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1. Introduction

The Hille-Yosida and Lumer-Phillips theorems play an important role in the

theory of linear operators and its applications to evolution equations, probability and

ergodic theory. (See, for example, [17] and [9].) Different nonlinear generalizations

and analogues of these theorems can be found, for instance, in [13] and [2].

We are interested in establishing analogues of these theorems for the class of

holomorphic functions which we view as a natural extension of the class of continuous

linear operators.

An analogue of the Hille-Yosida theorem for holomorphic functions was given

in [14]. See also [15, 1]. Also, certain versions of the Hille-Yosida theorem as well

as the Lumer-Phillips theorem were presented for nonlinear continuous operators in
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the works of R. H. Martin [10, 11]. His results are based on a nonlinear analogue of

dissipativeness and the so-called flow-invariance condition for nonlinear functions.

In the present paper, we define the notion of dissipativeness for holomorphic

functions in a somewhat different way that generalizes the usual definition for the

linear case and remains equivalent to the flow invariance condition. Our definition

follows naturally from the extension of the numerical range to holomorphic functions

given in [7].

For the case of bounded linear operators, the Lumer-Phillips theorem can be

formulated as follows:

Let X be a complex Banach space and let A : X → X be a bounded linear

operator on X. Then the numerical range of A lies in the closed left half-plane (i.e.,

A is dissipative [17, p. 250]) if and only if its resolvent (I − tA)−1 is well defined on

X for all t > 0 and satisfies the condition

‖(I − tA)−1‖ ≤ 1, t > 0.

In other words, for all t ≥ 0, the operator (I − tA)−1 : X → X is a contraction on

X.

Our object is to prove an analogue of this fact for holomorphic functions and

to use it to find new estimates for Bloch radii, i.e., the radii of balls centered at

the origin where a normalized holomorphic function has a well-defined inverse that

maps one ball into the other. We also prove a distortion form of the Schwarz lemma,

which is used in our arguments.

2. Dissipative holomorphic functions

Let D be a convex domain in a complex Banach space X and suppose D contains

the origin. Let h : D → X be a holomorphic function. Define

hs(x) = h(sx), 0 < s < 1,
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and note that hs is holomorphic in the enveloping domain 1
s
D. Clearly this domain

contains Cl(D), the closure of D.

Let ∂D denote the boundary of D. For each x ∈ ∂D, let J(x) be the set of all

continuous linear functionals on X which are tangent to D at x, i.e.,

J(x) = {` ∈ X∗ : `(x) = 1, Re `(y) ≤ 1 for all y ∈ D}.

Thus J maps ∂D into 2X
∗
. For each x ∈ ∂D, it is known [3, Cor. 6, p. 449] that

J(x) 6= ∅. Let Q(x) be a non-empty subset of J(x).

Definition 1. If h has a continuous extension to Cl(D), the numerical range of

h (taken with respect to Q) is the set

W (h) = {`(h(x)) : ` ∈ Q(x), x ∈ ∂D}.

We write V in place of W in this definition when the numerical range is taken

with respect to J(x). Note that in the case where D is the open unit ball

B = {x ∈ X : ‖x‖ < 1},

Definition 1 agrees with that given by L. A. Harris in [7].

Definition 2. A holomorphic function h : D → X is dissipative if

L(h) := lim
s→1−

sup ReV (hs) ≤ 0.

WhenD is balanced, one can show using the maximum principle that sup ReV (hs)

is an increasing function of s for s > 0 and hence the limit in the above definition

exists.

Let h : B → X be a holomorphic function and put

‖h‖ = sup{‖h(x)‖ : x ∈ B},

when this is finite. Suppose h has a uniformly continuous extension to Cl(B). Then

h is dissipative if and only if sup ReV (h) ≤ 0 since ‖h − hs‖ → 0 as s → 1−.

Moreover, as shown in [7, Theorem 2],

lim
t→0+

‖I + th‖ − 1

t
= sup ReW (h).
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Thus, even though the numerical range may differ in general when taken with respect

to different choices of Q, the number sup ReW (h) remains fixed. Hence we can

replace it by sup ReV (h). In fact, this remains true for functions that do not

necessarily have a continuous extension to Cl(B). (See the end of this section.) For

the case of the open unit ball, the only properties of J (x) our arguments use are

that J(x) 6= ∅ and

λJ(λx) ⊆ J(x) (1)

whenever | λ |= 1 and ‖x‖ = 1.

Our main result is the following extension of the Lumer-Phillips theorem.

Theorem 1. Let B be the open unit ball of a complex Banach space X and let

h : B → X be holomorphic. Then h is dissipative if and only if (I − th)(B) ⊇ B

and (I− th)−1 is a well-defined holomorphic mapping of B into itself for each t ≥ 0.

For r > 0 define Br to be the ball of radius r in X with center at the origin.

Thus,

Br = {x ∈ X : ‖x‖ < r},

B1 = B and Br = rB.

Corollary 2. Let h : B → X be holomorphic and suppose L(h) < 0. Then h

has a unique null point in B. More generally, the equation

h(x) = y

has a unique solution x ∈ B for each y ∈ Bδ, where δ = −L(h).

Proof. Since

L(h+ δI) ≤ L(h) + δ = 0,

the function h+ δI is dissipative. Also,

I − t(h+ δI) = −th
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when t = 1/δ. Hence, by part (b) of Theorem 1, h(B) ⊇ Bδ and h−1 : Bδ → B is

well defined. 2

Clearly Theorem 1 is a consequence of Corollary 9 (below) and the following

result.

Theorem 3. Let D be a convex domain in X containing the origin and let

h : D → X be holomorphic. Label assertions as follows:

(a) h is dissipative.

(b) For each t ≥ 0, (I − th)(D) ⊇ D and (I − th)−1 is a well-defined holomorphic

mapping of D into itself.

If hs is bounded on D for each s with 0 < s < 1 and if D is bounded, then (a)⇒ (b).

If D is balanced, then (b)⇒ (a).

Proof. To show that (a) implies (b), let h be as given. Fix y ∈ D and t > 0.

Define (suspending our subscript convention)

gs(x) =
1

s
(y + th(sx))

for x ∈ D and 0 < s < 1. Given x ∈ ∂D and ` ∈ J(x), we have

Re ` (gs(x)) ≤ 1

s
(Re `(y) + tαs) ,

where αs = sup ReV (hs). Let p be the Minkowski functional for D. Since p(y) < 1,

by (a) there exists a constant k < 1 and a number δ > 0 such that

1

s
(p(y) + tαs) ≤ k

whenever 1− δ < s < 1. Then f := I − rgs satisfies

p(f(x)) ≥ Re ` (x− rgs(x)) ≥ 1− rk (2)

whenever r ≥ 0.

The space X is an F-space with respect to p since D is open and bounded.

Moreover, by hypothesis and the mean value theorem (see [7, Lemma 2]), there

exists a number Ms satisfying

p(gs(x)− gs(y)) ≤Msp(x− y), x, y ∈ D
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for each s with 0 < s < 1. Fix s with 1 − δ < s < 1. Then by the inverse

function theorem (see [16, p. 14]), for all small r > 0, the function f maps Cl(D)

homeomorphically onto a subset of X containing 0. Hence

f(D) ⊇ (1− rk)D

by (2). Therefore the function

F := f−1 ((1− r)I)

is a holomorphic mapping of cD into D, where

c = (1− rk)/(1− r).

Clearly c > 1.

Since D lies strictly inside cD, the Earle-Hamilton theorem [5] implies that F

has a unique fixed point x∗ in D. This is also a fixed point for gs and hence z = sx∗

satisfies

(I − th)(z) = y. (3)

Suppose now that there is another solution z1 of (3). Choose s1 < 1 so that

s1 > s and s1 > p(z1). Clearly x1 = z1/s1 is in D and satisfies gs1(x1) = x1. One

can show as above that x1 is the unique fixed point of gs1 in D. On the other hand,

if we set x2 = z/s1, then x2 ∈ D and gs1(x2) = x2 by (3). Hence, x2 = x1, so z1 = z.

It can be shown (as, for example, in [8, Theorem 5]) that the solution z of (3)

depends holomorphically on y ∈ D. Thus (b) holds.

To prove that (b) implies (a), let x ∈ ∂D and let ` ∈ J(x). Since D is balanced,

λx ∈ D whenever |λ| < 1 and |`(y)| ≤ 1 whenever y ∈ D. Define

f(λ, t) = `((I − th)−1(λx)).

Then f satisfies the hypotheses of Lemma 4 (below). By definition,

(I − th)−1 (λx) = λx+ th
(
(I − th)−1 (λx)

)
,
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and it follows that

∂f(λ, 0)

∂t
= ` (h(λx)) .

Hence, it follows from (4) with λ = s that

Re `(hs(x)) ≤ (1− s2)Re `(h(0)).

Therefore,

sup ReV (hs) ≤ (1− s2)p(h(0)),

and thus (a) holds. 2

Lemma 4. Let ∆ be the open unit disc of the complex plane and suppose f :

∆ × [0, 1) → ∆ is a function which is holomorphic in the first variable and right

differentiable in the second at t = 0. If f(λ, 0) = λ for all λ ∈ ∆, then

Reλ
∂f(λ, 0)

∂t
≤ (1− |λ|2)Reλ

∂f(0, 0)

∂t
, λ ∈ ∆. (4)

Proof. Define

g(λ, t) =
f(λ, t)− f(0, t)

1− f(λ, t)f(0, t)
.

Then

|g(λ, t)| ≤ |λ|

for λ ∈ ∆ and 0 ≤ t < 1 by the Schwarz Lemma. Hence,

Reλ
∂g(λ, 0)

∂t
≤ 0 (5)

since

Reλ[g(λ, t)− g(λ, 0)] ≤ 0.

By the quotient rule,

∂g(λ, 0)

∂t
=
∂f(λ, 0)

∂t
− ∂f(0, 0)

∂t
+ λ2∂f(0, 0)

∂t
. (6)

The required inequality (4) follows from (5) and (6). 2
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Note that our proof that (a) implies (b) in Theorem 3 used only the hypothesis

that

lim
s→1−

sup ReW (hs) ≤ 0.

Since V can be replaced by W in Corollary 9, the same holds for Theorem 1. It

follows that if h : B → X is holomorphic, then

L(h) = lim
s→1−

sup ReW (hs).

Indeed, suppose M is the right-hand side of this equality and M is finite. Then

h−MI satisfies the mentioned hypothesis, and hence L(h−MI) ≤ 0 by Theorem 1.

Therefore, L(h) ≤ M . On the other hand, by definition, W (hs) ⊆ V (hs), so M ≤

L(h).

3. Applications to Bloch radii

Definition 3. We say that positive numbers r and P are Bloch radii for h if

h(Br) ⊇ BP and h−1 : BP → Br is a well-defined holomorphic function.

For example, if h(0) = 0 and Dh(0) = I, then the inverse function theorem

shows that Bloch radii exist for h. We find Bloch radii that hold for all members of

a class of holomorphic functions with restricted numerical range. See [8] for Bloch

radii under various norm restrictions.

Our approach to this problem is based on the following refinement of Corollary 2:

Lemma 5. Let h : B → X be a holomorphic function and suppose N(s) is an

lower semi-continuous function on (0,1) satisfying

sup ReV ((I − h)s) ≤ N(s), 0 < s < 1.

Suppose also that Φ(s) = s − N(s) assumes its maximum value P at r and that

P > 0. Then r and P are Bloch radii for h.

Proof. Put

f := PI − hr.
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If 0 < s < 1, ‖x‖ = 1 and ` ∈ J(x), then

Re `(fs(x)) = Re `(Psx) + Re ` ((I − h)rs(x))− Re `(rsx)

≤ Ps+N(rs)− rs,

so

lim
s→1−

sup ReV (fs) ≤ P − Φ(r) = 0.

Hence, f is dissipative. Thus Lemma 5 follows from part (b) of Theorem 1 with

t = 1/P , since then I − tf = thr. 2

Theorem 6. Let h : B → X be a holomorphic function with h(0) = 0 and

Dh(0) = I. If L(h) ≤M , then M ≥ 1 and Bloch radii for h are given by

r = 1−
√

1− 1

2M − 1
, P =

(√
2M − 1−

√
2 (M − 1)

)2

.

Proof. Without loss of generality, we may assume that L(h) < M . Then

sup ReV (hs) < sM, 1− δ < s < 1 (7)

for some δ > 0. Let ‖x‖ = 1 and ` ∈ J(x). The function

f(λ) =
1

sλ
` (h(sλx))

is holomorphic on ∆ with f(0) = 1 and

Re f(λ) < M

whenever |λ| = 1 by (1) and (7). The same inequality holds for all λ ∈ ∆ by the

maximum principle. In particular, M > 1.

Putting

g(λ) =
M − f (λ)

M − 1
,

we have that g is a function of the class of Carathéodory, i.e.,

Re g (λ) ≥ 0 and g (0) = 1. (8)
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Therefore, as is well known [12, p. 169],

Re g (λ) ≤ 1+ | λ |
1− | λ |

,

so

Re f (λ) ≥M − (M − 1)
1+ | λ |
1− | λ |

. (9)

Let λ = t in (9), where 0 < t < 1. Then

Re `

(
tx− 1

s
h(stx)

)
= t− Re tf(t)

≤ 2(M − 1)

1− t
t2 := N(t).

Letting s→ 1−, we obtain

sup ReV ((I − h)t) ≤ N(t).

A calculation shows that Φ(t) = t − N(t) assumes its maximum at r and that

Φ(r) = P . Hence, by Lemma 5, the function h has Bloch radii r and P . 2

Recall that the numerical radius |V (h)| is defined in [7] by

|V (h)| = lim
s→1−

|V (hs)|.

One can take M = |V (h)| or M = ‖h‖, provided M is finite, since

L(h) ≤ |V (h)| ≤ ‖h‖.

It was shown in [8, Theorem 3] that if M = ‖h‖ and if h is normalized so that

h(0) = 0 and Dh(0) = I, then

r1 =
1√

4M2 + 1
, P1 =

1

2M +
√

4M2 + 1

are Bloch radii for h. This was deduced from the inequality

‖(I − h)(x)‖ ≤ 2M
(

1−
√

1− ‖x‖2
)
, x ∈ B, (10)
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by using a version of the inverse function theorem that depends on the Earle-

Hamilton fixed point theorem. Alternately, starting from (10), one arrives at these

same values by applying Lemma 5 with

N(s) = 2M(1−
√

1− s2).

It is easy to verify that when M = ‖h‖,

P1 ≥ P for M ≥ 1 +
1√
3
,

P > P1 for M < 1 +
1√
3
.

Thus the value of P obtained from Theorem 6 improves the value given previously

in [8, Theorem 3] when ‖h‖ < 1 + 1/
√

3, but not otherwise.

Theorem 7. Let h : B → X be a holomorphic function with h(0) = 0 and

Dh(0) = I. Suppose M ′ = L(I − h) is finite. Then the values r and P below are

Bloch radii:

If M ′ ≤ 2/3, then

r = 1, P = 1−M ′.

If M ′ > 2/3, then

r =

√
1 +

1

2M ′ − 1
− 1, P =

(√
2M ′ −

√
2M ′ − 1

)2

.

Proof. We proceed as in the proof of Theorem 6 but with h replaced by I − h

and M replaced by M ′. Then we arrive at a function f : ∆→ C satisfying f(0) = 0

and Re f(λ) < M ′ for all λ in ∆. Hence, by [12, p. 173],

Re f(λ) ≤ 2M ′|λ|
1 + |λ|

, λ ∈ ∆.

Let λ = t, where 0 < t < 1. Then

Re ` ((I − h)(stx)) ≤ 2st2

1 + t
M ′.

11



Letting s→ 1−, we obtain

sup ReV ((I − h)t) ≤
2t2

1 + t
M ′ := N(t).

Now Theorem 7 follows from Lemma 5 and a calculation. 2

4. Distortion form of Schwarz’s Lemma

In this section we obtain a distortion form of the Schwarz Lemma [4] for holo-

morphic functions with restricted numerical range. Another version is given in [6]

for holomorphic functions mapping the open unit ball into the closed unit ball. Our

proof depends on an inequality given in [7] that uses the numerical radius to estimate

the norm. Specifically, if Pm : X → X is a continuous homogeneous polynomial of

degree m, then

‖Pm‖ ≤ km|W (Pm)|, m ≥ 1, (11)

where km = mm/(m−1) when m > 1 and k1 = e.

Theorem 8. Let h : B → X be a holomorphic function with h(0) = 0 and

Dh(0) = I. If L(h) is finite, then

‖h(x)− x‖ ≤ 8‖x‖2

(1− ‖x‖)2
(L(h)− 1)

for all x ∈ B. In particular, h = I when L(h) ≤ 1.

Corollary 9. If h : B → X is a holomorphic function and L(h) is finite, then

hs is bounded on B for each s with 0 < s < 1.

Proof. Corollary 9 follows from Theorem 8 with h replaced by

h− h(0)−Dh(0) + I.

To prove Theorem 8, we begin with the observation that since h is holomorphic at

0, there exists an r > 0 such that the power series expansion

h(x) =
∞∑
m=1

Pm(x) (12)
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holds for all x ∈ X with ‖x‖ < r.

Proceeding as in the proof of Theorem 6, we arrive at (8). By [12, p. 170], each

of the coefficients of g has modulus at most 2 and hence

|`(Pm(sx))| ≤ 2s(M − 1), m > 1,

for all s satisfying 1− δ ≤ s < 1 . Therefore,

|V (Pm)| ≤ 2(M − 1),

and hence

‖Pm‖ ≤ 4(M − 1)m, m > 1,

by (11). (Observe that km ≤ 2m for m > 1.)

Thus the right-hand side of (12) converges uniformly on each ball Bs, where

0 < s < 1, and hence (12) holds for all x ∈ B by the identity theorem. Therefore,

‖h(x)− x‖ ≤
∞∑
m=2

‖Pm‖ ‖x‖m

≤ 4(M − 1)
∞∑
m=2

m‖x‖m

≤ 4(M − 1)
2‖x‖2

(1− ‖x‖)2

for x ∈ B. The required inequality follows since M > L(h) was arbitrary. 2

Here is another proof of Theorem 8 for the case L(h) ≤ 1: Put H = h − I and

note that L(H) ≤ 0 by hypothesis. Then f := (I −H)−1 is a holomorphic function

of B into itself by Theorem 1. Also, f(0) = 0 and Df(0) = I. Hence f = I by the

Schwarz Lemma of Harris and it follows that h = I.

Acknowledgment. The work of S. Reich was partially supported by the Fund

for the Promotion of Research at the Technion.

13



References

[1] D. Aharonov, S. Reich and D. Shoikhet, Flow invariance conditions for holomor-

phic mappings in Banach spaces, Math. Proc. Royal Irish Acad. 99A (1999),

93-104.

[2] M. Crandall and T. Liggett, Generation of semigroups of nonlinear transforma-

tions on general Banach spaces, Amer. J. Math. 93 (1971), 265-298.

[3] N. Dunford and J. T. Schwartz, Linear Operators, Part 1, Wiley, New York,

1957.

[4] S. Dineen, The Schwarz Lemma, Clarendon Press, Oxford, 1989.

[5] C. J. Earle and R. S. Hamilton, A fixed point theorem for holomorphic map-

pings, Global Analysis, Proc. Sympos. Pure Math. XVI, Amer. Math. Soc.,

Providence, RI, 1970, pp. 61–65.

[6] L. A. Harris, A continuous form of Schwarz’s lemma in normed linear spaces,

Pacific J. Math. 38 (1971), 635–639.

[7] L. A. Harris, The numerical range of holomorphic functions in Banach spaces,

Amer. J. Math. 93 (1971), 1005–1019.

[8] L. A. Harris, On the size of balls covered by analytic transformations, Monat-

shefte Math. 83 (1977), 9–23.

[9] G. Lumer and R. S. Phillips, Dissipative operators in a Banach space, Pacific

J. Math. 11 (1961), 679–698.

[10] R. H. Martin, Jr., Differential equations on closed subsets of a Banach space,

Trans. Amer. Math. Soc. 179 (1973), 399–414.

[11] R. H. Martin, Jr., Nonlinear Operators and Differential Equations in Banach

Spaces, Wiley, New York, 1976.

14



[12] Z. Nehari, Conformal Mapping, McGraw-Hill, New York, 1952.

[13] S. Reich, A nonlinear Hille-Yosida theorem in Banach spaces, J. Math. Anal.

Appl. 84 (1981), 1–5.

[14] S. Reich and D. Shoikhet, Generation theory for semigroups of holomorphic

mappings in Banach spaces, Abstract and Applied Analysis 1 (1996), 1–44.

[15] S. Reich and D. Shoikhet, Semigroups and generators on convex domains with

the hyperbolic metric, Atti Accad. Naz. Lincei 8 (1997), 231–250.

[16] J. T. Schwartz, Nonlinear Functional Analysis, Gordon and Breach, New York,

1969.

[17] K. Yosida, Functional Analysis, Springer, Berlin, 1971.

15


