easily justified using Lemma 2.29(0), Lemma 2.14, as well as the fact that fop(0, z,t)
is smooth with compact support. Using self adjointness of fractional derivative operators, Schwarz’s

inequality, and Df , * D{ 5 = c H 9 where H = Hilbert transform, we find

’[2| = C

/ / (uwop) urOOp)g\PV,\Adzd)\’

<c (/OOO/W[(u o P)t]2dz)\d)\>1/2 (/OOO/E (g © p)? (2P A)? dzd)\)\> (5.13)

= CMl MQ.
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Now (uop)y = w0 p+ (ug, o p) 2 PaA and u; = Au, so we can use Theorem 4.1 (i) on the
contribution of the first term to M; while we can use the usual nontangential maximum-Carleson
measure argument ((2.7) and Lemma 2.8) to estimate the contribution of the second term to M.
We get My < cg(1+v"H DR Al ) || f]l2- Also, My < cgv||f]|2, as we see again from (2.7) and Lemma

2.8. Putting these estimates for M, M, in (5.13) and using || D, A||. < 7, we conclude

12| < sy I fII2- (5.14)

As for I, we again use self adjointness and Schwarz’s inequality to obtain

|7 [ (Dhatwo DYy 0 p) dzd

< ([ Pt a=2)] ([ [P o] )’

Using Lemma 5.11 and Cauchy’s inequality with € ’s, we conclude that

1/2
oy + 2713]

|| =2

11 < esllFla | el 122

1,1/2

< a7 2IFIE + ca v Hlunll2 1196 £1122

From this estimate for I; and (5.14) for I, we see in view of (5.12) that (5.10) is true for ¢y < 54

1 1/2 09)-

and v sufficiently small. Finally in this section we consider (5.8). Using the above differentiation

formulas for (u o p); and (u o p)y, we have

/ gy w0y AXdE = / / Uy 0 pugo p (1+ 2Py A)dzdt
Q 0 Jr"

—/ /u (wo p) dzdh — // yy © p)? 2Py Adzd)

+ / / Ugy O P UL O P %PV,\Adzd)\
0 R™

(5.15)

= [+ E) + Es.
We estimate F, almost exactly as we did I3 in (5.13) to get

|Ey| < ¢ (/ / ug o pl dz)\d)\>1/2 (/ /n Ugy © MA) dzd)\)\> (5.16)

< cg Y1+ DR AL 1 < cay LA
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Also with the aid of Lemma 5.11 we treat [ similar to I;. We obtain

[ = ¢

|7 [ HDS (e p) DYy p) e
0 R™

<c (/OOO/R I p)]dedAf (/OOO/E (DY, (s, © p)Fdsz)é (5.17)

1/2
< e PAFIE +esllfll | llunllolllSefllz . on) |
1,1/2

To handle E; we integrate by parts in A to find that

By =2 / / (11 © P)x (t1y © p) 2 Py A dzAdA
0 n
(5.18)
b [T a0 pPatisPaddz AN = Eu+ B

By (2.2) and the usual differentiation rules we have |(uz, © p)r| < 2|tszga,| - Thus by Schwarz’s

inequality ,

Bul <4 [ agey 0 ol ltay © p] |4 PaAl dzd)

< (7 (e de)\dA)l (/Ooo/n(uxoop)Q(gth\de)\d)\)é

The first term on the right hand side of the last inequality can be estimated using Theorem 4.1 (i)

while the second term can be handled using (2.7) and Lemma 2.8 (a) with § = 1, |¢| = 0 = 0. Thus

1Bul < ey DR AN I < eavI 113, (5.19)

since || D, A|« < ~% Finally in this section we consider Ej5. To handle this term we integrate by

parts in the ¢ variable to find

Ep = —2/ / sy © p (t1z 0 p)s ZPoy AdzAdA.

But (s, ©p)t = Usgt ©p + (Usgzy © p) 2 PynA, s0 |Eia| can be estimated using Theoremd.1(3), (i)

and Lemma 2.8 (a) and (b). We get

|Ea| < csv I fII2-
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Using this estimate for Ej5 and the estimate for Ey; in (5.19) we obtain

[B1| < sl fll2-

In view of this inequality, (5.16), (5.17) and (5.15) we conclude that (5.8) is valid once we have
proved Lemma 5.11. Thus it remains to prove Lemma 5.11 in order to complete the proof of exis-

tence in Theorem 1.16 for small || D, A||.

6. Proof of Theorem 1.16. In this section we prove our main lemma, Lemma 5.11, thereby
completing the proof of existence in Theorem 1.16 for small || D, Al|.. We shall prove Lemma 5.11
only for u = u™, since the proof for v~ is identical to the proof for u*. We begin by assuming that
v < 3, satisfies (2.2) and [|D,A||. < € < ~*, which will be sufficient for our present needs. Later
in this section we shall require that ||ID,Al, < ey < A5

Proof of Lemma 5.11 : We prove the easier estimate (i) first. To do this we integrate the integral

n (i) by parts with respect to A and use self adjointness of D7, to get

/0 o |:Dli/4(uxj o p) dZd)\ - _2/ /ﬂc77 1/2( p) dZ /\d)\

§2</OOO/R”[(UJ:J-OP)A dz/\d)\> (// 1/2 Op)]de)\d)\f

for 0 < j < n — 1. The integrals in the last inequality are estimated using (i), (¢i7) of Theorem 4.1
and once again the observation that |(u,, 0 p)r| < 2|t 4|, thanks to (2.2). Thus (i) of Lemma 5.11
is valid.

Next we treat the more difficult (ii) of Lemma 5.11. To ease our writing we put @ = H DY , (uop)
on R, Our game plan is to follow the strategy of Shen [Sh] and implicity that of Brown [Br 1],

by first using self adjointness of Dy, /4 to rewrite the integral in (17), and second integrating by parts
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in the space variable, to get some cancellation. First using self adjointness we have,

|7 [ 1Duwop)Edzar = [ [ (o p). dzax

_// @ (ug 0 p) 1—1-(.» P\A) dzd\ — // utop) PAdzd\ o)
6.1

+/0 / @ (tgy © p) (& PAA) dzdA
R’Vl
=11+ FE3+ Ej.
We handle E3 using Schwarz’s inequality, the fact that u; = Awu, Theorem 4.1 (7), (2.7), and Lemmas

2.8, 2.14. We find

|Bs] < cavIfllz- (6.2)
To treat F, we integrate by parts in A to deduce that

~By= [ [ @y 0 GPaA)V AN+ [ [ 8 (1, 0 pA(GPA) d2AN

+ [ b [ (s, 0 ) (55 PoaA) dz M (6.3)
0 n

= By + By + Eys.

Using Schwarz’s inequality, Theorem 4.1 (i), Lemma 2.14 (ii7), (2.7) and Lemma 2.8 (a) with

6 =1,|¢| = 0o =0, we obtain
|Ex| < ey IDRAILFIE < sVl fII2, (6.4)

since || D, All, < 3. To handle Ey; we argue as previously to get

2
Bl < e ID,AL NS ([ [Dijalwo o] dxdn)” = con  ID,AIL )2 Eus. - (65)
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We square Fy4 and integrate by parts with respect to A to obtain

(Bn)® = —/0 /mDﬁ/g(u o p)ax D (w0 p)y dz N*dA

:—c/oo/ (wop)an H(uo p)a dz N2 dA
0 Jr»

<o ([T [ wopmBaann)’ ([7[ (ol iz i)’

= cEy5 Fag

Now
(0 pP)ax = (thagae) (1 + 2 PaA) + (tg 0 p) 5255 PaA,

so we can use Theorem 4.1 (i), (2.2), (2.7), and Lemmas 2.8, 2.14, to find that |E;| < cg||f||2

Similarly to estimate |Ey6| we note as in the proof of Theorem 4.1 (i7) that
2
(w6 P)as = (1t © D)1+ ZPAA) + (tgey 0 D)1+ APA) BPAA + (10 p) g PaA.

The contribution of the first term on the righthand side of this equality to F,4 is estimated using
Theorem 4.1 (ii), (2.2), and the fact that u,,; = Au,,. The contribution of the second term is
treated using Lemma 4.1 (7) and Lemma 2.8 (b) with § = 1, |¢| = 0 = 0. The contribution of the
third term is estimated by Lemma 2.14 (i7) and Lemma 2.8 (a) with § = 1 = o, |¢| = 0. Since

| D, Al < A3, we find that

Bl < ca|fll2-

Putting the above estimates for Fys5, F46 into (6.6) and taking square roots, we see that

|Ea| < cal|fll2-

Next using this estimate for |Eyy| and || D, A|| < +3 in (6.5), we obtain

|Eul < cov £z (6.7)
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To finish our treatment of Fy, it remains to consider Fy3. To do so we integrate by parts in ¢ to get

—kig = c /0 / Dija(wo p) (s, © p) g5 PaAdzAdA

+ /0 - /}R HD} (10 p) (g, 0 p) 4 PrAdzAdA.
The first term on the righthand side of this equality is estimated using Schwarz’s inequality, Theorem
4.1 (i), Lemma 2.8, and the usual nontangential maximum-Carleson measure argument. The
second term can be handled just like the term E}y following (5.19). Indeed this term is identical to
—%Elg , except that HD? /Q(uo p) replaces u,, op in it. But we also have control of the nontangential

maximal function of HDj j,(u o p) thanks to Lemma 2.14 (iii). Hence
|Eas] < eI fllz-
From this estimate for Fy3, (6.7), (6.4), and (6.3) we conclude that
Bl < cav 13- (6.8)

From (6.8), (6.2), and (6.1) we see that in order to complete the proof of Lemma 5.11 we need

to estimate I1. For this purpose we put w = @ o p~! and note from the divergence theorem that
/ w dX = W Uy, doy —/ (Vu, Vw) dX,
Q4 o Q¢

where we have also used u; = Au. We integrate this inequality with respect to t over R and use

p~! to change variables in I1. Since the Jacobian of this transformation is equal to (1 + & Pz A) ™!

we have
IT = fqw2dXdt = [hq wu,doydt — [, (Vw, Vu) dXdt
(6.9)
= By +1I1I.
For the boundary term B; we see from Schwarz’s inequality and ||A||comm < 3, that
1B1| < s llunll2 |1 D] pulls - (6.10)
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We have therefore reduced matters to showing that 171 is small. This will require some work. To
estimate /11, we first consider the term w,, u,, in the integrand of the integral defining I71. We
transfer the corresponding integral back to RTI using p as a change of variable. Since the Jacobian

of this transformation is 1 + %Pv,\A, and
way 0 p (L+ FPpA) =y = HD} (uxo opll+ %PMA]) : (6.11)

we obtain
_fQ Wy Ugg dX dt = _/ / (:J)\ Uy, Opdzd/\
0 RrR™
= _/o /IR HD5/2<UIO 0 p) Uz © pdzdA —/0 /R HDYi/2 (uwo op %PW\A) Ug, © pdzd)

=0+ /0 /m (Usg © p P NA) HDY jy(ug, 0 p) dzdA,
where we have used the antisymmetry of H D! /o~ The last term in this inequality is estimated using

Schwarz’s inequality, Theorem 4.1, (2.7), and Lemmas 2.8, 2.14. We find that

/waouxodth < cs|Ifl5- (6.12)

We now consider the rest of the integrand in the integral defining 7. Again we use p to change
variables in the above integral and note that the Jacobian of this transformation is 1 + %Pv A\A. In

addition to (6.11) we observe that at (A, z),

9
3.10]- P"/)\A

0P =Wy — Wy
Wa; © P = Wa; W (1+3% P,y A)

and

We; = HD%/Q(“?:J- °op)+ HD3/2 ([u:ro o p] %PW\A) :
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Using these observations we get

—Z [, sy dXt = Z/ [ HDS ol 0 p) g, 0 p dzd
n—1 co
=X [ HD} (e 0 p) s, 0 p G PaAdzdA
le 0 R‘!L

- Z / | (Dl 35 PaA] a0 p) s, 0 pdzar
(6.13)

— Z / / HD'i/2 (Ugy © p) %PMA} Ug; O P %PV,\Adzd)\

+ Z |7 HD e {0 ) PaA} sy 0 p o Paddzd

= Ny + Ny + N3+ Ny + N,

where we are using the standard notation
[T, B]g = T(Bg) — B(Ty)

for the commutator of T"and B acting on g. Now N; = 0, by the antisymmetry of H D} /2- Next using
Schwarz’s inequality, (2.7), Lemmas 2.8, 2.14, and Theorem 4.1, we deduce that |Na| < cgv||f]I3-

To treat Ny, N, it is enough by antisymmetry of HD! /2 to consider terms of the form

/0 / HDY { (4, 0 0) foPaA} g 0p S PaAdzdN = N,

where 0 <i,l <n — 1. Using Schwarz’s inequality, (2.7), Lemmas 2.8 and 2.14, we deduce

9 1/2
Nol < el ([ ] [HDL ol 0 p) 52 PaA} [ Adzdt) ™ = ol flaNe. (610
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Moreover, using Theorem 4.1 (i7i) and Lemma 2.8 (b) with |¢| =1, § = o = 0, we find that
2
N < / / PpA HD' (g, 0p) | dz AdA

+/O°°/R\ HD' )y, 5P s, pf dz AdX (6.15)

2
SCB||JC||2"‘/ / ’HD1/27 oz, 7AA}um p‘ dz AdA

= ¢s 113 + N

To bound Ng we prove the following lemma

Lemma 6.16 Given R > 2, and i € [0,n — 1], we have

Ny < es (R™2+ R* 71 D AlI2) [ £3-

Before proving this lemma we note several of its consequences when R =y~ ! and || D, A, < ¢ <

73+, First from Lemma 6.16, (6.14), and (6.15) we see that

SN < ea IS5

i#3

(6.17)

Second we show that N3 can also be estimated in terms of Ng. To do this we integrate by parts

in A, so that
n—1 00
Ny = 2 /0 /}R {[HDI/Q,az 7,\A} Uz, p} (ug )xdz AdA
n—1 00
+jzl /0 /R {[HD1/2731 'YAA] (uxoop))\} Ug; o pdz AdA

S /OOO/R HHD o2 PV,\A} uxoop} Ug; © pdz AdA

1/2» 8)\8:13
= N3; + N33 + N33
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We can handle N3; immediately using Schwarz’s inequality, Lemma 6.16 with R, ¢, as above, The-
orem 4.1 (i), and (2.2). Furthermore the self adjointness of the commutator [HDim : %PMA}
permits us to treat N3y in exactly the same way as N3;. We obtain | N3y | + |Naa| < cav || f||3. As for
N33, we write

n—1 00

Ngs = =% /0 /R 5o PaA HDY (115, 0 p) i, 0 pdz A\
j=1
(6.19)
+ Z | D o {0 ) g3 PaA } 1, pdz NN,

By the anti-symmetry of HD} /2, these terms are of essentially the same form. Mere boundedness
of these terms is easy, but we need them to be small, which requires some work. After integrating

by parts in z;, it is enough to consider terms of the form

Ny, = /0 / %PMA HD’i/Q(uxi 0 p) (Uz, © p)a; dz AdX
R’n

and
Neg= [ [ ZPAAHD ), {(un 0 p)ey} sy 0 pdzAdA,

where 0 < 4,0 < n — 1. We note that

n—1

(U, © )| < Nthara, © Pl + |(tarag © p) s PAl < (L+B) D [taya,, 0 1), (6.20)

k,m=0
where we have used Lemma 2.8 (b) with 0 = 0 = 0, |¢| = 1. From this note, (2.2), and Theorem 4.1
(1), (i17), we find |N34| < ey ||f||3. Also by Schwarz’s inequality, (2.7), and Lemmas 2.8, 2.14, we

have

1/2
INss| < cs vl flla (/ / HD1/2{(uzi op)m].H2 dz/\3d)\> (6.21)

=cg || fll2 N36 -
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From the self adjointness of D! /2 and Schwarz’s inequality we deduce

00 1/2 00 1/2
N2 < (/ / |(uxiop)z,]2dz)\d)\) (/ / \(umiop)x,t]2dz)\5d)\.)
0 Jur ’ 0 Jur ’ (6.22)

= N7 Ns.
From (6.20) and Theorem 4.1(7), we have N37 < cg||f||2- As to Nss, observe that
(e, © Playt = [tsny 0. + (tayny 0 9) 22 PrA ]

0+ (i © PG PAA) (o © ) (2 Pad)

F (trszazo © 9) (ZPrA) (2 PoaA) + (s © 9) 51 PaA
Using Lemma 2.8 (b), Theorem 4.1 (7), and local interior estimates for solutions to the heat equation
(see the proof of Theorem 4.1 (i7)), we can handle the contribution of the second, fourth and fifth
terms on the righthand side of the above equality, to the integral defining Nsg. The contribution
of the first and third terms to this integral are treated using Theorem 4.2 (i), Lemma 2.8 (b) and

local estimates as above. Altogether we get

[fllz < el fll2-

Ngg S 05(1 + 7“D$;4”*)

From these estimates for N3z, N3g, and (6.22) we deduce first that |N3s| < ¢zl f]l2, and second
from (6.21) that |N35| < cgv||f]|3- Next from this estimate for | N5/, our earlier estimate for | Na4],
and (6.19), we have |N33| < cg7|f]/3. In view of (6.18) and our previous estimates for N3;, N3p, we

conclude that

INs| < sl fll5- (6.23)
Thus Lemma 6.16 implies the estimate in (6.23) for N3. Finally we note that (6.23), (6.17), and
(6.13) yield

< cs | fll2-

n—1
S o, s, dXat
j=17%

82



This inequality together with (6.12) gives, |[ITI| < cg 7| f||3. Putting this estimate for 777 in (6.9)
and using (6.10), we get an estimate for /7. Combining our estimate for 11, together with our earlier
estimates for Ej3, Ey, in (6.2), (6.8), we see in view of (6.1) that (ii) of Lemma 5.11 is true. Hence
to complete the proof of Lemma 5.11 and so also the proof of existence in Theorem 1.16, we need

only prove Lemma 6.16.

Proof of Lemma 6.16 To begin the proof of Lemma 6.16, we integrate by parts in A and use

Cauchy’s inequality with €’s to obtain

Lk

:_/0 /E (D}, 2 PpA] (us 0p) [HDL ), 22 PaA] (ug, 0 p)s dz XA

[HD}),. 2 PaA]us, 0p| dzrdx

_ /OOO/M {HDi/p d/\d;t “MA}( .op) [HDi/z, e ’MA}( o p) dz A2d\

[e.9]
e, )

+Cﬁ/0 /,R HD%/% oAz, PWAA}% Op‘ dz \3d\

(6.24)

[HDY s 5= PaA | (ug, 0 p)a ‘2 dz A3\

= Cg( T + Tg) .
We treat 17 first. We have

[HD1/276 7,\14}( t)

0 0
/{s:s—t§R2A2} k(t —s) (aTjPW/\A@’ s) — aTjPWAA(xﬂ t)) g(x,s)ds

+ k(t—s) (

{s:]s—t|>R2)2}

oo PaA(z,s) — %P%A(x,t)) g(z, s)ds

= Fy(z,t) + Gy(x,1), (6.25)

where k(t — s) = csgn (t — s) [t — 5|72, whenever s,t € R, s # t. Using Lemma 2.8 (b) with

|¢| = 1,0 = 0 =0, we deduce as in [S1, Thm 1, p 62]

AGi(z,t) < cg R M, (g(z,)(t), (6.26)
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where M,, denotes the one dimensional Hardy Littlewood maximal function acting in the ¢ variable

while the other variables are fixed. Moreover, using Lemma 2.8(b) with |¢| = 6 = 1,0 = 0, and
again arguing as in [S1, Thm 1, p 62] we find that
— _
A F)\(z,t)] = A Set< R k(t —s)(t = $) 55507 o7 PpA(z,s+0(t —s)) g(x,s)dsdd
(6.27)

< ey 2 ||D, A *xl/ ¢ gL/ d
< gy [ Dn Al {S:‘S_tISRW}I s| 7% g(x, s)ds

< csRY || DnAllx Mag(,t) .
Here a denotes the partial with respect to the time variable. Putting g = (u, o p),, into (6.26),
(6.27), and using (6.25), (6.24), (6.20), as well as Theorem 4.1 (i), we obtain

71| < s (R72+ Ry DL AR I (6.28)

Next we turn to 75 in (6.24). We make a similar decomposition,

[HD} )y, 55 PpA] g(a,t)

— 82 82
{s:|s—t|<R2X2} k(t = 8) (WP’Y)‘ACU’ S) o mP’W\A<x7 t) ) g(x, S) ds

02 2
+ /{s ey k(t —s) (mPﬂA(x, s) — %%PW\A(‘WJ)) g(x,s)ds
= F\(z,t) + Ga(z,1).
As in (6.26), we get at (z,1)

MGy < csR7M M, (9 %;CJPMA) + csR™ ppr* g(x, ) 8)@&: PAl,

where
Gra (t) = RAE(t) X{si(s|>R2223 (1)

Asin [S1, Thm 1, p 62] ). we again see that ¢gy * ¢ is nontangentially bounded by ¢M,, N.g. Using
the above inequality with g = u,, o p, the Hardy Littlewood maximal theorem, (2.7), Lemma 2.8 (a)
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with o = |¢| = 1,0 = 0, and Lemma 2.14 (i), we find that the contribution of G\ to the integral
defining Ty is < cgR™2 || f1]3.

Finally to handle the contribution of F' to the integral defining 75, we first note that if ls —t| <
R?)\?, then

2

2 93
T PaA(z,s) — afaxj P A(z,t) ’ < cpls — t| M (a/\a‘jﬁWPw\A(x, )) (1), (+)

8)\890]

where M denotes the truncated maximal function defined by

Mz, t) = sup
0<a<(RA)?

2ot [ ]h(x,zn+t)|dzn}
whenever h(x,-) is locally integrable. Second we note that if z = (z,¢), then

dv(Az,t) = [MP (5 PaA)] (2) dz XA

is a Carleson measure on BTI with
v ((0,7) x Br(20)) < ¢z 7’4HD”AHsz re (6.29)

whenever r > 0. Indeed if x denotes the characteristic function of (0,crR) x Be.r(2p), then for ¢
large enough we see from the definition of ||z|, MF* that if h(\, z,t) = %PW\A(‘WJ), then
jUZn

MEh(\, 2, t) < M,(hx)(\ x,t), whenever (\,x,t) € (0,7) x B,(z). Using this observation, the

Hardy Littlewood maximal theorem, and Lemma 2.8 (a) with 0 = 6 = |¢| = 1, we get

v ((0,7) x B,(z0)) < cﬁ/om/m My, (xh)2(\, 2) dz A3d

crR
< c/g/ / h2dz Nd\ < cgy 4| D, A|? Rir? .
0 BCT‘R(ZO)
Thus (6.29) is true.

Using (+) and arguing as in (6.27) we get for h defined as above,

NE(@,t)] < csAMPh(a,t) [

-t —1/2 d
{s:|s—t\§(R)\)2}|S | g(.r, 5) S

< cgR M h(x,t) Yy * gz, -)(1),
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where
Ura(t) = (RN E 2 Xz anzy (1)
If g = u,, o p, then the contribution of F\ to T is therefore dominated by

af? [ [ [ lgl(2) (MPR(=)" dz 2

<R [ [ 1gP v (MR d2 X dA,
0 R™

where we have used Schwarz to write

(Vrr *9])* < Yra g,

since |[Ygali = ¢, and then used self adjointness of 1¥gy. Next we simply replace the Carleson

measure dv defined above by
di(\, z) = gy * (MI*R)? dz \°d\

and observe that the Carleson norm of this measure is bounded by a constant multiple of the Car-
leson norm of v (by a similar argument to the one we used for v). Using this observation we finally
get that the contribution of Fy to the integral defining T is at most, ¢z R*2y~%| D, A|?| |3
Thus,

Ty < cg(R™2 + R AHIDLAIR) [1£115

Putting this estimate and the estimate for 77 in (6.28) into (6.24), we conclude that Lemma 6.16 is
true. O
In view of the remarks preceding the proof of this lemma, we have also now proved Lemma 5.11

and existence in Theorem 1.16 for small || D, A||.. O
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7. Uniqueness in Theorem 1.16. In this section we prove uniqueness in Theorem 1.16. We
begin with the Dirichlet problem (Theorem 1.13). Assume for some f € L*(92) that there exist
two solutions u, v, to the heat equation in €2 with nontangential limits equal to f a.e. with respect
to the surface measure defined in (0.12), where the limit is taken relative to parabolic cones defined
as in (1.11) for some fixed a > 0. If N.u, N,v, are the nontangential maximal functions of u,v,
defined relative to this a as in (1.12) and if both functions are in L?*(0f2), then we shall show
that u = v. To this end put h = v — v and note that A has nontangential limits zero a.e. while
N,h € L*(09). Given € > 0, set Q(e) = {(z0,2,1) : 20 > € + Py A(x,t) and (z,t) € R"}. We note

that || D, PyAll. < c||D,A|. and || P, A

comm S CHA

comm- Lhus we can apply Theorem 1.16 in
Q(e), for sufficiently small €. Let he = Df,, be the solution to the L?(9€(¢)) Dirichlet problem for
the heat equation in (€) with boundary values : h. = h a.e on 992(¢) in the nontangential limiting

sense. Existence is guaranteed by our existence proof in Theorem 1.16. We claim that in fact

he

h (7.1)

in Q(e). Once this claim is proved we easily obtain that & = 0. Indeed, let N, .k denote the
nontangential maximal function of h in (e) defined in parabolic cones relative to the above a. We
note from (2.2) that Q(e;) D Q(ez) whenever 0 < € < €5. Using this note and simple geometry it is

easily seen that N*,e h < N,h. Also from (7.1) and Theorem 1.16 applied to Q(e), we have

[Nehllzzoae) < cllhllrz@oe)-

We first write this inequality in graph coordinates, and then use dominated convergence as e—0.
Using || PyeAl|comm < B, it follows that N, . h = 0 for each € > 0. Thus claim (7.1) implies uniqueness

in Theorem 1.13.
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To prove (7.1) we begin by observing that the kernel of the double layer potential(see (1.3))
is continuous on 0€(e) (in fact C'*), as we see from the smoothness of P, A. Using this fact,
smoothness of h|aa(), and Lemma 2.29 («), we find first that f, is a continuous function on 9€)(e)
and second that h. extends continuously to the closure of €(¢), (also denoted h.). Then for fixed
€ > 0, we see that g = he — h is a solution to the heat equation in €2(¢), which is continuous in the
closure of Q(¢), and g = 0 on 9Q(e). Also, N, g € L*(99Q(e)). We extend g to a continuous function

on R"*!, by defining g = 0 in R"** \ Q(¢). We show that these properties of g and the maximum

principle for the heat equation imply g = 0. To do this given (X, t) € 0Q(¢) with X = (¢, x), let
Qp(th) = {(y0>y7 8) : |yl - x2| < pao <i<n-— 17 and ‘8 _t’ < p2}

Let G, be the solution to the continuous Dirichlet problem for the heat equation in Q,(X,t) with
G, = |g| on 0Q,(X,t). Then from the maximum principle for the heat equation we have |g| < G, in
Q,(X,t). Now G, can be calculated explicitly in terms of a Poisson integral of its boundary values.
More simply, we can compare GG, to the Poisson integral of certain halfplane solutions. Doing this,

and using the maximum principle for the heat equation, we deduce that if (Y, s) € Q,/2(X,t), then
g(Y,8)? < G,(Y,8)* < cp " /Fl g>dS + cp™! e, g%dsS, (7.2)
where dS denotes surface area on 0Q),(X, 1),
B ={(Z,7)€0Q,(X,t):|T —t| = p*},

and Fy = 0Q),(X,t) \ Fi. Given R > 0 we integrate the righthand side of (7.2) over p € (R,2R).

From the resulting integral and the lefthand side of (7.2), we deduce that for (Y,s) € Qpg/2(X, 1),

g(Y,s)? < e R7H|[Nogl3.
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Letting R—o00, we obtain that ¢ = 0. Thus claim (7.1) is true and the proof of uniqueness in
Theorem 1.13 is now complete.

Next we consider uniqueness in Theorem 1.15. Let f € Lil /2(89) and suppose as above that
there exist two solutions u, v, to the heat equation in €2 with nontangential limits a.e. equal to f in
Lil /Q(OQ). We extend u, v to almost every point in 0€2, by defining each function to be equal to its
nontangential limit whenever this limit exists. We also denote these extensions by u,v. If h = u—wv,
then on dQ we have h = 0 in L7 ,(9Q) and from the definition of this space we see that h =

a.e. on 0f). We assume, as we may, that ¢ =0, so h = 0, a.e on Jf). Using this fact we show that
h = Sh, (7.3)

in 2. Once (7.3) is proved we can apply (5.8), (5.9) with f = h,, to conclude for v small enough
that

1nll2 < g l[RlL2

2 (09) = 0.
Thus h, = 0 a.e. on 02 and so h = 0 in (), which proves uniqueness in Theorem 1.15.

To prove (7.3) fix (X',t') € 002 and (X, t) € Q. Choose p > 0 so large and € > 0 so small that
(X,t) € Qe) N Q,(X",t'), where Q(e), Q,(X',t') are defined as above. Let k = hi in 2 where

¢ € CSO(QQP(X”t/)) with ¢ =1 on Qgp/z(X’,t/) and

n—1
H@Dt“oo + Z ||¢xzxj||oo < Cp_Z- (7'4)

ij=0
If 0 < 0 <1, then for s € (—oo,t — J), we can apply Green’s second identity in Q(e) N (R™ x {s})

with one of our functions k and the other

(Y,8) =W (X =Y, t —s) = (4n(t — 5)) ™% exp {—ﬂ} X(0,00)(t = 5).
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We note from (1.1) that W(X — Y, ¢ — s) is the kernel of the single layer potential in €. Integrating

the resulting equality over s € (—oo,t — d) we obtain
-6
I= / / o FOS) WX =it )], dY ds
—o0 JQs(e
t—9
- / / k(Y $)W (X — Y.t — 8) o, ds
—oo JO(€)s

t—0
- / /8 Y SWAX =Y.t = 5)dods (7.5)
—00 Qe)s

—/H/Q() (2(Vh, V) + hAY — hp )W(X — Y, t — 5)dYds

= Hy + Hy + Hj,
where 0, = 0.5,n = n.s(Y, s) are defined as in (0.12), (0.14). We note from |[|A|

comm < [ that if
h(A(y,s),y,s) = 0, then
BN+ PocA(y, 5),5,8) < 5 AN (IVA[)(A(y, ), . 5) (7.6)
when \ > e. Using (7.6) and letting e—0, we find from dominated convergence, that
6%130 Hy =0. (7.7)
Also, from dominated convergence we have
lim Hy = /R /8 (Yo )W(X =Y.t — ) do ds. (7.8)

Next we see from (7.6) and our choice of ¢ that if

Q = [Qap( X', 1) \ Q3,/2(X", )] N Qe),

and X' = (z{, ), then for ¢ sufficiently large

|Hy| < cp™ /Q (p~2|h| + p}|Vh|) dYds

<cp™" N.(|Vhl)dyds < cp®= ||[N(VA])|2.

Bep(a/,t")
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Hence
p@m Hy=0 (7.9)

independently of €,6 € (0,1). To treat I let
O\, z,t) = (N + e+ Py A(z,t), z,t),

when (A, z,t) € R and put w(Y,s) = k(Y,s)W (X — Y,t — s). Since the Jacobian of the above

transformation is = 1, we have

t—o t—0 0o
I:/ / wdeds:/ / / w, 0 0 dAdy ds
—o0 JOs(e) —o0 Jrn-1 )0

_ /:s/w_l /OOO[ (wob)y — (wob)yLP, Ald\dyds (7.10)

00 t—0
:/ / wo&(/\,y,t—é)d)\dy+/ / wo0(0,y,s) 2P, Adyds
]Rn_l 0 — 00 Rn_l

=0+ 1

Letting 6—0 we deduce from the usual “ approximate identity type ” limiting argument that
I,— h(X,t), independently of ¢, p. Also from (7.6), Lemma 2.8 (¢) with § = 1,0 = |¢| = 0, and

dominated convergence, we deduce that
L] < ce | o, MR ], PreA | do ds =0
(e

as €,0—0, We let 6—0, then e—0, and finally p—oo. Using the above inequalities for I, I3, in
(7.10) we obtain I— h(X,t). Using this fact, (7.5), (7.7), (7.8) and (7.9), we get that (7.3) holds
in a certain limiting sense. On the other hand from Sobolev type estimates using h, € L*(99), it
is easily shown that the integral in (7.3) converges absolutely for all (X,¢) € Q. Thus (7.3) is true
and the proof of uniqueness in Theorem 1.15 is now complete.

Finally we consider uniqueness in Theorem 1.14. Again assume for some f € L*(92) that there
exist two solutions u, v, to the heat equation in {2 with normal derivatives equal to f a.e. on 02 in the
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nontangential sense of Theorem 1.14. If for some fixed a > 0, we have N, (|Vul|), N,|Vv| € L*(09),

we shall show u = v. For this purpose, set h = u — v. We first prove that

171l 2

1,1/2(

a0(e)) < O0. (7.11)

Once (7.11) is proved we can use uniqueness in Theorem 1.15 to conclude that h = Sq. + ¢ in Q(¢)

for some ¢, € L*(092(¢)). From (5.1) and dominated convergence, it follows that

llgell2 < callhn|l2—0, as e—0.

From this inequality and basic Sobolev estimates we see that h = ¢ in 2 which proves uniqueness
in Theorem 1.14.
To prove (7.11) we shall need several lemmas. In order to state these lemmas define p, :
erfl — Q(e), by
pe(N,z,t) = (A + e+ PyogoAl(z, t),z,t) = (zo,2,1).
For fixed €,a > 0, put ¢ = h o p. and let N,g(x,t) be the nontangential maximal function of g
defined relative to I'3(0, x, ), where a is chosen so small that N,g < NM h, at points corresponding

under the transformation (0, x,t)—pc(0, z,t). Also, for given R > 0, set
Q = {(\z,t) € R : X< 2R, (x,t) € Byr(0,0) },

Q" = {(\x,t) € RM™ : 2R < XA < 4R, (z,t) € Byg(0,0) },

Q" = {(\z,t) € R : N <6R, (2,t) € Bgr(0,0) },

mog = Q1" [ o(X.1)dXdr.

With this notation we prove

Lemma 7.12 We have
R [ lg—magl?dX di < oy |N.(Vg))
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Proof We first note that
T=R / g — moglPdX dt < ¢cR™ 5/ 1g(Y,s) — g(X, 1) |>dYds dXd.
! Q/

Second we let y be the characteristic function of )" and suppose that (X', t') = (zy, 2, ), (Y',s') =
(6, Y, s') are points in Q. We put (X,t) = (zf + 2R, 2/, t'), (Y,s) = (y, + 2R,y', s") and observe
that (X,?),(Y,s) € Q". Using the triangle inequality and the mean value theorem of differential

calculus we see that
|g<X,7t,) - g(Y’,S,)‘ < CR[N*(|VQ|)(O,J]I,1'Z/) + N*(|Vg|)(0,y’,s)] + |g(X7t) - g(Y7 S)|

Third, we let x denote the characteristic function of @)” and note that

n—1

19(X,t) — g(V, )| < cR? My(gex)(X,t) + ¢R D Mi(g.,x) (X 1),

=0
where M;,0 < ¢ < n — 1, denotes the one dimensional maximal function in x;, while the other
variables are held constant, and M, is the maximal function in the time variable. Using these
notes, the Hardy-Littlewood Maximal Theorem, and integrating over ) x )', we find that

T < | NAVGNIE +eR | Mg x)? Xt

+ cR! (Z/ (IVg]x)? dth)
< NV + cR [ |of? dXar

+cR™! Vg|? dXdt
Q//

IN

ANV + R |l dXdr.
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To handle the integral involving g; we observe that if X = (A, z), then from Lemma 2.8 (b), and
the fact that hy = Ah in Q, we have at (X, t)

9¢] < |he 0 pe| + |y © pel |%P’Y(6+A)A|

n—1

<Y Nhaa, 0 pel + s R |hag 0 el -
1=0

Using this observation, local interior estimates for second derivatives of solutions to the heat equa-

tions (in terms of the first derivatives), and Lemma 2.8 (b) we see that
R oy |gu?dXdt < 5 R [ |Vgl* dX dt

< ¢z [IN(IVgDI3-

In view of this inequality and the above inequality for T', we conclude that Lemma 7.12 is true. O

Next let ¢ € C2°((—2R, 2R) % Bar(0,0)) with ¢ = 1 in (—R, R) x Ba(0,0) and
[¢elloo + HV2¢HOO < c¢R7?,
where | V2¢ |? is defined at X = (A, z) by
n—1 n—1
| V2 [? = Qﬁixj + ) i+ (7.13)
i=1

ij=1

For k = (g — mg g) ¢, we shall prove

Lemma 7.14 If z = (z,t) and |V? -|? is as in (7.13), then

@) [ [ IV dz AN < el N (VADIEzan
@) [ [ 2 dz2d) < s NVRD Eapng

ity [ [ 19Dk [Pdz AN < 5 [N(VED oo
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Proof: To begin the proof of Lemma 7.14 we claim that

(1) /0 /Rn | Moy © pe(X, 2) |2 dz AdA < CB||N*(|VI’L|)||%2(BQ(E)) for0 <i,j <n-—1,
(7.15)
(i) /0 /}R | hgyi 0 pe(A, 2) [Pdz NPdX < 05||N*(|Vh])|]%2(89(6)) for0 <j <n-—-1.

To prove this claim we note that since N, (|Vh|) € L*(9Q(e)) and each component of VA is a
solution to the heat equation in €2(¢), we can apply Theorem 1.13 to h,;, 0 < j < n —1 in Q(e).
Doing this we see that each component of Vh can be written as the double layer potential of an
L?*(9Q(e)) function with norm < c||N*7€(|Vh|)||%2(8Q(E)). Using this fact, the fact that N, < N,
and Corollary 4.8, we get claim (7.15). Next we note from Lemma 2.8 (b), as in many previous
differentations, that at (A, z,t)
| V2 [? < e[ VPR [2 0 pe + (hay © pe)* | VEPyrsg A
+ c[Vg? Vo] + clg—mq g | V6 ]*.

The contribution of the first term on the righthand side of this inequality to the integral in Lemma
7.14 (i) is handled using (7.15)(7). The contribution of the second term is estimated from (2.7)
and Lemma 2.8 (b) . The third term is treated easily using Lemma 2.8 (b) and the fact that
p=0¢€ RTl \ @', while the estimate for the fourth term can be obtained from Lemma 7.12. Thus
(i) of Lemma 7.14 is true.

(77) of Lemma 7.14 is proved similarly, using h; = Ah in (¢). We omit the details. To prove (7i7)
of Lemma 7.14, we integrate by parts in A and use Schwarz’s inequality, as well as self adjointness

of Dy 5, to get

/0 /,R | VD ok [ dz MdA = —/0 /R (VD! ok, VDL ok ) dz A2d

> 1/2 > 1/2
<c </ / ’Vk)\ sz )\d)\) (/ / ‘thPdZ)\gd)\) (7.16)
0 R™ 0 -

< e N (IVA) | 22000 -
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where

I = /oo/ | Vke |2 dz A2,
0 R"™

and we have used Lemma (7.14) (i) to get the last inequality in (7.16). Differentiating and using
Lemma 2.8 (b) we see that at (A, z,t) = (A, z), we have
VE]* < 5 |Vheopel® + 5| Vo, 0 pel |5 Perr AP

+ |hay 0 pel* IV G Pex AP + [Vl 0]

+ 19 [VoP + 1g — mogl? Vo[
The contribution of the first term on the righthand side of the integral defining J can be handled
using (7.15)(é¢). The second term is treated using Lemma 2.8 (b) and (7.15)(¢) while the third is
estimated using (2.7) and Lemma 2.8 (a). The fourth and sixth terms have essentially already been
considered in the estimate of | V2 k|2, Finally the fifth term can be handled in a way similar to the

integrand in Lemma 7.14 (i7). Doing this we get
J < Cs ”NhHLQ(aﬂ(e)) .

Putting this estimate in (7.16) we see that Lemma 7.14 (4i7) is true. The proof of Lemma 7.14 is
now complete. O

Armed with Lemma 7.14 we are now ready to prove (7.11). To do this we note from (0.17) that
it suffices to show

||Di/29|mn||2 < o0 (7.17)

since N, (|Vh|) € L*(99(e)). Here we have identified R" with OR"™. Moreover to avoid decay

problems we shall first prove (7.11) with g replaced by k, where k is as above. Indeed, as in (5.12)
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we deduce -
1D4oklerllf = =2 [ [ (D4uk)(D] k) d X

0 /2, oo 1/2 (7.18)
< 2( I (D§/4kA)2dzd)\> ( I (D§/4k)2dzd)\> :
0 R" 0 R"

= 2M; M,.
Integrating by parts with respect to A we find

M2 = 2 / / DYk DYk dz AdA
0 RT?,

_ _2/00/ Fan D oy dz AdA
0 R™

(7.19)
00 1/2 &) 1/2
<2 (/ k2, de /\d/\> (/ [ (D4ka)2 )\d/\>
0 R™ 0 R™
< c|IN(VADIZ: o))
where we have used Lemma 7.14 to get the last line. Likewise
M2 = 2 / / DY, kx DY kdz AdX
0 Rﬂ,
_ _2/00/ D!k Dikdz AdA
o Jan
(7.20)

<ec (/ / (D1 sky)? dz )\d/\) (/ / (k)2 d= )\d)\>
0 R™ 0 R"

<c ||N(|Vh‘)||%2(89(e))7
thanks again to Lemma 7.14. Using (7.19), (7.20) in (7.18) we conclude that (7.17) is true for k.

To prove (7.17) for g we note that the norm squared in (7.17) is ~

LI (g(x’fi - f;f’t))z da ds dt

Now from (7.17) for k£ and the fact that k = g — c on (—

R) x Bg(0,0) we see that

R,
L L

< C||D1/2k|ﬂt"||§ < C”N*(|Vh|)”%2(89(e))
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Letting R—o00 we deduce from this inequality and the above note that (7.17) is true. Thus (7.11) is
true and from our earlier remarks we conclude uniqueness in Theorem 1.14. The proof of uniqueness

in Theorem 1.16 for small ||ID,,Al|. is now complete. O

8. Equivalence of Two Conditions. In this section we shall prove (0.19) and (0.20) which in
view of our previous work will establish Theorem 1.16 when || D, Al|. is small. To this end suppose
that

|A(z,t) — Ay, t)| < a1]z —y| forz,ye R teR, (8.1)

Our smoothness conditions in time are

D, All, < as < oo, (8.2)

1D}y All. < as < oo (8.3)

We prove

Theorem 8.4 Let A: R"—R satisfy (8.1). Then conditions (8.2)-(8.3) are equivalent in the large
in the sense that one condition implies the other for some choice of a;, 1 = 2,3. These conditions
are also equivalent in the small in the sense that for fized a and given € > 0, there exists 0;,1 = 2,3,

such that if a; < 6; in condition (i), then condition (j) holds with a; < €, whenever 2 < j < 3.

Proof: To avoid decay considerations on the Fourier transform side we assume as we may that
A € CP(R") and A(0) = 0. Indeed, (8.2)-(8.3) are unchanged if we replace A by A — A(0) in
these inequalities. Convoluting A — A(0) with an approximate identity and then multiplying the
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resulting convolution by suitable cutoff functions, we obtain a sequence of C§°(R") functions which
converge to A — A(0) uniformly on compact subsets of R". Applying the estimates which follow
to this sequence and then taking a limit, we get Theorem 8.4 for A. We continue under the above

assumption. By definition we have

~

(D,A) (z,7) = A (m(z,T) |T|1/2> , (2,7) € R",

where ", as in section 1, denotes the Fourier transform on R"™ and

T

mET) = Rl

We note that m is not smooth enough to apply standard multiplier theorems (see [S1, Thm 3, p
96]). To overcome this difficulty let ¢ € C§°(R) be an even function with ¢ = 1 on (2/K,3/2), and
with support in (1/K,2), (-2, —1/K), where K > 2 is a large constant to be chosen later. We also

choose ¢ so that H%(bHoo < 100K', 0 <1 < n+4. We write

~

(Do) (2.7) = A (m* (z,7) |72 4 (220

m*(z, 7')) ,

where
m*(z,7) = m(z,7)p (W) :
and
(o, 7) = TEmER UGl () _ g) (-2 ).
Put m " (z,7) = g5y m*(z,7) for 1 < j < n—1. We shall show after (8.10) that there exist

+

kernels L7 corresponding to m; " and L™ coresponding to m* so that

n—1
DyA=cL*+DipA + ¢ Litx A, (8.5)

J=1
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where the convolution is interpreted in the principal value sense.

To go the other way we note that

(DipA) = A (g malz,m) + ma(z, 7))

lI(z.m

where
mi(z7) = sent (R 6 ()
and
ma(z,7) = EEEHED (1 — g) (L)
Put my; = mmg(zn’) for 1 < j < n — 1. Again we shall show after (8.10) the existence of

kernels Ly, Ly j, corresponding to these multipliers such that

n—1
DijpA=cli*xDyA+ c)y Lyjx A, (8.6)

Jj=1

where all integrals are principal values. We note that m; and m™ are infinitely differentiable away
from the origin and parabolically homogeneous of degree 0. From this note we see that we can
repeat the argument in [S2, ch 4, Prop 2] with | - | replaced by || - || to conclude that L,, L exist,
have average zero on spheres about the origin, are parabolically homogeneous of degree n + 1, and
satisfy (2.10) with R; replaced by Ly, L*. Using these facts it follows from a well known argument,
often called “ Peetre’s lemma, ” that each operator also maps BMO boundedly into BMO. In fact
one can track down the constants in the proposition mentioned above. A crude estimate shows
these constants depend only on the L norm of the first n + 4 partials of the multiplier. From this
observation it is easily seen that either of the convolution operators corresponding to m™*, m;, map

BMO into BMO with norm < ¢K™**. Hence

|Ly # DyAll. < K™D, AlL,
(8.7)
|L* % Dl pAll, < K™D} AL
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We could do better but this is all we need. Let H be any one of the alleged kernels, L;FJ“, L, ;, for

1 <j <n—1. We shall prove that if f € L>(R"), then H exists and
1 fll < eK77 ) flls.

From (8.5) - (8.8) with K = 4 we see that

(=) DnAlle < clIDj Allx + ¢ ||Va Allos,

(==) (1D Alls < ¢||Dn All+ + ¢ ||V Al

(8.9)

(8.8), (8.9) clearly imply conditions (8.2) and (8.3) are equivalent in the large in the sense of

Theorem 8.4. To show (8.2) and (8.3) are equivalent in the small for given a, €, we first define K by

(a+1)K~7/' = ¢/c, where ¢; > 2. Second we put §; = ¢ K=" fori =2 ... n—1.1If ¢; is chosen

large enough (how large depends only on n), then from (8.5) - (8.8) we deduce that conditions (8.2),

(8.3) are equivalent in the small.

To prove (8.8) let m denote the multiplier corresponding to H. We note that if v is a nonegative

integer and = (B4, ..., B,—1) is a multi index, then

() gl g2 (=) < elr|2= [[(z,7)[| 0P for 0 < a4 || < n + 4,

(b) |aia % (zzm)(z, 1) < C’T|%_QH(Z,T)H_W| for0<a+|f|<n+41<i<n-—1,

() 155 3% (rm)(z,7) < e|r|272|(z, 7) | 70FHD for 0 <+ |B] <n+4.

Also we observe that the support of m is contained in

{<Z7T):0§|T|g2‘|(“>“2}

K

Using (8.10), (8.11), we shall show that if (z,7) € R", then H exists and

|H(Z,7’)| < cmin {K_3/2‘z‘_(n+1)’ K—7/16‘T’7%’Z‘,n+%} '

101

(8.10)

(8.11)

(8.12)



V. H(z,7)] < emin {K3/2]z|~02), g=710)7| 75 2] 3 ] (8.13)

|2 H(z,7)| < cmin { K227, K217 | 756 |2~ D} (8.14)
We claim that (8.12)-(8.14) along with || H||e < ¢K =12, are enough to imply that the principal value
convolution operator corresponding to H exists, and maps L> into BMO with norm < ¢K~7/16.
Existence follows as in [S1, ch 2, sec 3] with | - | replaced by || - ||. To show boundedness suppose

x is a point in R™ and dx Lebesgue measure on R". Then from the above note and “ Peetre’s

argument, ” we see that it suffices to show
/ \H(z —y) — H(z)|de < K7/ (8.15)
{ll=>1}

whenever ||y|| < 1/2 in order to obtain the above norm estimate on H as an operator from L to

BMO. Now,
H(x —vy) — H(z)|dx < / —|—/ —|—/
/{||m|21}| ( Y) (z)] <| e |+ | 5, |+ | B ‘

Er={(z7): |z 2 LIr| <1}

where

Ey={(z,7):]z| < 1,|7| > 1}

Es={(z,7):|z| > 1,|7| > 1}.
Using (8.12) it is easily seen that

/ |H(x —y) — H(z)|dx < K™/,
E1+E»

Moreover, using (8.13)-(8.14) and splitting the range of integration into {(z,7) : 7 < |2]?} and
{(z,7) : 7 > |z|*} it follows that
/ \H(z —y) — H(z)|de < K7/,

E3
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Hence (8.15) is a consequence of (8.12) - (8.14). Note that we would have rather proved inequalities
like

[H(z,7)] < K77 ||(z, 7)1

for some vy > 0 but the multiplier is not smooth enough in 7 to do this .

To prove (8.12)-(8.14) we write m = Y. m;, where m;(z,7) = m(z,7)g:(|[(z,7)]) and {g;}
is a partition of unity for (0,00), with ¢g; = 1 on (27% 27%) while supp g; C (277,227 for
i=0,£1,£2,... . Let {H;} be the kernels corresponding to {m;}. From (8.11) we deduce that

the support of m; is contained in

{(z,T) 0 o S K ad 27 <)) <2 } . (8.16)

Using (8.16), (8.10), and the observation that the Fourier - inverse Fourier transforms turn

derivatives into multiplication by powers we shall show that

|Hi(z, 7_)| < C2—(71—!—1)2‘[(—3/2 min{l, 2i(n+2)|z|—(n+2)’ 2i(n+3/2) K5/4|Z|1—n |7_|—5/4 }’ (817)

|vz Hi(z, 7_>| S C2—(n+2)iK—3/2 min{l, 2i(n+3)|z|—(n+3)7 2i(n+5/2) K5/4|Z|—n |7_|—5/4)}7 (818)

’%Hl(Z,T)’ < 62—(n+3))iK—5/2 min{l, 2i(n+4)’2|—(n+4),2i(n+7/2) K5/4’Z‘_(n+l)’7"_5/4}. (819)

We prove only (8.17) as the proofs of (8.18), (8.19) are essentially the same. From (8.10)(a) with

a = =0 and (8.16) we see that

||HZ ||oo S CH‘FIZHI S 02—(7’L+1)i K—3/2‘
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Likewise from (8.13)(a) with o = 0, |8| = n + 2, and (8.16) we deduce
A Hi(z, 1) < el 30 155 Hil lh < 2 K722,
|B=n+2

To obtain the last estimate in (8.17) we note that

[P Hiz, ) < el Yo 1Dl 5 Hil |k (8.20)
|8l=n—1

For fixed i, 3 let 0 = a% % H;. From (8.13) (a), with o = 1,2, || = n — 1, and simple estimates
for one quarter derivatives, we find that

|D})yol(z,7) < c2™ 17|73/ for 0 < |7] < 8K~ ||(2, 7)) < K~1287%

D 40|(2,7) < 2= Vi =12 7|75/ for |7 > 4K |(2,7)||?,

|D7)40)(2,7) = 0if [z] > ¢27" and ¢ is large enough.

Using the above inequalies in (8.20) we obtain
1t17/4) 2|V | Hy (2, 7)| < K~ Y/427/2

Thus (8.17) is true. Let H = Y- H; whenever the sum converges absolutely.

To prove (8.12) we first assume |7| < K|z|? and sum |H;|. Using (8.17) we get
[H(z,7)| < >_|Hi(z,7)|
< Z C27(n+l)i K73/2
{i:]z|<2%}
(8.21)
+ Y KRt 2
{i:]z|>2¢}

< CK73/2|Z|—(n+1).

From (8.21) we see that (8.12) is valid when |7| < K|z|>. If K|z|?> < |7] and A > 0, we again use
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(8.17) to get
[H(z,7)| < D [Hi(z,7)|
< Z C2—(n+1)iK—3/2
{i:2= <A}
(8.22)

KTV ST 23
{#:277>A}

< CK—3/2 )\(n+1) + CK_1/4’T‘_5/4 ’2’1_n )\—1/2‘
Clearly (8.21), (8.22), imply that H exists for every (z,7) # (0,0). The righthand side of (8.22) is

minimized when \ is a constant multiple of
1
( 17‘75/4 |z!1*”K5/4 ) n+3/2

Putting this value of A in (8.22) we conclude that

n+1

[H(z,7)| < B3 (|r| 214 |2 ) (8.23)

Now since K|z|? < |7|, and 4?7(112})2) > 17/16 we have

K—3/2 (‘7"_5/4‘2‘1_”[(5/4)% < K—7/16 |7"_17/16|Z‘_n+9/8.

Using this inequality in (8.23) we conclude that (8.12) is also valid when K|z|? < |7|. Hence (8.12)
holds. (8.13) and (8.14) are proved similarly using (8.18) and (8.19). Thus (8.8) is true. From our
earlier remarks we now get Theorem 8.4. O

Note that in the proof of the equivalences, it is rather important that |V, A| € L* rather than
BMO. Indeed we have shown that all our operators map L* — BM O, but it does not appear obvi-
ous that Lj*, Ly, 1 <j<n—1 map BMO—BMO (even though each of these operators maps

1 to 0), essentially because of the lack of smoothness of each multiplier in 7.
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9. Examples. In this section we prove Theorem 1.17 and Corollaries 1.18, 1.19. As mentioned in
section 1, these results show that the work of [LM, ch 3] and Theorem 1.16 of the present paper are
sharp. We shall prove our results by an iterative procedure in the spirit of Tom Wolff [W]. To do
so we shall need a “ rate ” theorem of Fabes, Garofalo, and Salsa [FGS, Theorem 3]. In order to
state this lemma let zg = (z¢,t9) € R™ when n > 2, and z = ¢, when n = 1. We ask the reader to
please excuse our small change in notation (xy now denotes a fixed point in JR"~! rather than the
first coordinate of a point in R"). Next suppose f : B,(z)—R satisfies (0.10) with ¢8 = b. That
is,

[f(z) = f(0)] < bllz =]l (9.1)

whenever z,v € B,(z). Set
QB,(20)) = {(\, 2) € R™"' : z € B,(20) and f(z) < A < f(20) + 4bp}.

With this notation we state the following lemma of Fabes, Garofalo, and Salsa.

Lemma 9.2 Let f satisfy (9.1) and suppose u,v are positive solutions to the adjoint heat equation

in Q(B,(z)) that are continuous on the closure of this domain with
u(f(2),2) =v(f(2),2) =0, whenever z € B,(z).

If Xo = f(20) + 2bp, 21 = (wo, to — [1/4 +7]p?), and 22 = (20,0 + [1/4+17]p?), then

U()\o, 21)
U()\(), ZQ) .

wp  UOL2)

< ¢c(b,7)
(\2)EQ B, ja(0)) V(A 2)
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We note that FGS proved the above lemma for the heat rather than adjoint heat equation and with
21, 2o interchanged. However, the above lemma follows from their work using the transformation
t— —t.
Proof of Theorem 1.17 : To begin we first study a canonical example. Put Ay(t) = —m ||
when t € R and set

Dy={(z,t) e R?: Ag(t) <x <2, —4<t<4}
for m > 1000. Let Gy be the Green’s function for the adjoint heat equation in Dy with pole at (1,

1). We shall need the following lemma.

Lemma 9.3 Given p, 1 < p < oo, there exists ¢c; = ¢1(p), such that

10/m
C1 /
1/m oz

2.q, ‘p (Ao(s),s)ds > mP~t.

Proof: Let w be the bounded caloric function in Dy with boundary values 1 on {(—mt,t) : 1/m <
t < 10/m} and 0 on the rest of the parabolic boundary of Dy in the sense of Perron, Wiener, and

Brelot. As in [LS] it can be shown that

W(1,1) = / 2 Gy(Ao(s), 5) ds. (9.4)
Let @ be the bounded parabolic function in the rectangle, A = {(z,t): -2 <2z <2, 1/m <t <4},
with boundary values, @ = 1 on (=2, —1) x {1/m} and @ = 0 on the rest of the parabolic boundary
of A. Using the maximum principle for the heat equation in A and comparing boundary values of
w,w, in AN Dy we see that
w(1,1) > @(1,1) > ¢
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where ¢ > 2 is an absolute constant independent of m . Putting this inequality in (9.4) and using
Holder’s inequality, we deduce that

10/m
/m

2Go [ (Ao(s),5)ds.

< (11 = ( [ 2.9 ds>p < (ofmpt |

/m
Clearly the above inequality implies Lemma 9.3. O
In the proof of Theorem 1.17 we shall construct (Dy)g°, (Ax)J°, so that for each nonnegative
integer k, we have Dy C Dyy1, Apr1 < Ag, D = U2y Dy, and A(t) = kli_r)noo Ai(t), t € R. For this
purpose we divide the interval [4/m? 1/2] into closed intervals with disjoint interiors and of equal
length, 2rp = 5. Put Fy = {[-5, 3]} and let Fj be the collection of all intervals in the above

2m

subdivision, together with [25, L] If I = I, (tg) = {t : [t—to| < 1o} € F, we define the piecewise

4m27 m?2

linear function A; on I by
Al(t) = Ao(to) — (4/\/T_0> m |t — t0| for |t — t0| S 7“0/4,

while A1 is linear on [t0+T0/47 to—f—?”o/?], [tO—To/Q, to—’/’o/4], with Al(toiro/Q) = Ao(t():l:’l“o/2).
Set Ay = Ap for ro/2 < [t —to| < ro. We make this definition for each interval in Fj. Put A; = Ay

on R\ (Ulefg [). Clearly, A; < Ap. With A; now defined set
D1 = {(LC,t) Al(t) <l’<2, —4<t<4}

and let G be the Green’s functions for the adjoint heat equation with pole at ( 1, 1) in D; . Next
define F; by

Fi= {1 =[to+ &%, to +70/16] : I = L, (to) € F3}.
We claim for some ¢y = ¢y(p), that

CQ[
1

2 e[ (Ai(s),s)ds =y * mP Golan (1), (1)) (9.5)
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where z1(1) = Ap(to) + %, ti(l) = to + % and I, I, are as in the definition of F;. To prove claim

(9.5) define Q(I) as in (9.1) by

Q) = {(z,1) : A(t) <z < Ai(to) +r2/2, and |t — to] < ro/4}.
We can translate Q(1) by (—Ag(ty), —to) and then scale by 4% in the z direction, 16/ry in the
t direction to get Dy in Lemma 9.3.

Using dilation invariance of the heat equation, it follows that if G denotes the Green’s function

for the adjoint heat equation in Q(I) with pole at (xq,t2) = (A(to) + ré/2/4, to + 70/16), then

é(@ﬁ + Ao(tg), to + %) = (16/7“0)1/2 Go(l’,t), (I7t) S DO . (96)

We claim for some c3 > 0 that
3 Gilx,t) > re? Gy(m1, t1) Gz, t) (9.7)

in Q(I) \ Q, where

Q = {(z,t) : |z — x| < /70/25, |t — ta] < 10/625}.
To prove this claim observe from Harnack’s inequality for the adjoint heat equation that for some
¢ > 2, we have ¢ Gy > G1(x1,t;) on 0Q while G; > 0 = G on the parabolic boundary of Q(I). Since
G < cry Y2 on 0@ we conclude from the maximum principle for the adjoint heat equation applied
to ry/? Gi(z1,t1) G — ¢Gy in Q(I) \ Q that claim (9.7) is true. Using (9.7), the Hopf boundary

maximum principle, (9.6), and Lemma 9.3 we deduce

J

2 G" (Ai(s), 5) ds

26| (As)s)ds > PGy [
1

_ 10/m
> c ! T‘(l) p/2 Gl(ZL'l,tl)p/

1/m

2Gol (Ao(s), s) ds

(9.8)
> c_lfr’é_p/2 mP~t Gy (21, t,)P
> c‘lr(lfp/Q mP~t Go(z1,t,)P.
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In the last line of (9.8) we have used the fact that Gy < Gy in Dy. Thus claim (9.5) is true.

Next we use Lemma 9.2 to show that

c > g 2 Go(w, )P > Z/‘QGO o(s),8)ds. (9.9)

IeFy IeFo

We note that Fy consists only of [4/m? 1/2] so we would not have needed to write the sum on
the righthand side of (9.9). However we have purposely written (9.9) this way since we plan to
replace Fy, F§ by Fr, Fi, in future iterations. To prove (9.9) we note that Ay is Holder 1/2 with

norm < 1 on a scale of 1/m?. That is,
| Ao(t) = Ao(s) | < mls—t| < |s—t['/?

when |s — t| < 1/m? Let I = I, (to) € F& with I C [4/m?*1/2]. Set I' = I,,(ty — 2r¢) and
define z1(1"),t;(I') as above relative to I'. We note that I’ € F§. Let I* = I (to) and put
O = {(z,t) : Ap(t) < & < Ay(to) + 164/Tg,t € I* }. Next put u equal to the restriction of Gy to Q*

and set

(z + 4m)?

v(z,t) = (—t+4)72(t + x/m) exp l— M=t +4)

] , (x,t) € Q.
Clearly, v is a solution to the adjoint heat equation in 2* and v(Ay(t),t) = 0, when ¢ € I'*. Moreover,
it is easily checked that

W‘W] ~ m 2L u(Ag(t), 1) ~ m?o(e*, 1)

P l_ 4(—to +4)

when ¢ € I*, where (z*,t*) = (A(to) + 100r2, to + 8rp). From this note, the fact that Ay is Holder
1/2 with norm < 1 on a scale of 1/m?, Lemma 9.2 with u,v as above (I* replacing B,(xo, %)), and
the Hopf boundary maximum principle we find that for ¢ € I,

| 2Go| (Ao(t),t) < ¢ | 2o (Ao(t), 1) Sl LL0l)

v(z* %)

(9.10)
< em Go(z1 (L), t1(1")).
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Raising both sides of this inequality to the p th power, integrating and summing over I, we obtain
(9.9) after some juggling.

From (9.8), (9.9), we find first for some ¢4 > 2 that

)

IeF

%Gl‘p (Al(S),S)dS > szl mpfl Z /I

I1eFy

%Gor (Ao(s), s)ds (9.11)

while (9.11) and another application of Lemma 9.3 yield for ¢4 sufficiently large that

)

IeF;

2
%Gllp (Ai(s),s)ds > {czlmp_l] : (9.12)

We note that if m is large then (9.11), (9.12), imply that the spikes added to Dqy to get D; can be
used to significantly increase the integral of interest.
Proceeding by induction, suppose that A,k > 1, has been defined with A, 1 < A; for j =

1,...,k , as well as corresponding domains

and adjoint Green’s functions (G;) with pole at ( 1, 1). Suppose also that families of intervals
F;,1<j <k, and ]-";, 1 < j <k —1 have been defined where the intervals in ]-"J* have length 2r;

for 0 < j<k-—1. Moreover, for 0<j<k—1

_ Ty Tiq. x
Fiy1 = {[to+ I o + E] 1, (to) € Fj )
We assume that if B; = A; — A;_;,1 < j <k, then
(a) supp B; C U %I,
IeF:

(b) |Blloe < 5m/ /T, (9.13)

©  IBjlls < em .
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Here 11 denotes the interval with the same center as I and 1/2 the sidelength. If k > 1, we also

assume that

Tj,1
ri = 5
32m

(9.14)

k
for 1 <j <k—1.Since 4, = Ay + Y_ Bj, we see from (9.13), (9.14) that for k£ > 1
=1

| A%lloe < 10m//Th—1 - (9.15)

Clearly (9.15) also holds if £ = 1. From (9.15) we observe that Ay is Holder 1/2 with norm <1 on

Th—1
100m2 -

a scale of

Next suppose that I, (to) € F;_, so by definition, [to + %=, 10 + 5] € Fi. We divide this

interval into disjoint subintervals of length 27, = r’“;llz. We do this for each interval in Fj. Let F} be

16

the family of all such subintervals together with all intervals of the form [ty + 5% | to+ 2og

] where
I, (to) € Fi_,. To define A1 we proceed as in the case k = 0. That is we replace the graph of
Ay, over each I € F} by a certain sawtooth. In fact if I, (tg) € F; we define A4 on I, (to) exactly

as in the case k = 0 with ry, Ag replaced by ry, Ax. Let Apy1 = Ap on R\ UIG;; I and put
Dry1r = {(z,t) s Ap(t) <z <2, -4 <t <4}

Let Giy1 be the adjoint Green’s function for Dy,1 with pole at (1,1) and set

A r r y
Fion = {I=[to+ -5, t0+1—g]:[rk(to) e Fi ).

8m

Proceeding as in the case k = 0, we deduce as in (9.5)-(9.8) that

J

where [ ,_f are as in the definition of F;,; and x1,t; are defined relative to I as in the case k = 0

2G| (Apsa(s),5)ds > PP mr = Gula, 1y )P (9.16a)
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with 7o, Ag, replaced by 7, A . Also using Lemma 9.2 as in the case kK = 0 we obtain

c Y T;i_p/sz(l'hh)p > Y /1

I€F; IEF;,

2 Gil (Aw(s), s) ds (9.16b)

which is just (9.9) with Go, Fo, Fg replaced by Gy, Fi, Fi. Using (9.16a), (9.16b), and Lemma 9.2

we obtain an inequality analogous to (9.11) :

> %Gkﬂ‘p (Apta(s),s)ds > c¢'mP~1 Y- /I

I1€F, 11 IeF;,

.Gyl (Ax(s), 5)ds. (9.17)

[terating this inequality and using (9.12) we get for ¢4 large enough

k+2
%GkH’p (Aks1(s),s)ds > [cf mp_l] : (9.18)

>

IGfk+1

By induction we get (Ax), (Dr)g°, and (Gg)3°. Let D = U Dy, and let G be Green’s function for D
with pole at (1, 1). Since Dy C D we see from the maximum principle for the adjoint heat equation
that G > Gj. Let A = Ay + in = kli_r>nOO Ag. By construction we have A = Ap,y = Ap on
L., (to) \ Iy, 2(to) whenever I,, (ty) € Fj;. Using this fact and the Hopf boundary maximum principle,
it follows that |2 G| > |Z Giya| on I, (to) \ I, /2(to). This inequality, (9.18), and Lemma 9.2

imply for m large enough,

S [ JzefUsads > X [ |26l (Aeals), 9)ds
L eF; I \Ip, /2 I eF; I NIy, 2
>t Y[R G () s)ds (919
rer, 1

k+1
> ! [cf mpfl} > 2k

We note that the second line in (9.19) is proved using Lemma 9.2 as in the proof of (9.17). That is
we first use Lemma 9.2 to estimate the integral involving % below by a sum of values of Gy

(see (9.16a)). Next we may replace Gyy1 by Gy, in this sum (since Gy41 > Gy) and then once again
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use Lemma 9.2 as in (9.16b) to get the third inequality in (9.19). Since k is arbitrary in (9.19), we

conclude that

To complete the proof of Theorem 1.17 we show using a condition of Strichartz [Stz] that
| D124« < e¢m. Indeed by construction we have 1] < %= |I| whenever I € Fip1, I € Ff, as we see
from the definition of Fj1 above (9.13). It follows from this fact that if J is an interval of length
|J| with .1 < |J| <, then for k > 1+ 1,

LRVIS
> M < eI (9:20)
{I€F;: INTA0}
If J is as above, then

A=A+ >, By = A + B
k=131

and by (9.15) we deduce

(A - A ?
// e s—t t11(t)) dsdt < cm®r " [J]? < em?|J| (9:21)

while from the triangle inequality we have

[][](B(f;:ggt>)2 dsdt < ¢

(// Bita(s - tBk—H( )’ dsdt>1/2r | 0

k=041
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From (9.13) we find that if £ = U I for some fixed & > [ + 1, then
{IeF;: INJ#0}

/ / (Besa(s) BM()) dsdt < / / Brs1(s)=Bear () go 1y 4 o / / (Ben ()=Ben () o 1y
(s—t)? BJNE (s—t)2

< = D S | / (Bres(e)=Prs0)* 1 gy
R

{IeF}: mJ;é(Z)} {IeF}: InJ#0}
< e P = S I e
= t

{IeF;: mJ;é(Z)} 20721 {I€F INnJ#0} m\21 =0

IN

e S mEIl+e X /(/M m?|1| (s )—2ds>dt

{IeF;: InJ#0} {IeF;:InJ#0}

<ec Z m2|I| < em? (%6)[“_’g 1],
{IeFr: INJ£0}

(9.23)
thanks to (9.20). Summing (9.23) and using (9.22) we obtain
B(s) — B(t))?
//( () = BOF 4ot < em?|J]. (9.24)
7 (s —t)?
Combining (9.24) with (9.21) we conclude that
A(s) — A(t))?
// (A = A 40 < em? (1. (9.25)
g (s —1)2

If |J| > ro we can repeat the above argument with [ + 1 replaced by 0 to obtain that (9.25) is
still true. Hence (9.25) holds whenever J C R is an interval. From (9.25) and a theorem of

Strichartz[Stz] we find that || Dy/2 A||. < em. The proof of Theorem 1.17 is now complete. O

Proof of Corollaries 1.18, 1.19 : For given p,1 < p < oo, let A, G, D be as in Theorem 1.17 .
Let A*(z,t) = A(t)Y(Jz)Y(t) , (x,t) € R", where ¢ € C§°(R) is even with ¢» = 1 on ( - 10, 10 ).

We note from Theorem 1.17 and (0.19) that ||A||comm < 00. Let

Q={(\xz,t): A\> A*(z,1), (z,t) € R"}
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and let g be Green’s function for the adjoint heat equation in {2 with pole at (1,0,...,0,1). Extend
G to a subdomain of R™! by defining G(\, z,t) = G(\,t) when (\,t) € D and z € R""'. Then
G, g both vanish on 9QN B;(0) and are adjoint caloric in 2N By (0) so we can once again use Lemma

9.2 and the Hopf boundary maximum principle to conclude that

a%G‘ < k ‘(,%g‘ on 9 N Bs4(0)

where k depends on the value of G and g at certain points in €. Raising both sides of this inequality

to the p th power and integrating we obtain

/BQ C% g‘p do = +o0
NB(0,3/4)

where o is defined relative to A* as in section 0. To complete the proof of Corollary 1.18 we note
from [LM, ch 3] that the Radon-Nikodym derivative of parabolic measure at (1,0,...,0, 1) relative
to Q) is equal o a.e. to % g on 00). O

To prove Corollary 1.19 we note as in [LS] that if the LP(92) Dirichlet problem can be solved
for some p, 1 < p < oo, then % € LP/®=1(9Q) where again g is the Green’s function for the adjoint
heat equation in € with pole at a certain point of 2. Thus the example in Corollary 1.18 for p/(p—1)
shows in view of (0.19) that Theorem 1.13 can be false for || D, A« large enough. Next we note as
in section 5 that if the LP(0€2) Neumann problem can be solved for some p,1 < p < oo, by way
of layer potentials (in the sense of Theorem 1.14), then the L/(P=Y(92) Dirichlet problem for the
adjoint heat equation can also be solved by way of layer potentials. Thus using the transformation
t— —t we can again use Corollary 1.18 to show that the analogue of Theorem 1.14 for any fixed
p,1 < p < oo, need not be true if the smallness restriction on || ID,A||. is removed. Finally, if
Theorem 1.15 is valid for some p,1 < p < oo, then we can apply this theorem with ¢ equal to
the fundamental solution to the heat equation with pole at a certain point of 2. We obtain that

116



the nontangential maximal function of the gradient of the Green’s function with respect to our
chosen point is in LP(0f2). Using a limiting argument as in section 7 we then conclude that the
Radon- Nikodym derivative of adjoint parabolic measure with respect to the given point is locally
in LP(0f2). Thus once again we can use the transformation t— — ¢ and Corollary 1.18 to construct

examples of domains where ||Al[cmn < 00 but Theorem 1.15 is false. O
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