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0. Introduction

Our object is to study domains which are the region of negative definite-
ness of an operator-valued Hermitian form defined on a space of operators
and to investigate the biholomorphic linear fractional transformations be-
tween them. This is a unified setting in which to consider operator balls,
operator half-planes, strictly J-contractive operators, strictly J-dissipative
operators, etc., and the biholomorphic images of these domains under lin-
ear fractional transformations. Our approach is close in spirit to that of
Potapov [28], Krein and Smuljan [27] and Smuljan [33]. At the same time,
because we consider subspaces of operators, our circular domains include the
matrix balls which E. Cartan [6] obtained as the classical bounded symmet-
ric domains and they include the Siegel domains of genus 2 and 3 which

Pyatetskii-Shapiro [29] associates with these domains as well as the infinite



dimensional analogues of both types of domains given in [18] and [19]. Thus
we are able to use the ideas of functional analysis and operator theory to
study a highly general class of domains in a setting which allows explicit
constructions and computations.

The extensive applications of linear fractional transformations of matrices
and operators to problems in functional analysis is well documented in a series
of recent volumes on operator theory edited by I. Gohberg and others. In
particular, their importance is established in the study of indefinite inner
product spaces [15, 2], the spectral theory of operators [14, 12], the study of
the Riccati equation and control theory [37, 10, 16, 3], and the mathematical
analysis of electrical networks [11, 21].

A treatment of circular domains for the complex plane is given by Schw-
erdtfeger [32] and the several variable case is discussed by Hua [24, 25]. Hua
considers projective spaces and thus does not discuss questions of invertibil-
ity which are important for determining holomorphic equivalence of domains
and for applications to operator theory. The problem of holomorphic equiv-
alence is solved for a different kind of circular domains in [4]. A discussion
of linear fractional transformations in a more general context than ours is
given by N. Young [36]. See [30] and [31] for more properties of linear frac-
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tional transformations. See Upmeier [35] for an exposition of the infinite
dimensional theory of bounded symmetric domains and extensions.

Section 1 discusses basic definitions and facts about linear fractional
transformations of operators and their coefficient matrices. It is shown that
a linear fractional transformation which is defined at some point may be de-
composed as a product of elementary transformations. To avoid degeneracy,
the coefficient matrix is usually assumed to be invertible. In that case, the
domain and range of a linear fractional transformation and expressions for its
inverse are given. Finally, necessary and sufficient conditions are obtained for
a linear fractional transformation to map a domain in one space of operators
onto a subset with non-empty interior in another space of operators. These
conditions are algebraic in nature and are important for statements of later
results.

Our definition of circular domains is given in Section 2. Various examples
are given to show that these cover a wide range of domains of interest in
several complex variables and functional analysis. If E is the coefficient of
the quadratic term in the definition of a circular domain D , then D is convex
when E > 0. According to our basic lemma, to show that a linear fractional
transformation 7" maps a given circular domain D; onto the corresponding
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circular domain Dy computed from the coefficient matrix of 7', it suffices to
show that 7" is defined on D; and that 7! is defined on Dy. Our main result
is that if both circular domains D; and D, satisfy the convexity condition
mentioned, then 7" is a biholomorphic mapping of D, onto D,. We also show
that under a compactness condition, if D; satisfies the convexity condition
and if T"maps D; onto a domain in another operator space, then that domain
is Dy. The last result of Section 2 obtains canonical models for domains which
are holomorphically equivalent to the open unit ball of a space of operators
under a linear fractional transformation. These model domains include the
operator Siegel domains of [19].

Section 3 discusses a dual notion of circular domains. Every dual circular
domain is the set of adjoints of the operators in some circular domain and
hence facts about circular domains can be carried over to analogous facts
about dual circular domains. Our main result in this section is an equivalence
of operator inequalities corresponding to the equality of a circular domain
and a dual circular domain. We present three applications. One of them
contains the result of Ginzburg that the adjoint of a strictly J-contractive
operator is strictly J-contractive when J = I — 2 F and F is a projection

with finite rank.



1. Prerequisites and Identities

Let H and K be Hilbert spaces. We consider

M = [A B], AeL(K), BeL(HK)

C D|' Cecl(K H), DecL(H). (1)
Clearly M € L(K x H) and, conversely, any M € L(K x H) can be written

in the form (1). The linear fractional transformation T with coefficient matrix

M is the function with values in £(H, K) defined by
T(Z)=(AZ+ B)(CZ+ D)™! (2)

for Z € L(H, K) where (CZ + D)™! exists. For example, if n = dim H and
m = dim K are finite, then L(H, K) can be identified with the space of all

m X n matrices and

_ e(2)]
2) = det(CZ + D)’

where «;;(Z) is the determinant of CZ 4+ D with row j replaced by row

1 of AZ + B. One can prove this by taking transposes in the equation

W(CZ + D) = AZ + B and solving for W with Cramer’s rule.

Proposition 1 Let M be as in (1) and suppose dim H < oco. If M~ exists,

then there is a Zy € L(H, K) such that (CZy+ D)™! ewists.



The assumption dim H < oo cannot be omitted. Indeed, given H with
dim H = oo, let K = H and let A € L(H) be an operator with left inverse

D but no right inverse. (For example, A could be the shift operator on

A I—-AD

H = (? and D would be its adjoint.) Take M = [ 0 D

1 . Then

D 0

-1 _
M7= []—AD A

] but CZ + D = D is not invertible. Thus the
linear fractional transformation with coefficient matrix M is undefined for
all operators in L(H, K) although M is invertible.

Proof. We first show that in the case where H = K, if (CZ + D)™}
does not exist for any Z € L(H) then there is a non-zero x € H satisfying

both z!C = 0 and 2!D = 0. Put n = dim H. It suffices to show that all

t

: C :
determinants formed from n rows of [ D ] are 0 since then the null space

t
of [ gt ] is nontrivial [5, p. 373]. By hypothesis, det(CZ + D) = 0 for

t t
all n x n matrices Z. Clearly, CZ + D = [ gt ] l f ] and hence by the

Cauchy-Binet formula [23, p. 14], det(CZ + D) is the sum of the 2n

products of pairs of the n th order determinants which can be formed by
t

Dt 1 and the same n rows from [ Z 1 .

1

choosing n rows from [
Cft
Now choose any n rows of [ Dt ] . This determines a set a of row

numbers of C* and a set 3 of row numbers of D!. Choose Z so that the rows



of Z whose number is not in « are 0 rows and so that the other rows of Z are

the rows of I with row numbers not in 3. Then the determinant formed from

t

the rows of [ ? ] corresponding to the n rows chosen from l gt ] is the

determinant of a permutation matrix and so it is &= 1. Also the determinant

formed from any other n rows of [ ? ] is 0. Thus the determinant formed

t

D ] is £det(CZ + D) = 0. This establishes

from any chosen n rows of [
what we intended to show first.
. 4 P Q
To deduce the proposition, let M~ = roI and note that CQ +
DL = I since MM~' = [. If (CQX + D)™' does not exist for any X €
L(H), then by what we have established there exists a non-zero z € H with
2'CQ =0 and z'D = 0. But then z' = 2/(CQ + DL) = 0, a contradiction.

Thus (CZy + D)~ exists for some Zy € L(H, K).

Proposition 2 Let M be as in (1) and suppose (CZy+ D)™! exists for some
Zy € L(H,K). Put Xg = (CZy+ D)™'C and Wy = T(Zy), where T is as
in (2). Then

[ e [43][5

0 I 0 CZ+D || X I||0 1 ]'(3)

Also, M~ exists iff. (A — WoC)~! emists. If (A — WoC)~! emists, then



M= l; %1, where

R=—Xy(A—-W,C) L= (CZy+ D)™' — RW,,
P=(A-WyC)'+ZyR, Q=—-PWy+ Zo(CZy+ D).
Note that the usual formulae [9, p. 3-4] for the inverse of block matrices
are consequences of Proposition 2 in the cases where Zy; = 0 and W, = 0.
The decomposition of linear fractional transformations corresponding to (3)

is given by the following:

Proposition 3 If T is as in (2) and if (CZy+ D)™' emxists, then T = Ty o

T50Ty 0T, where
T(2) = Z — Zy, T3(Z) = (A= WoC)Z(CZy + D)7,
To(Z)=Z(I+ XoZ)™', Ty(Z)=Z+ W,
Proofs. Formula (3) of Proposition 2 follows by block multiplication of
operator matrices. It is easy to show that if D' exists, then [ Ci 1(7)1 ]1

exists if and only if A7 exists and in that case

A0 17 At 0
Ci Dy ~ | =D{'CiATY DY

Al Bl

~1
. In particular, the second factor on
0 D

A similar result holds for [
the right-hand side of (3) is invertible if and only if A — W,C' is invertible

and the other factors are always invertible. The remainder of Proposition 2
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follows from this and the fact that the inverse of a product is the product of
the inverses in reverse order.
Proposition 3 can be verified directly by a straightforward algebraic com-

putation.

Proposition 4 Suppose M~ exists where M is as in (1) and write

M= [ ]; CLQ ] IfW e L(H,K), then (A—WC)™! exists if and only if

(RW + L)™! emists and
(A—WC)" Y (WD — B) = (PW + Q)(RW + L) (4)

If T is the linear fractional transformation with coefficient matriz M, then
T is a biholomorphic mapping of D1 = {Z € L(H,K): (CZ + D)™! exists}
onto Dy = {W € L(H,K) : (A—WC)™ ! exists} and T~ is the linear

fractional transformation above with coefficient matriz M ~*.

Proof. Let S be the linear fractional transformation with coefficient

matrix M 1. By multiplying out
I —Z 1 Z | |0
o 7P 7110
we see that

R(AZ+ B)+ L(CZ+ D) = 1
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(P—ZR)(AZ+B)+(Q—-ZL)(CZ+D) = 0

so RW + L = (CZ+ D)™t and PW +Q = Z(RW + L), where W =
T(Z). Hence S(T'(Z)) = Z for all Z € D,. Interchanging the roles of S
and T, we have that T(S(W)) = W for all W € D,, where Dy = {W €
L(H,K): (RW + L) ! exists}. Hence S = T~! and T is a biholomorphic
mapping of D; onto Ds.

Now we show that Dy = Dy. If W € 152, then W = T(Z) for some
Z € Dy so W € Dy by Proposition 2. Let W € Dy and define Z = (A —
WC)"' (WD — B). Then AZ + B=W(CZ + D) so

I -wl, [1z]_[A-wc o
0 I 0 1|~ C  CZ+D

and this is invertible. Hence Z € Dy. Then W = T'(Z) so W € D,.

Equality (4) follows from cross multiplication and the identity MM~ =

Call a subset I' of a normed linear space X thick if for any open connected
set ) in X which contains I', every holomorphic function f : Q@ — C which
vanishes on I" vanishes on all of 2. By the identity theorem [22, Th. 3.16.4],
a set is thick whenever it has non-empty interior. The following gives nec-
essary and sufficient conditions for a linear fractional transformation to be a

10



biholomorphic mapping between domains in spaces of operators.

Proposition 5 Let A and B be closed complex subspaces of L(H, K) and
let T be a linear fractional transformation which is defined at some point
Zy € A and which has an invertible coefficient matriz M given by (1). Put
Wo =T(Zy) and Xo = (CZy + D)7 'C. If each of the conditions
(1) ZXoZ € A for all Z € A
(1) B=(A—-W,C)A(CZy+ D) !
(iii) Wy € B
holds, then T is a biholomorphic mapping of £ onto &, where
& = Compy ({ZeA: (CZ+ D)™ eists}),
E = Compy,({WeB: (A-WC)™" exists}).
Moreover, there is an invertible affine linear fractional transformation of &4
onto Eo which takes Zy to Wy. Conversely, if T is defined on a connected

domain D C A containing Zy and if T(D) is a thick subset of B, then (i),

(i) and (i) hold.

Here Compp denotes the connected component containing P. Note that

by Proposition 5, if (i), (ii) and (iii) hold for some Z; € A, then they hold
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for any other value of Z; in £;. An important special case of Proposition 5

occurs when
T(Z)= (I — AB*) 3(Z+ A)I + B*Z)"'(I — B*A)?, (5)

where o(B*A) does not intersect [1,00) and the square roots are defined
by the holomorphic functional calculus. (See [19, p. 146].) It follows from
Proposition 5 with Zy = 0 and part (c) of Lemma 6 below that if A € A and
if ZB*Z € A for all Z € A, then T is a biholomorphic mapping of £; onto

&, and
E1=0, Ey=A—(I—AB")2Q,(] — B A)z,
where € is given by (6) below with X, = B*.

Lemma 6 Suppose ZXoZ € A whenever Z € A. Then

a) Zp(XoZ) € A b) p(ZXo)W +Wp(XeZ) € A

for all Z,W € A and all polynomials p.
Proof. Let Z,W € A and put W,, = Z(XyZ)" for n > 0. By hypothesis,
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Taking W = W,,, we see that W, ;1 € A if W,, € A. Hence (a) follows by

induction. Also (b) follows from the relation
(ZXo)"PW 4+ W (X, Z2)" T = W, X,W + WX,W, € A,

which holds by what we have shown. Let L(p, W) be the left-hand side of (b).

Then by (b),
2p(ZX0)Wp<X0Z) = L<p7 L(p, W)) - L(pZ, W) € -’47

which proves (c). Finally, applying (c) in the case where p(z) = z, we have
that WX, (ZXo)""'W = WX W, XoW € A. Hence (d) follows.

Proof of Proposition 5. Note that (A — WyC)™! exists by Proposi-
tion 2. By (ii) and (iii), the transformations 77, T3 and Ty of Proposition 3
are everywhere defined biholomorphic maps. Thus to show that T is a bi-
holomorphic map of £ onto &, it suffices to show that 715 is a biholomorphic

map of Q; = T1(&;) onto Qy = Ty ' o T 1 (E,). Tt follows from the identities

[+ XT1(Z) = (CZy+ D) (CZ+ D)

where W =T, 0 T3(Z), that

Q) = Compy({Z € A:(I+ XoZ) ™! exists}) (6)
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0y, = Comp,({Z € A:(I—XoZ) ! exists}). (7)

Clearly Ty o T3 o (—T7) is affine and it maps £; onto & since 2y = —;.

Since (I + XoZ)~! is a limit in the operator norm of polynomials in
XoZ when || XoZ|| < 1, it follows from (i) and part (a) of Lemma 6 that
T5(Z) € A whenever Z € A and ||Z|| < 1/||Xo]||. Since T3 is holomorphic in
4, this implies that T5(€2;) C A by the Hahn-Banach and identity theorems.
In fact, T5(€2;) C Q since if Z € Q) and W = Ty(Z) then I — X(W =
(I+XZ)~L. Define Ty {(W) = W (I—XoW)~! and note that T, 'oTy(Z) = Z
for Z € Q. A similar argument applied to Ty ' shows that T, () C O
and Tho Ty H(W) = W for all W € Q,. Hence T} is a biholomorphic mapping
of €2 onto {2, as required.

To prove the converse assertion, suppose T'(D) is a thick subset of B.
Clearly (iii) holds. Put R = T3 0Ty and D; = T1(D). Note that T3 = DR(0)
maps A into B since R(D;) C B. Define R~ = T, ' o Ty, where Ty ' is as
given above and Ty '(W) = (A — W,C)*W(CZy + D). Then I' = R(D;) is
a thick subset of B and R™'(W) € A for all W € I since R (R(Z)) = Z
for all Z € D;. Hence if Q = Comp,({W € B : R™(W) exists}), then

R71(Q) C A since 2 is a connected neighborhood of 0 containing I' and R™*
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is holomorphic on €. Consequently, 73 ' = DR~!(0) maps B into A, which
proves (ii). Also T5(D;) C A since Ty = T3 ' o R. Given Z € A, it follows

that
1
Z(I+tXyZ) " = ;TQ(tZ) cA

for all small enough ¢ # 0. Differentiating with respect to ¢t at t = 0, we see
that ZXoZ € A. This proves (i).

2. Circular Domains

If Z e L(H), we write

Rez- 272 pmz_?-2
2 21

Let A be a closed complex subspace of L(H, K). A circular domain in A is

a set of the form
DA = {Z€cA: H] J[ﬂ <0},

where J € L(K x H) is self-adjoint. Hence a circular domain is an open set
but it is not necessarily connected. We write D(J) for D(J,.A) when A is

understood. Since there is a decomposition

J:[E F] ®)
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as in (1) where E* = E and G* = G, we have
D(J)={ZeA: ZEZ+2Re F*Z + G < 0}. 9)

For example, the circular domains in C are any open disc, the exterior of
any open disc, any half-plane, any punctured plane, the entire plane and the

empty set.

I 0

ExamMpLE 1 Take J = Jy = [ 0 —J

] . Then
D(J)={ze A: ||Z]| <1},

where || || is the operator norm. Thus D(J) is the open unit ball of A | which
we denote by Ag. If Ais a J*-algebra, i.e., ZZ*Z € A whenever Z € A, then
D(J) is a bounded symmetric homogeneous domain. In fact, it is shown in

[18, Th. 2] that
Tp(Z) = (I~ BB")*(Z + B)(I + B'Z)™I - B'B)?

is a biholomorphic mapping of Ay onto itself for each B € Ay. This also
follows from the remarks after (5) and Theorem 8 below. For more on J*-
algebras, see [20] and [7, §9.1].

EXAMPLE 2 Let V be a partial isometry in A and take

I-vve —iV

/= iVr (I =V*V)
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Then
DJ)={ZecA: 2ImV*Z -Z*(1-VVZ+1-V*V > 0}.

If (A,V) is a P*-algebra, i.e. VZ*Z + ZZ*V € A whenever Z € A and
(I -VV*A(I -V*V) is a J*-algebra, then it is shown in [19] that D(J) is a
homogeneous operator Siegel domain of genus 3. When V' = 0 this reduces to
the result mentioned in Example 1. When V' = I, D(J) is the set of strictly
dissipative operators in a JC*-algebra [35].

ExamMpPLE 3 A given Hilbert space H can be identified with A =

L(C, H). Hence any circular domain D in H is of the form
D={xe€eH: (Ex,x)+2Re(x, f)+g <0},

where E € L(H) is self adjoint, f € H and g € R.

ExAMPLE 4  Given a Hilbert space H, the space H x C is a Hilbert

I 0

0 _1],f—0andg—0inExample3

space. Hence we may take F = [

to obtain
D=A{(x,z) e HxC: ||z|| < |2|}.

This circular domain is homogeneous. In fact, the group of linear automor-
phisms of D operates transitively on D. To see this, let (v,\) € D and let
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L € L(H x C) be given by

_ [ M _ [lv[?
L= lv* )\], A=E,+,|1—- BE (I — E,),

where the elements of H x C are viewed as column matrices and where E,

is the projection of H onto the space spanned by v. Then

L'EL= (AP = |pIME, L=

1 l A —v]
[A[2 = [[v][?

—v* A
Hence L is an automorphism of D and L(0,1) = (v, \).

Next we list some elementary geometrical properties of circular domains.
Suppose that D is a non-empty circular domain in A given by (9). If £ > 0,
then D is convex. In fact, if £ > 0 and E~'F € A, then D is affinely
equivalent to the open unit ball of B = EY/2AY Y2 where Y = F*E~'F —
G > 0. (Compare [33, Lemma 2.1].) If we know only that E~! exists and
E7'F € A, then D is circled with respect to Zy = —E~'F i.e., \(D — Z,) C
D — Zy whenever |A\| = 1, and if, in addition, ¥ > 0 or Y < 0, then
AND — Zy) € D — Zy whenever 0 < [\ < 1 or |A| > 1, respectively. The
first assertion follows immediately from the fact that if Z; and Z, are in
D=D(J)and if Z =tZ, + (1 — t)Zy, where 0 <t < 1, then

] e T
—t(1 —t)(Zy — Z1) ' E(Zy — 7).
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To prove the second assertion, observe that T} (Z) = Z—Z is a biholomorphic
mapping of D onto Dy ={Z € A: Z*EZ <Y} by Lemma 7 (below), and
Y > 0 since Dy # 0. Also T5(Z) = EV/2ZY /2 is a biholomorphic mapping
of Dy onto Dy = {W € B: ||[W]|| < 1} by Lemma 7. The third assertion

follows from Lemma 7 and the identity

20 A f—1\* -1 _ 2y |00
Py = - [ )

where M is the coefficient matrix for T\(Z2) = MZ — Zy) + Zo.

In general, one cannot expect linear fractional transformations to map
circular domains biholomorphically onto circular domains since the range
of a linear fractional transformation defined on a circular domain may not
completely cover a circular domain. The simplest example of this is the
transformation T'(z) = z~! which maps the circular domain D; = {z €
C : |z| > 1} biholomorphically onto the domain Dy = {z € C : 0 < |2| < 1}.
Even when a linear fractional transformation with coefficient matrix M maps

a circular domain D; = D(J;) onto a circular domain Dy, it may not be true

that Dy = D(Jy), where J, = (M~1)*J;M~'. For example, let T'(z) = 1/z

-1 0

and D; = {z € C: z # 0}. Then J; = [0 0

1 so D(J;) = C but

Dy = D;. We shall obtain conditions which imply that a linear fractional
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transformation is defined on a convex circular domain and that its image is

a circular domain given by the coefficient matrix.

Lemma 7 Suppose the hypotheses of Proposition 5 are satisfied. Given a
self-adjoint J; € L(K x H), put Jo = (M')*J;M~. Then T is a biholo-

morphic mapping of Dy = D(J1, A) N E, onto Dy = D(Jy, B) N Es.

Proof. Let W = T(Z). Then

[Iy] =M H](CZ+D)—1

SO

4T ¥ ]t 3] [ oo om

Hence T'(D;) C Dy by Proposition 5. By Proposition 4, the same argument
applies to T~ to show that T-1(D,) C D;.

By Lemma 7, the open operator balls with invertible left and right radii
as defined in [33] are circular domains since they are just the images of the
open unit ball of L(H, K) under affine linear fractional transformations with
invertible coefficient matrices.

In the theorem below and throughout, we assume that a self-adjoint oper-
ator J € L(K x H) is written as in (8) with corresponding subscripts when
J is subscripted.
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Theorem 8 Suppose the hypotheses of Proposition 5 are satisfied. Given
a self-adjoint J, € L(K x H), put J, = (M™Y)*J,M~' and suppose Z, €
D(Ji, A). If Ey > 0 and Ey > 0, then T is a biholomorphic mapping of

D1 = D(Jl,A) onto DQ == D(JQ,B)

For example, if J; is as in Example 1, then D(J;,.A) is the open unit
ball of A and the hypotheses on .J; and J, are satisfied when D! exists and
|D7C| < 1. (Take Zy = 0 in (11) below.) A converse to Theorem 8 holds
for this choice of J; when Jy = J; and A = L(H, K). See Krein and Smuljan
[27, Th. 3.2].

The assumption that 7" is defined at some point Z, € D(J;,.A) cannot
be omitted from Theorem 8. For example, let A =B = L(H), T(Z)=Z"!,
E, > 0, G; > 0 and suppose Fj is not invertible. Then Ey = G; > 0.
However, T is not defined anywhere in D; since if Z € Dy, then Re F|'Z < 0
and this implies that F}'Z is invertible because the spectrum of an operator
is contained in the closure of its numerical range. (Note that if D; is not
empty, then F} must have a left inverse.)

As an example of Theorem 8, we state an extension to circular domains of

a part of the fundamental theorem of [27]. (Note that J-expansive rather than
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J-contractive coefficient matrices are considered in [27] since the associated

linear fractional transformations are defined differently there.)

Corollary 9 Given a self-adjoint J € L(K x H) with E > 0, suppose M €
L(K x H) is invertible and satisfies M*JM < J. Let A = L(H,K). If
the linear fractional transformation T" with coefficient matriz M s defined at
some point of D(J, A), then T maps D(J, A) biholomorphically onto a convex

circular subdomain of itself.

The hypothesis F, > 0 in Theorem 8 is equivalent to

X [ZIO] Ji [ZIO ]Xo—zRe(EIZO+F1)XO+E120 (11)
since By = Y*J1Y, where Y = [ [= ?XO ](A — WoC)~L, and this follows
—A0

P
R

from Proposition 2 since Y = l 1 The next result shows that under
a compactness restriction the hypothesis E5 > 0 may be replaced by the

assumption that 7" is defined on D;.

Proposition 10 Let A and B be closed complex subspaces of L(H, K) and
let T be a linear fractional transformation with an invertible coefficient matrix
M given by (1). Suppose C' is compact or A contains only compact operators.
Let Jy and Jy be as in Theorem 8 and suppose D(Jo, B) is connected. If Fy >
0 and if T maps D1 = D(J1, A) onto a domain Dy in BB, then Dy = D(J3, B).
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The domain Dy need not be convex, as Example 5 (below) shows. How-
ever, it is easy to show that if A is a Hilbert space (in the sense of Example 3)
then F5 > 0 and, in particular, Dy is convex.

Proofs. We deduce Theorem 8 from Lemma 7. Let 17, T5, T3 and T} be
defined as in Proposition 3. By Lemma 7, 77 maps D; biholomorphically onto

D(J,, A) and Ty ' o T; ' maps Dy biholomorphically onto D(J,, A), where
E,=E1, Ey=(A—WoC)Es(A—WyC).

It suffices to show that 75 is a biholomorphic mapping of D(J,,.A) onto
D(Jy, A). To do this, we first show that D(J,, A) C €y, where € is given
by (6), and this is equivalent to the invertibility of I + XyZ for each Z €
D(J,, A) since D(J,,.A) is a convex set containing 0.

By Proposition 3, J, = M;jJ,Ms, where M is the coefficient matrix of

T,, and hence

[?1@[?]:ZTJ+RM”U+X£L (12)
where Y = 2 FfZ + Gy(I + XoZ). Also, F, = F, — X;{G, and G, = G,,
soY =2F 7+ G,(I — X¢Z). Clearly G, < 0 since 0 € D(J,,.A) so
P = (—G,)? is an invertible positive operator. Suppose Z € D(J,, A) and

put U = 2 (F*Z + G,). Then by (9), Re U < 0 since £, > 0 so U™! exists
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and by (12), Re Y*(I + XoZ) < 0 since E, > 0. Let W = P(I + XZ) and

put Q =WU'P. Then Y = P(P~'U + W) so
(U'PYY*(I+ XoZ)U'P = (Q+ 1)*Q

Hence Re (Q +1)'Q < 0so (2Q + I)*(2Q + I) < I and consequently
12@Q + I|| < 1. Therefore —2Q =1 — (2 Q + I) is invertible and it follows
that I + XyZ is invertible. A similar argument with the roles of J, and
Jp, interchanged shows that D(Jp, A) C €, where €5 is given by (7). This
proves Theorem 8.

We prove Proposition 10 by a variant of the above argument. It suffices
to show that (I — X(Z)~! exists whenever Z € D(J;, A). By an argument

similar to the one establishing (12), we have

[?]@[?]:TEJ+RMNU—XJ%

where Y =2FZ+G,(I—-XoZ). Let Z € D(J,, A). Then Re Y*(I-X,Z) <
0 since E; > 0, so I — XyZ has a left inverse. By hypothesis, X7 is compact
so I — XyZ is invertible by [17, prob. 140] or Lemma 18 below.

Corollary 9 follows easily from Theorem 8 with J; = J. Indeed, J; < J

by hypothesis so D(J2, A) C D(J1,.A) and 0 < Fy < Es.
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REMARK The proofs of Theorem 8 and Proposition 10 are much easier
when both H and K are finite dimensional since left invertibility of operators
on these spaces implies invertibility. Indeed, it follows from J; = M*J,M

that

[ 7 ]*Jl [ 7 ] — (AZ + B)'Es(AZ + B) + Re Y*(CZ + D),  (13)
where Y =2 Ff(AZ + B) + G2(CZ + D). Hence if E5 > 0 then Re Y*(CZ +
D) < 0 for all Z € D(J1,A), so T(Z) is defined in D(J;, A). A similar
argument assuming F; > 0 shows that T71(Z) is defined in D(J,, B).

The following theorem obtains up to affine equivalence all domains which
are holomorphically equivalent to the open unit ball of a space of operators

under a linear fractional transformation satisfying a mild restriction. These

domains are extensions of the operator Siegel domains of Example 2.

Theorem 11
a) Let A be a closed complex subspace of L(H, K) and suppose F' € A
satisfies ZF*Z € A for all Z € A and ||F|| < 1. Then B = F[I + (I —

F*F)z]7! satisfies the same hypotheses as F and

N|=

Sp(Z) =i (I + BB*)"2(Z + B)(I — B*Z)"'(I + B*B)
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is a biholomorphic mapping of the open unit ball Ay of A onto the convex

circular domain
Hr={Z€A: 2ImF*Z—2*(1—FF)2Z+ (I — F*F)z > 0}.

b) Let A and B be closed complex subspaces of L(H, K) and suppose that
T is a linear fractional transformation which maps the open unit ball A
of A biholomorphically onto a domain D in B . Let the coefficient matrix
of T be given by (1), put Xg = D7'C and suppose X; € A. Then D is
a convex circular domain and there is an invertible affine linear fractional
transformation of D onto a domain Hp as in part (a). Also D is bounded
if and only if || Xo|| < 1, and in that case there is an invertible affine linear

fractional transformation of D onto Aj.

The following example shows that the condition X € A cannot be omit-

ted from part (b).

21 11
0 0 0

T(Z) = Z(I + XoZ)~'. Then T is a biholomorphic mapping of Ay onto a

EXAMPLE 5 Let A ={ l zz ] 21,209,235 € C} Xo = [ ] and
3

domain D in A which is not convex and hence is not affinely equivalent to

any domain Hp. To see this, note that

zZ2
zZ3

A= 2] P <0 P )l <)
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-1 21 9 . 1 Z1 22—|—le3
r ([0 z;;b_l—zllo 23(1—21)]

SO
2z
D=/ [ 01 Zz ] : |z +21Z3\2 <(1—=2Rez)(1—- \23\2), |25 < 1}.

Clearly 0 € D and given 0 <r < 1,if 2y =7/2+1is, 23 = r and 2o = —2y23,

Z1 22

then 7, = lo o

] € D for all real s. However, if 0 < t < 1, it is easy
to verify that tZ, &€ D for all large enough s. Hence D is not starlike with
respect to 0 and, in particular, not convex.

Proof. To prove (a), note that ||B|| < 1 since B*B < I. By part (a) of
Lemma 6, Fp(F*F') € A for all polynomials p so B € A. Also, by part (d) of
Lemma 6, if Z € A then Z[Fp(F*F)|*Z € A for all polynomials p so ZB*Z €
A. By our remarks following (5) and Theorem 8, we conclude that Sgp is a

biholomorphic mapping of Ay onto D(J3, A), where J, = (M~1)*J; M~ and

Jp is as in Example 1. Since

Iy —i(I+BB*)": —(I+BB*) 3B
| —i(I+B*B)y:B* ([+B*'B):
and
F = 2B(I+B*B)™!
(I-FF*: = (I—BB*)(I+ BB*)™"
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(I-F'F): = (I-BB)(I+BB)™,

we have

(I — FF*)z —i F

Jy = ,
2 i F* —(I — F*F)2

(14)

This proves part (a).

To prove part (b), we first show that || X§|| < 1. If |A] > [|X{]|, then
I + Xo(—=A"1XY) is invertible since T is defined in Ay and X7 € A. Hence
the spectral radius r of XX satisfies r < || X{|], so || X{|] < 1 since r =
| Xg||?. Let B = —X{ and observe that B € A and ||B|| < 1. Tt is an
easy exercise to modify the proof of Proposition 5 (so that invertibility of
M is not assumed) to show that ZB*Z € A whenever Z € A. Hence the
proof of part (a) shows that Sp is a biholomorphic mapping of 4y onto Hp,
where F' = 2 B(I + B*B)~!. By applying Proposition 3 with Z; = 0, we may
write T' = T, o Ty and Sg = S, 0o S5, where both T, and S, are invertible
affine linear fractional transformations and where Sy = T by our choice of
B. Hence Sp = S,0T,; 0T so S, oT; ! maps D onto Hp.

If | Xo]| < 1, take B = X and recall that the transformation T of
Example 1 is a biholomorphic mapping of Ay onto itself. Hence the above
argument holds with Sp replaced by Tp to prove the the existence of the
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required affine mapping of D onto Ay. The existence of this mapping can
also be deduced from Lemma 6 and the comments following Example 4.

If D is bounded, then 75 is bounded on Ay by some number M. To show
that || Xo|| < 1, suppose || Xo|| = 1 and take Z = —t X, where 0 < ¢t < 1.
Since Z*Z < M?*(I + XoZ)*(I + XoZ), by the spectral mapping theorem,
st? < M?(1 — st)? for all s € 0(XoX;). We may take s = ¢ = 1 in this
inequality to obtain the desired contradiction.

3. Dual Circular Domains

Because of the general non-commutativity of operators, there is another

obvious choice for the definition of linear fractional transformations of oper-

ators. Let N € L(K x H) and write

N - [; %] (15)

as in (1). Define the linear fractional transformation S with alternate coeffi-

cient matrix N by
S(Z)=(ZR+ P)"'(ZL + Q) (16)

for Z € L(H, K) where (ZR+ P)~! exists. By Proposition 4, these transfor-
mations agree with the linear fractional transformations previously defined
in (2). Specifically, let Jy be as in Example 1 and put M = JoN~1J,. If
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T is the linear fractional transformation with coefficient matrix M, then S
and T both have the same domain of definition and are equal there. (For
example, N = M for the transformations (5) by [19, §3].) It is easy to see

that if W = S(Z) then
[ W] = (ZR+ P)'[I ZIN
[I W)Jo[I W]* = (ZR+ P)"'[I Z)INJoN*[I Z]*[(ZR+ P)"']*, (17)

where Jo € L(K x H). In view of Lemma 7, this suggests the following
definition, which leads directly to an analogous result.
Let A be a closed complex subspace of L(H, K). A dual circular domain

in A is a set of the form
D(J,A) ={ZecA: [I Z1J[I Z]* > 0},

where J € L(K x H) is self-adjoint. The decomposition (8) gives
D(J,A)={ZcA: E+2ReZF*+ ZGZ* > 0}.

It is not difficult to reformulate and prove our results about circular do-

mains for dual circular domains. Basically, D(J, A) is replaced by D(.J, A),
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Jo = (M~YH*J;M~1 is replaced by Jo = N71J;(N~1)* and E > 0 is replaced
by G < 0. Analogous arguments or the following lemma can be used to carry
over results for circular domains to dual circular domains.

Define D* = {Z* : Z € D} for sets D C A and define T*(Z) = T(Z*)* for

functions T': Dy — Ds. Also, define J = —U*JU for J € L(K x H), where

0 I

UeL(HxK,Kx H)is given by U = [I 0

]. (Thus A" is not the dual

space of A and U* # U unless H = K.)

Lemma 12

a) D is a dual circular domain in A iff. D* is a circular domain in A".
Moreover, D(J, A)* = D(J, A¥).

b) T is a linear fractional transformation which maps a domain Dy in
A biholomorphically onto a domain Dy in B iff. T* is a linear fractional
transformation which maps D] biholomorphically onto D5. Moreover, if N
is an alternate coefficient matriz for T, then M = N* is a coefficient matrizx
for T™.

¢) If M = N*, then J, = N I (N-Y* iff. Jo = (M~Y)*J, M.

The proof of the above lemma is straightforward and will be omitted.

Note that by Proposition 2, the value of X, for T'is R(ZyR + P)~! so the
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E F

oG ] then

corresponding value for 7% is X§. Also, observe that if J = [

i [—G ~F

F o_E ] Thus, for example, D(J, A) is convex when G < 0.

As another example, we state an analogue of Theorem 8 for dual circular

domains.

Theorem 13 Suppose the hypotheses of Proposition 5 are satisfied. Given
a self-adjoint J, € L(K x H), put Jo = NI (N7Y)*, where N = JoM 1 J,
and suppose Zy € b(Jl, A). IfG; <0 and Gy <0, then T is a biholomorphic

mapping of D(J1, A) onto D(Jy, B).
The hypothesis G5 < 0 is equivalent to
XolI Zo|W[I Zo)* X — 2 Re Xo(Fy + ZoGy) + Gy < 0.
Note that if N is as in (15), it follows from J; = NJyN* that
I ZIL[I Z]* = Re (ZR+ P)Y* + (ZL + Q)Go(ZL + Q)*, (18)

where Y = 2(ZL + Q)Fy + (ZR + P)E,. Thus a remark for dual circular
domains analogous to the one before Theorem 11 is true.

Many circular domains are also dual circular domains. Specifically, given

aJ e L(K x H), we wish to find a J' € L(K x H) such that D(J, A) =
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D(J', A). For example, if J = Jy then D(J,A) ={Z € A: ||Z]| < 1} and

J:LﬁMETZ—I<ME]—ZT>0JmQﬁJ:[i& ff]
where Y is an invertible operator in £(H, K), then
DJ,A) ={Z e A: ImY*Z >0} (19)
; —1\*
and J' = —zg4»zﬂb) since (Y1) *(ImY*Z)Y ! = Im ZY L.

The following theorem shows how to compute the representation of a
circular domain as a dual circular domain when the matrix giving the domain
is Hermitian congruent to the matrix of a domain where the representation
as a dual circular domain is known. (Note that this does not require the
domains to be holomorphically equivalent.) We state our result in operator-
theoretic terms. Let N be the set of normal operators on H and let K be

the set of compact operators on H.

Theorem 14 Let Jy,J] € L(K x H) be self-adjoint with Ey > 0 and G} <

0, and suppose

MRl

for all Z € L(H,K). Let M be an invertible operator as in (1) and put

<0 iff. [I 2|0 Z2]* >0

JQ = M*JlM, Jé = NJ{N*,
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where N = JoM~*Jy. Suppose (CZy+ D)~ exists for some Zy € L(H, K).

If Z € L(H, K) and if one of the conditions

a) (CZ + D)™ exists,

b) By > 0,G, <0 and Zy satisfies both inequalities of (20),
C) X()(Z — Zo) €N+’C,

d) (Z — Zo)Xo € N+ K,

holds, then

<0 4ff. [I Z)J51 Z]* > 0. (20)

Clearly (c) and (d) are satisfied if C' is compact. Also, note that if J| =
JoJi ' Jo, then Jy = JoJy'Jy. The following contains a result of Ginzburg

[13] on uniformly J-expansive operators. (See also [26, p. 77].)

Corollary 15 Let Y be an invertible self-adjoint operator on a Hilbert space
H andlet Z € L(H). If one of the operators (I—=Y)(I—Z) or (I-Z)(I-Y)

is m N + K orif (I —Z)7! exists, then Z*YZ <Y iff. ZY 17* <YL

Clearly the first assumption holds when I —Y or I — Z is compact. The
conclusion of Corollary 15 is false without some restriction on Y or Z. For

example, suppose H = H; X Hs, where dim Hs; = oo, and let V' be a non-

unitary isometry on H,. Take YV = L0 ] and Z = [ 00 ], where

0 -1 0 rVv
r>1. Then Z*YZ <Y but ZYZ* <Y is false.
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Corollary 16 Let J € L(K x H) be given by (8) and suppose E > 0 and
Y = F*E7'F — G > 0. Then D(J, A) = D(J', A), where J' = JoJ *Jy.
Specifically,

E-'— E'FY-1F*E7Y —ElFY !

I
7= (BT RY LY Yy

For example, Corollary 16 in the case £ = Q~!, F =0 and G = —P implies

[1].

Corollary 17 Suppose A and F satisfy the hypotheses of part (a) of Theo-

rem 11. Then
Hrp={Z€A: 2ImZF*— Z(I— F*F)2Z* + (I — FF*)z > 0}.

Lemma 18 If FF € N+ K and if F has a left or right inverse, then F is

tnvertible.

Proof (See [8, Ch. 5].) Suppose F' has a left inverse. Write F' = N + K,
where N € N and K € K, and let 7 be the natural homomorphism of L(H)
onto the Calkin algebra C. Then 7(F') is a normal element of C with a left
inverse so ' is Fredholm and ind /' = ind N = 0. By hypothesis, ker F' = {0}
so (ran F)* = {0}. Hence ran FF = H so F is invertible. If F' has a right
inverse then the above argument applies to F™*.
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Proof of Theorem 14. We first consider the case where condition (a)
holds. Let T be given by (2), let N be given by (15) and let S be given
by (16). By our previous comments, 7'(Z) and S(Z) are both defined and
equal to some operator W. By our hypothesis, (10) holds with J; and J;
interchanged and (17) holds with J, replaced by J;. This implies (20). More
generally, (20) holds for any Z such that C'Z + D is invertible when either
one of the operator inequalities in (20) holds. We will show that this is the
case when one of the conditions (b), (c) or (d) holds. Let A = L(H, K).

If (b) holds, then T'(Z) is defined in D(J2) by Theorem 8 and T'(Z) is
defined on D(.J}) by Theorem 13 so (20) holds.

Suppose (c) holds and let Z € D(Jy). By our hypotheses, F; > 0 and
(13) holds with J; and Jy interchanged so C'Z + D has a left inverse. Then
F, =1+ Xo(Z — Zy) has a left inverse since CZ + D = (CZy+ D)F,. Hence
by Lemma 18, F; is invertible so CZ + D is invertible.

Now let Z € D(.J3). By our hypotheses, G} < 0 and (18) holds with .J;
replaced by J and J, replaced by Jj, so ZR + P has a right inverse. Then
F, =1+ (Z — Zy) Xy has a right inverse Y since ZR+ P = F.(ZyR + P).
Hence Fj has a right inverse given by I — XY (Z — Zy) so F} is invertible by
Lemma 18. Therefore C'Z + D is invertible. A similar argument also leads
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to this conclusion when (d) is assumed.
Proofs of Corollaries. To prove Corollary 15, we first consider the case
where one of the mentioned operators is in N'+ K. Take J; = J; = Jy and

M- [I+Y I-Y Y 0

N[

Iy [+Y11nTheoreml4. Then J, = [O y

1 and Jj =

—_

[ Y(; _}971 ] since Jj = E]OJ2*1JO. If Zy =1, then Xg = (I —Y)/2. By
hypothesis, (c) or (d) holds so the required equivalence follows from from (20).

Now suppose (I — Z)~! exists and let J; and J; be those given for (19).
Nyl

1
TakeM—ﬁl_I I

]. Then Jy and J} are as in the previous case. By
hypothesis, (a) holds so the required equivalence follows from (20).

Corollary 16 follows immediately from Theorem 14 with J; = J| = Jo,

E: E-iF
0 Y3

To prove Corollary 17, take J; = J; = Jy and let M be the inverse of the

Jo=J and M = [ 1 since (a) holds.

coefficient matrix of Sp. Then .J, is given by (14) and Jy = JoJ5 ' Jo = JoJ2J

since J2 = I. Now (b) holds with Zy = iB so Hr = D(J}, A) by (20).
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