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Abstract

Exploring special nuclear material properties by studying how a metal surface breaks up under

extreme shock is of interest to the Nevada National Security Site (NNSS). To understand the

physical processes that govern the release, it is necessary to measure the size distribution of the

cloud of ejecta in situ, and while many ways of measuring such particles exist, this report addresses

the application of Mie theory to determine a size distribution function (SDF). The primary focus is

on the K2-Scattering Method as a means to compute an SDF of tin particles at room temperature.

There are multiple parameters that affect, to varying degrees, the accuracy of data reconstruction

using the K2 Method. But, undertaking assumptions on pre-defined parameters (e.g. wavelength,

discretization, particle index of refraction) suggests that the K2-Scattering Method provides a set

of angles at which to gather data that produce more accurate reconstructions that the angles used

in most recent experiment. The role of the discretization in reconstructions is of particular interest,

and should be the first step in future research.

Photo taken at the Nellis Air Force Base, just before climbing into a tank at the Threat Training Facility.
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1 INTRODUCTION

1 Introduction

Before we detail and analyze reconstruction methods we introduce some background on
the physical experiment. Appendix A details the necessary mathematics that guides the
analytical approach to this experiment.

1.1 The What and the Why

A primary component of the Nevada National Security Site (NNSS) is Defense Experimen-
tation and Stockpile Stewardship (DESS). The DESS mission centers around the ability
to “predict nuclear weapon performance over a wide range of conditions and scenarios” by
using “nonnuclear experiments, highly accurate physics modeling, and improved compu-
tational power.” In fact, the U1a underground complex supports this mission by fielding
experiments in which plutonium and other materials are subjected to high pressures and
shocks, replicating conditions similar to nuclear explosions.

One way to explore special nuclear material properties is to study how a metal surface breaks
up into ejected particulates under extreme shock. To understand the physical processes that
governs this release, it is necessary to measure the size distribution of the cloud of ejecta
particles in situ. However, since the world’s fastest high-resolution camera cannot capture
the necessary information, we utilize light-scattering methods to make such measurements.
A measurement system has been built that detects scattered and transmission laser light
off of ejecta by fiber optic cabling placed at specific angles. These measurements, when
taken and analyzed appropriately, yield information about particle size distribution at a
given moment in time. This report addresses two different methods of capturing this data
and explores mathematical models based on Mie scattering theory that will allow for the
determination of a size distribution function (SDF). Details on Mie theory are discussed in
section A

Broadly speaking, we have two experiment setups available in using Mie theory to estimate
an SDF: multi-angle Mie scattering and multi-wavelength extinction. The multi-angle di-
agnostic measures the amount of single-wavelength laser light scattered by the particles at
specified angles as well as an on-axis (zero degrees) measurement of light that is not scattered
(or absorbed) by the particles. Figure 1 provides an illustration and photo of the angle setup
for data collection via fiber optics that feed into photomultiplier tubes.

Conversely, the multi-wavelength extinction (MWE) diagnostic measures transmission of
laser light composed of multiple wavelengths at a single angle (0°). Figure 2 (a). shows the
footprint of the MWE diagnostic with a layout of the multi-laser arrangement (b) and a
diagram of the setup in-situ during a dynamic experiment (c).

The analysis herein seeks to determine the appropriate angles and wavelengths to use in such
a diagnostic.
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1 INTRODUCTION

(a) (b)

Figure 1: (a) A diagram of the Mie Scattering diagnostic setup: laser light scattered off
an object is detected through fiber optic cabling at specific angles. (b) A picture of an
experiment setup where ejecta would be observed in the center of the ring.

(a) (b)

(c)

Figure 2: (a) The multi-wavelength extinction diagnostic setup. (b) The arrangement of
the multiple wavelengths of interest. (c) A diagram of the diagnostic setup in-situ during a
dynamic experiment.
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

2 Internship Project: An Application of Mie Theory

This section focuses on numerical approaches to solving the ill-conditioned matrix equation
Kf = M (18). K is the numerical approximation of Mie kernel functions, K(θi, r), f a
numerical approximation of the sought after size distribution function, f(r), and M a vector
of the measured intensities Mi, at angle θi. See Appendix A for an explanation of Mie theory
and the subsequent matrix equation.

Note that calculating K requires the following parameters: discretization of the radius of
particles to be detected (n, r1, and rn), wavelength (λ) of incident light, a set of angles
(θi) at which measurements are collected, and the particle index of refraction (np). These
parameters play a huge role in the following analysis and our ability to compute an SDF.
Please see Appendix B for a detailed discussion of each parameter and any assumptions we
have made.

We first introduce theK2-Scattering Method, a process to determine a set angles to use in the
making of K, and then discuss how the method helps us compute a size distribution function.
The following analysis was my primary contribution to the Mie scattering project. Many
thanks to Clayton Birchenough for providing thoughtful insight throughout the summer, and
for writing a significant portion of the code required for this project.

2.1 K2-Scattering Method

The “K2-Scattering Method” is a process detailed by L. Ma in [6] that we apply to the
multi-angle scattering approach in an attempt to determine a size distribution of tin particles
in a vacuum. The K2 method identifies which angles will generate mutually independent
scattering measurements free from redundancy. Mathematically, the kernel function K(θi, r)
is said to be linearly dependent to all other kernel functions if it can be written as a linear
combination of the other kernel functions; in this case, the ith measurement Mi does not
provide useful information about f(r). Numerically, the ith kernel function is the ith row
of K, ki, and due to the existence of experimental uncertainty, we seek to eliminate the
“experimentally dependent” rows of K. Let us quantify what it means to be experimentally
dependent.

Define K̂i to be the matrix obtained by removing the ith row of K, and

wi = [wi,1, . . . wi,i−1, wi,i+1, . . . , wi,m]

a vector of weights to be associated with the ith kernel function. Then, ki is experimentally
dependent if it can be written as a linear combination of the other kernel functions within a
predetermined experimental accuracy, e. That is, if

‖ki − K̂iwi‖2 ≤ e,

where ‖ · ‖2 denotes the vector two-norm. As shown in [9], e corresponds to E/
√
m, where E

is the relative measurement uncertainty in all the Mi’s, and m the number of measurements
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

collected. Throughout the report, we assume an experimental dependency tolerance e = 5%.
The user is free to change e as she sees fit.

We can now outline the K2-Scattering Method to select the most experimentally linearly
independent kernel functions from K, and hence the “optimal” set of angles at which mea-
surements will provide the most useful information towards f(r).

1. For i = 1, . . . ,m, normalize ki, then find the set of weights, ŵi, that minimizes

‖ki − K̂iwi‖2

and obtain
∆kmin

i = ‖ki − K̂iŵi‖2.

2. If ∆kmin
i > e for all i, then all of the kernel functions are experimentally linearly inde-

pendent, and all yield useful information towards f(r), hence we are done. Otherwise,
delete the kernel function corresponding to the smallest of all the ∆kmin

i .

3. Repeat Steps 1. and 2. with the remaining kernel functions.

Note that the same process can be applied to the extinction kernels, K(λi, r), for a “K2-
Extinction Method” to produce a set of optimal wavelengths one should use when collecting
data at an angle of 180°. We focus here on isolating the best angles at which one should
measure using a single wavelength, and then the possibility of incorporating multiple wave-
lengths.

Example 2.1 (K2-Scattering Method Applied for Various Wavlengths). For θi = i° with
i = 1, . . . , 180, and for a given λ ∈ [.73, 2] ∪ {.638}µm, K is a 180 × 17 matrix. The K2-
Scattering Method produces a p × 17 matrix, K2, where p << 180, the condition number
of K2 is less than the condition number of K, and K2 has p (experimentally) independent
rows. Table 1 shows, for various wavelengths, a list of the angles θi corresponding to the
most linearly independent rows of K, the associated particle index of refraction, and the
condition numbers of both K and K2. It also highlights the slight difference in output of
optimal angles when the real part of the particle index of refraction is increased by five
percent. It should be noted that this will also change the condition number of K2, but not
significantly.

While we do see a consistent the drop in condition number between K and K2, Table 1 lacks
a discernible pattern between the input parameters λ, np and the sets of optimal angles (e.g.
smaller wavelengths yield a smaller p, or larger wavelengths yield only larger angles, etc.).
Therefore, determining which wavelength should be used will require further analysis.

The idea is that we can now exploit traditional methods to obtain results from

K2f = M (1)

which are comparable to those obtained by using standard regularization methods to solve
(18). However, if we cannot sufficiently solve (1), then we lose the advantage of the method.
The following sections discuss various approaches in solving (1).
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

Wavelength (µm) λ1 = .638 λ2 = .73 λ3 = .98 λ4 = 1.23 λ5 = 1.48 λ6 = 1.73 λ7 = 1.98

np = a+ bi 2.2 + 5.4i 2.16 + 6.35i 3.356 + 7.346i 3.713 + 7.752i 3.324 + 8.628i 3.117 + 10.108i 3.092 + 11.675i
cond(K) 3.9e+05 4.2e+05 8.03e+05 1.6e+06 2.5e+06 5.3e+06 1.6e+07

cond(K2) 1.1e+03 1.09e+03 6.15e+02 3.2e+02 1.5e+02 1.1e+02 1.7e+02
p 12 10 10 12 12 8 8

Optimal θ°

5 5 8 11 17 15 13
7 6 10 13 21 35 20
9 9 13 15 31 40 39
10 16 16 17 34 52 47
11 27 22 24 39 63 67
13 34 45 34 42 67 70
16 38 48 35 45 80 80
28 42 51 38 50 159 178
32 45 60 49 65
34 52 63 53 76
37 68 80
39 72 180

np = 1.05a+ bi 2.31 + 5.4i 2.268 + 6.35i 3.5238 + 7.346i 3.8987 + 7.752i 3.4902 + 8.628i 3.2729 + 10.108i 3.2466 + 11.675i
p 12 12 8 12 10 10 10

Optimal θ°

5 6 8 8 11 15 12
7 8 10 12 15 34 17
8 9 14 14 29 41 26
9 11 16 20 33 42 36
11 13 37 26 38 47 46
13 14 42 29 43 52 50
15 33 44 33 47 58 57
16 38 58 39 50 63 70
30 39 42 60 70 82
33 41 46 67 83 92
36 44 54
39 51 57

Table 1: For various wavelengths, we compare how the K2-Scattering Method decreases
the condition number of the matrix, and the associated sets of angles that yield the most
independent measurements. The impact of changing the real part of the particle index of
refraction by 5% is shown.
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

Figure 3: K2 created using λ = .638µm and np = 2.2+5.4i. Reconstructions are computed
using the SVD of K2. Top Left: µ = 3µm and σ2 = 1µm. Top Right: µ = .1 and σ2 = .5µm.
Bottom: µ = 3 and σ2 = .1, and a reconstruction using a different particle index of refraction
that was used in the forward model.

2.1.1 Solving K2f = M Using a Single Wavelength

Consider using a single wavelength, λ = .638 with np = 2.2 + 5.4i, to create K2. We discuss
two different algorithms for solving (1): The SVD matrix factorization of K2 and, a non-
linear least squares method with the added constraint that f must be nonnegative. Both
approaches are well known to yield sufficient results when solving standard ill-conditioned
matrix equations. We employ both in order to examine the robustness of the model. That
is, is simply obtaining K2 enough?

Figure 3 uses the SVD on K2 to compute f . The true distribution of the top left figure is
log-normal with a mean of 3µm and variance of 1µm; while the top right has a mean of 1µm
and a variance of .5µm. The third plot (bottom) of this figure gives the results of an attempt
to solve for f when np = (1.05 ∗ 2.2) + 5.4i is used in the reconstruction, but np = 2.2 + 5.4i
in the forward modeled data. Clearly, the effects of this small change are drastic.

On the other hand, Figure 4 uses a non-linear least squares approach to solve (1), and we
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

Figure 4: K2 created using λ = .638µm and np = 2.2+5.4i. Reconstructions are computed
using a non-negatively constrained non-linear least-squares method. Left: µ = 3µm and
σ2 = 1µm. Right: µ = 1µm and σ2 = .5µm

see here that this algorithm succeeds where the SVD fails, and vice versa. The first plot of
Figure 4 displays the reconstruction of a log-normal distribution function with a mean of
3µm and a variance of 1µm, while the second has a mean of 1µm and variance of .5µm.

Figures 3 and 4 are meant to give the reader an intuitive idea of what it means for a particular
approach to fail or to succeed, while also giving a sense of the scope of this problem. In
general, using the SVD works best when the mean is greater than (approximately) 1.5µm,
and fails for smaller means, while non-linear least squares works best when the mean is small.
We have shown results here for just one wavelength, but this general result holds true for all
of the wavelengths listed in Table 1.

These results are less than ideal as they indicate a need to know, a priori, an approximate
mean and variance of the sought after distribution function. There does not seem to be
an obvious way to mesh the two algorithms appropriately, thus we turn our attention to a
(potentially promising?) preliminary result which would require only one solver.

2.1.2 Solving K2f = M Using Multiple Wavelengths

Slightly better results can be obtained by incorporating multiple wavelengths in the creation
of K2 in the following way. Let D1 and D2 represent two different discretizations such that
the concatenation of the two provides a single discretization of the interval [.1, 5]µm and can
be written in the form of (17).
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

Figure 5: K2 created using λ1 = .73µm (np = 2.16 + 6.35i) and λ2 = 1.98µm (np =
3.092+11.675). Reconstructions are computed using the SVD. Left: µ = 3µm and σ2 = 1µm.
Right: µ = 1µm and σ2 = .5µm.

By way of example, let us take

D1 ∼ .1 = r1 ≤ · · · ≤ rn1 = 1 with n1 = 5,

D2 ∼ 1 = r̃1 ≤ · · · ≤ r̃n2 = 5 with n2 = 10.

Using λ1 = .73µm (np = 2.16 + 6.35) and D1 we have the following set of optimal angles
with which to create K21:

42°, 52°, and 176°.

And using λ2 = 1.98µm (np = 3.092 + 11.675i) and D2 we have angles

14°, 28°, 39°, 44°, 48°, 54°, 69°, and 178°

that create K22. Now combine these to obtain the block diagonal matrix

K2 =

[
K21 0
0 K22

]
. (2)

As a means of comparison we used the same pair of means and variances as in Figures 3 and
4, and used the SVD of K2 to compute f . Figure 5 shows the respective results.

Using D1 and D2 allows for a finer discretization to be used only in the necessary regions.
This keeps the condition number of K2 small, while also allowing for improvements in areas
where the model was previously struggling. At first glance it is not obvious whether this
approach requires a priori information about f , or what the ramifications are in changes to
D1 and D2. However, an analysis of different combinations of wavelengths could likely lead
to an optimal pairing in which a single solver can accurately reconstruct f with no a priori
information.

The choices of wavelengths used in this example are loosely based on the prevailing thought
that smaller wavelengths best detect smaller particles while larger wavelengths should be
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

used to detect larger particles. Trial and error using different combinations of wavelengths
with values of n1 and n2 revealed that this particular pair seemed to produce accurate recon-
structions. This pairing should not be accepted qualitatively as the ‘best’ combination—it
simply shows the potential of this approach.

2.2 Angle Selections Motivated by Recent Experiments

In this section we direct our analysis towards raw data gathered by Martin Schauer, et al.,
at Special Technologies Laboratory in which a wavelength of λ = .638µm was used to gather
the scatter intensities of tin particles (np = 2.2 + 5.4i) in a vacuum at angles

− 17°,−13.5°,−10°,−6.5°,−3°, 2.5°, 6°, 9.5°, 13°, and 16.5°. (3)

We shall refer to these angles as the “experiment angles.” Throughout this section, K2 is
created as discussed in Section 2.1.2 with λ1 = λ2 = .638µm (np = 2.2 + 5.4i), and

D1 ∼ .1 = r1 ≤ · · · ≤ rn1 = 1 with n1 = 9,

D2 ∼ 1.2 = r̃1 ≤ · · · ≤ r̃n2 = 5 with n2 = 11.
(4)

In this case, the optimal angles output by the K2-Scattering method are

52°, 67°, 82°, 124°, 153°, 170° for K21

5°, 6°, 8°, 9°, 11°, 13°, 14°, 15°, 17°, 70° for K22.
(5)

Similarly, Kexp is computed using λ = .638µm (np = 2.2 + 5.4i), the discretization defined
in (4), and the experiment angles.

We henceforth focus on connecting the analysis of the previous section to the parameters
used in this experiment in order to demonstrate that the experiment angles do not provide
the best reconstructions, and argue that using the angles in (5) is a better way to collect
data. In particular, Section 2.2.1 shows the linear dependence of the rows of Kexp, while
Section 2.2.2 compares the accuracy of computed solutions to

K2f = M

and
Kexpf = M

using the various approaches discussed in previous sections. We leave the exploration of
reconstructions using the real data to future research.

2.2.1 Linear Dependence of the Experiment Angles

At the beginning of Section 2.1 we addressed the need to gather mutually independent data:
here, we will first show that the angles given in (3) yield kernel functions that are not
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

independent, contrasting those obtained via the K2-Scattering Method. We plot in Figure
6 the rows of Kexp as well as the rows of K2. Notice the general similarity between pairs of
functions in the top figure, and the general dissimilarity between the functions of the bottom
figures.

Figure 7 further demonstrates our point. We plot one of the kernel functions from (3) and its
best linear combination in terms of the remaining kernel functions. The accuracy here in the
ability to represent one kernel function in terms of the others suggests that measurements
at the remaining angles are not providing enough new information. In contrast, we see a
larger discrepancy between a kernel function from (5) and its best linear combination by all
the others, implying that all 16 angles can be used to infer sixteen pieces of independent
information about the distribution function. The particular angles used in Figure 7 were
chosen to demonstrate the general behavior of the kernel functions–similar results hold for
all of the other angles.

Note that the removal process used to determine (5) can be continued if one wishes to use
fewer angles; at each step, one more angle (kernel function) will be removed, leaving a set
that is at least as mutually independent than the last. Moreover, replacement of one kernel
function by one of similar profile will not substantially change the relative independence
amongst the kernel functions. For example, in the top figure of Figure 6, it seems as though
one could delete half the angles and still retain the same amount of information.

2.2.2 Computing an SDF Using Kexp and K2

Presumably, the discussion in Section 2.2.1 directly translates into the ability (or inability)
to compute a distribution function f using K2 and Kexp. The examples here are evidence
that reconstructions based on the experiment angles are not as accurate as those based on
the K2-Scattering Angles.

The top figures in Figure 8 demonstrate the relative success of using the SVD on K2 to
solve for f , while the bottom figures reveal the relative failure in using the SVD on Kexp to
compute f . Parameters µ = 3µm with σ2 = 1µm and µ = 1µm with σ2 = .5µm are used in
the left and right plots, respectively.

It is possible that changes in the discretization can improve the accuracy of reconstructions
using Kexp, but Figure 8 implies that K2 is at least as good as Kexp. Using the experimental
angles does, however, have the benefit of being invariant to 5% changes in the index of
refraction.We saw in Section 2.1.1 (Figure 3) that changing the real part of the index of
refraction by 5% changes the set of optimal angles output by the K2-Scattering Method,
thus if the reconstruction is computed using a different index of refraction than was used in
the forward model, we lose all accuracy. However, Figure 8 shows that if the set of angles is
fixed, then reconstructions are invariant under a 5% change in (both the real and imaginary
part) of the index of refraction

14



2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

Figure 6: The relative (in)dependence of various kernel functions. Top: Kernel functions
as defined by the experiment angles; each color is a different row of Kexp . Bottom: The
independent kernel function of K21 (left) and K22 (right), given by (5).
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2 INTERNSHIP PROJECT: AN APPLICATION OF MIE THEORY

Figure 7: Left: Kernel function from Kexp at θ = −10° and its best approximation by a
linear combination of the remaining rows. Right: Kernel function from K22 at θ = 15° and
its best approximation by a linear combination of the remaining kernel function in (5).

Figure 8: Top: With λ1 = λ2 = .638µm, reconstructions are computed using the SVD
on K2. Bottom: With λ = .638µm, reconstructions are computed using the SVD on
Kexp. Using Kexp, the two reconstructions are computed using np = 2.2 + 5.4i (red) and
np = 1.05 ∗ (2.2 + 5.4i) (yellow). Left: µ = 3 and σ2 = 1µm. Right: µ = 1 and σ2 = .5µm.
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2.3 Contributions to Future Research and Experiments

The Nevada National Security Site and National Security Technologies (NSTec) collaborate
with several nearby national labs, all of whom have scientists currently working on this Mie
scattering problem. The problem is widely considered difficult, not well-understood, and
little progress has been made in producing rigorous, quantifiably successful models. My
work on this project has kept the team at NSTec involved in the project in a way that would
not have been possible otherwise. I brought the unique view of a mathematician, and was
able to consider the problem from a numerical analysis point of view–hopefully giving the
involved physicists new insight

The opportunity that the NSF-MSGI has afforded me to participate in this project will
guide the future of experiment design and analysis on multi-million dollar subcritical nuclear
experiments. And results extracted from this work will directly impact national security
experiments; I am humbled and proud to have been a part, and hope to be involved with
the future of this project as much as possible.

The work I have done this summer overflows with opportunity for expansion. It is my hope
that these opportunities are explored, as they hold great potential for the development of a
steadfast, Mie theory-based model that is reliable where others are not.

Foremost, an investigation into how the discretization effects the behavior of the kernel
functions should be conducted. This process will guide the production of a model that
is invariant to changes in the discretization, and hence allow one to drop the unrealistic
approach of using the same discretization in the reconstruction as is used in the forward
model.

Indeed, once the impact of the discretization is solidified, a rigorous error analysis of the
K2-Scattering Method, as applied to our problem, can be completed. At the moment, there
are simply too many varying parameters to make such an analysis possible, but future efforts
will allow the model to quantitatively determine both the optimal angles and optimal wave-
lengths. Furthermore, such an analysis can lead the way to a time-dependent formulation of
the K2 Method.

3 Impact of Internship

I entered this internship in the hopes of fulfilling curiosity about the role of math in an
industry setting, and to gain experience outside of academia. Undeniably, both of these
expectations were satisfied. I am confident that the connections I have made at NSTec will
be long lasting. Both with industry mathematicians and fellow graduate students, I look
forward to staying in touch, both personally and professionally, with those I have met.

During my time at NSTec I applied existing knowledge, learned new mathematics, and was
introduced to STEM ideas I would not otherwise have the opportunity to discuss. The work-
ing relationship between mathematicians, physicists, and engineers at NSTec was invaluable
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3 IMPACT OF INTERNSHIP

to my advances in the Mie scattering project, and revealed the necessity of collaboration
across disciplines. These types of relationships are beneficial not just in industry, and should
be sought in academia as well.

A seminar, attended by interns and senior scientists alike, was held each week in which interns
gave a short presentation on their current projects. Personally, the seminar was an opportu-
nity to practice communicating high-level mathematical ideas to non-mathematicians, a skill
pertinent to my future career. Moreover, the diverse audience provided new perspectives and
ideas to old problems, fostering a community in support of the advancement of colleague’s
projects and careers.

While I did not come across any career defining revelations during my time here, I will
leave Las Vegas more informed on and prepared for a breadth of career paths. Prior to this
internship I felt qualified only for a life in academia, but my experiences here will significantly
improve the way I tackle the job market.
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A MIE SCATTERING

Appendix A: Mie Scattering

Details on Mie theory can be found in [2]. For our purposes, it suffices to know that Mie
theory is the application of Maxwell’s equations and how they describe the way in which
spherical, homogeneous particles interact with electromagnetic radiation. Indeed, under
certain assumptions Maxwell’s equations can be solved in sphereical coordinates, and we
obtain the following formula for the intensity of the scattered light:∫ rmax

rmin

K(si, r)f(r)dr = Mi for i = 1, · · · ,m, (6)

where f(r) is the unknown size distribution function. Moreover, rmin and rmax are the
bounds on the radius of the particle, K(si, r) is the kernel function given by Mie theory,
Mi are the measurements collected in the experiment, and m the number of measurements
taken. For our purposes K(si, r) takes on one of two forms, depending on the approach:

• Multi-angle Mie Scattering: si = θi and K(si, r) = 1
2

(|S1|2 + |S2|2), where S1 and S2

are as in (7) and (8).

• Multi-wavelength Extinction: si = λi and K(si, r) = Qext(λi, r), where Qext(λi, r) is
given by (15).

From Bohren and Huffman [2], the scattering functions needed for multi-angle Mie scattering
are given by

S1(θ, r) =
∞∑
n=1

2n+ 1

n(n+ 1)
(an(r)πn(θ) + bn(r)τn(θ)) (7)

and

S2(θ, r) =
∞∑
n=1

2n+ 1

n(n+ 1)
(an(r)τn(θ) + bn(r)πn(θ)) , (8)

where the particle size parameter α (the relative size of a scattering particle) is the ratio of
its characteristic dimension and wavelength is defined by

α =
2πnmr

λ
, (9)

where nm is the medium’s index of refraction and r is the radius of the particle light is
incident upon. The angular-dependent functions are

πn(θ) =
P 1
n

sin (θ)
, (10)

and

τn(θ) =
dP 1

n

dθ
, (11)

where P 1
n are associated Legendre polynomials of the first kind. And the Mie scatter coeffi-

cients an and bn are given by

an = an(r) =
mψn(mα)ψ

′
n(α)− ψn(α)ψ

′
n(mα)

mψn(mα)ξ′n(α)− ξn(α)ψ′n(mα)
, (12)
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and

bn = bn(r) =
ψn(mα)ψ

′
n(α)−mψn(α)ψ

′
n(mα)

ψn(mα)ξ′n(α)−mξn(α)ψ′n(mα)
, (13)

where ψn and ξn are Riccati-Bessel functions, ψ
′
n and ξ

′
n are their first derivatives and the

ratio of refractive indices, m, is defined as

m =
np

nm

, (14)

where nm is the index of refraction of the medium. Moreover, for the multi-wavelength
extinction approach, we have the dimensionless Mie extinction efficiency factor, given by

Qext(λ, α) =
2

α2

∞∑
n=1

(2n+ 1)Re(an + bn). (15)

Finally, note that α is a function of the particle radius, r, hence equations (7) and (8) are
in fact functions of the radius r. In practice, equations (12), (13) are the most computa-
tionall expensive coefficients, and the infinite series of (7), (8), and (15) are found in[7] to
convergence in just n terms, where

n = α + 4.05α
1/3 + 2. (16)

A.1: Numerical Formulation

It is well known that equations of the form (6) are inherently ill-posed. That is, the solution
f(r) is extremely sensitive to arbitrarily small perturbations of the system, and, due to the
complex computations required for the coefficients discussed in Section A, small perturbation
in our system are unavoidable. There is much discussion in the literature on the analysis of
such ill-posed problems and the subsequent numerical treatment of them (see [3], [4], [5]).

In order to solve (6), we approximate the integral by a finite sum, resulting in a matrix
equation whose solution approximates that of (6). First, discretize the desired interval
[rmin, rmax] by

rmin = r1 < r2 < · · · < rn−1 < rn = rmax (17)

to obtain the matrix equation
Kf = M, (18)

where

K = [K(si, rj)]
m,n
i,j=1, f =

 f(r1)
...

f(rn)

, and M =

 M1
...

Mm

 .
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As a direct result of the ill-posendness of (6), matrix K is ill-conditioned. Consequently, small
computational errors in K and experimental errors in M greatly effect the accuracy of the
computed solution f . Moreover, the size and type of such errors are largely unknown, and, in
reality, we are solving an equation that looks less like (18) and more like (K + η) f = (M + ε)
where we know naught about the size nor nature of η or ε. We must therefore proceed with
caution in our attempts to extract a reliable solution f from (18).

Appendix B: Parameters and their Impact

The application of Mie theory requires many experimental and analysis parameters. Each
parameter plays, to some degree, a role in our ability to reconstruct the nonparametric
distribution. Thus we make note of the impact of each parameter on solving (18), and
assumptions (if any) that are made.

(i) Particle Index of Refraction: np

The particle index of refraction is necessary in computing the Mie kernel and
depends on many factors, including (but possibly not limited to) the material in ques-
tion, the wavelength of the incident light, and the temperature of the medium. We
consider changes of ±5% to the index. The impact of such changes depends on the
method in question, as well assumptions on the SDF, and will be discussed accordingly
throughout.

The effect of np on intensity is shown in Figure 9 for scattered light at 150° of a
particle of 10µm radius. We note that fixed parameters used to create this plot do no
necessarily reflect those of our particular experiment.

We reference [1] for the np of Tin at 20°C for wavelengths in the range of .73µm
to 12µm. These values are used throughout the report, and for λ = .638µm, we take
np = 2.2 + 5.4i.

(ii) Discretization of Radius
The numerical impact of the choice of rmin, rmax on reconstructions is unclear

and requires further research. The bounds should, in part, be based on the physical
experiment and the size particle one wants/expects to observe. In this experiment, we
do not expect to see particles with a radius larger than 5µm, and we are particularly
interested in particles on the order of 1µm radius. We will always take rmin = r1 =
.1µm, and rmax = rn = 5µm, with the points linearly spaced.

The value n must be chosen more delicately. Choosing n too large will result
in overfitting, while also unnecessarily increasing the condition number of K, but we
have few other guidelines to follow here. In general, the role of the discretization in the
reconstruction of an SDF via the K2 method is unclear and requires further research.
Unless otherwise stated, we will assume n = 17 [8], and this choice will be used for
both the forward model and reconstruction.

The practicality of these assumptions and their consequences are left for future
research.
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Figure 9: Mie calculated scattered intensity from a particle of radius 10µm (size parameter
α = 96.664) for red light (.650µm) as a function of np. The refractive index of the medium
is 1, and a scattering angle θ = 150° is used.

(iii) Choice of λ and/or θ
With a fixed particle index of refraction and discretization, the K2-Scattering

Method accepts a single wavelength and produces a set of optimal angles—Section 2.1
addresses what it means to be optimal. The question is, what single wavelength should
one use?

First, since Mie theory assumes that the particle has a radius on the order of
magnitude as the wavelength, we will limit the range of possible input wavelengths to
[.73, 2]∪ {.638}µm. Then, if the previous parameters are fixed, the “best” wavelength
can be found determining which yields the smallest relative error between the true and
computed distribution functions. However, changing any one parameter changes both
the output of optimal angles and the reconstructed SDF, and hence affects the “best”
wavelength. The following sections will explicitly state the wavelength used; based on
current experiment set ups, we often default to .638µm.

Is it possible to use more than one wavelength? Section 2.1.2 explores one option
for using multiple wavelengths in the K2 method as a means of improving the accuracy
of reconstructions.

(iv) A priori Information
The K2 method makes no assumptions on the sought after distribution func-

tion and, in general, the accuracy of the raw reconstructions tends to be inconsistent
and relies heavily on the above parameters. However, if a log-normal assumption is
incorporated, a mean and variance are consistently accurately estimated from the re-
constructed data.

Throughout the report, a log-normal function will always be used to forward
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model data (which will include 5% noise). For completion, we include the log-normal
probability distribution function,

fLN(r) =
1

rv
√

2π
e−

(ln r−m)2

2v2 , (19)

with parameters m and v, which are related to the mean, µ, and the variance, σ2, of
the distribution via the following equations:

µ = e

(
m+ v2

2

)
(20)

σ = e(v
2−1)e(2m+v2). (21)

When appropriate, the mean and the variance of the log-normal distribution in
use will be stated.

With so many parameters at play, accepting any assumptions (physical or mathematical) will
enhance one’s ability to progress with and improve upon the analysis of the methods discussed
in this report, and, furthermore, set additional guidelines and regulations of experiment
setup.
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