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Boundary Harnack Inequalities for Operators of p-Laplace
Type in Reifenberg Flat Domains

John L. Lewis, Niklas Lundstrom, and Kaj Nystrom

ABSTRACT. In this paper we highlight a set of techniques that recently have
been used to establish boundary Harnack inequalities for p-harmonic functions
vanishing on a portion of the boundary of a domain which is ‘flat’ in the sense
that its boundary is well-approximated by hyperplanes. Moreover, we use these
techniques to establish new results concerning boundary Harnack inequalities
and the Martin boundary problem for operators of p-Laplace type with variable
coefficients in Reifenberg flat domains.

1. Introduction and statement of main results

In [LN], [LN1], [LN2], see also [LN3] for a survey of these results, a number
of results concerning the boundary behaviour of positive p-harmonic functions,
1 < p < o0, in a bounded Lipschitz domain Q C R™ were proved. In particular,
the boundary Harnack inequality, as well as Holder continuity for ratios of positive
p-harmonic functions, 1 < p < oo, vanishing on a portion of 92 were established.
Furthermore, the p-Martin boundary problem at w € 9 was resolved under the
assumption that Q is either convex, C'-regular or a Lipschitz domain with small
constant. Also, in [LN4] these questions were resolved for p-harmonic functions
vanishing on a portion of certain Reifenberg flat and Ahlfors regular NTA-domains.

From a technological perspective the toolbox developed in [LN, LN1-LN4] can
be divided into (7) techniques which can be used to establish boundary Harnack
inequalities for p-harmonic functions vanishing on a portion of the boundary of
a domain which is ‘flat’ in the sense that its boundary is well-approximated by
hyperplanes and (i¢) techniques which can be used to establish boundary Harnack
inequalities for p-harmonic functions vanishing on a portion of the boundary of
a Lipschitz domain or on a portion of the boundary of a domain which can be
well approximated by Lipschitz graph domains. Domains in category (i) are called
Reifenberg flat domains with small constant or just Reifenberg flat domains. They
include domains with small Lipschitz constant, C!'-domains and certain quasi-balls.
Domains in category (i¢) include Lipschitz domains with large Lipschitz constant
and certain Ahlfors regular NTA-domains, which can be well approximated by
Lipschitz graph domains in the Hausdorff distance sense. The purpose of this
paper is to highlight the techniques labeled as category (¢) in the above discussion
and to use these techniques to establish boundary Harnack inequalities as well as to
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resolve the Martin boundary problem for operators of p-Laplace type with variable
coefficients in Reifenberg flat domains.

To state our results we need to introduce some notation. Points in Euclidean
n-space R™ are denoted by = = (z1,...,2,) or (2/,2,) where 2/ = (x1,...,2,-1) €
R"!. Let E,0F, diam E, be the closure, boundary, diameter, of the set £ C R"
and let d(y, F) equal the distance from y € R™ to E. (-,-) denotes the standard
inner product on R” and |z| = (x,2)'/? is the Euclidean norm of . Put B(z,r) =
{y € R" : |x —y| < r} whenever z € R", r > 0, and let dz be Lebesgue n-measure
on R™. We let

h(E,F) = max(sup{d(y, E) : y € F},sup{d(y, F) : y € E})

be the Hausdorff distance between the sets E, FF C R™. If O C R" is open and
1 < ¢ < oo, then by Wh4(0) we denote the space of equivalence classes of functions
f with distributional gradient Vf = (fz,,..., fz, ), both of which are ¢ th power
integrable on O. Let || fll1,q = || fllq+ I [V f] |l be the norm in W'4(O) where ||- ||,
denotes the usual Lebesgue g-norm in O. Next let C§°(O) be the set of infinitely
differentiable functions with compact support in O and let VVO1 1(0) be the closure
of C§°(0) in the norm of W14(0). By V- we denote the divergence operator.

We first introduce the operators of p-Laplace type which we consider in this
paper.

Definition 1.1. Let p,B,a € (1,00) and v € (0,1). Let A = (Ay,....,A,) :
R™ x R" — R"™, assume that A = A(xz,n) is continuous in R™ x (R"™ \ {0})
and that A(z,n), for fired x € R™, is continuously differentiable in ny, for every
k€ {1,..,n}, whenever n € R™\ {0}. We say that the function A belongs to the
class My(c, 8,7) if the following conditions are satisfied whenever z, y, £ € R™
and n € R™\ {0}:
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(i) |A(z,n) — A(y, )| < Blz —y[ P,
() Alz,n) =P~ Az, n/|n)).
For short, we write My,(c) for the class Mpy(e,0,7).

Definition 1.2. Let p € (1,00) and let A € Mp(«, 8,7) for some (c, 8,7). Given
a bounded domain G we say that u is A-harmonic in G provided u € W1P(G) and

(1.3) /(A(:c, Vu(z)),VO(x))dx =0

whenever 8 € WyP(G). If A(z,n) = [n[P~2(n1, ..., 1), then u is said to be p-
harmonic in G. As a short notation for (1.3) we write V - (A(z, Vu)) =0 in G.

The relevance and importance of the conditions imposed through the assump-
tion A € Mp(«, 3,v) will be discussed below. Initially we just note that the class
My(a, B,7) is, see Lemma 2.15, closed under translations, rotations and under di-
lations  — rz, r € (0,1]. Moreover, we note that an important class of equations
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which is covered by Definition 1.1 and 1.2 is the class of equations of the type
(1.4) V- [(A(z)Vu, Vu)P?> T A(z)Vu|= 0 in G

where A = A(z) = {a; ;j(z)} is such that the conditions in Definition 1.1 (i) - (iv)
are fulfilled.

Next we introduce the geometric notions used in this paper. We define,

Definition 1.5. A bounded domain Q is called non-tangentially accessible (NTA)
if there exist M > 2 and ro > 0 such that the following are fulfilled:

(7) corkscrew condition: for any w € 90,0 < r < rg, there exists
ar(w) € QN B(w,r/2), satisfying M~ 'r < d(a,(w),00),
(i4) R"™\ Q satisfies the corkscrew condition,

(4i7) uniform condition: if w € 90,0 < r < 19, and w1, ws € B(w,r) N, then
there exists a rectifiable curve v : [0, 1]—Q with v(0) = wy, (1) = wo,
and such that
(@) H'(7) < Muy — ws),

(b) min{H"(v([0,1])), H' (+([t,1])) } < M d(~(t),0).

In Definition 1.5, H' denotes length or the one-dimensional Hausdorff measure.
We note that (ii¢) is different but equivalent to the usual Harnack chain condition
given in [JK] (see [BL], Lemma 2.5). M will be called the NTA-constant of €.

Definition 1.6. Let  C R"™ be a bounded domain, w € 99, and 0 < r < rg.
Then 0% is said to be uniformly (6, 1¢)-approzimable by hyperplanes, provided there
exists, whenever w € 9 and 0 < r < rg, a hyperplane A containing w such that

h(0QN B(w,r), AN B(w,r)) < dr.

We let F(6,79) denote the class of all domains ) which satisfy Definition 1.6.
Let Q € F(d,79), w € 9Q, 0 < r < ry, and let A be as in Definition 1.6. We say
that 09 separates B(w,r), if

(1.7) {z € QN B(w,r) : d(x,00) > 2ir} C one component of R™ \ A.

Definition 1.8. Let Q C R"™ be a bounded domain. Then Q and 02 are said to
be (8,70)-Reifenberg flat provided Q € F(d,r0) and (1.7) hold whenever 0 < r <
ro, w € O0S).

For short we say that 2 and 02 are §-Reifenberg flat whenever 2 and 0f2 are
(6,70)-Reifenberg flat for some rg > 0. We note that an equivalent definition of a
Reifenberg flat domain is given in [KT]. As in [KT] one can show that a é-Reifenberg
flat domain is an NTA-domain with constant M = M (n), provided 0 < § < § and
4 is small enough.

In this paper we first prove the following theorem.
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Theorem 1. Let Q C R™ be a (6, r¢)-Reifenberg flat domain. Letp, 1 < p < 0o, be
given and assume that A € M,(c, 8,7) for some (o, 8,7). Let w € 09,0 < r < 1o,
and suppose that u,v are positive A-harmonic functions in QN B(w, 4r), continuous
in QN B(w,4r), and uw = 0 = v on 2N B(w,4r). There exists §<b,0>0, and
c1 > 1, all depending only on p,n,c, 3,7, such that if 0 < § < 8, then

(o
< (|y1 y2>
T

We note that in [LN] we obtained for p-harmonic functions u,v, in a bounded
Lipschitz domain €,

u(y2)
v(y2)

u(y1)
v(y1)

whenever y1,y2 € QN B(w,r/cy).

log — log

v(y1) o8 v(y2)

whenever w € 99, and y1,y2 € QN B(w, r/c). Here ¢ depends only on p, n, and the
Lipschitz constant for Q. Moreover, using this result, we showed, in [LN1], that the
conclusion of Theorem 1 holds whenever u, v, are p-harmonic, and €2 is Lipschitz.
Constants again depend only on p, n, and the Lipschitz constant for (2.

In this paper we also prove the following theorem.

’10 uy) o, ul2)

Theorem 2. Let Q C R"™, §, ro, p, «, B, v, and A be as in the statement of
Theorem 1. Then there exists 6* = §*(p,n, o, 8,7) < 5, such that the following is
true. Let w € 09 and suppose that 4,0 are positive A-harmonic functions in )
with @ =0 = 0 continuously on 0N\ {w}. If 0 < § < §*, then a(y) = \o(y) for all
y € Q and for some constant .

We remark, using terminology of the Martin boundary problem, that if @ is
as in Theorem 2, then 4 is called a minimal positive A-harmonic function in €,
relative to w € 992. Moreover, the A-Martin boundary of €2 is the set of equivalence
classes of positive minimal A-harmonic functions relative to all boundary points of
Q. Two minimal positive A-harmonic functions are in the same equivalence class
if they correspond to the same boundary point and one is a constant multiple of
the other. Note that the conclusion of Theorem 2 implies that @ is unique up to
constant multiples. Thus, since w € 9fQ is arbitrary, one can say that the A-Martin
boundary of €2 is identifiable with 9€.

We remark that in [LN1] the Martin boundary problem for p-harmonic func-
tions was resolved in domains which are either convex, C'-regular or Lipschitz
with sufficiently small constant. Also, in [LN4] the Martin boundary problem was
resolved, again for p-harmonic functions, in Reifenberg flat domains and certain
Ahlfors regular NTA-domains. Theorem 2 is new in the case of operators of p-
Laplace type with variable coefficients.

Recall that € is said to be a bounded Lipschitz domain if there exists a finite
set of balls {B(x;,r;)}, with x; € 9Q and r; > 0, such that {B(z;,7;)} constitutes
a covering of an open neighbourhood of 92 and such that, for each 1,

QN B(xi,r) = {z=(2",2,) e R" 1 2, > ¢i(2")} N B(xi, i),
(1.9) 99N B(zi,ri) = {z=(2",2,) € R" 12y = ¢i(2")} N B(wy, i),
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in an appropriate coordinate system and for a Lipschitz function ¢;. The Lipschitz
constant of () is defined to be M = max; |||V ;|0 If © is Lipschitz then €2 is NTA
with 79 = minr;/c, where ¢ = ¢(p,n, M) > 1. Moreover, if each ¢; : R""!—=R can
be chosen to be either C'- or C1“ -regular, then © is a bounded C'- or C**“-domain.
We say that €2 is a quasi-ball provided Q = f(B(0,1)), where f = (f1, fa, ..., fn) :

R"—=R" is a K > 1 quasi-conformal mapping of R™ onto R". That is, f; €
Wtn(B(0,p)),0 < p < 00,1 <i <n, and for almost every z € R" with respect to
Lebesgue n-measure the following hold,

(i) |Df ()" = sup [Df(x)h|" < K|Jy ()],

(i) Jr(x) >0 or Je(x) <O0.
In this display we have written Df(x) = (ggj) for the Jacobian matrix of f and
J¢(z) for the Jacobian determinant of f at x.

Remark 1.10. Let Q C R" be a bounded Lipschitz domain with constant M. If
M is small enough then Q is (d,rq)-Reifenberg flat for some 6 = 6(M),rg > 0
with 6(M) — 0 as M — 0. Hence, Theorems 1-2 apply to any bounded Lipschitz
domain with sufficiently small Lipschitz constant. Also, if Q = f(B(0,1)) where
f is a K quasi-conformal mapping of R™ onto R™, then one can show that 0S) is
0-Reifenberg flat, with ro = 1, where 6—0 as K—1 (see [R, Theorems 12.5 -12.7]).
Thus Theorems 1, 2, apply when Q is a quasi-ball and if K = K(p,n) is close
enough to 1.

To state corollaries to Theorems 1-2 we next introduce the notion of Reifenberg
flat domains with vanishing constant.

Definition 1.11. Let Q C R™ be a (3, 70)-Reifenberg flat domain for some 0 <
§<6,70>0, and letwe dN, 0 <r <ry. We say that QN B(w,r) is Reifenberg
flat with vanishing constant, if for each € > 0, there exists ¥ = 7(¢) > 0 with the
following property. If x € QN B(w,r) and 0 < p < 7, then there is a plane
P’ = P'(x,p) containing x such that

h(0Q2 N B(z, p), P’ N B(z, p)) < ep.

The following corollaries are immediate consequences of Theorems 1-2.

Corollary 1. Let  C R™ be a domain which is Reifenberg flat with vanishing
constant. Let p, 1 < p < oo, be given and assume that A € M,(a, 3,7) for some
(o, 8,7). Let w € 9Q, 0 < r < ro. Assume that u,v are positive A-harmonic
functions in QN B(w,4r), u,v are continuous in QN B(w,4r) and u = 0 = v on
QN B(w,4r). There exist ri = ri(p,n, o, B,7) < r and ca = ca(p,n,a, B,7) > 1
such that if w' € 0N B(w,r) and 0 < v’ < r}, then

o
< ¢ <|y1 /y2>
T

Corollary 2. Let Q C R", p, a, B, v and A be as in the statement of Corollary
1. Let w € 090 and suppose that 0, are positive A-harmonic functions in 0 with

log u(y1) ~log u(y2)
v

(y1) v(y2)

whenever y1,ys € QN B(w',r').
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4 =0 =10 continuously on 0Q \ {w}. Then u(y) = \o(y) for all y € Q and for
some constant .

Remark 1.12. We note that if 2 is a bounded C'-domain in the sense of (1.9)
then Q) is also Reifenberg flat with vanishing constant. Hence Corollaries 1-2 apply
to any bounded C*-domain.

Concerning proofs, we here outline the proof of Theorem 1.

Step 0. As a starting point we establish the conclusion of Theorem 1, see Lemma
2.8, when A € Mp(a), Q is equal to a truncated cylinder and w is the center on the
bottom of 2.

Step A. (Uniform non-degeneracy of |[Vu| - the ‘fundamental inequality’). There
exist 01 = 01(p,n, e, B,7), ¢1 = ¢é1(p,n, 0, B,7y) and A = A(p,n, o, §3,7), such that if
0 < 6 < 01, then

1.1 PO <3 QN B(w,r/é).
(1.13) Ay, 09 = [Vu(y)| < iy, 0 whenever y € QN B(w,r/é)
If (1.13) holds then we say that |Vu| satisfies the ‘fundamental inequality’ in

QN B(w,r/é).

Step B. (Extension of [Vu[P~2 to an As-weight). There exist do = d2(p, n, @, 3,7)
and ¢y = éo(p,n,a, 3,7) such that if 0 < § < dy, then |Vu|P~2 extends to an
As(B(w,r/(é1¢2))-weight with constant depending only on p,n, «, 3,~.

For the definition of an As-weight, see section 4. The ‘fundamental inequal-
ity’ established in Step A is crucial to our arguments and section 3 is devoted to
its proof. Armed with the results established in Step A and Step B we introduce
certain deformations of A-harmonic functions. In particular, to describe the con-
structions we let Q C R™, 6, ro, p, «, B3, 7, A, w, r, u and v be as in the statement
of Theorem 1. Let & = min{d;,d2} where §; and J, are given in Step A and Step
B respectively. We extend u and v to B(w, 4r) by defining u = 0 = v on B(w, 47)\ .

Step C. (Deformation of A-harmonic functions). Let r* = r/c and assume that
(a) 0<wu<wv/2in QN B(w,4r*),
®) ! <ula(w)),v(a (W) < e
(1.14)(c) c'h(a~(w)) £ max h < ch(a~(w)) whenever h = u or v.
QNB(w,4r*)
Here ¢ > 1 depends only on p,n, a, 3,7. At the end of section 4 we then show that
the assumptions in (1.14) can be easily removed. Hence, to prove Theorem 1 we
can without loss of generality assume that (1.14) holds. We let a(-,7), 0 < 7 < 1,
be the A-harmonic function in N B(w, 4r*) with continuous boundary values,

(1.15) a(y,7) = mv(y) + (1 —7)u(y) whenever y € (2N B(w, 4r*)) and 7 € [0, 1].
Using (1.14), (1.15), we see that if ¢,7 € [0, 1], then

0< ﬂ(-,t) - ﬂ(-,T)
- t—T

(1.16) =v—u<c(p,n,aB,7)
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on I(QNB(w, 4r*)). From the maximum principle for A-harmonic functions it then
follows that the inequality in (1.16) also holds in Q N B(w, 4r*). Therefore, using
(1.16) we see that 7—a(y,7),7 € [0,1], for fixed y € Q N B(w,4r*), is Lipschitz
continuous with Lipschitz norm < ¢. Thus @, (y, -) exists, for fixed y € QNB(w, 4r*),
almost everywhere in [0,1]. Let {y,} be a dense sequence of Q N B(w, 4r*) and let
W be the set of all 7 € [0,1] for which wu,(ym,-) exists, in the sense of difference
quotients, whenever y,, € {y,}. We note that H'([0,1] \ W) = 0 where H' is
one-dimensional Hausdorff measure. Next, applying the ‘fundamental inequality’,
established in Step A, to @(-,7), 7 € [0, 1], we see that there exist constants ¢ and
A, which depend on p,n,a, 3,7, but are independent of 7, 7 € [0,1], such that if
y € QN B(w,16r"), v’ =r*/¢ and 7 € [0, 1], then

y—1 ﬂ(y,T) ~ 5 ﬂ’(va)
(1.17) A a0, 09) < |Va(y, )| < )\m.
One can then deduce, using the fundamental theorem of calculus and arguing as in
[LN4, displays (1.15)-(1.23)], that

1
V(Ym) U(Ym, 1) f(Ym,T)
1.18 log( ) = 1og(~ S A LAKR

( ) u(ym) U(ym, O) ) u(y7m T)
whenever y,, € {y,}, ym € QNB(w,r’), and for a function f which has the following
important properties,
(4) f >0 is continuous in B(w,r’) with f =0 on B(w, ')\ Q,
(44) Y T) = Ur (Y, 7)

whenever v, € {y.}, ym € QN B(w,r’'),7 € W. Moreover, f is locally a weak
solution in Q N B(w, r") to the equation

(1.19)

. "9 -
(1.20) L¢ =Y ay; (06706, (1)) =0
i,j=1 v
where
- 0A4; s
. bi’ 3 = 5 7v 1)
(1.21) i(y,7) o, (y, Vi(y, 7))

whenever y € QN B(w, ') and 1 <4,j <n. Also, using Definition 1.1 (i) and (i%)
we see that

(1.22) a My, TIEP <D by, )G < Xy, 7))
i
whenever y € QN B(w, ') and where A(y, 7) = |Vi(y, 7)[P~2. Finally, a key obser-

vation in this step is that ¢ = @(-, 7) is also a weak solution to L in Q@ N B(w,r’).
Indeed, using the homogeneity in Definition 1.1 (iv) we see that

S b, (o) =37 92y, Valy, 7)), (9. 7)
(1.23) j i

= (p— 1) Ai(y, Va(y,7)).

We conclude from (1.23) that ¢ = (-, 7) is also a weak solution to L.
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Step D. (Boundary Harnack inequalities for degenerate elliptic equations). Using
the deformations introduced in Step C the proof of Theorem 1 therefore boils down
to proving boundary Harnack inequalities for the operator L. The idea here is to
make use of Step B to conclude that A(-, 7), 7 € [0, 1], can be extended to Az-weights
in B(w,4r"), " = r' /(4é3). Then the operator L can be considered as a degenerate
elliptic operator in the sense of [FKS], [FJK], [FJK1], and we can apply results of
these authors. In particular, to do this we first observe that the sequence {y,},
introduced below (1.16), is a dense sequence in Q N B(w,r’), and v1(-) = f(-,7),
va(-) = u(-, 7), are positive solutions to L, see (1.20)-(1.22), vanishing continuously
on QN B(w,r"). Second, we observe from Step B that A(y,7) = |Vi(y, 7)[P~2 can
be extended to an As(B(w,4r"))-weight. Hence, from [FKS], [FJK] and [FJK1],
we can conclude that there exist a constant ¢ = ¢(p,n,«, 3,7), 1 < ¢ < oo, and
oc=o(p,n,a,B,7), c € (0,1), such that if "/ = r" /¢, then

vil) wilye)| | viaer(w) (v =gl
o e < e ()
B

whenever y1,y2 € QN B(w,r"). Hence, assuming (1.14) we see that Theorem 1
now follows from (1.18), (1.24), as

(1.25) 0 < flapm(w),7) <e, ulapm (w),7)>c*, whenever 7 € (0,1].
(1.25) is a consequence of (1.16) and (1.14) (b).

(1.24)

The proof of Theorem 2 can also be decomposed into steps similar to steps A-D
stated above. Still in this case details are more involved and we refer to section 5
for details.

The rest of the paper is organized as follows. In section 2 we state a number
of basic estimates for A-harmonic functions in NTA-domains and we obtain the
conclusion of Theorem 1 when A € M,(«), {2 is equal to a truncated cylinder (see
(2.7) and Lemma 2.8), and w is the center of the bottom of 2 (Step 0). In section
3 we establish the ‘fundamental inequality’ for A-harmonic functions, u, vanishing
on a portion of a Reifenberg flat domain (Step A). In section 4 we first state a
number of results for degenerate elliptic equations tailored to our situation and we
then extend |Vu[P~™2 to an As-weight (Step B). In this section we also complete
the proof of Theorem 1 by showing that the technical assumption in (1.14) can be
removed. In section 5 we prove Theorem 2. Finally in an Appendix to this paper
(section 6), we point out an alternative argument to Step C based on an idea in

2. Basic estimates for A-harmonic functions and boundary Harnack
inequalities in a prototype case

In this section we first state and prove some basic estimates for non-negative
A-harmonic functions in a bounded NTA domain 2 C R™. We then prove the
boundary Harnack inequality for non-negative A-harmonic functions, A € Mp(a),
vanishing on a portion of a hyperplane. Throughout this section we will assume
that A € M,(a,3,7) or A € M,(a) for some (o, (,7) and 1 < p < co. Also in
this paper, unless otherwise stated, ¢ will denote a positive constant > 1, not nec-
essarily the same at each occurrence, depending only on p,n, M, «, 3,y where M
denotes the NTA-constant for Q C R™. In general, c¢(aq,...,a,) denotes a positive
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constant > 1, which may depend only on p,n, M, a, 3,7 and ag, ..., a,, not neces-
sarily the same at each occurrence. If A =~ B then A/B is bounded from above and
below by constants which, unless otherwise stated, only depend on p,n, M, «, 3,7.

Moreover, we let max u, H(lin u be the essential supremum and infimum of u on
B(z,s) B(z,s)

B(z,s) whenever B(z,s) C R™ and whenever u is defined on B(z,s). We put
A(w,r) = 002N B(w,r) whenever w € 99, 0 < r. Finally, e;, 1 < i < n, denotes the
point in R™ with one in the ¢ th coordinate position and zeroes elsewhere.

Lemma 2.1. Given p,1 < p < oo, assume that A € My(«a, 8,7) for some (o, 3,7).
Let u be a positive A-harmonic function in B(w,2r). Then

(7) rP=n / |[VulP de < c(Br?ax)u)p,
B(w,r/2) ’

(44) max u < c¢ min u.
B(w,r) B(w,r)
Furthermore, there exists & = &(p,n,«a,3,v) € (0,1) such that if z,y € B(w,r),
then

(iii) lu(z) — u(y)| < c(ﬁy'y max u.

B(w,2r)

Proof: Lemma 2.1 (%), (#) are standard Caccioppoli and Harnack inequalities while
(i47) is a standard Holder estimate (see [S]). O

Lemma 2.2. Let Q C R™ be a bounded NTA-domain, suppose that p, 1 < p < oo,
is given and that A € M,(a, 3,7) for some (o, 3,7). Let w € 0, 0 <1 < rg, and
suppose that u is a non-negative continuous A-harmonic function in an B(w, 2r)
and that u =10 on A(w,2r). Then

(4) rP=" / |[Vu|Pde < ¢( max u)P.
QNB(w,r)
QNB(w,r/2)
Furthermore, there exists 6 = &(p,n, M,a, 3,7) € (0,1) such that if x,y € QN
B(w,r), then

(i) |u(a:)—u(y)|gc('“;y)g max  u.

QNB(w,2r)

Proof: Lemma 2.2 (i) is a standard subsolution inequality while (i¢) follows from
a Wiener criteria first proved in [M] and later generalized in [GZ]. O

Lemma 2.3. Let Q2 C R™ be a bounded NTA-domain, suppose that p, 1 < p < oo,
is given and that A € My(a, 3,7) for some (a, B8,7). Let w € 0Q, 0 <r <o, and
suppose that u is a non-negative continuous A-harmonic function in QN B(w, 27)
and that w = 0 on A(w,2r). There exists ¢ = c(p,n, M, «, 3,7), 1 < ¢ < 00, such
that if 7 = r/c, then
< = .
o S evlor()
Proof: A proof of Lemma 2.3 for linear elliptic PDE can be found in [CFMS]. The
proof uses only analogues of Lemmas 2.1, 2.2 for linear PDE and Definition 1.5. In
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particular, the proof also applies in our situation. O

Lemma 2.4. Let Q C R" be a bounded NTA-domain, suppose that p, 1 < p < oo,
is given and that A € My(«,B,7) for some (a,B,7). Let w € 9Q, 0 < r <
ro, and suppose that u is a non-negative continuous A-harmonic function in N
B(w,4r) and that w = 0 on A(w,4r). Extend u to B(w,4r) by defining u = 0 on
B(w,4r)\Q. Then u has a representative in WHP(B(w, 4r)) with Hélder continuous
partial derivatives of first order in QN B(w,4r). In particular, there exists & €
(0,1], depending only on p,n,a, B,y such that if z,y € B(w,7/2), B(w,47) C
QN B(w,4r), then

¢V Vu(z) — Vu < (|l — M7 max |[Vu| < ¢ ' (lz —y|/F)? max u.
Vu(e) = Vu(y)] < (o= 3l/f)7 max Vol < 7 (2 = yl/i)" max

Proof: Given € > 0 and small, let
(2.5) Ay, n,€) = /A(y,n — )0 (x)dx whenever (y,n) € R® x R™,
Rn

where § € C§°(B(0,1)) with [, 0dz =1 and 0 (z) = ¢ "0(x/€) whenever z € R".
From Definition 1.1 and standard properties of approximations to the identity, we
deduce for some ¢ = ¢(p,n) > 1 that

"\ 0A,;
(i) (ca) e+ n)P2EP < D Er AUIISE
igj=1 1M
(i) ‘aAi (y,m€)| <cale+n)P21<i,j<mn,
on;
(2.6) (iii)  |A(z,n.€) — Ay, m,e)| < cBla—y|"(e+|n))P~

whenever z, y,n € R™. Moreover, A(y, -, €) is, for fixed (y, €), infinitely differentiable.

To prove Lemma 2.4 we choose u(-, €), a weak solution to the PDE with struc-
ture as in (2.6), in such a way that u(-, €) is continuous in QNB(w, 3r) and u(-,€) = u
on 9[QN B(w, 3r)]. Existence of u(-, €) follows from the Wiener criteria in [GZ] men-
tioned in the proof of Lemma 2.2, the maximum principle for A-harmonic functions,
and the fact that the W1P-Dirichlet problem for these functions, in Q N B(w, 3r),
always has a unique solution (see [HKM, Appendix I]). Moreover, from [T], [T1],
it follows that u(-,€) is in C19(Q N B(w,2r)) for some 6 > 0 with constants inde-
pendent of €. Letting e—0 one can show, using Definition 1.1, that subsequences
of {u(-,e)},{Vu(-,€)}, converge pointwise to u, Vu. In view of Lemma 2.1 and
the result in [T] it follows that this convergence is uniform on compact subsets of
QN B(w, 3r). Using this fact we get the last display in Lemma 2.4.

Finally we note that in [T] a stronger assumption, compared to (2.6) (4i), is
imposed. However, other authors later obtained the results in [T] under assumption
(2.6) (see [Li] for references). O

Next we show that the conclusion of Theorem 1 holds in the case of a truncated
cylinder with w the center on the bottom of the cylinder (Step 0). To this end we
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introduce, for a,b € R™ and w = (wy, ..., w,) € R™, the truncated cylinders,

Qa,b(w) = {y = (y/ayn) : |yl - wl| <a, ‘yn - wn| < b},
) = {y=0yn): Y —v'[<a, 0 <y, —w, <b},
(2.7) Qupyw) = {y= y): Y —w'<a, —b<y,—w, <0}

Furthermore, if a = b then we let Qq(w) = Qq.o(w), QF (w) = Qf ,(w), Qy (w) =
Qaa(w).

Lemma 2.8. Suppose that p, 1 < p < oo, is given and that A € My(a) for
some a. Assume also, that u, v are non-negative A-harmonic functions in Q7 (0),
continuous on the closure of Q7 (0), and with u = 0 = v on 9Q7 (0) N {y, = 0}.
Then there exist c = c¢(p,n,a),1 < ¢ < oo, and 0 = o(p,n,a) € (0,1] such that

‘bg(ifgi;) ‘1°g<383)\ < clyr — gl

whenever yy, yz € QT/4(0)-

Proof. Let A = A(n) be as in Lemma 2.8 and let p be fixed, 1 < p < co. Note
that y,, is A-harmonic and that it suffices to prove Lemma 2.8 when v = y,,. Define
A(n, €) asin (2.5) relative to A and let u(+, €) be the solution to V- (A(Vu(y,€),¢)) =
0 with continuous boundary values equal to u on 8@{(0). Let

c’)nj (Vu(y,e),e)

whenever y € QT/Q(O) and 1 <4,j <n.From (2.6) (i3) and Schauder type estimates

X _, [04; 0A
4.0 = e+ [Vl )7 | G (Vs 0.9 +
J

we see that u(-,€),yn, are classical solutions to the non-divergence form uniformly
elliptic equation,

(2.9) L¢= )" Af(y: )Gy, =0,

i,j=1
fory € QT/Q(O). Note also from (2.6) that the ellipticity constant for (Aj;(y,€)) and
the L>-norm for A7;(y,€),1 <i,j <n, in QT/Q(O), depend only on «,p,n. From
this note we see that if z = (2/, z,,) € QT/Q(O) and 1073 < p1 < pa < 103, then

2 2
e~ Nly—z" _ o=Np3

(2.10) V(y) = R

is a subsolution to L* in Q7 (0)N[B(z, p2)\ B(z, p1)], if N = N(a, p,n) is sufficiently
large, and v = 1 on 0B(z,p1) while ¥» = 0 on 9B(z, p2). Using this fact, with
z = (#,1/16), |Z'| < 1/2, p1 = 1/64,p2 = 1/16 and Harnack’s inequality for L*
(see [GT, Corollary 9.25]) we get

(2.11) c lynulen/4,€) < uly,e)

whenever y € QTM(O). Moreover, using 1 — ¢,z = (', —e, /64), |2'| < 1/2, p1 =
1/64, p2 = 1/16, in a similar argument it follows that

(2.12) u(y,€) < cy, max u(-,e) < Ay, u(en/4,¢)
Q7,,(0)



12 JOHN L. LEWIS, NIKLAS LUNDSTROM7 AND KAJ NYSTROM

in QT/ 4(0). In particular, the right-hand inequality in (2.12) follows from the ana-
logue of Lemma 2.3 for L*.

Fix z € GQT/Q(O) N{y : y» = 0}. From (2.11), (2.12), and linearity of L* one
can deduce (see for example [LN, Lemma 3.27]) that there exists 6,0 < § < 1, such
that

(2.13) osc (p/4) <6 osc (p)
when 0 < p < 1/4, where osc (t) = M(t) — m(t) and we have put

M (t) = max “(Zj”e), m(t) = min —"(5’6).
Qf (=) " Qf (=)

To get (2.13) one can simply apply the same argument as in (2.11), (2.12) to
u = m(p)Yn,Yn and M(p)y, — u,y, in QF (x). Iterating (2.13), we obtain for some
A > 0,c > 1, depending on «, p,n, that

(2.14) osc () < c(s/t) osc (t),0 < s <t <1/4.

Letting e—0 it follows as in the proof of Lemma 2.4 that u(-, €) converges uniformly
to u on compact subsets of Qf/z(O). Thus (2.11), (2.12) and (2.14) also hold for u.
Moreover, (2.11), (2.12), (2.14), arbitrariness of x, and interior Harnack - Hélder
continuity of u are easily shown to be equivalent to the conclusion of Lemma 2.8
when v(y) = y,. O

We note that boundary Harnack inequalities for non-divergence form linear
symmetric operators in Lipschitz domains can be found in either [B] or [FGMS].
We end this section by proving the following lemma.

Lemma 2.15. Let G C R™ be an open set, suppose that p, 1 < p < oo, is given
and let A € M,(a, 8,7) for some (o, 3,7). Let F : R — R™ be the composition
of a translation, a rotation and a dilation z — rz, r € (0,1]. Suppose that u is
A-harmonic in G and define i(z) = u(F(z)) whenever F(z) € G. Then i is A-
harmonic in F~Y(G) and A € M,(a, 3,7).

Proof. Suppose that F(z) = z + w for some w € R, ie., F is a translation.
In this case the conclusion follows immediately with A(z,7) = A(z + w,n) and
A € My(a, 8,7). Suppose that F(z) = T'z, where I' is an orthogonal matrix
with detT = 1. In this case the conclusion follows with A(z,7) = A(I'z,T'p) and
A€ M,(«, 8,7). Finally, suppose that F(z) = rz for some r € (0,1]. Then 4 is
A-harmonic in F~1(G) with A(z,1) = r?~'A(rz,r~'5). Moreover, property (i),
(#4) and (iv) in Definition 1.1 follow readily. To prove (4i) in Definition 1.1 we see
that

|A(2,m) = A(y,m)| < BrY|z — y["InlP~" < Blz — y|nP~
whenever r € (0,1]. This completes the proof of Lemma 2.15. O

3. Non-degeneracy of |Vu|

In this section we establish the ‘fundamental inequality’ referred to as Step A
in the introduction. To do this we first prove a few technical results.
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Lemma 3.1. Let 1 < p < oo, and assume that Ay, Ay € M, (e, 8,7y) with
[A1(y,m) — A2(y,m)| < elnP~" whenever y € QT (0)

for some 0 < € < 1/2. Let us be a non-negative Ag-harmonic function in Q7 (0),
continuous on the closure Q7 (0), and with us = 0 on 0Q7 (0)N{y, = 0}. Moreover,
let uy be the Aj-harmonic function in Qf/z( ) which is continuous on the closure
of QY/Q(O) and which coincides with ug on 8Q1/2( ). Then there exist, given p €
(0,1/16), ¢, ¢, 8, and T, all depending only on p,n,a, 8,7, such that

fus(y) — un ()] < ecua(en/2) < & p~Tualy) whenever y € @, (0)\ @, (0).

Proof. To begin the proof of Lemma 3.1 we note that the existence of u; in Lemma
3.1 follows from the Wiener criteria in [GZ], see the discussion after Lemma 2.2, the
maximum principle for A-harmonic functions, and the fact that the WP-Dirichlet
problem for these functions in QT/Z(O) always has a unique solution (see [HKM,
Appendix I]). Observe for z € R", A € R",{ € R"\ {0}, and A € M,(«,8,7),
that

(3.2) A, A) = Ai(2,6) =Y (N - &)
]*1 0

for i € {1,..,n}. Using (3.2) and Definition 1.1 (4),

)§)dt

(1), we see that
(3.3) cTHIAHIENTTIA=€* < (A(z, \) = A(2, ), A=) < c(IN[+[EDP2A—¢f.
Moreover, from (3.3) we deduce that if

I= / |Vug — Vuy|Pdy,

Q,(0)

then,

(34) I<cl J:= / (A1(y, Vur(y)) — Ar(y, Vuz(y)), Vua(y) — Vur(y))dy,
Q7,,(0)
whenever p > 2. Also, if 1 < p < 2, we see from (3.3) and Holder’s inequality that
1—p/2
(3.5) I<cJr/? / |V [P + | Vg |[Pda
Q1 5(0)

where J is as defined in (3.4). As V- (A1(y, Vui(y))) = 0 = V - (A2(y, Vua(y)))
whenever y € QT/Q(O) and as 6 = ug —u; € Wlp(Ql/Q( )), we see from the
definition of J in (3.4) that

(3.6) J= / (As(y, Vus(y)) — Ar(y, Vua(y)), Vualy) — Vas (y))dy.

1/2(0)
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Hence, using (3.4), (3.6), the assumption on the difference |A1(y,n) — Aa(y,n)|
stated in the lemma and Holder’s inequality we can conclude, for p > 2, that

(3.7) I<ce / (VP + [Vauo|P)dar
Qf,,(0)
Also, for 1 < p < 2, we can use (3.5) to find that
(3.8) I < cebl? / (VP + [Vus|P)der
Q7 ,,(0)

Now from the observation above (3.6), (3.3) with £ = 0, and Holder’s inequality we
see that

/ VuiPdz < ¢ / (A (z, Vs (2)), Vuo(z))da

Q1 ,(0) Q1 ,(0)
< (1/2) / |Vui|Pde + ¢ / |Vug|Pdx.
Q74(0) Q7 (0)
Thus,
(3.9) / Vs Pz < e / Vs Pdz.
Q7,,(0) Qf,,(0)

Let ¢ = min{1,p/2}. Using (3.9) in (3.8), (3.7), and Lemmas 2.1 - 2.3 for uy we
obtain

(3.10) I < ce®(uz(en/2))P.

Next using the Poincare inequality for functions in W, ( 1"/2 (0)) we deduce from

(3.10) that

(3.11) / lug —ui|Pde < ¢ / |[Vug — Vuy [P de < ce®(uz(en/2))P.
Q150 Q7,,(0)

In the following we let n = a/(p + 2) and we introduce the sets
(312)  E={yeQf,0): [ua(y) —ur(y)| < Muzlens2)}, F = Qf,(0)\ E.
Moreover, for a measurable function f defined on Q7 /2( ) we introduce, whenever

y € Q] /2( ), the Hardy-Littlewood maximal function

1
. M = su _— z)|dz.
(3.13) (H)w) 0. 0 (y)PC ot 0y Q- (0)] é | |f(2)]
Let
(3.14) ={y € Qf,(0): M(xr)(y) <€}

where xr is the indicator function for the set F'. Then using weak (1,1)-estimates
for the Hardy-Littlewood maximal function, (3.11) and (3.12) we see that

(3.15) |Q1/2( J\G| < ce"F| < ce e Ple = ce
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by our choice for 7. Also, using continuity of us(y) — w1 (y) we find for y € G that
1

(3.16)  Jua(y) —ua(y)| = lim Bol / |ug(2) — ur(2)|dz < ceus(en/2).

B(y,r)
Ify € QTM(O) \ G, then from (3.15) we see there exists § € G such that |y — g| <
c(n)e"/™. Using Lemmas 2.1, 2.2, we hence get that

luz(y) —wa(y)l < |ua(9) — ur(@)] + [uz(y) — w2 (9)] + |ua(y) — ui(9)]
(3.17) < (€ + MM uy(e, /2).

This completes the proof of the first inequality stated in Lemma 3.1. Finally, using
the Harnack inequality we see that there exists 7 = 7(p,n,a, 3,y) > 1 such that

us(en/2) < cp~Tus(y) whenever y € Q7 ,,(0)\ Q. (0). O
We continue by proving the following important technical lemma.

Lemma 3.18. Let O C R™ be an open set, suppose 1 < p < 0o, and that Ay, As €
My(a, B,7). Also, suppose that @1, 0s are non-negative functions in O, that 4y is
Aq-harmonic in O and that Gy is Aa-harmonic in O. Let a > 1,y € O and assume
! ) )

L d(y N _ (y

- ———<|Va <a—sZ—.

ad(y.00) = VW= 850 50)

Let € = (ca)1+9)/% where & is as in Lemma 2.4. If
(1-9L < % < (14 &L in By, 15d(y,00))
1
for some L,0 < L < oo, then for ¢ = c(p,n,a, 8,7) suitably large,

1 dy(y) 2 i 12l9)
s < |Vao(y)| < “dly,00)

Proof. Let a > 1,y € O be as in the statement of the lemma. Using Lemma 2.4
and the Harnack inequality in Lemma 2.1 (i7) we see that,

3.19 (i — Vi < ct? Vi ()| < 2% 4 d(y, 90
(3.19)  |Vig(z1) tz(2z2)] < c B(;,,ﬁ@)fao»' a(-)] < 7 2(y)/d(y, 00)

whenever 21,29 € B(y,td(y,00)) and 0 < t < 1073, Here ¢ depends only on
p,n, a, 3,7. Using (3.19) we see that we only have to prove bounds from below for
the gradient of 4y at y. To achieve this we suppose that,

(3.20) |Viia(y)| < Cta(y)/d(y, 00),

for some small ¢ > 0 to be chosen. From (3.19) with z = 21,y = 22 and (3.20) we
then deduce that

(3.21) Vaz(2)] < ¢+ 7]tz (y)/d(y, 00)

whenever z € B(y, td(y,00)). Integrating, it follows that if § € dB(y, td(y, 90)),
ly — 9| = td(y,0), t = ¢/?, then

(3.22) |@2(3) — @2(y)| < /¢ g (y).
The constants in (3.21),(3.22) depend only on p, n, a, 3, 7.
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Next we note that (3.19) also holds with s replaced by @. Let A = %.

Then from (3.19) for @; and the non-degeneracy assumption on |Vii| in Lemma
3.18, we find that
(Vg (2),\) > (1 — caC) |V (y)| whenever z € B(y, ¢Y?d(y, d0)),

for some ¢ = ¢(p,n,a,3,7). If ¢ < (2ca)~!, where ¢ is the constant in the last
display, then we get from integration that

(3.23) (i (§) — i (y)) = a= "¢ (y)

with § = y +¢/?d(y, 9O)\ and where the constant ¢* depends only on p, n, o, 3, .
From (3.23), (3.22), we see that if € is as in Lemma 3.18, then

R S (5 1 /F141/6 -~
Rl ) <
iy (9) 14 (e /(acr) ) i (y)
1 +CI<—1+1/5’
1+ ¢V /(acr)
provided 1/(aé)'/? > ¢Y/% > aéé for some large & = &(p,n, a, 3,7). This inequal-
ity and (3.23) are satisfied if é7' = (¢a)*9)/% and ¢~ = éa. Moreover, if the
hypotheses of Lemma 3.18 hold for this €, then in order to avoid the contradiction

in (3.24) it must be true that (3.20) is false for this choice of ¢. Hence Lemma 3.18
is true. O

IN

A

(3.24) < (1+€)< )1i< (1-9)L

Armed with Lemma 3.1 and Lemma 3.18 we prove the ‘fundamental inequal-
ity’ for A-harmonic functions, A € M,(«a, 3,7) for some («, 3,7), vanishing on a
portion of {y : y, = 0}.

Lemma 3.25. Let 1 < p < oo, and A € Mp(«, 3,7) for some (o, 3,7). Suppose
that u is a positive A-harmonic function in Q7 (0), continuous on the closure of
Q7 (0), and that uw =0 on 9Q] (0) N {y, = 0}. Then there exist ¢ = é(p,n, v, 3,7)
and X = X(p,n, a, 3,7), such that

5\_1@ < |Vu(y)| < 5\@ whenever y € Qf/é(O).

Yn Yn

Proof. Let A € M,(«,3,7), A = A(y,n), be given. Put As(y,n) = A(y,n),
Aq(n) = A(0,n). Clearly, A1, Ay € My(c,3,7v). We decompose the proof into the
following steps.

Step 1. Lemma 3.25 holds for the operator A;. To see this we note once again
that 4 (y) = yn is Aj-harmonic and 4; = 0 on Q7 (0) N {y, = 0}. Let Gy = u.
Applying Lemma 2.8 to the pair 4, s we see that

os (520 ) —tox (22| < ol

whenever y1, yo € Qf/ 4(0). Exponentiation of this inequality yields the equivalent
inequality

(3.26)

(3.27)

i
< Al(yig ly1 — y21°

i (y
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whenever yq, yo € Qf/4(0). Let O = QTM(O) and note that if yo € QT/S(O) then
obviously

1 (y2) X o (1)
3.28 ——==_ < |V <
(3.28) & (2, 00) = Vi)l <350 50)
for some @ = @(n). Let r be defined through the relation ¢'r® = 1& where € is as in
Lemma 3.18. Using (3.27) we then see that

2oy 1 (y2) _ Ga(y1)  1on U1 (y2)

3.29 1—-€/2 < - < (1+¢€/2)~
(3:29) 1-¢ )Uz(w) iz (y1) L+e )U2(y2)

whenever y; € B(y2,7). From (3.28), (3.29), and Lemma 3.18 we conclude that
Lemma 3.25 holds for the operator Aj.

Step 2. Lemma 3.25 is valid for the operator A;. We let p € (0,1/16) and
0 € (0,1/8) be degrees of freedom to be chosen below. Let @4y be the Aj-harmonic
function in Q7 /2( ) which is continuous on the closure of Q7 /2( ) and which sat-
isfies 17 = u on 86,25/2( ). Using Step 1 we see there exist A\ = A\i(p,n, ), ¢ =
é1(p,n,a) > 1, such that

(3.30) At () < Vi (y)| <M n(y) whenever y € Qé/cl( )-

n Yn

Moreover, using Definition 1.1 (¢i¢) we have
(3.31) |A2(y,m) — A1(y,m)| < eln|P~? with € = 286" whenever y € Q7 (0).

Let tia = u. From Lemma 2.15 and Lemma 3.1 we see there exist ¢/, 6,7, each
depending only on p,n, a, 3,7, such that

(332)  lG2(y) — @u(y)| < ¢e’p7 dz(y) whenever y € Q7 ,(0)\ QF, 5(0).

Let € be as in the statement of Lemma 3.18 with a replaced by A1 and put p =
1/(32é1). Fix 6 subject to /e’ p~" = ¢/ (2867)?p~7 = min{é/2,1078}. In particular,
we note that § = d(p,n, «, 5,7). Then from (3.32) we see that

(3.33) 1-€6< = <1+ewhenevery€Q6/4( )\Q5/4p5 0).

Using (3.30), (3.33), and Lemma 3.18 we therefore conclude that

(3.34) /\2_1@2(?}) < |Viaz(y)| < Ag i2(y) whenever y € Q(;/q( )\Q&/C1 2p5( )s

n Yn
for some Aa = Aa(p,n, @, 3,7). Moreover, if y € Q(J{/él 2p5(0)7 then we can also prove

that (3.34) is valid at y by iterating the previous argument and by making use of
the invariance of the class Mpy(a, 3,7) with respect to translations and dilations,
see Lemma 2.15. This completes the proof of Lemma 3.25. O

Finally we use Lemma 3.25 to establish the main result of this section.

Lemma 3.35. Let Q C R™ be a (§,r9)-Reifenberg flat domain, w € 95, and
0 < r < min{rg,1}. Let p,1 < p < o0, be given and assume that A € My,(a, 3,7)
for some (e, B,7). Suppose that u is a positive A-harmonic function in QNB(w, 4r),
that w is continuous in QN B(w, 4r), and that u = 0 on A(w,4r). There exist § =
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8(p7n7a7ﬂ7ry)7 é: é(p7n7a7ﬂ7’}/) and;\ = 5\(Z)’rrl’7a7ﬂ7’-y)7 SUCh that Zfo < 6 S S?
then

o) <3y .
A T, oq) = IVHWl = A qy whenevery € @0 Blw,r/e)

Proof. Let A € My(o,8,7), A = A(y,n) be given. Let w € 99, 0 < r <
T0, suppose that u is a positive A-harmonic function in Q N B(w, 4r), that wu is
continuous in QN B(w,4r), and that v = 0 on A(w, 4r). We intend to use Lemma
3.25 and Lemma 3.1 to prove Lemma 3.35. Let v = 0 in B(w,4r) \ Q. Then
u € WHP(B(w,2r)) and u is continuous in B(w, 4r). Let ¢; = ¢ be as in Lemma
3.25 and choose ¢ > 100¢; so that if § € QN B(w,r/d),s = 4c1d(g, 092), and
z € 00 with |§ — z| = d(g, 092), then

(3.36) Brglzz}ﬁ)u < cu(y)

for some ¢ = ¢(p, n, «, B,). Using Definition 1.6 with w,r replaced by z,4s, we see
that there exists a hyperplane A such that

(3.37) h(0Q2N B(z,4s), AN B(z,4s)) < 49s.

For the moment we allow ¢ in Lemma 3.35 to vary but shall later fix it as a number
satisfying several conditions. Using (1.7) we deduce that

{y € QN B(z,4s) : d(y,092) > 8s} C one component of R™ \ A.

Moreover, using Lemma 2.15 we see that we may without loss of generality assume
that A = {(v',yn) : ¥ € R" "1y, =0} and

(3.38) {y € QN B(z,4s) : d(y,00) > 8is} C {y e R" : y, > 0}.
From (3.38) we find that if we define

AN = {,0)+200se,, y € R"}, Q@ ={ycR":y, >20ds},
then
(3.39) Q'NB(z,25) C QN B(z,2s).

Let v be a A-harmonic function in ' N B(z,2s) with continuous boundary values
on O(§Y N B(z,2s)) and such that v < w on (2 N B(z,2s)). Moreover, we choose
v so that

v(y) = wu(y) whenever y € 9[QY' N B(z,2s)] and y,, > 404s,
v(y) = 0  whenever y € 9[Q¥ N B(z,2s)] and y,, < 30ds.

Existence of v follows once again from the Wiener criteria of [GZ], the maximum
principle for A-harmonic functions, and the fact that the WW!P-Dirichlet problem
for these functions in ' N B(z,2s) always has a solution. By construction and
the maximum principle for A-harmonic functions we have v < u in Q' N B(z, 2s).
Also, since each point of 9] N B(z,2s)] where u # v lies within 80ds of a point
where u is zero, it follows from (3.36) and Lemmas 2.2, 2.3 that u < v+ cd%u(j) on
O|Y N B(z,2s)]. In particular, again using the maximum principle for p-harmonic
functions we conclude that

v<u<v+esu() in QN B(z,2s).
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Thus, using the last inequality and (3.36) we see that

(3.40) 1< uEy; < (1—¢6%)"" whenever y € Q' N B(y, 2d(g,09"))
uy
provided § is small enough. Using Lemma 3.25 and the construction we also have
s-1_v(@) e s v@)
3.41 A2 < Vo(h S AT a0
(341 d(g,0Q) Iv+(9) d(g,00)

for some A = A(p,n). In particular, from (3.40), (3.41) we see for 0 < § < 4, and
d = d(p,n,a, B,7) suitably small, that the hypotheses of Lemma 3.18 are satisfied
with O = Q"N B(z,2s) and @ = A. We now fix 0 and from Lemma 3.18 we conclude
that

o1 u(®) u(y)
AL lm < | Vu(@)| € M——F D)

for some A\; = Ai(p,n,a, 3,7). Since § € QN B(w,r/c') is arbitrary, the proof of
Lemma 3.35 is complete. O

4. Degenerate elliptic equations and extension of |Vu|P~? to an
As-weight

Let w € R™, 0 < r and let A(x) be a real valued Lebesgue measurable func-
tion defined almost everywhere on B(w,2r). A(z) is said to belong to the class
As(B(w,r)) if there exists a constant I' such that

(4.1) Foan / A dz - / Atz <T
B(@,7) B(w,7)
whenever @ € B(w,r) and 0 < 7 < r. If A(x) belongs to the class A3(B(w,r)) then
A is referred to as an Ag(B(w,r))-weight. The smallest I' such that (4.1) holds is
referred to as the As-constant of .
In the following we let & C R™ be a bounded (4, rg)-Reifenberg flat domain
with NTA-constant M. We let w € 92, 0 < r < 1o, and we consider the operator

- "9 ([ 9]
4.2 L= — | by () =—
(12) Y o ()
i,j=1
in QN B(w,2r). We assume that the coefficients {IA)ZJ (z)} are bounded, Lebesgue
measurable functions defined almost everywhere on B(w, 2r). Moreover,

(4.3) cIA(@)|¢? < Z bij ()5 < cl€* ()

4,J=1
for almost every 2 € B(w, 2r), where A € Ay(B(w,r)). By definition L is a degen-
erate elliptic operator (in divergence form) in B(w,2r) with ellipticity measured
by the function A. If O C B(w,2r) is open then we let W12(0) be the weighted
Sobolev space of equivalence classes of functions v with distributional gradient Vv
and norm

v} 2 = /vadx+/|Vv\2)\d:c < 0.
o o
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Let W,7?(0) be the closure of C§°(O) in the norm of W2(0). We say that v is a
weak solution to Lv = 0 in O provided v € W2(0) and

(4.4) / > bijva, ¢y dr =0
o i
whenever ¢ € C§°(0).

The following three lemmas, Lemmas 4.5-4.7, are tailored to our situation and
based on the results in [FKS], [FJK] and [FJK1]. We note that these authors as-
sumed L was symmetric, i.e., Eij = Bji, 1 < 4,5 < n, but this assumption was not
needed in the proof of these lemmas. Essentially one can say ‘ditto’ to the discus-
sion in [KKPT, section 1] for nonsymmetric uniformly elliptic divergence form PDE.

Lemma 4.5. Let Q C R" be a NTA-domain with constant M, w € 9, 0 < r < rg,
and let A be an As(B(w,r))-weight with constant T'. Suppose that v is a positive
weak solution to Lv = 0 in QN B(w,2r). Then there exists a constant ¢, 1 < ¢ < o0,
depending only on n, M and T, such that if w € Q, 0 < 7, B(w,27) C QN B(w,r),
then

(’L) 0711:2 / |V’U|2)\dﬂf < C( / )\dl’) (Bn(lajg) 1;)2 <c / |U|2Ad$,
B(w,7/2) B(w,T) ) B(w,27)

(4i) max v < ¢ min v.
B(®,7) B(,7)
Furthermore, there exists & = &(n, M,T") € (0,1) such that if x,y € B(w, ) then

ja—y|
i) o) - ol <o) g
Lemma 4.6. Let Q C R"™ be a NTA-domain with constant M, w € 02, 0 < r < 1o,
and let A be an As(B(w,r))-weight with constant T'. Suppose that v is a positive
weak solution to Lv = 0 in QN B(w,2r) and that v =0 on A(w,2r) in the weighted
Sobolev sense. Then there exists ¢ = ¢(n, M,T'), 1 < é < oo, such that the following
holds with 7 = r/¢.

(1) r? / Vo2 \dx < & / lv|*\dz,

QNB(w,r/2) QNB(w,r)
7 < cv(as .
(i%) Qﬂrgzal)ucﬂv < ev(ar(w))

Furthermore, there exists & = a(n, M,I") € (0,1) such that if x,y € QN B(w, ),
then

_ < — .
(444) lv(z) —v(y)| < C( T > Qm%l(%v)f%)v

Lemma 4.7. Let Q C R" be a NTA-domain with constant M, w € 9, 0 < r < rg,
and let A be an Ay(B(w,r))-weight with constant T'. Suppose that vy and vy are
two positive weak solutions to Lv = 0 in QN B(w,2r) and v; = 0 = vy on A(w, 2r)
in the weighted Sobolev sense. Then there exist ¢ = ¢(n, M,T'), 1 < ¢ < oo, and
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oc=oc(n,M,T) € (0,1) such that if ¥ = r/c, vi(ar(w)) = va(az(w)), then vy /ve < ¢
in QN B(w,r/c) and if y1,y2 € QN B(w,r/c), then

o
<c<|y1—y2|) .
T

To continue the proof of Theorem 1, we have the following lemmas.

vi(yr) — vi(y2)
va(y1)  v2(ye)

Lemma 4.8. Let Q C R" be a bounded (9, 10)-Reifenberg flat domain. Let p,1 <
p < 00, be given and assume that A € M,(a, 8,7) for some (a, 3,7). Let w € 99,
0 < r < rg and suppose that u is a positive A-harmonic function in QN B(w,4r), u
is continuous in QN B(w,4r), and uw = 0 on A(w,4r). Then there exist, for €* > 0
given, 6 = S(p,n,a,ﬁ,'y,e*) >0 and ¢ = c(p,n, o, B,7,€*), 1 < c < oo, such that

AN 14€* A\ 1—€"
(P uasw)) (7
T ~u(ap(w)) T \r
whenever 0 < 6 <6 and 0 < 7 < r/4.

Lemma 4.9. Let Q@ C R"™ be a bounded (6,7¢)-Reifenberg flat domain. Let
p,1 < p < oo, be given and assume that A € My,(a, 3,7) for some (o, 3,7). Let
w € I, 0 <r <min{ro, 1}, and suppose that u is a positive A-harmonic function
in QN B(w,2r), u is continuous in QN B(w,2r), and u = 0 on A(w,2r). There
exist 8’ = 0'(p,n, o, B,7), and ¢ = ¢(p,n,a, 5,7v) > 1 such that if 0 < § < §', and
7 = r/c, then |VulP=2 extends to an As(B(w,?))-weight with constant depending
only on p,n,a, 3,7.

Proof of Lemma 4.8: Let A € M,(«,3,7), A = A(y,n) be given and set
As(y,m) = Ay, n), Ai(n) = A(w,n). Then A;, Ay € My(c,8,7). Let u be a Ay-
harmonic function as in the statement of the lemma. We extend u to B(w, 4r) \ Q
by putting v = 0 in this set and then note that u is continuous in B(w, 4r). We also
observe from Definition 1.8 that it suffices to prove Lemma 4.9 for § = 5. Also, as
discussed after Definition 1.8 we may assume that €2 is a NTA-domain. Moreover,
using Lemma 2.15 and Definition 1.1 (iv), we can without loss of generality assume
that r = 4, w = 0 and u(a1(0)) = 1.

In the following we let £ be a small constant to be chosen below. In particular, &
will be fixed to depend only on p, n, «a, 3,~. For £ fixed we can, again using Lemma
2.15, without loss of generality also assume that

h(P N B(0,4€),00 N B(0, 4¢)) < 45¢,

where P = {y € R™ : y, = 0}. Furthermore, if § = 44 is small enough, then we
may assume, as in (3.38), that

(4.10) B(0,4) " {(Y',yn) : yn 27255} cQ
' B(0,4) N {(¥', yn) : yn < =206} CR™\ Q.

Moreover, we see that to prove Lemma 4.8 it suffices to show that

(4.11) T <u(ap(0)) < et whenever 0 < 7 < €.

In the following we will use the notation introduced in (2.7).
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To begin the proof of (4.11) we introduce two auxiliary functions «* and u™.

In particular, we define u™ to be As-harmonic in Q5 (1-85)¢ (86€e,,) with continuous

boundary values on 9Q ¢ (1_85)c (85&e,,) defined as follows,
ut(y) =uly)  ify € 0QF | g5 (806en) N {y : 165¢ <y},
Yn — 80¢ : < . .

ut(y)=0  ifye 0@* (1sye (896en) N {y : yo = 83E}.

Similarly, we define u~ to be the As-harmonic function in Q £.(1+85) 5( 80&e,,) which

satisfies 4~ = wu on 0Q+ 86¢e,). From the maximum principle for A-

1+8§)£(
harmonic functions and (4 10) we see, by construction, that

(4.12) ut (y) < u(y) <u (y) whenever y € QZ(1_83)§(85§“€”).
Using Definition 1.1 (4i¢) we next note that

(4.13) |Aa(y,m) — Ar(y.m)| < eln’~" whenever y € Qf | 5. (~80en), € = 23¢".

To proceed we let u™ be the A;-harmonic function in QZ/2 (1/2_85)5(85&3”) which
is continuous on the closure of Qg/2 (1/2— 85)5(85&”) and which coincides with u™
on 8@5/27(1/2 86)5(8(56671) Similarly, we let @~ be the A;-harmonic functi(jn in
(—86&e,,) which is continuous on the closure of Qg/Q (1/2+85)¢ (—85§en)
£/2 1/2+85)5( 86¢ey,). Finally, we define v*(y) =

Yn — 86E, v (y) := yn + 80¢ whenever y € R". Hence vt and v~ are A;-harmonic
functions and grow linearly in the e,-direction.

We first focus on the right hand inequality in (4.11). Using (4.13), Lemma 2.15,
and Lemma 3.1 we see that

(4.14) u(y) < (1 —-e’6 ) (y)

for y € QZ/4,(1/4+85)§(78566”) N {-46¢ < y, < €/2} and for a constant é =
¢(p,n,a, B,7). Moreover, using (4.12), the maximum principle and the Harnack
inequality for A-harmonic functions, (4.14), as well as Lemma 2.8 applied to the

functions 4~, v~ we see that there exists a constant ¢ = ¢(p, n, «), 1 < ¢ < 00, such
that

+
£/2,(1/2+85)¢
and coincides with u~ on 9Q)

(4.15) u(y) <u=(y) < (1 -6 ) " a(y) < (1 — &6 7) " a (ag/5(0)) = g(y)

whenever y € QN B(0,£/¢). From (4.15) we conclude that

(4.16) u(y) < e(l— a6 )" a" (ag/s(0)) (ya/€)
whenever y € QN B(0,£/¢). Let 6 < 1/(16¢) and let ¢ be defined though the
relation

1/2 = &€ = (2877 677,
Then ¢ = £(p,n, a, 3,7, 6) and from Lemmas 3.1, 2.2, 2.3, as well as the maximum
principle for A harmonic functions, we observe that

u(ag/s(0)) = u”(ag/s(0)) = u™ (ags(0)) = max  w
¢/2,(1/2485)¢ (—808en)
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where proportionality constants depend only on p,n,a, 3,v. Using these displays
in (4.16), we get u(aze(0)) < édu(ag/s(0)). Moreover, suppose by way of induction
that we have shown, for some k € {1,2,...},

(4.17) u(agkg(())) < (ég)k u(ag/s(0))
where ¢ depends only on p,n,«, 3,7. Then, from Reifenberg flatness we see there
exists a plane P’ containing 0 such that

h(P' 0 B(0,45"%¢), 00 N B(0,48"%¢)) < 466"¢.

We can now repeat the above argument with P replaced by P’ and 4 replaced by
46%¢. Here however we use a cylinder with radius and height ~ §*¢, since we can
already apply Lemma 3.1. We get
u(ageig(0)) < Edulagee(0)) < (6)* u(ag/s(0)).

Thus by induction the inequality in (4.17) is true for all positive integers k. Next
we fix § so that 6—¢ = ¢ where ¢ is the constant in the above display. Then &
and £ both depend only on p,n,a, B,y and €*. Given 0 < 7 < &, let k be the
smallest integer such that §*¢ < #. Then from (4.17) and our choice of § we see
that u(a;(0)) < e#'=¢, for some ¢ = ¢(p,n, o, 3,7, €). Here we have also used
the fact that u(a¢/3(0)) < ¢ = c.(p,n, @, B,7), which follows from Lemmas 2.2,
2.3, and fact that u(a1(0)) = 1. This completes the proof of the right-hand side
inequality in (4.11).

Second we focus on the left-hand inequality in (4.11). In this case we first apply
Lemma 2.8 to the functions @*, v* in Qz_/27(1/2_85)£(8556n). Indeed, using Lemma

2.8 and the Harnack inequality we see, provided ¢ is small enough, that
U (agy5¢(0))  at(ags(0))  ut(ag/s(0))
U+(‘13255(0)) v+(a§/4(0)) &

Here A = B means that A/B is bounded from above and below by constants which
only depend on p, n,a, 3,7. From (4.18) we get

(4.19) i (agg5¢(0)) > ¢ 'out (ags(0))

for some ¢ = ¢(p,n,a,§), 1 <& < co. Moreover, using Lemma 3.1 we also see that
(4.20) ut(y) < (1 -es )t (y)

for y € QZ/2,(1/2—85)5(85§56") N {166¢ < y, < &/2} and for a constant & =
é(p,n,a, B,7). Using (4.19), (4.20), the fact that the class My(«, 8,7) is closed
under translations, rotations, suitable dilations, and multiplication by constants

(see Lemma 2.15 and Definition 1.1 (4v)) , we can argue as in the proof of the
right-hand inequality in (4.11). Thus by induction we obtain

(4.21) w(az051¢(0)) > (¢710) u(ag/s(0)) for k= 1,2, ...

(4.18)

To complete the proof we let 5 be so small that 716 > (320)'*¢ and assume
that # € [(326)%+1¢, (320)k¢]. With §(p,n,a, 3,7, €*) now fixed, it follows from
Harnack’s inequality for A-harmonic functions that

(422)  u(as(0)) > ¢ ulaggasyee(0)) > 1 (320)F 1+ u(ag(0)) > ¢ LAUFE),

for some ¢ = ¢(p, n, o, 3,7, €*). In (4.22) we have also used the fact that u(ae;s(0)) >
1/cy(p,n,, 3,7, €*), for some c; > 1, which follows from the definition of & in
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terms of €*, Harnack’s inequality, and the fact that u(a1(0)) = 1. (4.22) completes
the proof of (4.11) and hence the proof of Lemma 4.8. O

Proof of Lemma 4.9. Lemma 4.9 follows from Lemma 4.8, in exactly the same
way as Lemma 3.30 in [LN4] followed from Lemma 3.15 in [LN4]. For the readers
convenience we include the details of the proof. Let Q; = Q(z;,7;),j =1,2,... be a
Whitney decomposition of R™\ {2 into open cubes with center at x; and sidelength
r;. Then U;Q(x;,7;) = R"\ Q and Q(x;,7;) N Q(z;,7;) = O when i # j. We
furthermore construct the Whitney cubes in such a way that 107"d(Q;,99) <
r; < 1072"d(Q;,00). Let # = r/c, where ¢ = ¢(p,n,a, 3,7), 1 < & < o0, is so
large that the ‘fundamental inequality’ in Lemma 3.35 holds in QN B(w,r/¢). From
the NTA property of 2 we may also suppose ¢ is so large that if Q; N B(w, 507) # 0,
then there is a w; € QN B(w, &) for which d(wj, 0Q) ~ d(w;, z;) ~ d(z;,08). Here
A ~ B means that A/B is bounded from above and below by constants which only
depend on n.

Next we define A\(z) = |Vu(x)[P~2 whenever x € Q N B(w,507) and we let T
be the set of all j such that if j € I then Q; N B(w, 507) # 0. Moreover, if j € T’
then we choose w; € QN B(w, &) as above and define A(z) = A(w;) when z € Q.
This defines A almost everywhere on B(w, 507) with respect to Lebesgue n measure,
since it follows from (4.27) that for § small enough, 9Q N B(w,r) has Lebesgue n
measure zero. From the definition of A\, Lemma 3.35, and the Harnack inequality
for A-harmonic functions we see that

(4.23) Ax) = AMw;) = A(z) whenever z € Q; and z € B(w;, d(w;,09)/2).
Let A= \ifp>2and A = 1/)\if 1 < p < 2.Tfw € B(w,r) and d(, Q) /2 < 7 < 7,
then from Lemmas 2.1 - 2.3, (4.23), and Holder’s inequality it follows that
(4.24) / Mz < cu(az(w))P~2 Fn=lp=2l,

B(@,F)

Here % € 8Q with |& — 0| = d(w,d9). Also, from Lemma 4.8 we get for § small
enough and y € QN B(w, cr), that

14+€*
(4.25) cu(y) > u(ar(w)) (W) .

T

Here €* > 0 is a small positive number which will be fixed after the display following

(4.27). From (4.25) and Lemma 3.35, we see that if d(w,09Q)/2 < 7 < #, then

(4.26) / Atz < erHeIP=2ly (gq () ~IP~2] / d(y, o)~ P=2lqy.
B(w,7) QNB(w,cF)

To complete the estimate in (4.26) we need to estimate the integral involving the
distance function. To do this we define

I(z,8) = / d(y, Q)= P2l dy
QN B(z,5)
whenever z € 90N B(w,r), 0 < s < r. Let
Er=QNB(z,5)N{y:d(y,d0) < *s} for k=0,1,2,...
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Then since 0f2 is d-Reifenberg flat we deduce that

where ¢y = ¢y (p,n). Indeed, from §-Reifenberg flatness it is easily seen that this
statement holds for Ey, E1. Moreover, E; can be covered by at most ¢/6" ! balls
of radius 100ds with centers in 922 N B(z,s). We can then repeat the argument in
each ball to get that (4.27) holds for Ey. Continuing in this way we get (4.27) for
all positive integers k. Using (4.27) and writing I(z, s) as a sum over E \ Ey1,k =
0,1,2,... we get

o0
1 + §—¢ =2 Z o SEA= =2 | o gn—elp=2l
k=1

I(z,5) < es"—e P2l

for some c_ = c_(p,n) > 1, provided 4e*|p — 2| < 1 and ¢’ > 0 is small enough.
Using this estimate with z = W, s = ¢f, we can continue our calculation in (4.26)
and conclude that

(4.28) / Al < cu(a,:(u}))—\l’—ﬂ Fntlp—=2[
B(w,T)

Combining (4.24), (4.28), we get

NN ldz - / Nz < ¢
B(w,7) B(w,7)

when d(w,9Q)/2 < 7 < 7. This inequality is also valid if 7 < d(w, 98)/2, as follows
easily from Lemma 3.35. We conclude from this inequality and arbitrariness of w, 7,
that Lemma 4.9 is true. O

4.1. Proof of Theorem 1. From the results proved or stated in section 2,
3, 4, we see that Steps 0, A, B, C and D outlined in the introduction are now
completed. Hence, to prove Theorem 1 it only remains to remove assumption
(1.14). To do this we first note from Definition 1.1 (iv) that Theorem 1 is invariant
under multiplication of u,v by constants. Using this note and Lemma 2.3 we see
that if * = r/c, for ¢ = ¢(p, n, a, 3,7) large enough, then we may assume that
(4.29) max h = h(ay~(w)) =1 whenever h = u or v.

QNB(w,4r*)

Let @, v be the A-harmonic functions in Q N B(w, 4r*) with boundary values @ =
min(u, v) and ¥ = 2 max(u, v) respectively on (2N B(w, 4r*)). From the maximum
principle for A-harmonic functions we then see that 4@ < u,v < 9/2 in QN B(w, 4r*).
Using this inequality and applying Theorem 1 to u, v with r replaced by r*, we get

max(u/v, v/u) < v/t < cin QN B(w,T).

Finally we note from boundedness of u/v that (1.14) (a) can be achieved in QN
B(w,4r*) by multiplying v by a suitably large constant which can be chosen to
depend depend only on p, n, a, 3,~. Thus Theorem 1 is true. O
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5. The Martin boundary problem: preliminary reductions

Let Q C R™, 4, ro, p, a, B, v, and A be as in the statement of Theorem
2. Moreover, let w € 9Q and let 0 < ' < 7o, where 7#p = min{rg, 1}. Assume
that @ is an A-harmonic function in Q \ B(w,’) and that & = 0 continuously on
00N\ B(w,r"). We can apply Lemma 3.35 to conclude that there exist §*,0 < 6* <
1,é A > 1, depending only on p, n, o, 3,7, such that if 0 < § < §*, then, for each
g € 00\ B(w,er'), the ‘fundamental inequality’,

o1 G(y) . 1 (y)

(5.1) A m < |Va(y)| < )\m
holds whenever y € 9Q N B(§,|§ — w|/¢) N B(w, 7). Using this fact we see that
if 0 < 0 < 0" then there exists 7, depending only on p,n,«, 3,7, such that if we
define a non-tangential approach region at w € 99, denoted Q(w, ), by Q(w,7) =
{yeQ: d(y,00) > 7y — w|}, then

(5.2) @ satisfies (5.1) in [Q\ Q(w, 7)] N (B(w, 7o) \ B(w,ér')).

We observe that the above argument applies for any small v/ > 0 if @ is a minimal
positive A-harmonic function with respect to w. We note, in analogy with the
proof of Theorem 1, that if we apriori knew that (5.1) held in QN B(w, 7) for some
7 > 0, then we could apply the argument in Steps C, D of the introduction to get
an analogue of Theorem 1 in Q N B(w,7) \ B(w, cr’). Letting ' —0 we would then
get Theorem 2. Unfortunately though we do not know this apriori and we do not
see how to ‘deduce’ this inequality from simpler functions as in the proof of Lemma
3.35. Still, if (5.1) holds in QN B(w, 7), whenever A € M,(«), then we can make use
of appropriate versions of Lemmas 3.1 and 3.18, as well as Definition 1.1 (i), to
conclude that (5.1) holds in QN B(w, §), for some § < 7, whenever A € M,(«, 3,7).
Thus to prove Theorem 2 we first prove Theorem 2 under the assumption that

(5.3) A€ My(a).

In particular, we start by showing that if one such A-harmonic function satisfies
the ‘fundamental inequality’ then all such functions, relative to the given A, have
this property. More specifically we prove,

Lemma 5.4. Let Q be a bounded (9, r9)-Reifenberg flat domain and let w € 9). Let
A € My(a) for some o and 1 < p < oo. Let @, > 0 be A-harmonic in Q\ B(w,1’),
continuous in R™\ B(w,r’), with & = 0 = 0 on R™ \ [Q U B(w,r’)]. Suppose for
some r1,7 <711 <Tg, and b > 1, that

i(y)

1 ﬁ(y) .
dty.oq) = VIS b B0

whenever y € QN [B(w,r1) \ B(w,r’)]. There exists 6* >0, ¢ > 1, depending on
p,n,a, b, such that if 0 < 6 < 6* < (6 as in Theorem 1), then

1 0(y) . o(y)
A 2y, 00) < [Vi(y)| < Aid(% 29)

whenever y € QN [B(w,r1/c) \ B(w,cr')]. Moreover,

‘IOg <u8> s (ug)’ =¢ (minm, E —T/w, y—w|>>g
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whenever z,y € O\ B(w, cr').

Proof: We note that to prove the last statement of Lemma 5.4 we can assume that
r’'/r1 << 1, since otherwise there is nothing to prove. Let 7 = ér'. If é = é(p, n, a)
is large enough, we may assume

(5.5) i <9/2 < éiin Q\ B(w,7),

as we see from Theorem 1, Harnack’s inequality, and the maximum principle for
A-harmonic functions. As in (1.15) we let u(-,t),¢ € [0,1], be A-harmonic in © \

B(w, ), with continuous boundary values,
(5.6) u(-,t) = (1 —t)a(-) + to(-) on 9[Q\ B(w,)].

Extend u(-,t),t € [0, 1], to be continuous on R™\ [QU B(w, 7)] by setting u(-,¢) = 0
on this set. Next we note from Lemma 3.18 that there exists ey = €y(p, n, a, b) such
that if s1 and py satisfy 7 < s1 < p1/4 <r1/16, t € [0,1], and

(5.7) (1 —eo)L <ul-t)/a(-) < (1+e0)L,
in QN [B(w,2p1)\ B(w,s1)] for some L, then

1— U(y,t) 1 u(yvt)
(5.8) A1 Ay 00 < |Vu(y,t)| < )\m

whenever y € QN [B(w, p1)\ B(w, 2s1)] where A = A(p, n, a, b). Observe from (5.5),
(5.6), that if ¢1,t5 € [0, 1], then

u(,ta) —ul-,tq)
to — 11
(5.9) = () —a() < cu(- )

cru(ty) < U(,t,t2)

on 9[Q\ B(w, 7)]. Moreover, from the maximum principle we see that this inequality
also holds in Q\ B(w,#). Thus for € as in (5.7), there exists €, 0 < €, < €g, with
the same dependence as €, such that if |ta — #1] < €[, then

u('7t2
u(-,tl)

~—

(5.10) 1—¢/2 <

<14 ¢€/2in Q\ B(w,T).

Divide [0,1] into closed intervals, disjoint except for endpoints, of length €{,/2 except
possibly for the interval containing 1 which is of length < €(/2. Let & = 0 <
& < ... < &, = 1 be the endpoints of these intervals. Thus [0,1] is divided into
{[€k, Ek+1]}7" - Next suppose for some I,1 <[ < m — 1, that (5.8) is valid whenever
t €&, &) and y € QN[B(w, p1) \ B(w, 2s1)]. Under this assumption we claim for
some €1, ¢, 0, depending only on p,n, a, b, that

(5.11) log —————= —log ———+=

<& (G ar o)
u(z, &) uy,&) | = ' \min(z — wl, Jy — wl)

whenever z,y € QN [B(w, p1/é2) \ B(w, é251)]. Indeed we can retrace the argument
in Step C of the introduction to get, for z,y € QN [B(w, p1/c) \ B(w,cs1)], that

w(z,&41) w(y, &i41)
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there exists f as in (1.19) and o > 0 as in (1.24) such that
o u(z,&11) o u(y, §41)

&1
u(z,§) o8 u(y, &) = /
(5.12) &

(=)
s C ;
min(|z — w|, |y — w]|)

To get the last inequality in (5.12) we have used a slightly more general version of
Lemma 4.7.

We now proceed by induction. Observe from (5.10) and u(-,&1) = 4, that (5.7)
(5.8) hold whenever ¢ € [£1,&]. Thus (5.11) is true for [ = 1 with sy =7, p; = r1 /4.
Let sy = ¢281, p2 = p1/¢é2. By induction, suppose for some 2 < k < m,

ub) L uw&)| 5 ’
W) 8 Tag) | < ”1(min<|z—w,y—w>>

whenever z,y € QN [B(w, px) \ B(w, sx)], where o, ¢; are the constants in (5.11).
For n > 0 given and small we choose s}, > 2sy, so that

u(z, &) uly, &) u(z, &)
i(z) i(y) i(z)

whenever z,y € QN [B(w, pr) \ B(w, s},)]. Moreover, fix z as in the last display and
choose n > 0 so small that

u(z,t)  u(y,t)

10 _fwD) ,

(5.13) ‘log

U(Z,fk) u(yat) u(z7£k)
i) = aly) i)

whenever y € QN [B(w, pg) \ B(w, s},)] and t € [k, &k+1]. To estimate the size of n
observe, for t € [k, {kv1], that

u(y, ) _ uly,t)  uly, &) u(z, &k)
a(y)  uly, &) Ay) i(z)

Thus if n = €p/4 (eo small), then the right hand inequality in (5.14) is valid. A
similar argument gives the left hand inequality in (5.14) when 7 = €/4. Also since
k < 2/e, and €, 0 depend only on p,n,«,b, we deduce from (5.13) that one can

take s = éssy for é3 = é(p,n,a,b) large enough. From (5.14) we first find that
(5.7) holds with L = % in QN [B(w, px) \ B(w, s},)] and thereupon that (5.8)
also holds. From (5.8) we now get, as in (5.12), that (5.11) is valid for [ = k in
QN [B(w, £2)\ B(w, 2¢3s})]. Let sk11 = 2¢3¢25, and pyy1 = £ Using (5.11) and
the induction hypothesis we have

(5.14) (1—€o) < < (1+eo0)

<(1+¢€/2)(1+n)

op WEEkt1) ) uly, 1) op W 8ka1) (Y, ki)
T B T ‘1 60 Tl &)
<

R ( Sk+1 >g
kéy .
min(|z — w/|, |y — w]|)
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whenever z,y € QN [B(w, pp+1) \ B(w, sg+1)]. From (5.15) and induction we get
(5.13) with &k = m. Since u(+,&,) = 0 and s, < ', py > 1r1/c, for some large
¢ = ¢(p,n,a), we can now argue as in (5.14) to first get (5.7) with u(-, ) replaced
by © and then (5.8) for 9. We conclude that Lemma 5.4 is valid for z,y € QN
[B(w,r1/¢) \ B(w, cr’)] provided ¢ is large enough. Using the maximum principle
for A-harmonic functions it follows that the last display in Lemma 5.4 is also valid
for z,y € Q\ B(w,r1/c). O

5.1. Proof of Theorem 2 when A € M,(a). Let Q@ C R", w € 99,6, p, ro,
a, 3,7, be as in Theorem 2. Let A € My(«), and suppose that u,v, are minimal
positive A-harmonic functions relative to w € 0Q. If (5.1) holds for u in QN
B(w,r1), then we can apply Lemma 5.4 to u,v and let '—0. We then get that
u/v equals a constant, which is the conclusion of Theorem 2. Thus to complete the
proof of Theorem 2 for A € M,(«), it suffices to show the existence of a minimal
positive A-harmonic function u relative to w € 02 and 0 < r; < 7y for which
the ‘fundamental inequality’ in (5.1) holds in QN B(w, ). Moreover, it suffices to
show that (5.1) holds for some 71 = r1(p,n,a),0 < r; < 7o, A = Ap,n,a) > 1,
in Q(w,7) N B(w,r) where 77 = 7(p,n,a) is as in (5.2). To this end we show
there exists ¢ = c¢(p,n,) > 1 such that if ¢>’ < r < 7y/n, and p = r/c, then
(5.1) holds for @ on Q(w, ) N dB(w, p). Here @ > 0 is A-harmonic in Q \ B(w,r’)
with continuous boundary values and 4 = 0 on 9Q \ B(w,r’). It then follows from
arbitrariness of r, 7', the above discussion, and Lemma 5.4 that Theorem 2 is valid
whenever A € M,(a) and v is a minimal positive A-harmonic function relative to
w € 0. With this game plan in mind, observe from Lemma 2.15 and (1.7), that
we may assume r = 1,w = 0, and
(5.16) B(0,4n) N{y : yn > p} C Q, B(0,4n) N{y 1y, < —pu} CR™\ Q,
where p = 500n6*,0 < p < 10719 and < (§*)2. Here 6* is temporarily allowed
to vary but will be fixed after the proof of Lemma 5.19. Extend @ to be continuous
on R™\ B(0,7'), by putting @ = 0 on R\ (QU B(0,7)). Using the notation in
(2.7), let Q = Q7 (nen) \ B(0, /i) and let vy be the A-harmonic function in Q
with the following continuous boundary values,

uly) = aly), y €0QN{y:2u < yn},
(yn - /1’)

vi(y) = Tﬁ(y),yeaQﬂ{y:uﬁyn<2u}'

Comparing boundary values and using the maximum principle for A-harmonic func-
tions, it follows that

(5.17) v1 <4in Q.
We now set p = pu(e) = exp(—1/¢). We shall prove,

Lemma 5.18. Let 0 < € <&, = p(e) be as above and let 71 be as in (5.2). If € is
small enough, then there exists 6 = é(p,n, a),0 < 6 < 1/2, such that if p = p'/>=?,
then

1 <a(y)/vi(y) < 1+e
whenever y € Q(0,7/4) N [B(0, ) \ B(0,2,/m)].
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Lemma 5.19. Let vy, ¢, ¢,0, 1 be as in Lemma 5.18 and let 7j be as in (5.2). If é is
small enough, there exist 0 = 0(p,n,),0 < 0 < 0/4, X = X(p,n,a) > 1, such that

if p=p""?*% a=p=?, then
31 v1(y) < <X v1(y)
a0y = VW< 50)

whenever y € Q(0,7/2) N [B(0,ap) \ B(0, p/a)].

Assuming Lemmas 5.18, 5.19, are true we complete the proof of Theorem
2 when A € M,(«) as follows. From these lemmas and Lemma 3.18 we de-
duce, for sufficiently small ¢ = é(p,n,«) > 0, that (5.1) is valid for @ and for
some A = A(p,n,a) > 1 in Q(w,7) N B(0, p). With é now fixed we put §* =
w1(€)/(500n) and conclude from (5.2), Lemma 2.15, arbitrariness of r, that (5.1)
holds in QN [B(w,r1) \ B(w,r")] with r; = 7g/c,r’ < ro/c, provided ¢, ¢ are large
enough, depending only on p, n, a. Thus we can apply Lemma 5.4 and proceed as in
the discussion after that lemma to get Theorem 2 under the assumption A € M, («a).

Proof of Lemma 5.18. To begin the proof of Lemma 5.18 observe from (5.17)
that it suffices to prove the righthand inequality in this display. We note that if
y € 0Q and u(y) # v1(y), then y lies within 4y of a point in Q. Also maxyp(o ) U
is non-increasing as a function of ¢ > 7/, as we see from the maximum principle for
A-harmonic functions. Using these facts and Lemmas 2.1- 2.3 we find that

(5.20) i <wv + cu&/Q w(y/pen),

on 0Q. By the maximum principle this inequality also holds in Q. Here & is the
exponent of Holder continuity in Lemma 2.2. Using Harnack’s inequality, we also
find that there exist 7 = 7(p,n,a) > 1 and ¢ = ¢(p, n, @) > 1 such that

(5.21) max{t(z),¥(y)} < c(d(z,0Q)/d(y, 0Q))” min{y(z),4(y)}

whenever z € Q, y € Q@ N B(z,4d(z,0Q)) and 1 = 4 or vy. Also from Lemmas 2.1-
2.3 applied to vy, we get

(5.22) v (2y/f1en) > ¢ a(ypen).

Let 5,0 be as in Lemma 5.18. Using (5.20) - (5.22), we see that if y € Q(0,7/4) N
(B(0, ) \ B(0,27), then

(5.23) () < 0aly) + eu® 2 alViien) < (1+27277) vi(y) < (1+Jualy)

provided € is small enough and Or =6 /4. The proof of Lemma 5.18 is complete. O

Proof of Lemma 5.19. To prove Lemma 5.19 we let vy, €, €, é,  be as in Lemma
5.18. Using Lemmas 2.2 - 2.3 and Harnack’s inequality we see that there exists
¢ =o¢(,n,a)>00<¢<1/2 and ¢ = ¢(p,n,a) > 1 with

(5.24) i(y) < c(s/H)%i(sen)

provided y € R™\ B(0,t),t > s > 2r’. Using (5.24) with ¢t = 1,s = 2,/u, and
Lemmas 2.1 - 2.3 we see that

(5.25) vy < ep®’2a(y/fen) on 9Q \ B(0, /1),



BOUNDARY HARNACK INEQUALITIES FOR OPERATORS OF p-LAPLACE TYPE 31

where ¢ depends only on p,n,a. Let © be the A-harmonic function in @ with
continuous boundary values o = 0 on 9Q \ B(0, /i), and ¢ = v; on 0B(0, \/;1).
Then from (5.25) and the maximum principle, we see that

(5.26) o <y <0+ cu® (e, in Q.

Let p = p'/?72% 9 small, and a = p~? be as in Lemma 5.19. Using (5.21) applied
to ¢ = v we find

(5.27) 5> ¢ N2 fap)Ta(Vpen) = ¢ T a(en)

on (0,7/8)N[B(0, 2ap)\ B(0, p/(2a))], where 7 is as in (5.21) and the nontangential
approach region Q) was defined above (5.2) relative to w, 7. Also, since 7] depends
only on p,n,a, it follows that ¢ = ¢(p,n,) in (5.27). If we define 6 by 6 =
min{¢/(127),0/4}, then from (5.26), (5.27) we get

(5.28) 1< <14e
v

in Q(0,7/8)NB(0,2ap) \ B(0, p/(2a)), whenever 0 < € < ¢, provided ¢ is sufficiently
small.
Next let v be the A-harmonic function in

Q' = Qf 1. (nen) \ B(2/iien, Vi)

with continuous boundary values v = 0 on 9Q" \ B(2,/fen, /i) and v = 1 on
0B(2\/pien, \/11). We claim that

(5.29) v(y) < e(2y/pen —y, Vo(y))

when y € Q. Assuming claim (5.29) we can complete the proof of Lemma 5.19 in the
following manner. First observe that (5.29) implies there exists ¢ = ¢(p,n,n) > 1,
for given 1,0 < n < 1/2, with

(5.30) T ——20 < |Vo(y)] <c%

d(y,0Q") ~ d(y,0Q)
in Q(0,7m)\ B(0, 10/p), where Q(0,7) is the non-tangential approach region defined
relative to 0,7, Q, as above (5.2). From the observation in (5.2) with 4, §2, replaced
by v, Q and (5.30) for suitable n = n(p, n, a) we deduce that (5.30) in fact holds in
Q \ B(0,10,/k). We can now use Lemma 5.4 in @ \ B(0,10,/z) with v, o playing
the role of 4, 0, respectively. In particular, we get for some large ¢ = ¢(p, n, a) that
1 0(y) . o(y)

in QN B(0,1/c*) \ B(0,c*\/i) for some c* = c*(p,n,a). Finally, note that if
0 < e < € and if € is sufficiently small, then 1/c* > 2ap > p/(2a) > ¢*\/i. From
this fact, (5.31), (5.28), and Lemma 3.18 applied to o, v1, we deduce that Lemma
5.19 is valid subject to claim (5.29).

To prove claim (5.29) we first observe from Lemmas 2.2, 2.3 that v(z) < 1/2
in Q" N B(0,10,/pz) for some z whose distance from 9Q is at least ¢~' /i where
¢ = ¢(p, n, ). Using Harnack’s inequality it follows for some ¢/ > 1 that v < 1-—1/¢

on 0B(2y/fien, 3/1/2). If y € B(2\/pen, 3\/11/2) \ B(2\/fen, /1), set

eN|y72‘2//‘ — eN
(5.32) Cly) = T ON/A _ N
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where z = 2,/pie,,. Then ¢ = 0 on 0B(2\/pien, /1), and ¢ = 1 on 0B(2,/fen,3,/1/2).
Also, if N = N(p,n,«) is large enough in (5.32), then from direct calculation and

Definition 1.1, we find V- A(V() > 0 in B(2\/pen, 3y/11/2) \ B(2\/€n, /). More-
over, using these facts and the maximum principle we deduce

(5.33) 1= 0(y) > (eq/A) " d(y, 0B(2yficn, VE))

in B(2\/pten,3/11/2) \ B(2\/fien, /1) provided c; = ci(p,n, ) is large enough.
Next for fixed ¢t > 1 put
O = {yeQ :2ynen +ty —2y/pen) € Q'},

F(y) = Flyt)= vly) = ”(2\//7in7+1t(y — 2\/fien))

whenever y € O.

From (5.33) for ¢ > 1 fixed, ¢ near 1, and basic geometry it follows that
(5.34) F>c 'von00.

We note that (iv) of Definition 1.1 and A € M,(«) imply that an A-harmonic
function remains A-harmonic under scaling, translation, and multiplication by a
constant. From this fact we see that F is the difference of two A-harmonic func-
tions in O and one of them is a constant multiple of v. Using this fact, (5.34), and
the maximum principle for A-harmonic functions, it follows that F > ¢~ v in O.
Letting t—1, using Lemma 2.4 and the chain rule, we get claim (5.29). The proof
of Lemma 5.19 is finished. O

As mentioned earlier, Lemmas 5.18, 5.19 together with Lemma 5.4 imply The-
orem 2 when A € M, ().

5.2. Proof of Theorem 2. We are now ready to prove Theorem 2 in the
general case.

Lemma 5.35. Let Q be a bounded (6, rg)-Reifenberg flat domain and let w € 0.
Let A € My(a, B,7) for some (o, 3,7) and 1 < p < co. Let 4,9 > 0 be A-harmonic
in Q\ B(w,r"), continuous in R™\ B(w,r"), with 4 =0 =0 on R™\ [QU B(w, r")].
Then there exists 0,0 > 0,cy > 1, depending on p,n,a, 3,7, such that if 0 < § <
6, <0 (0 as in Theorem 1) and r| = 7o /cy, then

s (57) ~1oe (55| <o+ (= ar=am).

whenever z,y € Q\ B(w, cx1’).

Proof: Once again we assume that r’/r; << 1, since otherwise there is nothing to
prove. As in (5.5) we may assume for some ¢ = ¢(p,n, o, 3,7) that

(5.36) 0 <9/2<ctinQ\ B(w,2r").

Let u(-,t),t € [0,1], be A-harmonic in Q \ B(w,?2r’), with continuous boundary
values,

(5.37) u(-,t) = (1= t)a(-) + to(-) on 9[Q\ B(w,2r")].
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We claim there exists ¢, A > 1 depending only on p,n, a, 3,7 such that if ¢ € [0, 1],
and y € QN [B(w,7/c) \ B(w,cr’)], then

-1y, t) u(y, )
(5.38) A ey < Ve Dl < Az s

Indeed let A1 (y,n) = A(w,n) whenever y € R" and n € R*"\ {0}. Let 1 <a <
and suppose that p is such that 2r' < p/a < bp < 7p/2. Let v(-,t), for t € [0,1],
be Aj-harmonic in Q\ B(w, p/a) with continuous boundary values equal to u(-,t).
Then, from Lemmas 5.4, 5.18, 5.19 we see that if a = a(p,n,«) is large enough,
then

(5.39) [Vo(-,t)| = v(-,t)/d(-,00)

on QNIB(w, p). Here ~ means with constants depending only on p, n, . Let h(:, t)
be the A;-harmonic function in Q; = QN [B(w,bp) \ B(w, p/a)] with continuous
boundary values equal to u(-,t). We claim that if b = b(p, n, a, 8, 7) is large enough
then (5.39) is also valid for h. In fact (5.24) holds with u replaced by wu(:,t) for
t € [0, 1], where now ¢ = ¢(p,n, o, 8,7) and s > 2r'. Using (5.24) for u(-,t) we get

v(-,t) < h(-,t) < v(-,t) + clab) " %u(pey /a,t) on OQ;.

From the maximum principle this inequality also holds in ;. Moreover, for 7 as in
(5.21) we deduce,

v(-,t) > ¢ ta Tu(pe, /a,t)
w,7/2) N (B(w,2p) \ B(w, p/2)). Thus, for some ¢’ = ¢ (p,n,a, B3,7) > 1,

U(~,t> < h('7t) < (1 + Cla77¢b7¢)v('7t)

/\

Q
40)
on Q( ,71/2) N (B(w, 2p) \ B(w, p/2)). Choosing b = b(p,n, a, 3,7) large enough in
(5.40), using (5.39), Lemma 3.18, it follows that

(5.41)

whenever y € Q(w, ) N OB(w, p) for some Ay = Ay (p,n, o, 3,7) > 1.

From (5.2) we see that (5.41) holds on QN dB(w, p) provided Ay (p, n,a, 53,7)
is large enough. With a, b, now fixed, depending only on p,n,«, 8,7, we can use
Lemma 2.15 and argue as in Lemma 3.1 to conclude for given € > 0, the existence
of r1 = r1(p,n,a, 3,7, €) so small that if bp < r; < 7o, then

1—e<ul,t)/h(-t) <1+e

on Q(w, 7/2)N(B(w,2p)\ B(w, p/2)). In view of this inequality, (5.41), and Lemma
3.18, we see that if € = €(p, n, a, 3,7) is small enough, then

(5.42) [Vu(-,t)| = u(-,t)/d(-,00)

on Q(w, ) NOB(w, p), where proportionality constants depend only on p, n, a, 3, 7.
In view of (5.2), this inequality holds on 2 N dB(w, p). With r1,a,b fixed we see
from arbitrariness of p that (5.38) is true. We can now argue as in Lemma 5.4 or
just repeat the argument in (1.18) - (1.25) to conclude Lemma 5.35. O

As pointed out earlier in this section, if u, v are minimal A-harmonic functions
relative to w € 912, then we can apply Lemma 5.35 and let ' —0 to get Theorem
2. The proof of Theorem 2 is now complete. O
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6. Appendix : an alternative approach to deformations

In this section we show that Step C' in Theorem 1 can be replaced by a some-
what different argument based on ideas in [W]. The first author would like to thank
Mikhail Feldman for making him aware of the ideas in [W]. In the following all con-
stants will depend only on p,n, a, 3,7 and we suppose that u,v are A-harmonic in
QN B(w,4r) and continuous in B(w,4r) with u = v = 0 on B(w,4r) \ Q. From
Lemma 3.35 we see that if § is small enough, # = r/c, and ¢ is large enough, then
for some p > 1,

(6.1) u-ld(gfya)m < |Vh(y)| < ud(Z%)Q)

whenever y € QN B(w,47), h € {u,v}. Also from Lemma 4.8 we see that there
exists p, > 1, for € > 0 fixed, such that

(6.2) pt (i)1+ < m < s (j)l_

whenever y € QN B(w,7), h € {u,v}, where 0 < s < 47. Observe again, for
z, A€ R", £ € R™\ {0}, that

Ai(x, \) — Ai(x,8) %Ai(z,t/\Jr(l —t)&)dt

Il
o _

(6.3)

1
- DA;
- Z(Ajf@/a (z, tA + (1 — t)€)dt
0

i=1 K

for i € {1,...,n}. In view of (6.3), (6.1), and A-harmonicity of u,v, we deduce that
u — v is a weak solution to L{ = 0 in Q N B(w, ), where

(@) = Y g (000,

ij=1
1
and a;;(z /
0

for 1 < 4,5 < n. Moreover, from the structure assumptions on A, see Definition 1.1,
we find that

+ (1 —t)Vo(x))dt,

n

> ay(@) &
ij—1

e+ (|Vu(@)] + [Vo(z) P2 €]

whenever x € QN B(w, 7). Next we prove the following lemma.

i (IVu(@)] + [Vo(a))P~2 €]

IN

(6.5)

IN

Lemma 6.6. There exists ¢ > 1,80 > 0, such that if r* = #/c, and 0 < & < &g, then
(|Vu| + |Vv|)P=2 extends to an Ag-weight in B(w,r*) with Aa-constant depending
Onlyonp7n7a757/-y
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Proof: The proof is essentially the same as the proof of Lemma 4.9. That is,
we use a Whitney cube decomposition of R™ \ Q to extend (|Vu| + |Vv|)P~2 to
a function A on B(w,4r*). Let w € B(w,r*) and 0 < 7 < r*. Let w € 0§} with
| — @] = d(w,0N) and suppose that |0 — w|/2 < 7 < r*. We assume, as we may,
that

(6.7) max{u(az(0)), v(az(w))} = u(az()).

Let A=\ when p > 2 and A = 1/X for 1 < p < 2. As in (4.25) - (4.28), it follows,
for €* > 0, small enough, that

(6.8) / Nz < cu(af(w))lpﬂ\ Fn—Ip—2|

B(w,7)

—
>¢|>
&
A

eI+ IP=20 (g (1))~ P2l / d(y, 00) =< (Ir=2D gy
B(w,7) QNB(w,507)
(6.9) cu(az(w)) P2 Frtle=2,

These inequalities remain true if 7 < |w — w|/2, as follows easily from (6.1). Com-
bining (6.8), (6.9), and using arbitrariness of w, 7, we get Lemma 6.6. O

IN

Using the ideas in [W] we continue by proving the following.

Lemma 6.10. Given p,1 < p < oco,w € 09, 0 < r < ro, suppose that & and U are
non-negative A-harmonic functions in QN B(w,2r) with 0 < 4. Assume also that
@, 0, are continuous in B(w,2r) with & = 0 = O on B(w,2r) \ Q. Let r* be as in
Lemma 6.6. There exists ¢ > 1 such that if ¥ = r*/c, then

_vias(w) — o(as(w) _afy) ~i(y) _ iar(w) — o(as(w))
@) i) 3(ar(w))

whenever y € QN B(w, 7).

Proof: We first prove the lefthand inequality in Lemma 6.10. To do so we show
the existence of A, 1 < A < oo, and é > 1, such that if ' = 7*/¢ and if

_ a(y) —0(y) ()
s G =) ey
for y € QN B(w,r*), then
(6.12) e(y) > 0 whenever y € QN B(w, 2r").

To do this, we initially allow A,é > 1 to vary in (6.11). A, ¢, are then fixed near
the end of the argument. Put

VW) = S ) - tar @) | #ar ()

Observe from (6.11) that e = u’ — v". Using Definition 1.1 (iv) we see that u', v’
are A-harmonic functions. Let L be defined as in (6.4) using ’,v’, instead of u, v,
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and let ey, es be the solutions to Le; = 0,7 = 1,2, in QN B(w,r*), with continuous
boundary values:

(6.13) er(y) = U(yi 0(y) 0(y)

~ ) eQ(y = X
w(ap(w)) = 0(ar(w)) o(ar- (w))
whenever y € 9(Q2 N B(w, r*)). From Lemma 6.6 we see that Lemma 4.7 can be
applied and we get, for some ¢y > 1 and ry = r*/c,, that

-1 el(au(w)) el(y) c el(ahr(w))
e W)~ ely) el W)
whenever y € QN B(w,2r). We now put

(6.14)

c=c¢ ,T/:T‘ 7A26762(arl(w)),
BT A= W)
and observe from (6.14) that
(6.15) Aei(y) — ea(y) > 0 whenever y € QN B(w, 2r").

Let é = Ae; — ey and note from linearity of L that é, e, both satisfy the same linear
locally uniformly elliptic pde in QN B(w, r*) and also that these functions have the
same continuous boundary values on 9(Q2 N B(w, r*)). Hence, using the maximum
principle for the operator L it follows that e = é and then by (6.15) that e(y) > 0 in
QN B(w, 2r"). To complete the proof of the left-hand inequality in Lemma 6.10 with
7 = 2r', we observe from Lemmas 4.5, 4.6, that A < c. The proof of the right-hand
inequality in Lemma 6.11 is similar. We omit the details. O

We note that in [LN5] Lemma 6.10 was proved under the assumptions that
and ¥ are non-negative p-harmonic functions in Q N B(w,2r) and that Q@ C R
is a Lipschitz domain. In this case the constants in Lemma 6.10 depend only on
p, n and the Lipschitz constant of Q. Moreover, in [LN5] this result is used to
prove regularity of a Lipschitz free boundary in a general two-phase free boundary
problem for the p-Laplace operator.

Proof of Theorem 1. Let u,v, A,Q,w,r be as in Theorem 1 and let @, % be the
A-harmonic functions in Q N B(w, 2r) with

@ = max{u,v} and ¥ = min{u, v} on 9[Q N B(w,2r)].

From the maximum principle for A-harmonic functions we have 4 > © and hence
we can apply Lemma 6.10 to conclude that

—iar(w)) _ily) - ilaz(w))

b(ar(w)) = o(y) = d(az(w))
whenever y € QNB(w, 7). Moreover, using the definition of 4, ¥, and the inequalities
in the last display we can conclude that
(6.16) uly) < c@ whenever y,z € QN B(w,T).
v(y) — w(z)

Next if z € 9Q N B(w, 7/8), then we let

U u
M(p) = sup — and m(p) = inf —
(p) S (p) = _ nf



BOUNDARY HARNACK INEQUALITIES FOR OPERATORS OF p-LAPLACE TYPE 37

when 0 < p < 7. If p is fixed we can apply Lemma 6.10 with & = u, o = m(p)v, and
2r replaced by p to conclude the existence of ¢*, c,, such that if p = p/c*, then

(6.17) M(p) = m(p) < ea(m(p) —m(p)).

Likewise, we can apply Lemma 6.10 with & = M (p) v and ¢ = u to conclude
(M(p)v —u)/u~ constant on N B(w, p).

Using this inequality together with (6.16) it follows that
(M(p)v —u)/v ~ constant on QN B(w, p).

Here we have used heavily the fact that A-harmonic functions remain A-harmonic
after multiplication by a constant as follows from Definition 1.1 (iv). Thus if ¢, is
large enough, then

(6.18) M(p) —m(p) < cu(M(p) = M(p)).

If osc (t) = M(t) — m(t), then we can add (6.17), (6.18) and we get, after some
arithmetic, that

ce — 1
ce +1
We can now use (6.19), since ¢* is independent of p. in an iterative argument.
Doing this we can conclude that

(6.20) osc (s) < ¢(s/t)? osc (t) whenever 0 < s < t < 1/2

for some 6 > 0,¢ > 1. (6.20), (6.16), along with arbitrariness of x € 92N B(w,7/8)
and interior Holder continuity - Harnack inequalities for u,v, are easily seen to
imply Theorem 1. O

(6.19) osc (p) <

osc (p).
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