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Bivariate Polynomial Interpolation
at the Geronimus Nodes

Lawrence A. Harris

ABSTRACT. We consider a class of orthogonal polynomials that satisfy a three-
term recurrence formula with constant coefficients. This class contains the
Geronimus class and, in particular, all four kinds of the Chebyshev polynomi-
als. There are alternation points for each of these orthogonal polynomials that
have a special compatibility with the polynomials of lower index. These points
are the coordinates of two sets of nodes in R?, which we call Geronimus nodes.
The Chebyshev nodes considered separately by Yuan Xu and the author are a
special case.

We obtain an explicit formula (involving the reproducing kernel) for bi-
variate Lagrange polynomials for the Geronimus nodes and we apply this to
obtain a bivariate interpolation theorem and a cubature formula. These the-
orems are a consequence of a surprisingly elementary connection between La-
grange polynomials, interpolation formulas and cubature formulas, which we
explain in an appendix. Finally, we discuss a general bivariate Markov theorem
where polynomials in the Geronimus class are extremal.

1. A class of orthogonal polynomials

Given real constants a,b,c and d, let {p,} be the sequence of polynomials
defined recursively by

(1.1) po(z) =1, pi(x) =azx+b,

Pnt1(x) = (cx + d)pn(z) — pn—1(x), n>1.
It follows from Favard’s Theorem [4, Th. 4.4] that if ac > 0 then {p,} is a sequence
of orthogonal polynomials with respect to a positive definite moment functional ¢
satisfying

(1.2) (()==, Lp2)=1, n>1.

This functional gives the moments of a compactly supported positive Borel measure
p which can have up to two atoms. (See [5] and [16] for an explicit expression.) We
shall always assume that a > 0 and ¢ > 0. (If both a and ¢ are negative, consider
instead py,(z) = pn(—2x).)
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2 LAWRENCE A. HARRIS

Our discussion can be adapted to the more general case where there are real
constants «, 3,7,6,A and p with 4 > 0 and ayA > 0 and ¢, is a sequence of
polynomials satisfying

(1.3) gox)=X\, q(x)=azx+0,

In+1(2) = (y2 +0)qn () — pign—1(x), n =1,
since g, = Au™ ?p,, where p,, satisfies (1.1). On the other hand, one can reduce to

the case ¢ = 2 and d = 0. Specifically, if p, is a sequence of polynomials satisfying
(1.1) and if &« = 2a/c and B = b — ad/c, then

n/2

(1.4 polo) = n (57)
where
(1.5) go(r) =1, gi(x) = ax+p,

In+1(2) = 2290 (7) — gn-1(x), n>1.
The class (1.5) has been considered by Geronimus [9] (see also [15]) and is a special
case of the g-Racah polynomials [2, p. 27-28] by formula (1.6) below. See [17] for
the case where polynomials are normalized to monic polynomials.

We single out four special cases of the sequence p,, of polynomials satisfying
(1.1) for fixed ¢ and d. Put t, = p, when a = ¢/2, b = d/2, put u, = p, when
a=c¢ b=d, put v, = p, when a = ¢, b =d — 1, and put w, = p, when a = ¢,
b = d+1. In these cases, equation (1.4) holds where g, is the Chebyshev polynomial
of the corresponding kind. These are given in Table 1 below where ¢ = 2, d = 0

and k,, = (2(;;1;?2 (See [14] for further details.)

Table 1: The four kinds of Chebyshev polynomials

Kind | Constants Definition Jacobi polynomial
1st a=1,b=0 T, (cosf) = cosnb T, = knPy(l_l 2-172)
sin(n + 1)60 n 1/2,1/2
ond |a=2b=0 |U,(cos) = %mo) Uy = 2Lk, P22
3rd |a=2,b=-1]| V,(cosh) = W V, = knPy(fl/Q’l/z)
_ _ __sin(n+1/2)0 _ (1/2,-1/2)
4th |a=2,b=1 Wi (cos ) = “sm0/2) W, = k., Pp

For each of the kinds of the Chebyshev polynomials, the moment functional of (1.2)

is given by a weight function w(z) with support [—1,1] and du(z) = w(z)dz. These

are given in Table 2 in the next section. Other examples are given in [4, p. 204-205].
The expected identities

2ty = Up — Up—2, Up =1Up —Up—1, Wp = Up+ Up_1

follow by induction for n > 1, where we take u_; = 0. It is easy to show by
backward induction on j that

Pn = PjUpn—j — Pj—1Un—j—1, 1< 7<n

since this equation is obviously true when j = n and (1.1) with n = j — 1 shows
that it is true for 7 — 1 when it is true for j and j > 2. In particular, when j =1,

prn(x) = (az + b)up—1(x) — up—o(x), n>1,
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and it follows that
a ad a

(1.6) Pn=—Up+ (b— — Jup_1+ (f — 1) Up_2, n >1.
c c c

In the next section, we will apply the identities

(1.7) DPntj +Pn—j = 2pnt;, 0<7<n,

(1.8) Pntj —Pn—j = (Pnt1 —Pn—1)uj—1, 05 <,
(1.9) Prntj tPnj1 = (Pn+Pn1)vy, 0<j<n—1,
(1.10) Pntj —Pn-j—1 = (Pn—Pn-1)wj, 0<j<n—1,

which are easily proved. For example, to prove (1.9), let ¢; = pp+; + pn—j—1 and
note that

gj(z) = (cx +d)gj—1(z) — gj—2(z), 2<j<n-1

Thus, by induction, it suffices to show that g; = gov; holds for j = 0 and j = 1.
When j = 0 this is clear and when j = 1 we can obtain this by adding the identities

pat1(®) = (cx+d)pp(z) — pn-1(z)
pn—2(2) = (cx+d)pp-1(z) — pn(2).

The proofs of the other identities are similar.

If desired, one can remove the restrictions on the subscripts in the above iden-
tities for p, by adding the equation p_,, = 2t, — p, to the definition of p,, in
(1.1).

For purposes of comparison, we observe that the generating function for the
polynomials p,, is given by

1+ [(ax 4+ b) — (cx + d)]z n
()27, d| <2, 1.
fath_(or Zp o +d <2, |2 <

The moments p, = £((cx + d)™) can be computed recursively from the identities

po=E, p1=Fpo,

/2]
2(k —1)
i, = Fpin— 1+EZ (k_l

),U/n—2k:a n > 2a

where E = ¢/a, F = (ad — bc)/a and (8) = 1. If p is any polynomial, the value
of ¢(p) can be obtained from this and the Taylor expansion for p at —d/c. When
F =0, we have

por—1 = 0,

k1

ktj—1\ (k+j-1\] . .

fok = Mo [( j ) (jil )]Ekﬂ
=0

for k > 1, where (fl) =0.
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2. Alternation points for the Geronimus polynomials

For a given m > 1, we show that the polynomial p,, has m + 1 alternation
points hg, ..., h, that satisfy a critical compatibility condition with polynomials
of lower index. In particular, p,,(h,) = (—=1)" for n =0,...,m.

THEOREM 2.1. For each positive integer m there exist unique numbers

hg > hy > --- > h,, such that

(2.1) Pm—j(hn) = (=1)"p;j(hy), n,7=0,...,m.

PRrROOF. Let {zy ; }?:1 denote the k distinct real roots of py in decreasing order.
Note that the leading coefficient of py is positive since a > 0 and ¢ > 0. We first
consider the case where m = 2k — 1. By the separation property [4, Theorem 5.3],

Tr—1,j < Tk,j < Tk—1,j—1, ]: 1,...,]C,

where z;_10 = oo and xp_1 = —oo. Define g, = pi + epr—1. If € = 1 then
qk(zr-1,7) and gg(zy,;) have opposite signs so there exists a number y; with
Tp-1,; < y; < zp; and y; is a root of py + pr—1. If € = —1 then ar(xk ;)
and g (rx—1,j—1) have opposite signs so there exists a number y;“ with xy ; < y;“ <
Tp—1,—1 and y;' is a root of pp — pr_1.

It follows from (1.9) and (1.10) with n = k and j replaced by k — 1 — j that
DPm—j + pj and pp,—; — p; are polynomial multiples of p + pr—1 and py — pr—1,
respectively, for j = 0,...,k — 1. Thus we may take {h,} to be the sequence

YT Y U Uk
Now suppose m = 2k. It follows from the classical Christoffel-Darboux formula
[4, p. 24] that

Prt1Pk — PpPht1 > 0,
PPk—1 = P_1Pk > 0,
and adding these we obtain

(2.2) Qps1Pk — Prli41 > 0,

where qri1 = pri1 — pr—1. Let {y;}é“:l be the k distinct real roots of pj in
decreasing order and note that the sign of pj (y; ) is (=1)7~" for each j. It follows
from (2.2) evaluated at y; that the sign of gx11(y; ) is (—1)7. Also, gx+41(y; ) and
qi+1(y) have opposite signs for large y and gr+1(y, ) and gr+1(y) have opposite

signs for large —y. Hence gi41 has k + 1 distinct real roots {yj' fill satisfying

Y <w; <y, j=1...k

It follows from (1.7) and (1.8) that p,,_; + p; is a polynomial multiple of p;, for
j=0,...,kand py,_;—p; is a polynomial multiple of py 1 —py—; forj =0,...,k—1.
Thus we may take {h,} to be the sequence y;",y; ;... ,y,:r_H.

Uniqueness follows since in each case the sequence h,, with n even must be the
sequence of roots {yj} and the sequence h, with n odd must be the sequence of

roots {y; }. O

The Table 2 below gives the values of the points h,, 0 < n < m, for each of
the four kinds of Chebyshev polynomials.
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Table 2: Alternation points for the Chebyshev polynomials

Kind | Weight on (—1,1) hy, = cos 0, Tm

Ist | wy(z) = W\/f%fZE' 6, = T L(Ts1 — Tons)
2nd | we(z) = % Vi—a? |6, = % Unm+1

3rd | ws(x) = % %i——i 0, = #I Vinte1 — Vin

ath | wyo) =2 2 g, = ELT fy W,

Note that by the proof of Theorem 2.1, the numbers h,, in (2.1) are just the
roots in decreasing order of the polynomial m, (of degree m + 1) defined by
- _{p%—p%_l if m=2k-—1,
"l Prrr —pe—1)pr i m=2k

It is not difficult to show that
(2.3) Ta(@) = (02 + b)p (@) — D1 ()
for all positive integers m. Indeed, when m = 2k — 1, one can obtain (2.3) by
applying the identity

Pi(2) = pre—1(z) = (az + b)vk—1(2) — vk—2(2)
in the equations (1.9) with j = k — 1 and j = k — 2, where n = k. When m = 2k,
one can obtain (2.3) by applying the identity

prt1(2) — pr—1(2) = 2[(az + b)ty(2) — ty—1(2)]

in the equations (1.7) with j = k and j = k — 1, where n = k. It is easy to deduce
from (2.3) and (1.1) that

a ad a
(24) Tm = —Pm+1 + (b - )pm + (* - 1) Pm—1-
(& (& (&

The numbers h,, of Theorem 2.1 are the points of evaluation in an m + 1-point
quadrature formula that has at most one more point than Gaussian quadrature and
reduces to the Lobatto-Chebyshev formula [7, 2.7.1.14] when w = wy. Let P, (R)
denote the space of all polynomials in a single variable with degree at most n.

THEOREM 2.2. Suppose the moment functional for the polynomials (1.1) with
fized a, b, ¢, d is given by a nonnegative weight function w(x) on (—oco,00). Then

m

(2.5) (2)w(z)dx = anp(hy)
X 3w

for all p € Pop—1(R), where

(_1)7Lc
(2.6) ()47l:7T7/n(hn)>O7 n=20,...,m.
This theorem applies, in particular, to each of the kinds of the Chebyshev
polynomials where w(t) and h,, are as given in Table 2 and the weights are as given
below.

1st) an:% f0r0<n<mandan:% for n =0, m,
2(1 — h?)
2Hd) anzﬁ fOI'OSTLSm,
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3rd) an:#’f f0r0<n§manda0:ﬁ,
4th) an:17n_+hil for0§n<mandam:ﬁ.

Note that when w = ws, formula 2.5 is just the classical Gaussian quadrature and
holds for all p € Poynt1(R).

PROOF OF THEOREM 2.2. The Lagrange polynomials for the points {h,} are
given by

Tm (2)
T (hen) (T — h)
It follows from the classical Christoffel-Darboux formula [1, p. 261] and (2.3) that

P,(z) = 0<n<m.

_1)n -
Kmfl(mu hn) = % % - apm(m)
SO
Pn(x) = anKm—l(x7 hn) + ﬂnpm($)7
where 1)
—1)"c a
) T )

The inequality «, > 0 can be deduced from the identity
T () = a?c™ 1 H(x —hy), m>1
n=0

Thus Theorem 2.2 follows from the 1-dimensional case of Theorem A-2 of the
Appendix. O

By (2.4), the polynomial 7, is quasi-orthogonal of order 2 (or less) and thus is
included in the discussion of quadrature given in [19].

3. Interpolation at the Geronimus nodes

The Geronimus nodes are finite sets of points in R? associated with linear
functionals on polynomials of two variables where the Geronimus polynomials in
each of the variables are extremal. (See [10, Lemma 6].)

We define the even Geronimus nodes N to be the set of ordered pairs (hy,, hy),
0 < n,q < m, where n and ¢ are both even or both odd and the odd Geronimus
nodes N to be the set of ordered pairs (hy,, hq), 0 < n,q < m, where n is even and
q is odd or n is odd and ¢ is even. Thus if £ = 0 or k£ = 1, then the Geronimus
nodes are

Ny = {(hmhq) : (n7Q) € Qk}7
where
Qr={(n,q): 0<n,qg<m, n—q=kmod 2}.
For example, the Chebyshev nodes given in [10] are the Geronimus nodes for the
casea=1,b=0,c=2,d=01in (1.1). (See also [20].)
To define Lagrange polynomials for each set of Geronimus nodes, we first define

(3.1) G (s,t,u,v) = %[Km,l(s,t,u,v)+Km(s,t,u,v)]
F D () () + PP (W)

22
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where

n %

Ko(s,t,u,v) = > "y "pij(8)p(t)pi—j(u)p;(v)
i=0 =0

is the reproducing kernel for the inner product space of polynomials of degree at
most n. (See (A-2) in the Appendix.) Here ' means that the first term of the
sum is multiplied by a/c and " means that the first and last terms of the sum are
multiplied by a/c¢ (but only once if these terms are the same). This convention
allows us to treat the polynomials (1.1) as an orthonormal set in view of (1.2).
(The function G, in (3.1) is one half of the function G,, in [13] and one quarter
of the function G in [11].)

By (3.1), we can write

(3:2) Gm(s,t,u,v) = Kpoa(s,t,u,0) %Z £)pm—j (w)p; (v)
+ 55 P (9P (W) + Pra(Dpin (V)]

In particular, G,,(s,t,s,t) > 0. Put ¢, g = 1/Gp(hn, Ry, hn, hq) and define

(3.3) P, q(s,t) = cngGm(s,t, hn, hy).

THEOREM 3.1. Let k = 0 or k = 1 and let (n,q) € Qr. Then P, 4 is a
polynomial of degree m satisfying Py, q(hn,hy) =1 and P, 4(z) =0 for all x € N,
with © # (hy, hy).

Theorem 3.1 can be deduced easily from a bivariate Christoffel-Darboux iden-
tity that plays an important role in our proofs. To state this identity, let € be an
arbitrary real number and define

(34)  Vi(s,t) = pm—j(s)pi(t) —€pj(s)pm—;(t), 7=0,...,m,
(3.5) Wo(s,t) = (as+b)pm(s) — pm-1(s) = mm(s),
(3.6)  Wi(s,t) = pm—j+1(8)pi(t) — €pj—1(8)pm—j(t), j=1,...,m

(Thus the symbols V' and W from here on no longer denote the Chebyshev poly-
nomials of the third and fourth kinds.) It follows from (2.3) and Theorem 2.1 that
the even Geronimus nodes are common zeros of the polynomials (3.4)-(3.6) with
€ = 1 and the odd Geronimus nodes are common zeros of these polynomials with
€ = —1. The Christoffel-Darboux identity

2¢(s — u)Gp (s, t,u,v) "V (s, 6)pm—j—1(w)p; (v) = V;(t, 0)pm—j—1(5)p; (t)]
7=0

£ W (5, Oy () (0) = Wy (0, 00— (5)p5 ()
7=0
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can be verified as in [11]. (An extra term is needed in [11] since Wy is defined
differently there.) Taking € = 0 in this identity, we obtain

m—1

2¢Go (s, t,u,v) = P Z’ [Pm—j4+1(8)Pm—j (W) = Prm—j1(W)Pm—; (s) +
=0

Pm—i (8)Pm—j—1(w) = pm—j(W)Pm—j—1(s)]p;(t)p;(v)
ala — c) 2

+ = Pm(s)pm(u) + %pm(t)Pm(”)-

The first statement of the following theorem is a consequence of Proposition A-
1 of the Appendix as in [10]. Let P,(R?) denote the space of all real-valued
polynomials in two variables with degree at most n.

THEOREM 3.2. Ifp € Pu(R?) and if k =0 or k = 1 then there exists a linear
combination py, of Vi,..., Vi of (3.4) with e = (—1)* such that

(3.7) p=Y_ plhn hg)Pug+ Dy
(n,9)€Qk
If p has degree at most m — 1 then (3.7) holds with p), = 0.

In view of what we have shown, Theorem A-2 and Corollary A-3 of the Appen-
dix apply to prove the second statement of the above theorem and the following
cubature formula.

THEOREM 3.3. Let w(zx) be as in Theorem 2.2 and let k =0 or k = 1. Then

(3.8) / / pls,us)w@ dsdt = 3 cngplhn hy)

(n,9)€EQk
for allp € Pgm,l(RQ).

Note that Theorem 3.3 applies, in particular, to each of the kinds of the Cheby-
shev polynomials where w(z) and h,, are as given in Table 2.

Suppose w is centrally symmetric, i.e., w(—z) = w(x) for all z € R. By a
theorem of Moller, the number N of nodes of a cubature formula for the integral
of (3.8) that holds for all p € Py,,_1(R?) satisfies

m+1 m
N> 2]
> (") 5
The number of elements in @, has been counted in [10]. Thus the number of nodes
in (3.8) is minimal when m is even and k£ = 1 and is at most one more than the
minimal number of nodes otherwise.

Theorem 3.3 and a similar theorem of Bojanov and Petrova [3] combine to give
a simpler formula for the coefficients ¢, 4 in (3.3).

THEOREM 3.4. ¢, 4 = 20p04, 0<m,qg<m.
PROOF. Define

E(p) = Z anp(hn),  F(p) = Zanp(hn),

even odd
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where the sums are taken over the even and odd integers n from 0 to m, respectively.
By Theorem 2.2,

E(pj) + F(pj) = /Rpj(ﬂﬁ)w(x) de=0, 1<j<2m-—1,
E()+ F(1) = /Rw(m) do = (1),
E(pj) — F(pj) = /Rpj(x)pm(x)w(x) dr =0, 0<j<m-—1

Hence, E(1) = F(1) = ¢(1)/2 and E(p;) = F(p;) =0 for 1 <j <m — 1. Thus, in
view of Theorem 2.2, Theorem 2.1 of [3] applies to show that

//Rzp(s,t)w(s)w(t) dsdt =2 Z anagp(hp, hy)

(n,9)€EQk

for all p € Pay_1(R?) and k = 0,1. The required equality now follows from this
and Theorem 3.3 with p = P, 4. O

4. A general Markov theorem

In this section we apply the interpolation results in the preceding section to
obtain a general Markov theorem. Let m > 1 and k& > 0. Define

aglk,:l)](/r) = (—1)"Dan)q(r, r)(1,-1)

for r > 0, where Gy, 4(s,t) = Gun(s,t,hn, hy). Here D¥ denotes the kth order

directional derivative as defined in [11]. It follows as in [10, p. 354] that agf()z(r) =
(k)

agn(r) for (n,q) € Q.

THEOREM 4.1. The following statements are equivalent.

a) agf?](r) >0 for all (n,q) € Q.
b) If p € P (R?) and if [p(hn, hy)| <1 whenever (n,q) € Q, then

| D¥p(r,r)(1, =1)] < p(r).

It is shown in [11] that V. A. Markov’s classical theorem and its extension to

any real normed linear space is a consequence of Theorem 4.1. In fact, by [13],

if pp, = Tp, and (n,q) € Qy, then agf()](r) > 0 for r > 1 when k is even and for

r > cos(z-) when k is odd. Also, if pp, = Up, and (n,q) € Qy, then agf()l(r) >0

for r > cos(;%5) when k is even and for r > cos(m) when k is odd. However,

condition (a) does not hold in many instances even for polynomials with degree 2.

EXAMPLE 4.2. Let m = k = 2 and r > 0. We show that condition (a) holds if
and only if ad = be. Thus, in particular, condition (a) does not hold for Chebyshev
polynomials of the third and fourth kinds. Put

A=ad—be, B=ad+bc, C=+/A2+ 8ac.

Then
-B b -B -
h0:i7 hi=—-, h2:707
2ac a 2ac
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and
a?A(C - A 2a3
ot = A, ol = =,
4a3 a?A(C+ A
o)) = 1 o)) = AT,

Thus (a) holds if and only A = 0.
PROOF OF THEOREM 4.1. Define a linear functional £ on P,,(R?) by
U(p) = D¥p(r,r)(1, ~1).
()= (b). If p € P,,(R?), then it follows from Theorem 3.2 that
()= plhahe)l(Payg)

(n,9)€EQK
since ((V;) = 0 for j = 0,...,m by formula (13) of [10]. In particular, taking
p(s7t) = p7n(s)7 we obtain

pgf)(r) = Z (=1)"(Pn.q)-
(n,9)€Qk
If |p(hn, hg)| < 1 for all (n,q) € Qk, then by the triangle inequality

EPI< D 16Pug)l =0l (1)

(n,9)€EQk
since |[((Py.q)| = (=1)"4(P, q) for (n,q) € Qi by (a).

(b)= (a). Define p(s,t) = pm(s) = (=1)""Png,q,(s,1), where (no,qo) € Q-
Then |p(hy, hq)| < 1for all (n,q) € Qk so £(p) < {(py,) by (b). Thus (a) follows. O

APPENDIX: Interpolation and Cubature in R?

The purpose of this appendix is to give the basic general facts we use that
connect Lagrange polynomials, reproducing kernels and cubature formulas. It is
based on ideas in [12]. (Another approach is given in [18].) See [6] and [8] for
surveys of these extensive areas.

Given m > 1, let P, (RQ) denote the space of all real-valued polynomials in
two variables with degree at most m. Let {z;}?_, be n distinct points in R? and
suppose {P;}, is a corresponding set of Lagrange polynomials in P, (R?).

PROPOSITION A-1. Suppose Vi,..., VN are linearly independent polynomials
in P (R?) such that Vj(x;) = 0 for alli = 1,...,n and j = 1,...,N. If n +
N > dimP,,(R?) then for every p € P,,(R?) there is a linear combination i of
Vi,..., VN such that

(A-1) p:Zp(:v P +7p
i=1
PROOF. Define a linear map L : P,,,(R*) — R™ by L(p) = (p(x1),...,p(zn))-

Since P,,(R?) contains Lagrange polynomials for {z;}"_,, the range of L contains
the standard basis for R" so Rank(L) = n. By hypothesis, N < Nullity(L).
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Since Rank(L) + Nullity(L) = dim P,,(R?), it follows from the hypotheses that
Nullity(L) = N. Thus, Vi,...,Vy is a basis for the null space of L.

Now let p = p— Y1, p(z;)P;. Then P is in the null space of L so p satisfies
(A-1). O

Let 1 be a positive measure on R and let % p be the product measure on R
Given a positive integer m, we suppose that

(A-2) (pq) = / /R b5, t)a(s, ) x 1)(5,1)

defines an inner product on P,,(R?). For example, if w(t) is a weight function (as
defined in [4]), then we may take du(t) = w(t)dt so that (-,-) is an inner product
with

d(p x p)(s,t) = w(s)w(t) dsdt.

Let {pj(t)};?‘;o be an orthonormal system of polynomials with respect to u
and let S,, be the subspace of P,,(R?) spanned by the polynomials oi(s,t) =
Pm—j()pj(t), 5 =0,...,m. Let K,,_1(z,y) be the reproducing kernel for P,, _; (R?)
with respect the inner product (A-2) on this space.

THEOREM A-2. Suppose {a;}1, are real numbers. Conditions (a) and (b)
below are equivalent.

a) If p € P,u(R?) then there is an S € S, with

(A-3) p= Zp(xi)Pi +5.
i=1
Also, for eachi=1,...,n, there is an S; € S,, with
(A-4) Pi(z) = iK1 (z,2:) + Si(x), 2 €R>
b)

(A-5) / /R 5,00 x p)(s,0) = 3 aipl)

for allp € sz—l(RQ).
PRrROOF. (a)=(b). Let p1 € P,,_1(R?). For each i = 1,...,n, by the reproduc-
ing property,
aipi(z;) = (p1, i Km—1(-,2:)) = (p1, P — i) = (p1, P)
since (p1,5;) = 0. Now if py € P,,(R?), then it follows from (A-3) that

(p1,p2) = Zp2<xi)(pl,Pi) + (p1,9) = Zaipl(l‘i)pz(wi)-

Therefore (A-5) holds when p = p;ps and thus it holds when p € Pgm_l(RQ) since
p is a linear combination of monomials of the form p;ps.

(b)=(a). We first observe that if ¢ € P,,(R?) and if (¢,p1) = 0 for all p; €
Pm,l(RQ), then ¢ € S,,,. Indeed, by the orthogonal decomposition there exists a
p1 € Pm—1(R?) and an S € S, with ¢ = py+S. Then (p1,p1) = (p1,p1)+ (S, p1) =
(¢,p1) =00 p1 = 0.



12 LAWRENCE A. HARRIS

Let p € P,,(R?) and take ¢ = p — .1, p(z;)P;. Clearly g(z;) = 0 whenever
i=1,...,n. If p1 € Pp_1(R?) then gp; € Payn_1(R?) and so (¢,p1) = 0 by (A-5).
Hence g € S, which is (A-3).

Now, given i = 1,...,n, take ¢(z) = Py(x) — a; Kp_1(z,2;). If p1 € Ppy_1(R?),
then (p1, P;) = a;p1(z;) by (A-5) and (p1, Kim—1(-, z;)) = p1(z;) by the reproducing
property. Hence (¢,p1) = (p1,¢) = 0 for all p; € Pp_1(R?) s0 ¢ € Sy, as required.

(I

COROLLARY A-3. (Compare [3].) Suppose {P;} satisfies (A-3) and suppose
P(x) = ;G (x,2;) fori=1,...,n, where

(A_G) Gm(mvy) = Kmfl(l'vy) + Z Zﬁj,k¢j(x)¢k(y)a T,y € RQ;

=0 k=0

with B = Pr; for 0 <5,k <m. Thenp= ZP(%‘)R‘ for all p € Pp_1(R?).
i=1
PROOF. Note that the hypotheses of part (a) of Theorem A-2 are satisfied since
(A-6) implies (A-4). Let y € R? and p € P,,,_1(R?). By the reproducing property,
(A-6) and part (b), we have

pY) = 0, Km-1(-9)) = (0, Gm(-,y)) = Zaip(xi)Gm(%y)-

Since G,, is symmetric in = and y, we have ;G (x;,y) = P;(y) and the asserted
identity follows. O
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