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Abstract

In this paper we solve several problems concerning regularity and free boundary regu-
larity, below the continuous threshold, for positive solutions to the p-Laplace equation,
1 < p < o0, vanishing on a portion of the boundary of an Ahlfors regular NTA-domain. In
Theorem 1 of our paper we show that if 2 C R"™,n > 2, is an Ahlfors regular NTA-domain
and w is a positive p-harmonic function in QN B(w, 4r), with continuous boundary value 0
on 02N B(w, 4r), then Vu(x) — Vu(y) non-tangentially as t—y € 092N B(w, 4r), almost
everywhere with respect to surface area, o, on 92 N B(w,4r). Moreover, log|Vu| is of
bounded mean oscillation on 9 N B(w,r) with || log ’vumBMO(aQﬂB(w,r)) <c. If, in ad-
dition, €2 is Reifenberg flat with vanishing constant and n € VMO(92 N B(w, 4r)), where
n denotes the unit inner normal to 02 in the measure theoretic sense, then in Theorem 2
we prove that log|Vu| € VMO(0Q2 N B(w,r)). In Theorem 3 we prove the following con-
verse to Theorem 2. Suppose u is as in Theorem 1, log|Vu| € VMO(9Q N B(w, 1)),
and that 9Q N B(w,r) is (§,70)-Reifenberg flat. Then there exists 6 = J(p,n) such
that if 0 < § < 4, then 9Q N B(w,r/2) is Reifenberg flat with vanishing constant and
n € VMO(9Q2 N B(w,r/2)). Finally, in Theorem 4 we establish a two-phase version of
Theorem 3 without the smallness assumption on 4.
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1 Introduction

Recall that a Jordan domain  C R? is called a chord arc domain if 9 is locally rectifiable
and if there exists a constant \, 0 < A < oo, such that

o(y(wy,wsy)) < AMwy — ws| for all wy, we € I, wy # wo,

where (w1, ws) is the shortest arc in the boundary which joins w; and wy and o (y(wy, ws)) is
its length. €2 is called a vanishing chord arc domain if, in addition,

o(y(wy,ws))

| | =1+ o(1) uniformly on compact subset of 00 as |w; — wy| — 0.
Wy — W2

Let w(-) = w(+,x) denote the harmonic measure associated to the Laplace operator and defined
with respect to 2 and x € Q. A classical result concerning the harmonic measure, due to
Lavrentiev [L], states that if & C R? is a chord arc domain, then w is mutually absolutely
continuous with respect to o, i.e., dw = kdo where k is the associated Poisson kernel. Moreover,
Lavrentiev [L] proved that log & is in the space of functions of bounded mean oscillation, defined
with respect to o, on 0. Later Pommerenke [P] proved that € is vanishing chord arc if and
only if logk is in the space of functions of vanishing mean oscillation, defined with respect
to o, on 0. Thus Pommerenke’s theorem gives a characterization of the set of all planar
vanishing chord arc domains in terms of the behaviour of the Poisson kernel. Concerning
higher dimensional analogues of the results of Lavrentiev and Pommerenke, such results have
recently been obtained by Kenig and Toro in a sequence of papers, see [KT,KT1-KT3]. In these
papers the authors establish a number of results concerning the regularity and free boundary
regularity, below the continuous threshold, for the Laplace equation in Reifenberg flat and
Ahlfors regular domains. In particular, as an analogue of Pommerenke’s result the authors
obtain a characterization, in terms of the behaviour of the Poisson kernel, of what they refer
to as ‘chord arc domains with vanishing constant.’

The purpose of this paper is to establish appropriate versions, valid for the p-Laplace equa-
tion, 1 < p < 0o, of the results in [KT,KT1-KT3]. While the results in [KT,KT1-KT3| concern
harmonic functions and harmonic measure, i.e., the case p = 2, the results proved in this paper
are valid for 1 < p < oo and our results are completely new when p # 2. Consequently we
also establish versions, valid in all dimensions, for the p-Laplace equation, 1 < p < oo, of the
classical results of Lavrentiev [L] and Pommerenke [P] mentioned above.

The results in this paper build on the techniques and results established in [LN,LN1-LNG6].
In these papers we study the regularity and free boundary regularity of p-harmonic functions,
p # 2,1 < p < oo, in Lipschitz domains and in domains which are well approximated by
Lipschitz domains in the Hausdorff distance sense. To briefly outline these results we note
that in [LN] we established the boundary Harnack inequality for positive p-harmonic functions,
1 < p < o0, vanishing on a portion of the boundary of a Lipschitz domain 2 C R" and we
carried out an in depth analysis of p-capacitary functions in starlike Lipschitz ring domains. The
study in [LN] was continued in [LN1] where we proved Hélder continuity for ratios of positive
p-harmonic functions, 1 < p < o0, vanishing on a portion of the boundary of a Lipschitz
domain Q@ C R”. In [LN1] we also studied the Martin boundary problem for p-harmonic
functions in Lipschitz domains. In [LN], [LN2] we established, in the setting of Lipschitz and
C'-domains the ¢ p-harmonic’ analogues, 1 < p < oo, of theorems proved for harmonic functions



in [D], [JK], [J], [KT], [KT1] and [KT2] on regularity and free boundary regularity, below the
continuous threshold, for the Poisson kernel associated to the Laplace operator. The results in
this paper can be viewed as an extension of the results in [LN2] to Reifenberg flat and Ahlfors
regular domains. We refer to [LN3] for a survey of the results in [LN,LN1,LN2]. In [LN4]
we proved the boundary Harnack inequality and Hoélder continuity for ratios of p-harmonic
functions vanishing on a portion of certain Reifenberg flat and Ahlfors regular NTA-domains
and we gave applications to the p-Martin boundary problem for these domains. Finally, in
[LN5,LN6] we generalized the results in [C,C1] concerning general two-phase free boundary
problems for the Laplace operator to the p-Laplace operator, 1 < p < oco. In [LN5] we also
gave an application of our results to the free boundary-inverse type problem studied in [LN2].
Moreover, while the analysis in [LN2] is closely linked to [LN,LN1], and [LN5], this paper is
more in the flavour of [LN4] and [LN6].

To properly state the results in this paper we need to introduce some notation. Points in
Euclidean n-space R™ are denoted by =z = (z1,...,x,) or (', z,) where 2/ = (x1,...,2,-1) €
R" ' We let £,0F, diam E, be the closure, boundary, diameter, of the set £ C R” and we
define d(y, F') to equal the distance from y € R™ to E. (-, -) denotes the standard inner product
on R” and we let || = (x,2)'/? be the Euclidean norm of z. B(z,7) = {y € R" : |z —y| < r}
is defined whenever x € R", » > 0, and dx denotes Lebesgue n-measure on R". Let

h(E, F) = max(sup{d(y, F) : y € F},sup{d(y, F) : y € E})

be the Hausdorff distance between the sets £, FF C R". If O C R™ is open and 1 < ¢ < oo, then
by W14(0) we denote the space of equivalence classes of functions f with distributional gradient
Vf=(fes---,fu,), both of which are ¢ th power integrable on O. Let || f|l1.o = | flla+ 11V f] 4
be the norm in W4(0) where || - ||, denotes the usual Lebesgue ¢ norm in O. Next let C5°(O)
be the set of infinitely differentiable functions with compact support in O and let W, 9(O) be
the closure of C§°(O) in the norm of W(O).

Given a bounded domain G, i.e., a connected open set, and 1 < p < oo, we say that u is
p-harmonic in G provided u € W?(G) and

/ |VulP~2(Vu, V) dr =0 (1.1)

whenever 6 € W,”(G) . Observe that if u is smooth and Vu # 0 in G, then
V- ([Vuff?Vu)=0in G (1.2)

and u is a classical solution in G to the p-Laplace partial differential equation. Here, as in the
sequel, V- is the divergence operator.

In the following the notion of NTA-domains introduced in [JK1] will be important. We
note that (¢i¢) in our definition of NTA-domains below is different but equivalent to the usual
Harnack chain condition given in [JK1] (see [BL], Lemma 2.5). We choose this definition in
order to emphasize the dependence of 2 on M. M, ry, will be called the NTA-constants of €.



Definition 1.1 A domain Q) is called non-tangentially accessible (NTA) if there exist M > 2
and ro such that the following are fulfilled:

(1) corkscrew condition: for any w € 92,0 < r < ry, there ezists a.(w) € ) satisfying
M 'r < |a,(w) —w| < r,d(a,(w), o) > M 'r,
(ii)  R™\ Q satisfies the corkscrew condition,
(13i)  wniform condition: if w € 09,0 < r <1, and wy,ws € B(w,r) NS, then there ezists a
rectifiable curve v : [0, 1]—8Q with v(0) = wy, (1) = we, and such that
(a) H'(y) < M |wy — w,
(b) min{H'(v([0.¢])), H'(v([t,1])) } < M d(y(t),00).

Given a domain Q@ C R™, w € 92, 0 < r < oo, we let A(w,r) = QN B(w,r).

Definition 1.2 Let Q C R™ be a domain and ro,6 > 0. Then 2 and 02 are said to be (9, 10)-
Reifenberg flat provided that there exists, whenever w € 02 and 0 < r < rg, a hyperplane
P = P(w,r) containing w such that

(a) h(A(w,r), PN B(w,r)) < or
(b) {zxeQnB(w,r/2):d(x,00) > 2ir} C one component of R™\ P.

For short we say that {2 and 09 are -Reifenberg flat if 2 and 02 are (0, r9)-Reifenberg flat
for some ry > 0. We note that an equivalent definition of Reifenberg flat domains is given in
[KT]. As in [KT] one can show that a J-Reifenberg flat domain is a NTA-domain with constant
M = M(n), provided 0 < 6 < 5, and § = 3(71) is small enough.

Definition 1.3 Let Q C R™ be a (6, 7,)-Reifenberg flat domain for some (8,79), 0 < 8 < &,79 >
0, and let w € 09, 0 < r <ro. We say that A(w,r) is Reifenberg flat with vanishing constant
if there exists, if for each € > 0, 7 = 7(€) > 0 with the following property. If x € A(w,r) and
0 < p < T, then there exists a plane P' = P'(x, p) containing x such that

h(A(z, p), P'N Bz, p)) < ep.

Given a bounded domain € we let o denote the restriction of the (n — 1)-dimensional
Hausdorft measure to 0€2.

Definition 1.4 Let Q) C R" be a bounded domain. We say that €2 and 02 are Ahlfors reqular
provided that there exist ro > 0,C' > 1, such that

o(Aw,n) _

rn—l —

1<

whenever w € 08, 0 < r < rg.



We note that the left hand inequality in the above display is always valid in a NTA-domain
where now C' = C(M) as follows easily from (), (i) of Definition 1.1 and the fact that Hausdorff
measure decreases under a projection.

Next let 2 C R™ be a bounded Ahlfors regular NTA-domain and let w € 99,0 < r < rg.
For 0 <b < 1,y € 00 we let

I'(y) =Th(y) ={x € Q: d(x,00) > blx — yl|}. (1.3)

Given a measurable function & on Uyea(w,2nI'(y) N B(w, 4r) we define the non-tangential max-
imal function N (k) : A(w,2r) — R for k as

N(k)(y) = sup |k|(x) whenever y € A(w, 2r). (1.4)
z€l'(y)NB(w,4r)
We let LI(A(w,2r)), 1 < g < oo, be the space of functions which are integrable, with respect to
the surface measure, o, to the power ¢ on A(w,2r). Furthermore, given a measurable function
f on A(w,2r) we say that f is of bounded mean oscillation on A(w,r), f € BMO(A(w,r)), if
there exists A, 0 < A < oo, such that

/ I = falfdo < A20(A(y, ) (15)
A(y,s)

whenever y € A(w,r) and 0 < s < r. Here fa denotes the average of f on A = A(y, s) with re-
spect to the surface measure 0. The least A for which (1.5) holds is denoted by || FIBMO (A (w.r))-
If f is a vector valued function, f = (fi, .., fu), then fa = (fia, .., fn.a) and the BMO-norm of
f is defined as in (1.5) with | f — fa]?> = (f — fa, f— fa). Also, we say that f is of vanishing mean
oscillation on A(w, ), f € VMO(A(w, r)), provided f € BMO(A(w,r)) and provided for each
€ > 0 there is a 7 > 0 such that (1.5) holds with A replaced by € whenever 0 < s < min(n, )
and x € A(w,r). For more on BMO we refer to [S, chapter IV].

Let Q C R™ be an Ahlfors regular NTA-domain with constants M, ry, and C. Given
p, 1 < p < oo,w € 0N, 0 < r < ryg, suppose that u is a positive p-harmonic function in
QN B(w,4r), u is continuous in QN B(w,4r) and u = 0 on A(w,4r). Extend u to B(w,4r) by
defining ©w = 0 on B(w,4r) \ 2. Then there exists, see Lemma 2.5 in section 2, a unique locally
finite positive Borel measure p on R”, with support in A(w, 4r), such that

/]Vu]p2<Vu, Vo)dx = —/Hdu (1.6)
R”

R”

whenever 6 € C§°(B(w,4r)). Moreover, using Lemma 2.5 and Harnack’s inequality for p-
harmonic functions we can conclude that u is a doubling measure in the following sense. There
exists ¢ = ¢(p,n, M), 1 < ¢ < oo, such that

w(A(z,2s)) < cu(A(z,s)) whenever z € A(w,3r), s <r/ec. (1.7)

Assuming that 2 C R"™ is an Ahlfors regular NTA-domain we say that p is an A*°-measure
with respect to o on A(w, 2r), du € A (A(w, 2r),do) for short, if for some v > 0 there exists
€ = €(y) > 0 with the property that if z € A(w,2r), 0 < s <r and if £ C A(z, s), then

E
> v implies that _E) > €. (1.8)



In this paper we first prove the following two theorems.

Theorem 1 Let Q2 C R™ be a bounded Ahlfors reqular NTA-domain with constants M, rq, C.
Given p,1 < p < oo,w € 99, 0 < r < 1y, suppose that u is a positive p-harmonic function in
QN B(w,4r), u is continuous in QN B(w,4r) and u = 0 on A(w,4r). Estend u to B(w,4r) by
defining u = 0 on B(w,4r) \ Q and let u be as in (1.6). Then p is absolutely continuous with
respect to o on A(w,4r) and du € A®(A(w,2r),do). Moreover,

lim Vu(zx) e Vu(y)

z€l(y)NB(w,dr),z—y

exists for o almost every y € A(w, 4r) and for b,0 < b < 1, fized in the definition of T'(y). Also
there exists ¢ > p — 1 and a constant ¢, 1 < ¢ < 0o, both depending only on p,n, M and C,
such that

(1)  N(IVul) € LYA(w, 2r)),
g q/(p—1)

A(w,2r) A(w,2r)

(i) log|Vul € BMO(A(w. 1)), |1og|Vulll rroragry < ¢

(iv)  dp=|Vul"'do o almost everywhere on A(w,2r).

Finally, A(w,4r) has a tangent plane at y € A(w,r) for o almost every y. If n(y) denotes the
unit normal to this tangent plane pointing into QN B(w, 4r), then Vu(y) = |Vu(y)|n(y).

Theorem 2 Let Q C R" be a bounded (8, 7)-Reifenberg flat domain, 0 < & < d(n), which
is also Abhlfors regular. Given p,1 < p < oo,w € 0, 0 < r < 19, suppose that u is a
positive p-harmonic function in Q N B(w,4r), u is continuous in QN B(w,4r) and u = 0 on
A(w,4r). Assume, in addition, that A(w,4r) is Reifenberg flat with vanishing constant and
that n € VMO(A(w,4r)). Then

log |Vu| € VMO(A(w,r)).

Concerning converse results we first prove the following theorem.

Theorem 3 Let 2 C R"™ be a bounded (9, ro)-Reifenberg flat domain, 0 < 6 < S(n), which is
also Ahlfors reqular. Given p,1 < p < oco,w € 082, 0 < r < ry, suppose that u is a positive
p-harmonic function in QN B(w,4r), u is continuous in QN B(w,4r) and u =0 on A(w,4r).
Assume, in addition, that

log |Vu| € VMO(A(w, ).

There exists 6 = 6(p,n), 0 < & < 1, such that if § < min{é,d} then A(w,r/2) is Reifenberg
flat with vanishing constant and n € VMO(A(w,1/2)).



Finally we formulate a two-phase version of Theorem 3 without the flatness condition im-
posed on  through §. In particular, let Q' € R™ and 2 C R" be two Ahlfors regular NTA-
domains with constants M, rq, C. Moreover, assume, for some w € 90! N 9O? and 0 < r < 7y,
that

Q' NQ*N B(w,16r) = 0, 09" N B(w, 16r) = 99> N B(w, 167). (1.9)

If (1.9) holds then we let A(w,s) = Q' N B(w, s) = 002N B(w, s) for all 0 < s < 167 and we
let o denote the the restriction of the (n — 1)-dimensional Hausdorff measure to A(w, 16r). We
can now state the fourth and last main theorem proved in this paper.

Theorem 4 Let Q', Q% C R" be bounded domains satisfying (1.9) for somew € R", 0 <1 < ry.
Assume that Q', Q% are Ahlfors reqular NTA-domains. Let u', for i € {1,2}, denote a positive
p-harmonic function in QN B(w, 161), and assume that u’ is continuous in QN B(w, 161) with
u' =0 on A(w, 16r). Iflog|Vu'| € VMO(A(w,4r)) for i = 1,2, then A(w,r/2) is Reifenberg
flat with vanishing constant and n € VMO(A(w,1/2)).

Next we briefly discuss the proofs of Theorem 1-Theorem 4 and we start by discussing an
important and recurrent theme in several of our arguments. Assume that 2 C R" is a bounded
NTA-domain with constants M, rg, and let p, 1 < p < 0o, be given. We say that ) supports
the ‘fundamental inequality’ if there exist constants ¢ and a, 1 < ¢, a < oo, which only depend
on p,n, M, such that the following holds whenever w € 09, 0 < r < ry. Suppose that u is a
positive p-harmonic function in Q N B(w, 4r), that u is continuous in Q N B(w, 4r) and that
u =0 on A(w,4r). Then

&1% < |Vu(y)| < 5% whenever y € QN B(w,r/c). (1.10)
(1.10) need not hold in an arbitrary NTA-domain but we have been able to establish (1.10)
when () is a starlike Lipschitz ring domain, see [LN, Lemma 2.5], when €2 is a Lipschitz domain,
see [LN1] and Theorem 2.7 in Section 2, and when 2 is a NTA-domain which can be uniformly
approximated by Lipschitz graph domains, see [LN4]. The last class of domains includes the
case of d-Reifenberg flat domains, with ¢ sufficiently small, see Theorem 2.8 in Section 2. If
(1.10) holds, then from Lemma 2.4 in Section 2 it follows that u is infinitely differentiable in
QN B(w,r/c) and hence a strong solution to (1.2) in N B(w,r/c). Differentiating (1.2), w
find that if ¢ = (Vu, &), for some £ € R", |¢| = 1, then ( satisfies, at y € QN B(w, r/¢), the
partial differential equation L{ = 0, Where

L= Zayz(” ai) (1.11)

7,7=1
and
bij(y) = [Vul"™(p = 2)uy,y, + 65| Vul](y), 1 < i j < n. (1.12)
In (1.12) 6;; denotes the Kronecker delta. Furthermore,
IAWIEP <Y b ()6 < AWK, Ay) = [Vuly)P?, (1.13)
ij=1



whenever ¢ € R™ \ {0}. Note from (1.10)-(1.13), that L is locally uniformly elliptic with
bounded measurable coefficients in Q N B(w,r/¢).

To outline the proof of Theorem 1 we first note that in [LN, Theorem 3| we proved Theorem
1 assuming that 2 is a starlike Lipschitz ring domain and in [LN2, Theorem 1] we proved
Theorem 1 when 2 is a Lipschitz domain. Unfortunately the proof of non-tangential limits
for Vu in [LN, LN2] relies heavily on the fundamental inequality (1.10). Since this inequality
does not necessarily hold in an Ahlfors regular NTA-domain we are forced to use an alternative
approach based on a result from [LN4] (see Lemma 2.9 in Section 2). After proving Theorem
1 we in Remark 3.3 also discuss work of Badger [B] and its applications to absolute continuity
of p-harmonic measure and surface area.

To prove Theorem 2 we follow the corresponding proofs in [LN,Theorem 4| and [LN2,
Theorem 2] for starlike C''-domains and C'-domains, respectively. Our argument is necessarily
much more involved compared to [LN,LN2]| but we are able, assuming only that € is Reifenberg
flat with vanishing constant and that n € VMO(A(w, 47)), to make use of the existence of ‘very
big pieces of Lipschitz graphs with small constant’ in A(w, 4r) in order to derive estimates. The
proof of the existence of ‘very big pieces of Lipschitz graphs with small constant’ emanates in
the work of Semmes [Se, Sel] and was elaborated on, in our setting, by Kenig and Toro [KT1].
To prove Theorem 2 we use this set of ideas and we argue by contradiction. Using a blow-
up argument and taking a limit we eventually arrive at a situation where the boundary is a
hyperplane. In this simple geometry we easily obtain a contradiction to our assumption that
log |[Vu| & VMO(A(w,1)).

To prove Theorem 3 and Theorem 4 we have to prove that

(1)  A(w,r/2) is Reifenberg flat with vanishing constant,
@)t s O =0 (1.14)

=0 BeA(w,r/2

To do this we attempt to follow the corresponding proof in [LN2], where Lipschitz domains
with small Lipschitz constant were considered (see also [LN5, Section 5]), and we prove Lemma
5.2-Lemma 5.5 below for Ahlfors regular NTA-domains. However the proofs of these lemmas
are now considerably more difficult again primarily because (1.10) need not hold. To briefly
outline the argument we note that we prove both statements in (1.14) by contradiction and by
performing essentially the same blow-up argument. If, for example, (ii) is false, then using a
blow-up argument we in the blow-up limit get a positive p-harmonic function, u., in an Ahlfors
regular and (49, co) -Reifenberg flat domain, €2, and u., has several important properties. In
particular, u., vanishes continuously on 0€2,, and from Theorem 1 and our blow-up argument
we also get the existence of a measure, [, corresponding to . with

/ | Voo P (Vileo, VO)dz = — / Od oo (1.15)
R" 9ec
whenever 6 € C3°(R™). Moreover,
foo = 0o 0N 0N,  |Vus(2)| < 1 whenever z € Q. (1.16)

In (1.15) 0 is surface measure on 0. The conclusions in (1.15) and (1.16) follow from
Lemma 5.2-Lemma 5.5 of Section 5. In this situation we can, depending on how small we

8



assume ¢ > 0 to be, use either results from [ACF] (see also [DP]) or [LN5, LN6] to deduce that
(1.15), (1.16) imply

Uso(y) = (y,v) and Q= {y € R : (y,v) > 0} for some v € 9B(0, 1). (1.17)

(1.17) is easily seen to contradict our assumption that (i) in (1.14) is false. Theorem 4 follows
easily from Lemma 5.2-Lemma 5.5 due to their generality.

Finally, we mention that our proofs of Theorems 1-4 for 1 < p < oo are modeled (as is
[LN2]) on the beautiful work of [KT,KT1-KT3] for p = 2. However we have had several years
after the above publications to ‘turn the screw tighter.” Thus this article may be of interest
also to those who only study the Laplace equation (the case p = 2).

The rest of the paper is organized as follows. In Section 2 we first collect estimates for
p-harmonic functions in NTA-domains. We then recall a number of the results proved in
[LN,LN1,LLN4| concerning the boundary behaviour for p-harmonic functions in domains which
are either Lipschitz, Reifenberg flat or Ahlfors regular NTA-domains. In subsection 2.1 we state
some results for a uniformly elliptic operator L and its Green function. The proof of Theorem
3 will use these results applied to the operator L in (1.11)-(1.13). In Section 3 and Section 4 we
prove Theorem 1 and Theorem 2. Section 5 and Section 6 are devoted to the proof of Theorem
3 and Theorem 4, respectively. In Section 6 we also make some closing remarks concerning
work in [KPT] and [B1].

2 p-harmonic functions and elliptic equations

Let 1 < p < o0 and let 2 C R™ be a bounded domain. In this section we state a number of
estimates for non-negative p-harmonic functions defined in €2 assuming that €2 is either a NTA-
domain with constants M, rg, a Lipschitz domain with constant M, a (9, rq)-Reifenberg flat
domain, 0 < 6 < 5 (n), or an Ahlfors regular NTA-domain with constants C, M, rq. Throughout
this section and this paper, unless otherwise stated, ¢ will denote a positive constant > 1, not
necessarily the same at each occurrence, depending only on p,n, M, C. In general, c(ay, ..., ay)
denotes a positive constant > 1, which may depend only on p,n, M, C and aq, . .., a,,, and which
is not necessarily the same at each occurrence. If A ~ B then A/B is bounded from above and
below by constants which, unless otherwise stated, only depend on p,n, M, C'.
For references to proofs of the following lemmas, Lemma 2.1-Lemma 2.5, we refer to [LN].

Lemma 2.1 Given p,1 < p < 0o, let u be a positive p-harmonic function in B(w,2r). Then

(i) =" / \VulPdx < ¢(maxu)?,

B(w,r)
B(w,r/2)
(17) max u < ¢ min u.
B(w,r) B(w,r)

Furthermore, there exists « = a(p,n) € (0,1) such that if z,y € B(w,r), then

B(w,2r)

(i) lu(z) — u(y)| < c('%y)a max u.



Lemma 2.2 Let Q@ C R" be a bounded NTA-domain and p fived, 1 < p < oo. Let w € 01,
0 < r <o, and suppose that u > 0 is p-harmonic in QN B(w, 2r), continuous in N B(w, 2r),
and v =10 on A(w,2r). Then

(4) P / |Vu|P de < c(Q I%E(lx )u)p,
NB(w,r
QNB(w,r/2)

Furthermore, there exists « = a(p,n, M) € (0,1) such that if x,y € QN B(w, ), then

@ o) -l <o) max

QNB(w,2r)

Lemma 2.3 Let Q C R" be a bounded NTA-domain and p fived, 1 < p < oo. Let w € 01,
0 < r <o, and suppose that u > 0 is p-harmonic in QN B(w, 2r), continuous in 2N B(w, 2r),
and u =0 on A(w,2r). There exists c = c¢(p,n, M), 1 < ¢ < 0o, such that if ¥ = r/c, then

< F .
Qr%?l)ucf)u < cu(az(w))

Lemma 2.4 Let Q C R" be a bounded NTA-domain and p fized, 1 < p < co. Let w € 0f),
0 < r < 1o, and suppose that u is p-harmonic in Q N B(w,2r), continuous in QN B(w, 2r),
and uw =0 on A(w,2r). Eztend u to B(w,2r) by defining u =0 on B(w,2r)\ Q. Then u has
a representative in WP (B(w, 2r)) with Hélder continuous partial derivatives in QN B(w, 2r).
In particular, there exists o € (0,1], depending only on p,n, such that if v,y € B(w,7/2),
B(w,4r) C QN B(w,2r), then

¢ [Vu(z) = Vu(y)] < (|2 —yl/7)” max [Vu| < e (Jo —yl/7)” ax .

u is infinitely differentiable in QN B(w,2r) N {x : |Vu(z)| > 0} and

n
|VulP~? E ui_z_da: < cr"? max |Vulf
iLj P
i B(i,7)
B(,7/2)N{|Vu|>0} b=

Lemma 2.5 Let Q C R"™ be a bounded NTA-domain and p fized, 1 < p < oco. Given w €
09,0 < 7 < 19, suppose that u > 0 is p-harmonic in QN B(w, 2r), continuous in QN B(w, 2r),
and v = 0 on A(w,2r). Extend u to B(w,2r) by defining u = 0 on B(w,2r) \ Q. There
exists a unique locally finite positive Borel measure p on A(w,2r), such that whenever 6 €

Cs°(B(w,2r)), then

(i) /]Vu]pZ (Vu, VO) dx = —/Hd,u.
Moreover, there exists ¢ = c¢(p,n, M), 1 < ¢ < 0o, such that if ¥ = r/c, then

(@) P u(Aw, 7)) < (ulap(w))P < er?" p(A(w, 7/2)).
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We say that 2 C R" is a bounded Lipschitz domain if there exists a finite set of balls
{B(z;,r;)}, with x; € 0Q and r; > 0, such that {B(z;,7;)} constitutes a covering of an open
neighbourhood of 0€2 and such that, for each 1,

QN B(xi,4r:) = {y= ', yn) €ER" 1y > &5(y')} N Bw;, 4r3),

in an appropriate coordinate system and for a Lipschitz function ¢;. The Lipschitz constants
of Q) are defined to be M = max; [|[Vé||| and 79 = min;r;. Moreover, a bounded domain
) C R" is said to be starlike Lipschitz with respect to & € €2 provided

9Q = {& + R(w)w : w € B(0,1)} where log R : 9B(0,1)—R is Lipschitz on dB(0, 1).

We will refer to || log RﬂaB(o,1) as the Lipschitz constant for . Observe that this constant is
invariant under scaling about Z.
We next collect a number of results proved in [LN,LN1,LN2 LN4].

Theorem 2.6 ([LN1, Theorem 2]) Let 2 C R™ be a bounded Lipschitz domain with constants
M;,ry. Given p,1 < p < oo,w € 90,0 < r < rg, suppose that u,v are positive p-harmonic
functions in QN B(w, 4r), that u,v are continuous in QN B(w,4r) and u =0 = v on A(w, 4r).
There exists ¢ = c1(p,n, M) > 1 and o = a(p,n, M), o € (0, 1), such that

< ¢ (|yl —yz|)
T

Theorem 2.7 ([LN1, Lemma 4.28]) Let Q@ C R™ be a bounded Lipschitz domain with constants
M,ry. Givenp,1 <p < oo,w € 00,0 < r < ry, suppose that u is a positive p-harmonic function
in QN B(w,4r), that u is continuous in QN B(w,4r) and u = 0 on A(w,4r). There exists
ey = co(p,n, M) >1 and X\ = Xp,n, M) > 1 such that

u(y) . uly)
logv(yl) ! v(y2)

whenever Y,y € QN B(w,r/cy).

o1 u(y) v uly)
A d(y,09) < Vuly)] < A—555

whenever y € QN B(w,r/c).

Theorem 2.8 ([LN/, Lemma 3.8]) Let Q@ C R™ be a (9, ry)-Reifenberg flat domain. Given
p, 1 <p<oo,we I 0 <r <ry, suppose that u is a positive p-harmonic function in
QN B(w,4r), u is continuous in QN B(w,4r), and u = 0 on A(w,4r). Then there exist
61 = oi(p,n) > 0, & = ci(p,n) and X = Ap,n), 1 < & < oo, 1 < A\ < oo, such that if
0 <6 <oy, then
< u - U
i <V <3

whenever y € QN B(w,r/c).
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Lemma 2.9 ([LN4, Lemma 4.14]) Let Q C R™ be a bounded Ahlfors reqular NTA-domain
with constants, ro, M,C. Given p,1 < p < oco,w € 092, 0 < r < rg, suppose that u is a positive
p-harmonic function in QN B(w,47), u is continuous in N B(w,4r), and u =0 on A(w, 4r).
There exists a constant ¢ = c¢(p,n, M,C), 1 < ¢ < 00, such that the following is true. There is
a starlike Lipschitz domain Q C QN B(w,r), with center at a point @, d(w, GQ) > cr, and
with Lipschitz constant bounded by c, such that

J(@Q NA(w,r)) .
cBwr) =°

Moreover, if y € Q then

clrtu() < uly)/d(y, 000) < ertu(w).

2.1 Elliptic Equations

In this subsection we state some results for divergence form elliptic PDE which will be used in
the proof of Theorem 3. Let 2 C R" be a bounded domain and suppose that

B Z Ay: ( 9(?1) 22)

in . We assume that {b;;(-)} are in C(Q) , b;; = bj; for all i,j € {1,..,n}, and

AP < Z bij(y)&:&; < clé*A, (2.3)

2,7=1

for some A > 1. The following two lemmas, Lemma 2.10 and 2.11, follow from results and
arguments in [CFMS], [JK1], and Schauder theory.

Lemma 2.10 Let Q C R" be a bounded domain and let L as in (2.2), (2.3) Then there exists
a Green’s function g(-,-) : Q x Q—R U oo with the following properties.

(@) g(x,y) =gy, x) when x # y, v,y € Q.
() Cg(-y) € CZ(Q\ B(y,e)) N Wol’Q[Q \ B(y, )] when e >0,y € Q, ¢ € C*(R"\ B(y,e)).

() If6 e C (), then O(x / Z bij () 0,,(y) gy, (x,y) dy when x € Q,

i,7=1
(d)  Ifn>2, then g(x,y) < c(\,n)|lz —y|> " when x # y,z,y € Q,

diam 2
if n =2, then g(x,y) < c¢(\) log(2|2$|
r—y

The next lemma follows from an iterative type argument using the maximum principle,
Harnack’s inequality, and barrier type estimates for solutions to (2.2), (2.3).

) when x # y,x,y € Q.
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Lemma 2.11 Let Q, L, g(-,-) be as in Lemma 2.10. Also assume that x € O and B(x,r)\ Q
satisfies the corkscrew condition in Definition 1.1 (ii) relative to z, for 0 <r <ro. Ify,z € Q,
such that 0 < |x — z| < |z —y|/2 < ro/4, then there exists 5 € (0,1) depending on \,n, and M
in Definition 1.1 with

B
) |z —y|*™ when n > 2,
|z =y

3 .
— Q
g(z,y) < c(N) (]x Z|) log (M> when n = 2.

|z —y ERl

3 Proof of Theorem 1

The purpose of this section is to prove Theorem 1 and we divide the proof into the following
lemmas.

Lemma 3.1 LetQ) C R*, M, C, p, w, ro, v, u and p be as in the statement of Theorem 1. Then
w is absolutely continuous with respect to o on A(w, 4r) and du € A®(A(w,2r),do). Let kP~
denote the Radon-Nikodym derivative of . with respect to o on A(w,4r), i.e., du/do = kP~! o
almost everywhere on A(w, 4r). Then there exist ¢ > p—1 and a constant ¢, 1 < ¢ < 0o, which
both only depend on p,n, M and C', such that

N(|Vu|) € LY (A(w, 2r)), (3.1)

where N(-) is the non-tangential maximal function introduced in (1.4) relative to a fized b,0 <

b<1, and
o o/(p-1)
/ kido < erm DG )( / k;”_ld0> ) (3.2)

A(w,2r) A(w,2r)

Lemma 3.2 Let QQ C R*, M, C, p, w, ro, 7, u, i, be as in the statement of Theorem 1 and
let k be as in Lemma 3.1. Then

lim Vu(z) wf Vu(y) exists for o-a.e y € A(w,4r), (3.3)

z€l(y)NB(w,dr),z—y

where T'(y) is the non-tangential cone at y introduced in (1.3) relative to a fized b,0 < b < 1.
Moreover A(w, 4r) has a tangent plane at o almost every y € A(w,4r). If n(y) denotes the unit
normal to this tangent plane pointing into Q N B(w, 4r), then

k(y) = |Vu(y)| and Vu(y) = |Vu(y)|n(y) o almost every on A(w,4r). (3.4)

Proof of Theorem 1. It is easily seen that the above two lemmas imply Theorem 1. However
it should be pointed out that (i) of Theorem 1 implies (iii) of this theorem and also that
dup € A*(A(w,2r),do) (see [CF]). Thus the proof of Theorem 1 will be complete once we prove
Lemma 3.1 and Lemma 3.2.
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Proof of Lemma 3.1. Recall that u is extended to B(w,4r) by defining u = 0 on B(w, 4r)\ 2
and that u is the measure associated to u as in the statement of Lemma 2.5. Let z € A(w, 2r)
and 0 < s < r/c, where ¢ denotes the constant in Lemma 2.3, and let E C A(z, s) be a Borel
set. Next let 0 < v < 1 be a degree of freedom to be fixed below, assume o(F) > vo(A(z, s)),
and let Q be as in Lemma 2.9 with w,r,w replaced by z,s,Z. Also let ¢ be the constant
appearing in Lemma 2.9 and let @ be the p-capacitary function for the ring domain € \ B(z, %)
Extend @ to R™ by defining @ = 0 on the complement of { and let i be the measure associated
to @, in the sense of Lemma 2.5, with support in 9. Then, using the version of Theorem 1
established in [LN], valid in starlike Lipschitz rings, we can conclude that fi is an A*-measure
on 9L, with respect to surface measure on 9. Using this conclusion and Lemma 2.9 we see
that if  is sufficiently near one and F' = QN E, then o(F) > " '/c, and hence ji(F) > ¢3!,
for some ¢, 1 < ¢, < oo, independent of z and s. Next, using Harnack’s inequality and the
maximum principle we find that cu > w(2)@ in Q \ B(Z, z). From this inequality and Lemma
2.5 applied to u/u(Z),w, we deduce for some ¢ > 1, depending only on p,n, M, C, that

p(B(y,t))
u(B(z,5))

Using this inequality, the fact that u, ji are regular Borel measures, and a Vitali type covering
type argument it follows that

a(B(y,t)) < ¢ whenever y € F'and 0 <t < s/é.

w(E) > u(F) > ¢ u(F) > (en0)!. (3.5)

From (3.5) and arbitrariness of s, z we conclude that dp € A>(A(w, 2r), do). Using results from
[CF] it now follows that p is absolutely continuous with respect to o on A(w,4r). Moreover,
if kP! = du/do denotes the Radon - Nikodym derivative of 1 on A(w,4r) then there exists
¢ = ¢(p,n,M,C) and ¢ > p—1, ¢ = ¢(p,n,M,C), such that if y € A(w,2r), t > 0,
Ay, t) C A(w,2r), then

/ P 7/(p—1)
/kqdagct("l) p1 (/ k:p_lda> : (3.6)

A(y,t) A(y,t)

From (3.6) we see that (3.2) holds for ¢ = (¢’ + p — 1)/2. Next we prove (3.1) for this q. To
prove (3.1) we note that we can assume, without loss of generality, that

max u = 1. (3.7)
QNB(w,4r)

Let I'(y) be defined as in (1.3) for a fixed b,0 < b < 1. Let y € A(w,2r) and let z €
I'(y) N B(y,r/8). Then, using Lemma2.4 and Lemma 2.5 we obtain, with s = |z — y|,

ulz 1/(p—1)
I N G )

o S
1/(p—1)
= 02<31_” / kp_lda) < A(M(EP~Y)(y)Y =D, (3.8)
A(ys)
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where ¢ > 1 depends on p,n, M, C,b, and

M(f)(y)= sup s~

0<s<r/4

/ fdo

Alyss)
whenever f is an integrable function on A(w, 3r). Next we define

N,(|Vul)(y) = sup |Vu| whenever p <r/8 and y € A(w,2r).  (3.9)
I(y)NB(w,4r)N{zeQ:d(z,0Q)<p}

Using (3.6)-(3.8) and the Hardy-Littlewood maximal theorem we see that

/ Nys(|Vaul)ido < c / (M (k=)D g

A(w,2r) A(w,2r)

(n=1)(a+1-p) a/(e=1)
< A S5 (/ kp_ldcr) . (3.10)

A(w,2r)

From Lemma 2.4 and (3.7) we also find that |Vu(z)| < cr™! whenever z € (I'(y) N B(w,4r)) \
B(y,r/8) and y € A(w,2r). Thus N(|Vu|)(y) < Nys(|Vul)(y) + er~* whenever y € A(w, 2r).
Therefore, using (3.10) as well as Lemma 2.5 (i7) and (3.7), we can conclude that (3.2) holds.
This concludes the proof of Lemma 3.1. O

Proof of Lemma 3.2. To prove Lemma 3.2 we argue by contradiction. Suppose there exists
a set F' C A(w,4r) with o(F) > 0, such that Lemma 3.2 is false for each y € F. Under this
assumption we let z € F' be a point of density for ' with respect to o. Then

Az, t)\ I
dBEDNF) (3.11)
o(A(z,1))
Hence, since € is Ahlfors regular there exists ¢ = ¢(p,n, M, C) > 1 such that
co(OQN A(z,s) N F) > "1, (3.12)

if s > 0 is small enough, and where Q C € is the starlike Lipschitz domain defined in Lemma
2.9 with w,w, r replaced by z, z,s. To get a contradiction we show that

Lemma 3.2 holds for ¢ almost every y € 9Q N A(z, s). (3.13)

Thus to prove Lemma 3.2 it suffices to prove (3.13) whenever A(z, s) C A(w,4r). Let & denote
surface area on 02 and let E be the set of all y € 992 N A(z, s) which satisfies the following.

(a)  yis a point of density for F relative to o,a, .

(b)  There is a tangent plane T'(y) to both 99, 9 at y.

- . ) (3.14)
() limt™"o(0Q2N B(y,t) = lim ¢ "0(0Q N B(y,t)) = a.

(d)  lim 7" p(02N By, 1)) = ak(y)"~".
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In (3.14), a, denotes the Lebesgue (n — 1)-measure of the unit ball in R"~!. We claim that
c(0QNA(z,5)\ E) = 0. (3.15)

Indeed (a) of (3.14) for o almost every y is a consequence of the fact that o, & are regular Borel
measures and differentiation theory while (a) for p and o almost every y follows from the same
observations and Lemma 3.1. To prove (b) of (3.14) we need to prove, for o almost every y in
QN A(z, s), that there exists a plane T'(y) with

iy T () N B(y.t), 000 B(y,t)

t—0 t

=0 (3.16)

where h denotes Hausdorff distance and € {2, Q}. (3.16) for o almost every y € IQNA(z, s)
follows, for Q = Q, essentially from Rademacher’s theorem. Also if (3.16) holds for Q=q,
then using the uniform condition in Definition 1.1 for NTA-domains, Q C ©, and (a) of (3.14)
for &, one sees that necessarily (3.16) is also valid when = Q. (¢) of (3.14) for ¢ almost every
y e NN A(z, s) follows for & from a well known formula for surface area of a Lipschitz graph
and the Lebesgue differentiation theorem. Moreover (¢) and (a) of this display for &, as well as
Ahlfors regularity of 9, imply (c) for ¢ and o almost every y € 9Q N A(z, s). One could also
get (c) using geometric measure theory (see [EG]). To get (d) of (3.14) for o almost every y, we
use (c) of this display, Lemma 3.1, and once again the Lebesgue differentiation theorem. Thus
(3.15) is true.

We now use a blow-up argument to complete the proof of Lemma 3.2. Let E,s be as in
(3.14) and y € E. Using invariance of the p-Laplace equation under rotations and dilations we
may assume y = 0 and that 7'=T(0) = {x € R" : 2, = 0} where T'(0) is the tangent plane in
(3.14). Let {t,,} be a decreasing sequence of positive numbers with limit zero and t; < s. Let

Qp ={x:thr € QN B(z,9)}
Q= {z: tpz € QN B(z,5)} (3.17)
vm(x) =t Yu(t,z), v € B(z,s).

Fix R >> 1. Then for m sufficiently large, say m > mg,mg = mg(R), we note that v,, is
p-harmonic in Q,, N B(0, R) and continuous in B(0, R) with v,, = 0 on B(0,R) \ Q,,. Let
pS ={px:x € S} whenever p > 0 and S C R". Define

U (G) =t " u(t,,G), whenever G is a Borel subset of B(0, R). (3.18)

Then v, is the measure corresponding to v,, as in Lemma 2.5 for m > my. Let n = u(2)/s.
From Lemma 2.4 and Lemma 2.9 we see that

|Von,| < enon Q- (3.19)
Also from (3.19) and Lemma 2.2, Lemma 2.3, we deduce that

lom (2)] < ¢ (W)“ nR, =€ QN BO0,R), (3.20)

where « is the Holder exponent in Lemma 2.2. We assume, as we may, that H = {z : v, > 0}
contains Z. Then since ) is an NTA-domain and 2 is starlike Lipschitz with respect to z, we

from (3.16) find that
h(Q,, N B(0,R), HN B(0, R)) + h(Q,,, N B(0, R), H N B(0, R))—0 as m—oc. (3.21)
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From (3.19)-(3.21) we see that a subsequence of {v,,}, denoted {v/,} converges uniformly on
compact subsets of R™ to a Holder continuous function v with v =0 in R™ \ H. Also v > 0 is
p-harmonic in H. We now apply the boundary Holder continuity estimate in Theorem 2.6 with
Q, u replaced by H,x,, respectively. Letting r—oo we get v(z) = az;’ for some o > 0, where
x} = max(x,,0). We assert that

a=k(y) (3.22)

where « is the Holder exponent in Lemma 2.2. To prove (3.22) observe from Lemma 2.5 and
(3.20) that the sequence of measures, (v, ), corresponding to (v},) have uniformly bounded total
masses on B(0, R). Also from Lemma 2.1 and (3.20) we see that {v/,} is uniformly bounded in
Whr(B(0, R)). Using these facts and Lemma 2.4, Lemma 2.5 (i), we obtain that v/, converges
weakly to v where v is the measure associated with o z;". One easily computes that v = o?~loy
where oy, denotes the (n — 1)-dimensional Hausdorff measure on H. Using this computation,
weak convergence, (3.18), and (3.14) (d), we get
o"taR" = lim v, (B(0,R)) = lim s,."u(B(0, Rsy)) = a R (y).

Thus (3.22) is true. From (3.22) and our earlier observations we see that x—t~'v(tz) converges
uniformly as t—0 to ax;; on compact subsets of R" and 2—Vu(tx) converges uniformly to ae,,
as t—0 when z lies in a compact subset of H. Given 0 < § < 1, let Kg = {z € H : z, > f|z|}.
In view of these remarks and (3.22) we conclude that

tlgr%) Vu(tw) = k(y)e, (3.23)
whenever 0 < § < 1 is fixed and w € Kz with |w| = 1. Finally, using the uniform condition in
Definition 1.1 once again it is easily seen, for given 0 < b < 1 and ¢ > 0 small, that there exists

B > 0 such that I',(0) N B(0,¢) C K. From this observation, (3.23), and our earlier reduction
we conclude the validity of Lemma 3.2. O

Armed with Lemma 3.1 and Lemma 3.2 we get Theorem 1 as pointed out after the statement
of these lemmas. |

Remark 3.3 [t is an interesting question as to what extent Theorem 1 remains valid when the
Ahlfors reqularity assumption is replaced by a weaker assumption. Regarding this question, we
believe that an argument in Badger [B] together with Lemma 2.1-Lemma 2.5 can be used to
prove the following proposition.

Proposition 3.4 Let Q2 C R" be a bounded NTA-domain with constants M,ry. Given p,1 <
p<oo,w €I, 0<r<ry, letu,u be as in Theorem 1. Set

A={x e A(w,4r) : liminfM < 0o}

Then o and i restricted to A are mutually absolutely continuous.

To briefly outline the proof of this proposition we note that in [B] it is shown that a
theorem of David-Semmes, regarding Lipschitz approximation (on every scale) in bounded
Ahlfors regular NTA-domains, can be proved under weaker assumptions. Using this result it
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follows easily that if A(y,4s) C A(w,4r) and s' "o (A(y,4s)) < 7 < oo, then Lemma 2.12
remains valid with w, r, w, replaced by vy, s, y, where now ¢ also depends on 7. This lemma and
the same argument as in the proof of Lemma 3.1 imply as in [B, Proposition 4.5] that there
exist €,0 > 0, depending only on p,n, M, T, such that for every Borel set £ C A(y, s), the
following is true.

(a) If u(E) < 5u(A(y, s)) then o(E) < co(A(y, s)). o
3.24
(b) I o(E) < 0(Aly.s)) then u(E) < en(Aly,s)).

Proposition 3.4 is obtained from (3.24) and a Vitali covering argument (see [B,(4.18)]).

4 Proof of Theorem 2

The purpose of this section is to prove Theorem 2. Let u, (), 7y, be as in Theorem 2. For
w e N, 0<r <ry, we define

7 _ w,r) where n(w,r . n(y)do
) = 2 where () A(i | ()do(y) (4.1)

where n(y) is the inner unit normal at y € J{2 guaranteed to exist, by Theorem 1, o almost
everywhere. Let P(w,r) be the hyperplane which is orthogonal to 7i(w, 2r) and which contains
w. Using coordinates = = (2, z,), ' = x — z,n(w, 2r) € P(w,r) we introduce the cylinder

Clw,r) = {z = (z', 2,) = 2’ + z,i(w, 2r) such that 2’ € P(w,r) N B(w,r), |z, <r}. (4.2)

Moreover, we let m(w,r)(z) denote the orthogonal projection of 2 € R™ onto P(w,r), i.e.,
m(w,r)(x) = m(w,r)(z',x,) = 2'. If G C R" then we let m(w,r)(G) denote the projection of
G. In the proof of Theorem 2 we will use the following lemma.

Lemma 4.1 Let Q C R" be (8, rq)-Reifenberg flat and Ahlfors regular with constants 1o, C.
Suppose also that w € 082, 0 < r < ro/100, and P(w,r) is as defined above. There exists
d < d(n) such that if 0 < § < 0 and

||”||BMO(A(w,100r)) <, (4.3)

then 02 N C(w,r) contains very big pieces of a Lipschitz graph with small constant in the
following sense. There is a constant ¢ = ¢é(n,C), 1 < ¢ < oo, and a Lipschitz function

¢ : P(w,r) — R with ||[|V|||le < &, such that if T = {x = («/,x,) € R" : 2, = ¢(a)}, then

(i) o(((0Q\T)U(I\ 9Q)) N C(w,r)) < e M @pn=t,
(i5)  0NC(w,r)=GUF, GCT, oF ) e~ V/(@)pn=1
(it)  if x = (2',2x,) € F then |z, — ¢(2')| < édd(2, w(w, r)(G)).

Furthermore, if ¢%(2') = ¢(2') & 2¢0d (2, 7(w,r)(G)) and QF = {(2',x,) € R" : 1, > ¢ (1)},
then |||V¢*| |l < 3¢5 and

(iv)  QTNC(w,r)cQNC(w,r) CQ NC(w,r).
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Proof. This result emanates in the work of Semmes [Se, Sel] but was elaborated on, in our
setting, by Kenig and Toro [KT1]. In particular, for more on this, and the particular statements
of Lemma 4.1, we refer to [CKL, p.64-71]. a

Proof of Theorem 2. Let ¢ be as in the statement of Theorem 1 and let ¢ = min{(¢ +p —
1)/2,p}. To prove Theorem 2 it suffices, by way of a lemma of Sarason (see [KT]), to prove
that there exists ¢y > 0 and ro = ro(¢), defined for € € (0, ¢), such that whenever y € A(w,r)
and 0 < s < ro(e), then

q/(p—1)
a g € ; up—l o
o(Ay, s)) / Vultdo < (1+¢) o(Ay, s)) / [VulP~"d : (4.4)

A(y,s) A(y,s)

We prove (4.4) by contradiction. Indeed, if (4.4) is not true then there exist sequences
{5m 3% {ym }T° satistying v, € A(w,r),m =1,2,..., hm $m = 0, and for which (4.4) is false

with y, s replaced by Y, Sm,m =1,2,.... In the followmg we let, for 0 < e < 1 fixed,
A=ele §=¢, (4.5)
Moreover, with this choice of § we let
{6m} be a sequence such that 0 < d,,, < d and 0, — 0 as m — oc. (4.6)

As usual ¢ > 1 will denote a constant which may depend on p, n, M, C' but which is independent
of {ym}, {sm}, € {0m} and m. Since A(w,4r) is Reifenberg flat with vanishing constant,
n € VMO(A(w, 4r)), and s, — 0 as m — oo, we may also assume, for m = 1,2, ..., that

(1) Qis (6, 70)-Reifenberg flat with 7y = 7(6,,) > 100Ans,,
(i) ||nHBMO(A(ym,1OOASm)) < O (4.7)
Assuming (4.5), (4.6), and (4.7) we let
P = P(yn, Asp), oy = 1(Ym, Asp) and Cp, = C (Y, Asy) (4.8)

be defined as above Lemma 4.1 with d,w,r replaced by 0, Yim, Asp,. Using Lemma 4.1 we
get for each m = 1,2,...; a function ¢,, : P, — R, with |||[Vén||lee < &, such that if
Ly ={z=(2,2,) € R": x, = ¢,(2)}, then,

(i) o(((OQ\Tp) U (T \ 0) N C,p) < e V@) (Ag Y1t < o7V (Ag, )L
(i)  0NCy =G UFE,, G,CT,,
(i19)  o(Fp) < e V@) (As, )7 < e V(@) (A, )7L (4.9)

Moreover, if x = (2, z,,) € F,, then

T = (T (Y, Asi) (2))]
< C(Smd(ﬁm(ymaA m)(x))ﬂrm(yvasm)(Gm))a (4'10)



where 7, (Y, Aspm ) (2) is the orthogonal projection of # € R™ onto P,,. Furthermore, if we let

Cbnim(x,) = Om(a') £ 260, d(2, T(Ym, Asin) (Gm)),
QOF = {(«,7,) eR", z,>¢" (1)}, (4.11)

then
IVoE||loo < 386, and QF NC,, ¢ QAN C,, € QN Oy (4.12)

Let o denote surface measure on 9.

Next extend u to B(w,4r) by putting u = 0 in B(w,4r) \ Q and let u be the measure
associated to u in the sense of Lemma 2.5. Let u,, be the p-harmonic function in Q2 N C,,
which coincides with u on 9(Q, N C,,) and let u; be a non-negative p-harmonic function in
QFf NC,, which is continuous in the closure of Qf N C,,, and satisfies v, < u_ on 9(QF NC,,),
ut =wu, on QF NIAC, N{x € R": d(x,00}) > 0msm} and uf =0 on 0 N C,,. Extend u,,
and ;. to C,, by putting u, =0 on C,, \ Q. , ut =0 on C,, \ QF, and let y be the measures
on 90 N C,, associated to uf in the sense of Lemma 2.5. In the following we let y= € Q%
be points with the same projection under 7(y,, Asy) as ¥, and we set Ay = A(Ym, Sm),
AE = 90% N B(yE, s,,). We note that

Yo — Y| < O Asyy (4.13)

as we see from (4.10). Furthermore, using (4.5), (4.7), and (4.9) we see, if € is sufficiently small,
that
oE(AL)
- 1—¢) < Im\Zm)
i) (-9 <o

o(Am \ A%) .
Ay Sre), (4.14)

< (1+¢),
(1) (1-9) <

where é = e V/(¢¥) and ¢ = ¢ (n,C). To continue our proof of Theorem 2 we introduce

1 _ 1 _
A, = Idg. AT = —— £ Jo* 4.1
. / Vit do, 45 = s / Vet |7 do?, (4.15)
Am A%t%

and we shall prove the following lemmas.

Lemma 4.2 There exists ¢ > 1, independent of m, such that

A ) q/(p—1)
< 1/t 4— [ H(Am
An<(1+e )Am<,u;g(A;g)

whenever m € {1,2,...}.

Lemma 4.3 There exists ¢ > 1, independent of m, such that

. (o (A) q/(p—1) -
limsup A, (M) < (14 eV,
m—o0 Him (A7) ( )

m
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Lemma 4.4 Let u> be the measures associated to u: as above. Then,

We now complete the proof of Theorem 2 using Lemma 4.2-Lemma 4.4. Let ¢ be the largest
of the constants in Lemma 4.2-Lemma 4.4. Assuming (4.4) to be false we see from these lemmas
and (4.14) (i) that

' O'<Am) q/(p—1) 1z ) B O'<Am) q/(p—1)
bre s mmpan (FE) S (e (208

- q/(p—1)
(1+€_1/(EE))2'hHlSUP(Mm(A ) J(Am))>q P

m—>00

IA

< 14e M (4.16)

for some ¢ = ¢(p,n,C) > 1, provided ¢ is small enough. Choosing ¢, still smaller if necessary,
we see that (4.16) can not hold if 0 < € < ¢y. Hence (4.4) must be true.

Proof of Lemma 4.2. To start the proof we note that

An = AD 4+ A@ (4.17)
where
1 i 1 i
AL = / Tdog, A®) = —— / 7 4.18
W= g [ Vulde AR = o Valfdo  (4.18)
GmNAL, A\ (GmNAL)

and where the set GG,,, was introduced in (4.9). Using the reverse Holder inequality in Theorem
1 (4i), Holder’s inequality, (4.9) and (4.14) (i) we see that

— 1-d/q

provided c is large enough and ¢; small enough.
To estimate A% we let E.. be the set of points z € G,,, N A, such that

oA NG NAL) | 0n(Ba(ep) N CaNAy)
p—0 O'(A(Z,’7 p)) p—0 O';Z(A;l<27 p))
and such that Vu(z) and Vu (z) exist. Applying Theorem 1 to w and u,, and using the

Lebesgue density theorem we see that o(E,.) = (G, N A,,), 0,.(E,.) = 0, (G, N A, ) and
that

(4.20)

1 .

Em
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Moreover, if z € E | then |Vu(z)| < |Vu, (2)| as we see from the maximum principle and the
definition of the set E, . Furthermore, based on the definition of the set E, in (4.20) we also
find that

A

PG CN)))
=0 05 (A5(2,0))

Using these facts, (4.14), Theorem 1, Hélder’s inequality and standard arguments we get

= 1 whenever z € E_ . (4.22)

(A7) 1 i
(1) < Om( m / — G g ~—
A= o8, ey ) Vel
GmNAL,
1 .
" " GmNAL,

Combining (4.17), (4.19) and (4.23) we deduce that

Ap < (1 e A (4.24)
Next let £} be the set of points z € G,, N A} such that (4.20) holds with A, o~ A (z, p)
replaced by Af of Al (z,p). From Theorem 1 and u! < w,, we see that if z € E, then

|Vul (2)] < |Vu(z)] and we can conclude that
AR) > (G NATL) > (1= eVt (AY),

where the last inequality follows from the same argument as in (4.19). Combining this inequal-
ity with (4.24) we conclude the validity of Lemma 4.2 for ¢ large enough. O

Proof of Lemma 4.3. Since 0f2,, is the graph of a Lipschitz function with Lipschitz norm —0
as m—o0, we can proceed along the lines of the proof of Theorem 4 in [LN] (see also Theorem
2 in [LN2]) to get Lemma 4.3. For the readers convenience we briefly outline this proof.

Let 4,, = y;—i—%Asmﬁm. We note that if € is sufficiently small, then the domain D, obtained
by drawing all line segments from points in B(f,, 422) to points in 92, N B(y,,, &), is starlike

Lipschitz with respect to 4,,. Let ZAD;L = D\ B(§m, ‘145676) and note that the Lipschitz constant

of lA);1 is < ¢ = ¢(n,C). Let 4, be the p-capacitary function for ﬁm, i.e., U, is non-negative,
4, = 0 and 4, = 1 continuously on 0D, and 0B(y,, ;105_0,8)7 respectively, and %, is p-harmonic
in D. Extend @, to R"\ D by setting 4, = 0 on R"\ D, and let /i, be the measure,
with support on 0D, corresponding to . as in Lemma 2.5. Next suppose ¢, is so small that
A/100 > 2¢;, where ¢; is as in Theorem 2.6. Then, using Theorem 2.6 with r, w, uy, us replaced

by As,,/100,y,,.,u we deduce, for € small enough, that if wy, ws € B(y,,,2s,) N D,,, then

e (o) 1 ()| =4 429

where ¢, a are the constants in Theorem 2.6 and hence independent of m. Letting w1, we—21, 22 €
0D, N B(y,,,2sm) in (4.25) and using Theorem 1 we see that

g ((gem ) o (02 ‘ < cae (4.26)

oA
m’urm
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for o> —almost all 21, 2, € D N By, 25,). From the inequality in (4.26) we deduce

—oy Vi, (20)] Vg, (21)] o [V, (21)]
1—cA™® T < n <(14+cA™) =—"—, 4.27
( I Win )l = V()] = ) Wi () 420
where ¢ = ¢(p,n,C). Let
) 1 )
- i
A= —is / Vi |7 do. (4.28)
N
From (4.27) and Theorem 1 we see that
A > (1— Ay m (4.29)

(fi (A7) =1 = (1 (D)) =D
One concludes from (4.29) and simple estimates that it suffices to prove Lemma 4.3 with u, u,,

replaced by fi,, ... Thus one proves for ¢ = ¢(p,n,C) suitably large and €y sufficiently small
that

o (AN WD)
lim_s>up A (%) <1+ e Ve, (4.30)

m\T—m

To prove (4.30), let T~ be a conformal affine mapping of R which maps the plane W containing
the origin and with normal e, onto P,, with T, (0) = vy and T (e,) = im. Let D, i, be
such that T (D) = D and 4, (T, x) = @, (x) whenever z € D.. Then, since the p-Laplace
equation is invariant under translations, rotations, and dilations, we see that ., is the p-
capacitary function for D;l. Moreover, if fi, corresponds to «, as in Lemma 2.5 and &,

denotes surface measure on 0D, , then

—(A-\Y-1) g q/(p—1)
Lo (AL i (0D N B(0,10/A))
where
A = —— ! / Vi, |9da,,. (4.32)
..(0D;, N B(0,10/A))

8D;,,NB(0,10/A)

Letting m—oo one deduces from Lemma 2.1 and Lemma 2.2, that u,, converges uniformly
on R™ to u~ where @~ is the p-capacitary function for the starlike Lipschitz ring domain,
D =D \ B(e,, 1/100). Also D is obtained by drawing all line segments connecting points in
B(0,1) N W to points in B(e,, 1/10). Using a Rellich type inequality and arguing as in [LN,
displays (5.27)-(5.41)] it follows that

1/p
limsup(A;)Y7 < ! / Vi~ |PdH"
WNB(0,10/A)
i, (0D, N B(0,10/A 1
lim inf (9D 0 B0, 10/4)) = / V[P dHT ! (4.33)

m—>00 &Tz(aﬁfn NB(0,10/A)) Hr={(W n B(0, 1()/A>)1/[/mB(O 10/4)

23



where H"~! denotes (n—1)-dimensional Lebesgue or Hausdorff measure on W. Assuming (4.33)
we note from Schwarz reflection that @~ has a p-harmonic extension to B(0,1/2) with @~ = 0 on
W N B(0,1/2). From barrier estimates we have ¢™* < |Va~| < ¢ on B(0,1/4) where ¢ depends
only on p,n, and from Lemma 2.4 we find that |Va~| is Holder continuous with exponent ¢ on
B(0,1/4) N W. Using these facts we conclude first that there exist 2 € B(0,10/A) N W and a
constant ¢ such that

(1—cA™) Vi (3)] < [Vi(2)] < (1+cA™) |V (2)] (4.34)

whenever z € B(0,10/A) N W. Combining (4.30), (4.31), (4.33) and (4.34) one deduces for
c, €', sufficiently large in view of (4.5) that

. (oo (AD) /(p—1) ) /(9
limsup A, (M) <(14+cA ) <1 +e /1, 4.35
m—>00 fim (A7) ( ) (4:35)
which is (4.30). This completes our outline of the proof of Lemma 4.3. O

Proof of Lemma 4.4. We use the same notation as in Lemma 4.3. If Lemma 4.4 is false,
then there exist subsequences of {u;}, {u,}, say v; = uf, )svj = uy, ), with corresponding
measures, {v; }, {v; }, and surface balls A} = AL AJ_ = A, satisfying

v (A1)
lim —L—2~ exists and is # 1. (4.36)
J

Jj—oo s

To get a contradicition we note from the definition of v and Lemma 2.1-Lemma 2.3 that

]’]’

+ - S + ~

v <u <oy <l A Upp (G ) (4.37)
on 9(2y, N Cp;) where a € (0,1) is as in Lemma 2.2 and 0; = Om,. From the maximum
principle for p-harmonic functions we see that (4.37) also holds in Q7 N Cy,;. Let v (x) =
U;F(Trgj(x))/v;r(@mj),x € B(0,10), and v; = v; (T}, (2))/v; (§m,), x € B(0,10), where T is
the conformal affine mapping in Lemma 4.3. Let C'(0, 1) be the cylinder with center at 0, axis
parallel to e,, and with both height and radius equal to 1. From Lemma 2.1-Lemma 2.4 we see
that T)JJT and v}, for j =1,2,..., have the following properties.

(@) ] and v are uniformly Holder continuous of order o in C(0, 1).

(b) ¥ and o are uniformly bounded in the norm of W"*(C/(0,1)).

(¢) Vo, and Vo, are uniformly Holder continuous of order o on
compact subsets of (T, )~' (), N Cpy)).

Using these facts and (4.37) we get subsequences of {7}, {7} }, also denoted {3, }, {#; }, with
17;,1“)]-_—>v as j—oo, where v is continuous in C(0, 1), p-harmonic in the component H of
C(0,1) \ W containing e,,. Moreover v € WP(C(0,1)) N L>*(C(0,1)), and v}, 57 —v uniformly
on compact subsets of C'(0,1) as j—oo while Viﬁ;r, Vo, —Vu uniformly on compact subsets of
H. Finally v, v]" both converge weakly to v in W'*(C(0,1)) and j — co. Let ", 7}, v be the

Jo7io
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measures corresponding to ﬁj, U;,0 as in Lemma 2.5. Then from the above results concerning

the various convergence, and Lemma 2.5, we see that {7}, {;"}, converge weakly to v. Hence

_77(C(0,10/4))  vf(A))
1= Jli{%o v; (C(0,10/A)) N glgréo y.—(Aj—)' (4.38)

J

This equality contradicts (4.36). Thus Lemma 4.4 is true. O

5 Proof of Theorem 3

In the proof of Theorems 3 and 4 we shall need the following lemma.

Lemma 5.1 Let Q0 C R" be a bounded Ahlfors reqular NTA-domain with constants, ro, M,C'.
Given p,1 < p < oco,w € 09, 0 < r < 19, suppose that u is a positive p-harmonic function
in QN B(w,4r), u is continuous in QN B(w,4r), and v = 0 on A(w,4r). Suppose also
that log|Vu| € VMO(A(w,r)). Given € > 0 there exist 7 = 7(e), 0 < 7 < r/4, and ¢ =
c(p,n, M,C),1 < ¢ < oo, such that the following is true whenever 0 < r’ < 7. There exists a
set G C A(w,r") such that

o(GNA(w, ")) .
@ ey 2

— € -1 M(A<y75))
O =< Ry, 9)

Here p is the measure associated with u as in Lemma 2.5 and logb is the average of log |Vul|

on A(w, 417).

< (14 )P~ whenever 0 < s <7, y€ GNA(w,7).

Proof. This lemma was proved in [LN2, Lemma 4.1] assuming that 2 is a bounded Lipschitz
domain. The proof is essentially unchanged when 2 C R" is a bounded Ahlfors regular NTA-
domain. O

We now begin the proof of Theorem 3. Let 2 C R™ be a bounded Ahlfors regular NTA-
domain with constants, o, M, C and w € 092,0 < r < r9/4. Recall from Section 1 that to prove
Theorem 3 it suffices to prove (i), (i7) of (1.14). We begin with (i¢) and shall once again argue
by contradiction using a blow-up argument. Hence we assume that

0<n=lim sup |nllpyO.m)

0 weA(w,r/2)

Then there exist a sequence of points {w;}, w; € A(w,r/2), and a sequence of scales {r;}, with
2/r; — 0, such that

1 ) 1/2
n = lim (— / I — NA@w,;.r)] da) : (5.1)
j—so\ o (A(wy,r;)) (4:71)

(wj,r5)

For fixed p, 1 < p < oo suppose that u is a positive p-harmonic function in 2N B (w,4r), u is
continuous in 2N B(w, 4r) and u = 0 on A(w, 4r). Suppose also that log |Vu| € VMO(A(w, 7))
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where Vu is defined by way of Theorem 1 on A(w,4r),o almost everywhere. We now apply
Lemma 5.1 to u with w, r’ replaced by w;, 2/7; and with € = 277 Then for j large enough
there exists a set G; C A(wj, 2/r;), such that

(a/) J<éj N A(wjv 2]'7,],))
o(A(w;, 2715))

> 1277

/ —52 - NAy,S —42 — i
) (1—=277)b; 1§%§(1+2 )b ! whenever 0 < s < 27r;

and y € G; N A(w, 27;). (5.2)
In (5.2) (V/), log b; denotes the average of log|Vu| on A(w;,27%%r;) with respect to o. Let
Tj(z) = w; + r;z and put, for j =1,2, ...,
Q = T;'(Q) ={r; ' (x —w)): z€Q},
A= (b))
uj(z) = Xju(T;(z)) whenever z € T, ' (B(w,4r)) . (5.3)
From translation and dilation invariance of the p-Laplace equation we see that u; is p-harmonic
in Q; NT; ' (B(w,4r)) and continuous in T, ' (B(w,4r)) with u; = 0 in T, '(B(w,4r)) \ Q;.
Moreover, let p, it; be the measures associated with u, u; as in Lemma 2.5, defined in B(w, 4r),

T]-_I(B(w,élr)), and let o,0; be the surface measures on 9€2, 9€);, respectively. Using Ahlfors

regularity of ; and Theorem 1 we see that if H; is a Borel subset of 9Q;NT; ' (B(w, 4r)), then
oj(Hy) =} " o(T3(Hy)), pi(H;) = N1~ (T3 (Hy)). (5.4)

J

From (5.2), we see that if G, = Tj_l(éj), then G; C 99; N B(0,27) and

O'j(GjﬂanmB(O,Qj)) 2

. >1-2"7

(@) =G0, nBO,2) > ’

2 (09N B(z,s))
1-277 <

<ﬁ) o O'j(anmB(Z,S))
and z € G; N 09Q;. (5.5)

In fact, (5.5) () is a straightforward consequences of (5.2) (a’), (¢'), (5.3), and (5.4). Using
this notation we prove the following lemmas.

<1+ 277" whenever 0 < s < 27

Lemma 5.2 Let Q0 C R"™ be a bounded Ahlfors reqular NTA-domain with constants M, rq, C,
and let w, r, {w;}, {r;}, {Q;} be as above. Then there exists a subsequence k = k(j),j =
1,2,..., satisfying Qi — Qo and 0Q, — 0 in the Hausdorff distance sense, uniformly on
compact subsets of R"™, as j — oo. Moreover, Q. is an Ahlfors reqular NTA-domain with con-
stants, M,o00,C" = C'"(M,C). Also if F' = (I, Fs, ..., F,), where F;,;1 < i < n, is continuous
on R™ with compact support, then

/(nk,F>dak—> / (Moo, FYdos, as j—00
O oo

where ng, ne denote the inner unit normals to 9, 0u, respectively, and oy, 0 are the surface
measures on O, 0y, respectively. Finally, if Q is (0,7¢)-Reifenberg flat, 0 < 6 < d(n), then
we can also choose the subsequence so that Qs is a 40-Reifenberg flat domain.
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Lemma 5.3 Let Q) C R"™ be an Ahlfors reqular NTA-domain, with constants M, ry, C, and let
w, r, {w;}, {r;}, {1}, {u;}, {1y}, and k = k(j), be as above. If {Q}, Qoo are as in Lemma 5.2,
then there exist subsequences of {uy},{pr} (also denoted {uy},{ur}), with ur, — us, uniformly
on compact subsets of R™ and where uy, is a non-negative p-harmonic function in Q. and u
is Hélder continuous on R™ with us = 0 on R™\ Q. Moreover, if u denotes the measure
corresponding to e, then py, — o weakly and |Vus| > 1 holds 0 almost everywhere on

0.
Lemma 5.4 Under the same scenario as in Lemma 5.5 we have
Vi (z)] <1 forall z € Q.

Lemma 5.5 Under the assumptions in Lemma 5.3 it is true that o, — 04 weakly as Radon
measures.

Lemma 5.6 Assume that Q) is a 40-Reifenberg flat domain and that Qo is Ahlfors regqular.
Moreover, assume that Qos, Use, oo, Too are as in Lemma 5.2-Lemma 5.5. There exists 6 =
5(p,n) small such that if § < §, then Qu is a half-space and use(Y', yn) = yn in an appropriate
coordinate system.

Before proving Lemma 5.1-Lemma 5.6 we show that these lemmas imply (5.1). Indeed, from
Lemma 5.2 and Lemma 5.6 we see that (ng, -)dog— (e, -)do as j—oo, weakly as measures in
an appropriate coordinate system. Thus, for 1 < m < n,

lim / (Nky €m) Ao = Omn 000 (026 N B(0, 1)), (5.6)

Jj—00

0QNB(0,1)

where ny, is the inner unit normal to €2, and d,,, is the Kronecker delta. Let a; denote the
average of ng on 09 N B(0, 1) with respect to of. From (5.6), Lemma 5.5, and the fact that
(5.1) is scale invariant we first see that

1

1/2
li . — axl®d =0. 5.7
jHEo(ak(anmB(o,n) / [en = | "’f) (5.7)
00N B(0,1)

Second from (5.1), (5.7), the triangle inequality, Lemma 5.5, and (5.6) we obtain

1/2
0< n = lim ! / |7’Lk — ak|2dak
j—oo Uk(an N B(O, 1))

9Q,NB(0,1)
1 1/2
< i —e,|%d
= liiiilp<ak<mm3<o,1>> / I = eal "’“)
9Q,NB(0,1)
1 1/2
1?liilp(ak<aﬂkm3<o,1>> / (1= (e en) “’“)
9Q,NB(0,1)

We have reached a contradiction. Thus (i) in (1.14) is true once we prove Lemma 5.2-Lemma
5.6.
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5.1 Proof of Lemma 5.2-Lemma 5.6

Proof of Lemma 5.2. For convergence of {{2;} to {2, in the sense of Hausdorff distance, and
the statement about Q. see [KT, Theorem 4.1]. Using these facts, the display in Lemma 5.2
follows from the Gauss-Green theorem and geometric measure theory, see [EG, sec 5.8]. O

Proof of Lemma 5.3. Let {4} be as in Lemma 5.2 and let {ug}, {ux} be subsequences of
{u;}, {p;}, corresponding to {€2;}. Then from Lemma 2.1-Lemma 2.5 applied to uj and (5.5) (5)
we deduce that wuy, is bounded, Holder continuous, and locally in W? on compact subsets of R"
with the norms of all functions bounded above by constants which are independent of j. Also,
if B(x,2p) C Q, then for large j we see from Lemma 5.1 and Lemma 2.4 that Vu, is Holder
continuous and bounded on compact subsets of {2, N B(x, p) again with constants independent
of j for j large enough. Thus we assume, as we may, that {uy} converges uniformly and weakly
in W on compact subsets of R™ to us and that {Vu;} converges uniformly to Vu, on
compact subsets of Q. Also, Uy > 0 in Q4 and uy, is p-harmonic in Q. and continuous on
R", with uy = 0 on R" \ . Using these facts we deduce that if p, denotes the measure
associated with u., as in Lemma 2.5, and 6§ € C{°(R"), then

—/Gduoo = /|Vuoo\p_2(Vuoo,V6’>dx

R" R"
= lim [|Vup[P"?(Vu, VO)dz = —lim [ Odpuy. (5.8)
j—00 j—00

R” R”

Thus {ur} converges weakly to fioo.
To show that |Vus| > 1 0 almost everywhere on 02, we observe from Theorem 1 and
Lemma 5.2 that it suffices to prove

Ooo < lhoo- (5.9)

To prove (5.9) we first observe from Theorem 1 that dyuy = |Vug [P~ doy, on 0Q.N(T},) " (B(w, 4r)).
Second, using this observation, (5.5) (), and differentiation theory we see that

1—27% < |Vt <1427 (5.10)

o almost everywhere on 9Q; N G, N B(0,2%). Let 0 < 6 € C°(R™). Using what we have
already proved in Lemma 5.2, (5.5) («), and (5.10), we deduce that

/ed,uoo = lim QIVUk\pfldakZIiminf / H\Vuk]pfldgk
j—00

Jj—o0
0, GrNoQy,
> liminf(1 —27%) / 0 doy, = lim inf / fdoy. (5.11)
J—00 J—00
GrNoy, GNoQYy,

Furthermore,

GrNOoQy, 0,
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where, for fixed 6 and for j large enough, we have, using (5.5) () and Ahlfors regularity of €,
that

| Ak < 110]]002 ¥ 01 (89 N B(0,2%)) < ¢]|6)]] 527 20 1%, (5.13)
From (5.12), (5.13) and lower semicontinuity type arguments we also deduce that
/Qdaoo < lim inf/@dak = lim inf / 0doy, . (5.14)
j—00 j—00
GrNoy,
Using (5.14) in (5.11) we get (5.9). The proof of Lemma 5.3 is now complete. O

Proof of Lemma 5.4. We temporarily fix j large and put éz 21k where k = k(j) is as in
Lemma 5.3 and Lemma 5.4. We note from Theorem 1, with b = 1007100%* p/ = p100, (5.10),
and Egoroff’s theorem that there exists a compact set K = K (k) C G}, N B(0,25%) and p > 0
such that

(i) ow(Gr N B(0,25Y\ K) < £0(09% N B(0,2%)),
(i1) 1—€ < |[Vup(y)P™' < 1+€ify € B(x,p) NTy(z) and z € K. (5.15)

Here, 'y (z) = {z € Qi : d(2,0) > U]z — 2|}. Let Q(w,s) ={y : |y, —w;| <s,1 < j < n}
and let {Q; = Q;(y;,7;)} be a Whitney cube decomposition of . satisfying

(@)  QiNQun=0,i#m,
(b)  107°"d(Q;, 0) < r; < 107*d(Q;, OU),

() UJai=a (5.16)

Next let {n;} be a partition of unity adapted to {@Q;}. That is
@ Y om=1

(ii)  The support of 7; is contained in the union of Q; and U{Qj L Q;NQ: £ 0}
(i17)  m; > 0 is infinitely differentiable with 7; > ¢~! on Q; and
max{r; " ()|, 772 |0z |} < ¢ for 1 <m,l <n. (5.17)

To prove Lemma 5.4 we will use an argument somewhat similar to the one in [LV]. Let

D= Jy(x)nB(0,2") and D = D N{z € Q. : [Vug(2)P"' > 1+ &} (5.18)
zeK
Using (5.5), Lemma 2.5, Lemma 2.4, we deduce that
Vu(y)| <cand ¢! < r[l uk(y) < con B(y, %d(g)l, ) (5.19)

whenever Q; N D # 0 for some ¢ = ¢(p,n). By definition we have 1+ & < [Vu[P~! on D. As in
(1.11) we put

"9 0
L= — — | I D 2
Z ayl (blm(y> aym) ory € 9 (5 0)
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where

bim (y) = b (y) = [Vuir P~ [(p = 2) (i )y () + O [ Vet *) (), 1 < 1, < . (5.21)

From (5.19) and (1.13) we deduce that there exists ¢ = ¢(p,n) with

P < Y bim()aém < EIEP (5.22)

I,m=1

whenever £ = (£,...,&,) € R" and y € D. Observe from (5.22) and Lemma 2.4 that L in
(5.20) is a uniformly elliptic operator in D with infinitely differentiable coefficients. Note also
that ( = ug or ¢ = a partial derivative of wuy is a solution to L{ = 0 in D. Let a = max(3,p)
and put

v(y) = max(|Vug|* — (14 2§)*@Y,0)]*(y) when y € D.

By definition v(y) > 0 at y € D only if [Vui[P"'(y) > (1 4 2€), v has continuous partial
derivatives of second order in D and Lv > 0 in D. Also from (5.15) and the definition of v, D,
we deduce that there is an open set N containing K U (0D N {x : |Vug(x)[P~ = 1 + £}) with

v=0on DNN. (5.23)

Next fix 2y € Qo with |2o] < 2¥/* and suppose v(z) > 0. We claim that

2o € D and d(zg,0€) > max {%, W}, (5.24)
for j large enough. The second statement in (5.24) follows from Lemma 5.2. To prove the first
claim it suffices to show that

h( O, N B(0,2'4%2) 9D N B(0,21%/2)) < ¢£/Cm, (5.25)

Indeed if y € D N B(0,2%/2) \ K, then there exists w € 8, \ K with |z —y| > |y — w|/b
whenever x € K. Hence by the triangle inequality, |z —w| > (1/b — 1)y — w| whenever = € K.
Now from (5.15), (5.5), and Ahlfors regularity of 0 we deduce that every ball about w of
radius £/ must, for k large enough, contain points of K. Thus every y € D N B(0, 21+/2)
lies within ¢€/(" of a point of 9, N B(0,2'7%/2). Here ¢ depends only on p,n, and the NTA
and Ahlfors regularity constants for 2. The opposite inequality with these sets interchanged
follows easily from (5.15), (5.5). Thus (5.25) is true.

Let D; be the component of D containing zo and let g(-, -) be Green’s function for L relative
to Dy. Extend g(zo,-) to D by putting g(zo,-) = 0 on D\ D;. Then from (') of Lemma 2.10 we
see that g(zo,-) € WY2(D \ B(z,€)) for each € > 0. Let ©(z) = v(z) when z € Dy and ¢ = 0
elsewhere in D. Next consider fixed ¢ with 2%/2 < ¢ < 217%/2 and put

A(t) = {l: supp i, € DN B(0,t) and r; > 7} (5.26)

where 7 = min(p?, 52) and where supp 7; denotes the support of 7;. Recall that p was introduced
in (5.15). Ifi € A(t), we observe from (5.23) and (5.26) that v n; can be uniformly approximated
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in the C%(D) norm by C$°(D;) functions. Using this fact, Lemma 2.14 (¢'), and integrating by
parts we see, if 0 = 0 ZieA(t) 7, that

v(z) = Z/ Z bim (07i)y, 9(205 )y Ay

1eA(t I,m=1

_ _2/ Z Z bim Uy, (1) 9(Z0, -) dy

i€A(t) Im=1

/ Z Z blmvyz ym i 9 (Zo, )dy

ieA(t) Im=1

38 D G s )y

ieA(t)  Im=1
= —L(t) = L(t) — I3(¢). (5.27)

Using that Lo > 0 we deduce that I5() > 0. Observe that if >, 7 = 1 on @, then the
integrands in the integrals defining I(t), I3(¢) vanish on @Q;. Let A;(t) be the set of all [ such
that v #Z 0 on supp 7, and such that there exists m & A(t),i € A(t), with supp 7,,N supp n; # 0
while supp 7,0 supp 7, # 0. Using the above observation, Lemma 2.4, (5.17) (éi7), and (5.19)
we deduce that

BI040 < e 3 [ Tupe S ),

meA(t) G, Li=1

+1r.0)9(20,-) dy. (5.28)

Applying Hoélder’s inequality, (5.19), and Lemma 2.4 in (5.28) we find that

1/2
II(8) + | 1](1) < eJ(), J(@t) = > rieD” /TnggQ(Zo,')dy : (5.29)
meA(t) -
Summarizing we have
v(z) < ¢J(t) whenever t satisfies 2°/2 < t < 21+k/2, (5.30)

To estimate J(t) we divide the indices in A;(t) into Ajq(t), A12(t), where Ayq(t) consists of
all 7 in Ay(t) with B(g;, 22y 0 9B(0,) # 0, while Aip(t) = Ai(t) \ Au(t). We write
J(t) = Ji(t) + Jo(t) where Ji(t), Ja(t), are defined as in (5.29) with Aq1(t), A12(t) replacing
A4 (t), respectively. We next estimate J;(t) and Ja(t).

We first estimate .J; (t) whenever ¢ satisfies 2%/2 < ¢ < 2'%%/2_ To do this we first note, using

Holder’s inequality, disjointness of {@,,}, and the definition of Ay1(), that

1/2
O SIS K I SRy R L
mEAll(t) mGAll(t)Qm
1/2
< Foknmb/4 Z r3g%(20,-) dy = 22*=VA T (). (5.31)
mEAu(t)Qm
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Let P = B(0,2*"%/2)\ B(0,27"*#/2) and let A’ denote all Whitney cubes that have a nonempty
intersection with the closure of D N P. Integrating .J; over t € (2F/2 2F/2+1) we obtain from
(5.31) that

21+k/2 21+k/2 1/2
/ Ji(t)dt < k4 / Ji (t)? dt
2k/2 2k/2
1/2
< k4 /Zr X0 9(20, ) dy . (5.32)
meN’

To get the last inequality in (5.32) we interchanged the order of integration and used the fact
that each @,, has an index appearing in Aj;(t) for a set of ¢ of at most length cr,,. We now
claim that there exists ¢ > 1, depending only on p,n, and the NTA and Ahlfors regularity
constants for Q, such that if V = {z : e 12¥/2 < |z| < &2*/2} N D, then

/ZT’ Xon9(z0, )2 dy < € /|Vg 20, )2 dy. (5.33)

meN

(5.33) follows easily from (i7) in Definition 1.1 and Theorem 2 in [Le]. For completeness we
sketch a proof of (5.33). From Poincaré’s inequality we see that

/ 2o gz, Yy < o / Vg(zo, )P dy + cri=gh (5.34)
Qm Qm

where g, (20,-) is the average of g(zo,-) on Q,,. Then since g(zo,-) € Wy (D \ B(z,e€)) for
each € > 0 and the complement of D satisfies the corkscrew condition in (i7) of Definition 1.1,
we deduce

90,1 < rm inf M(xv|Vg(zo, ) (5.3

where once again M f denotes the Hardy-Littlewood maximal function of f. Using (5.35) in
(5.34), summing, and applying the Hardy-Littlewood maximal theorem we get (5.33). Armed
with (5.33) we can now complete the estimate of Ji(¢). Indeed, using (5.33) in (5.32), and
standard Caccioppoli type inequalities for solutions to L, we deduce that

2

21+k’/2
/ Ji(t)dt | < c2kn/? / Vg(z,)|*dy < 02’7“("_2)/2/g(zo,-)2 dy (5.36)
2k /2 \%4 w

where W = {z : ¢722"? < |z| < &2?}n D and ¢ is as in the definition of V. Observe from
(5.5) and the deﬁmtlon of D, K, that there exists z € D N A with |z| < 27% for k large.
Using this value of x, as well as z = 29,y = 2z, in Lemma 2.11 it follows that

9(z, 20) < ck2PAn/2=B14) whenever z € W. (5.37)
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Using (5.37) in (5.36) we conclude that

21+k:/2 2

/ J(t)dt | < ck?k-P/2), (5.38)

9k/2

We now estimate .Ji5(t) whenever ¢ € (2¢/2,2%/2+1) To do this we first note that if i € A5 (t),
then ) R
B(;, W0%)y o) £ (), (5.39)

100

In fact if (5.39) was false, then from the definition of A;(¢), A11(t), we see that d(g;, 02%) < cT.
Hence, for k large enough it would follow from (5.15) and the definition of b,¥’, D, 7,v, that
v = 0 on supp 7;, and this contradicts i € A;(t). Furthermore, if i € Aj5(¢) and z € @Q;, then
from Lemma 2.10 (d'), Harnack’s inequality for uy, and the maximum principle for solutions to
L we see that

9(z0,2) < cPpuy(z) whenever z € Q; (5.40)

where ¢ := uy(20) ' d(20,0000)*> ™ if n > 2 and ¢ := ug(20) ! log(k/d(20,00)) if n = 2. Also
from (5.19) and (5.39) we deduce that

ur(z) < er; whenever z € Q; C Aja. (5.41)
Using (5.40), (5.41) we get
1/2
Jo(t) = Z r{n=1/2 / r3g% (20, ) dy < co Z rrt (5.42)
mEAlz(t) m€A12(t)

m

Our next task is to estimate the sum on the right hand side of (5.42). Observe from (5.39)
and the same argument as in the proof of (5.25) that if i € Ay5(t), then there exists ¢ > 1 and
¥; € 08, such that

B(g;, 2ri/6) N K = 0,d(5i, K) < éry, and [§; — i < érs. (5.43)
From (5.43) and the fact that {Q,,} are Whitney cubes we deduce that if i € Aya(t), then
B(gi,ri/¢) N B(g,1/¢) # 0 for at most N indexes [, (5.44)

where N depends on the NTA, Ahlfors regularity constants for 2, p, n, b, but is independent of
k. Using Ahlfors regularity of 0Q, (5.44), (5.15), and (5.5) () in (5.42), we find that

Lt) < cd > ow(0%N B(jm, rm/E))
meAia(t)

< chop(09% N B(0,28) \ K) < 27%¢, (5.45)

whenever k > kg for some kg large enough.
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To complete the proof of Lemma 5.4 we first deduce, from (5.38) and weak type estimates,
the existence of ¢ € (2¥/2,2/2+1) with J; () < ck27P%/4. Using this inequality, (5.45) in (5.29)
and then (5.27), we conclude that

v(z0) < L]+ L) < 27 +27%

for k large enough. Thus v(zy) = v(20, k)—0 as k—o0. Based on the definition of v we conclude
that |Vue|(20) < 1in Q. Since zg € Qo is arbitrary, the proof of Lemma 5.4 is complete. O

Proof of Lemma 5.5. Using Lemma 5.3 and Lemma 5.4 we can conclude that do,, = dpee.
Hence, for 6 € C5°(R") and the subsequence, k(j),j = 1,2,..., we have

/edUoo = lim QIVuk|p71dak2hmsup / H]Vuk|p*1dgk

Jj—00 Jj—00
Oy GLNOQ,
> limsup(l — 27 / 0 doj, = lim sup / Odoy, (5.46)
e GLNOQ, I oy,

where the last equality follows as in (5.12) and (5.13). Moreover from (5.14) we have

J—00

Q00 aQy,

/ 0do < liminf / @doy, whenever 0 < 6 € C5°(R"). (5.47)

Combining (5.46) and (5.47) we see that
O — 0o Weakly as j — o0. (5.48)
This completes the proof of Lemma 5.5. a

Proof of Lemma 5.6. As stated in the introduction we can use either the results in [ACF]
(see also [DP]) or [LN5, LN6] to complete the proof of Lemma 5.6. Each argument makes rather
subtle, somewhat different, smallness assumptions on 0. Thus it is not easy to tout the merits of
one proof over the other. An outline of the proof using results from [ACF] is given after (4.42)
in [LN2]. To outline the other proof one can first show that there exists d; = d;(p, n) small, such
that if § < min{g , 01}, then ug, is a weak solution in R™ to the two-phase free boundary problem
studied in [LN5,LN6] with us, = 0 and G(s) = 1+s,s € [0,00). Then, using [LN6, Theorem 2]
one can conclude that there exists do = da(p, n, M, C') such that if 0 < § < d5 then the following
is true. There exist N = N(p,n, M,C), 1 < N < oo, and a Lipschitz function ¢, : R" =R,
with Lipschitz norm bounded by N, such that 00 = {(¥/,¥n) : Yn > ¢oo(¥)}. In particular,
0 is the graph of a Lipschitz function. Combining this conclusion with [LN5, Theorem 1]
it follows that 99 is in fact C'7-smooth for some v = v(p,n, M,C) € (0,1). Using these
conclusions one can then complete the proof of Lemma 5.6 as follows. Let § = min{é;, &},
where d1,dy are as above, and let R > 1 be an arbitrary real number. Then, applying [LN5,
Theorem 1] with u(y) = ux(Ry)/R,y € B(0,2), one finds that

sup Voo (y') = Voo (0)] < cly'|"R™ (5.49)
{y': (v',900(y'))EB(0,R/8)}
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where ¢ = ¢(p,n, M, C). Letting R—o0 one gets that Voo, = Voo (0). Thus ¢y is linear and
consequently €, is a halfspace. This completes the proof of Lemma 5.6. O

Proof of 1.14 (i) and Theorem 3. The proof of (i) of (1.14) is essentially the same as the
proof of (1.14) (i7). Indeed, if A(w,r/2) is not Reifenberg flat with vanishing constant, there
exist sequences {w,}, w; € A(w,r/2), and {r;}, r; — 0, such that

1
inf —h(A(wj,r;), PN B(w;,rj)) > A, (5.50)

for some A > 0. The infimum in (5.50) is taken with respect to all (n — 1)-dimensional planes
P containing w;. We then argue as in (5.2)-(5.5) and Lemma 5.1 to get a subsequence {2},
with 0Q;—0€ in the Hausdorff distance sense, uniformly on compact subsets of R". Hence

inf h(@Q N B(0,1), PN B(0,1)) = A, (5.51)

where now the infimum is taken with respect to all (n — 1)-dimensional planes P’ containing 0.
However, using Lemma 5.6 we see that if €2 is )-Reifenberg flat and 4 is small enough, then €2,
is a halfplane. This statement contradicts (5.51). The proof of (1.14) and Theorem 3 is now
complete. O

6 Proof of Theorem 4 and Closing Remarks

The purpose of this section is to prove Theorem 4 and we note that to prove Theorem 4 we again
have to prove (i) and (i7) in (1.14). However in this case we have to prove these statements in
the setting of Ahlfors regular NTA-domains and without any initial flatness assumption. Thus
if (1.14) (@) or (i) is false we can repeat the corresponding blow-up argument in Theorem 3 to
get p-harmonic functions v’ in domains Q_,7 = 1,2, which are continuous in R" with u’, = 0
on R™\ Q' . Moreover R"\ QL = Q2 . Let ¢ be the measures corresponding to ul_,i = 1,2.
Applying Lemma 5.2-Lemma 5.4 we deduce that if o, denotes the (n—1)-dimensional Hausdorff
measure on 902, = 902 | then

p, = 0o fori=1,2. (6.1)

Put @ = ul, in QL and @ = —u2, in Q2. Then from Lemma 2.5 we see that @ is p-harmonic
in R™. Also from Lemma 5.4 we have |V4| < 1. Using this fact and Hélder continuity of Va in
Lemma 2.4 we see, for given x € R", that if R > 0 is large enough then

Vi(z) = Va(0)| < eflx|/R)?, (6.2)

where ¢ = ¢(p,n). Letting R—oo we conclude that Vi(x) = Va(0). Thus @ is linear and since
o0l = {4 = 0}, we conclude that Q) and Q2 are half spaces. This conclusion leads to
a contradiction exactly as in the proof of Theorem 3. The proof of Theorem 4 is therefore
complete. O
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6.1 Closing Remarks

We note that a problem related to Theorem 4 was considered in [KPT] and [B1]. Indeed,
suppose €2 is a NTA-domain with parameters M,ry = oo, and that Q_ = R™\ Q, is also a
NTA-domain with parameters M, ry = co. For fixed p,1 < p < oo, suppose u,,u_, are positive
p-harmonic functions in Q,€)_ with continuous boundary value 0 on 02, = 0Q2_. Extend u
to Q¢ by putting uy = 0. Let py be the measures corresponding to uy as in Lemma 2.5. Next
let

_ i b=((Bly, 1)
A—{?/€69+-}%m—f(y)70<f(y) < oo}

From differentation theory it follows that
o0, =00 = Al JBJC

where p, p_, are mutually absolutely continuous on A, and py (B) = 0 = p_(C). Let H* denote
a-dimensional Hausdorff measure on R™ and let H-dim A denote the Hausdorff dimension of A
defined by

H-dim A = inf{ar: H*(A) = 0}.

We state
Proposition 6.1 H-dim A <n — 1.

The case p = 2 of Proposition 6.1 is due to [KPT]. Moreover using Lemma 2.5, as well as the
blow-up argument in Theorem 4, we believe that one can essentially copy the proof of Theorem
4.1 and Corollary 4.1 for harmonic functions in [KPT] with slight adjustments. For example in
[KPT] the authors quote a result of Hardt and Simon in order to show, for a harmonic function
v in R™, that |Vv| # 0 somewhere on {z : v(z) = 0}. If v is p-harmonic in R", for some
1 < p < oo, then this statement follows easily from Lemma 2.4 and a barrier type argument.
For p > n, Proposition 6.1 is not surprising in view of the results in [LNV].

In [KPT] it is also shown, for p = 2, that if u+(A) > 0, then H-dim A = n — 1. The proof
uses Proposition 6.1 and a well known monotonicity formula of Alt, Caffarelli, and Friedman.
The proof fails for p # 2, since it is not known whether an analogue of this monotonicity formula
holds when p # 2. Once again the results in [LNV] provide interesting examples of Reifenberg
domains where H-dim A < n — 1 when p > n.

Finally we note that the arguments in [KPT] are further enhanced by Badger in [B1]. In
order to state these results let VMO (u4) denote the space of functions on 092, that are of
vanishing mean oscillation with respect to p,. This space is defined in a way similar to the
VMO space defined after (1.5) but with o replaced by . Badger proves the following.

Proposition 6.2 Suppose p = 2 and log (du_/duy) € VMO (py). Then for some positive
integer d, 090, = T'1|JTs--- Ty, where T'y,1 < k < d, are pairwise disjoint. Also each
nontrivial blow-up of uy at points in I'y produces a homogeneous polynomial of degree k.

We conjecture that an analogue of Proposition 6.2 holds for fixed p,1 < p < oo, with ho-
mogeneous polynomial replaced by homogeneous p-harmonic function. Finally, if Q, is (0, 00)-
Reifenberg flat and § = 6(p) > 0 is small enough, then Proposition 6.2 with d = 1 is proved in
[LulN].
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