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1. Introduction

Let φ be a continuous even function on the real line with positive values.
Given a positive integer m, we consider the class of all real polynomials p
satisfying

|p(x)| ≤ φ(x)m, −∞ < x <∞.

Computational methods are given in [3] to determine the maximum possible
absolute value of each of the coefficients of the polynomials in this class when
φ satisfies some restrictions. It is also shown that there exist polynomials
P and Q in the class such that each of the nonzero coefficients of P and Q
have the largest possible absolute value of any polynomial in the class. The
extremal polynomials P and Q are of degrees m−1 and m, respectively, with
one of the polynomials even and the other odd. Together their coefficients
give the best estimates on the absolute values of all of the coefficients of
polynomials in the class.

Each of the polynomials P and Q is characterized by a decreasing se-
quence of points x1, . . . , xm and y1, . . . , ym−1, respectively, where equality
holds in the inequalities

|P (x)| ≤ φ(x)m, |Q(x)| ≤ φ(x)m,
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with alternating signs at the corresponding sequence of points (and also
at ±∞ for Q). Such sequences are referred to as an optimal sequence of
φ-oscillation points (for P ) and an optimal sequence of (φ,∞)-oscillation
points (for Q). The proof of the existence of these sequences given in [3]
uses the Tchebycheff alternation theorem. It requires some restrictions on
φ, especially in the case of Q with m even where φ is required to be self-
inversive.

In this paper we remove this restriction on φ and establish the exis-
tence of optimal sequences of oscillation points using elementary arguments.
These depend on apparently new interpolation identities (Lemmas 10 and
11). Moreover, we show that the sequences can be chosen so that their
points are symmetric with respect to the origin. Thus arguments of Ro-
gosinski [10] can be extended to show that if a polynomial p satisfies the
inequality |p(x)| ≤ φ(x)m at one of the optimal sequences (and at ∞ for Q),
then the nonzero coefficients of the associated extremal polynomial dominate
the corresponding coefficients of p.

To make our exposition self contained, we include the proofs of some
basic facts about optimal sequences of oscillation points given in [3]. We have
applied our results to obtain the optimal coefficients in Markov’s inequality
for homogeneous polynomials on real Banach spaces. See [2] and [3] for this
and other applications.

2. The extremal polynomials

Throughout, unless otherwise mentioned, φ denotes a positive continuous
function on (−∞,∞) satisfying φ(−x) = φ(x) for all real x. We may also
require several of the restrictions on φ given below:

i) φ(x) ≥ φ(0),

ii) limx→∞
φ(x)
x = A, A 6= 0,

iii) φ(x) ≥ A|x|.

For example, the function φ(x) = (1 + |x|p)1/p satisfies all of the condi-
tions (i)-(iii) with A = 1 when 0 < p <∞.
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Let m be a positive integer. Given a decreasing sequence X of numbers
x1, . . . , xm, set

ωj(x,X) =
∏
i6=j

(x− xi), ω(x,X) =
m∏

i=1

(x− xi),

where j = 1, . . . ,m. When m = 1, take ω1(x,X) ≡ 1. Define P to be the
polynomial of degree at most m− 1 satisfying

P (xj) = (−1)j−1φ(xj)m, j = 1, . . . ,m. (1)

By the Lagrange interpolation formula,

P (x) =
m∑

j=1

(−1)j−1φ(xj)m ωj(x,X)
ωj(xj , X) , (2)

and the coefficient f(x1, . . . , xm) of xm−1 in P (x) is given by

f(x1, . . . , xm) =
m∑

j=1

φ(xj)m

|ωj(xj , X)| , (3)

since the sign of ωj(xj , X) is (−1)j−1.
Let Y be a decreasing sequence of numbers y1, . . . , ym−1, where m > 1,

and suppose φ satisfies (ii). Define Q to be the polynomial having no term
of degree m− 1 and satisfying both

Q(yj) = (−1)jφ(yj)m, j = 1, . . . ,m− 1, and (4)

lim
x→∞

Q(x)
φ(x)m

= 1. (5)

Put s1 =
∑m−1

1 yj , s2 =
∑m−1

1 y2
j and s3 =

∑
i<j yiyj . Then

(x+ s1)ω(x, Y ) = xm + (s3 − s21)x
m−2 + · · · . (6)

Also, Q has degree m and leading coefficient Am by (ii) and (5). Hence the
Lagrange interpolation formula applies to Q(x)−Am(x+s1)ω(x, Y ) to show
that

Q(x) = Am(x+ s1)ω(x, Y )−
m−1∑
j=1

(−1)j−1φ(yj)m ωj(x, Y )
ωj(yj , Y ) . (7)
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If g(y1, . . . , ym−1) is the negative of the coefficient of xm−1 in Q(x), then

g(y1, . . . , ym−1) = Am

2 (s21 + s2) +
m−1∑
j=1

φ(yj)m

|ωj(yj , Y )| , (8)

since s3− s21 = −(s21 + s2)/2 and this follows from the identity s21 = s2 +2s3.
Note that both f and g are symmetric functions. The arguments above show
that for a given φ, P and Q are uniquely determined by the sequences X
and Y , respectively.

To see the relation between P and Q, add two additional points to the
sequence y1, . . . , ym−1 by defining y0 = t and ym = −t, where t > y1 and
−t < ym−1. Let Yt be this new sequence and let Pt be the polynomial of
degree at most m satisfying Pt(yj) = (−1)jφ(yj)m for j = 0, . . . ,m.

Proposition 1.

lim
t→∞

Pt(x) = Q(x), −∞ < x <∞.

Proof. Let Rt(x) be the sum of the first and last terms of the Lagrange
interpolation formula for Pt at the points of Yt and let St(x) be the sum of
the rest of the terms. Then Pt(x) = Rt(x) + St(x), where

Rt(x) = φ(t)mω(x, Y )(x+ t)
ω(t, Y )(2t) + (−1)mφ(t)mω(x, Y )(x− t)

ω(−t, Y )(−2t) ,

St(x) =
m−1∑
j=1

(−1)jφ(yj)m ωj(x, Y )(x− t)(x+ t)
ωj(yj , Y )(yj − t)(yj + t) .

It suffices to show

lim
t→∞

Rt(x) = Am(x+ s1)ω(x, Y ). (9)

To do this, define

γ(t, Y ) =
m−1∏
j=1

(
1− yj

t

)−1

and note that

Rt(x) = φ(t)mω(x, Y )
2tm [(x+ t)γ(t, Y ) + (x− t)γ(−t, Y )] .
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Then (9) follows since

γ(t, Y ) = 1 +
s1
t

+
σ(t)
t2

,

where σ(t) is bounded as t→ ±∞. In fact, σ(t) → (s21 + s2)/2. 2

3. Optimal oscillation points

Definition. Let m be a positive integer. We call a decreasing se-
quence of numbers x1, . . . , xm an optimal sequence of φ-oscillation points if
the polynomial P defined by (1) satisfies |P (x)| ≤ φ(x)m for all real x. We
call a decreasing sequence of numbers y1, . . . , ym−1 an optimal sequence of
(φ,∞)-oscillation points if the polynomial Q defined by (4) and (5) satisfies
|Q(x)| ≤ φ(x)m for all real x.

We refer to the polynomials P and Q in the preceding definition as
the oscillating polynomials determined by the corresponding sequences. We
shall see later (Proposition 4 below) that for a given m, these oscillating
polynomials are independent of the particular sequence of oscillation points
used to define them. Thus, for example, if the equation |P (x)| = φ(x)m has
only m solutions, no other optimal sequence of φ-oscillation points with m
points exists. The analogous result holds also for (φ,∞)-oscillation points.

The next proposition, which is based on an argument of Rogosinski [10],
shows that the optimal sequences of oscillation points give optimal estimates
on the highest three coefficients and that P and Q are extremal polynomi-
als. Optimal estimates on the remaining coefficients are obtained later (in
Theorems 6 and 7) since these require more careful analysis.

Proposition 2. Let p(x) = a0 + a1x + · · · + amx
m be a polynomial

satisfying |p(x)| ≤ φ(x)m for all real x, and let f and g be given by (3) and
(8). Then

|am−1| ≤ f(x1, . . . , xm) (10)

whenever x1, . . . , xm are distinct real numbers. If m > 1 and (ii) holds, then

|am−2| ≤ g(y1, . . . , ym−1) (11)
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whenever y1, . . . , ym−1 are distinct real numbers. Equality holds in (10) if
the points x1, . . . , xm when arranged in decreasing order are an optimal se-
quence of φ-oscillation points and p = P . Equality holds in (11) if the points
y1, . . . , ym−1 when arranged in decreasing order are an optimal sequence of
(φ,∞)-oscillation points and p = Q.

Proof. Since f and g are symmetric functions, we may reorder the xj ’s
and yj ’s into decreasing sequences X and Y . To prove (10), note that by
replacing p(x) by [p(x) − (−1)mp(−x)]/2, we may suppose that the degree
of p is at most m− 1. Then by the Lagrange interpolation formula,

p(x) =
m∑

j=1

p(xj)
ωj(x,X)
ωj(xj , X) .

Equating the coefficients of xm−1 on each side, we have that

am−1 =
m∑

j=1

p(xj)
ωj(xj , X) , (12)

and hence |am−1| ≤ f(x1, . . . , xm).
To prove (11), note that by replacing p(x) by [p(x)+(−1)mp(−x)]/2, we

may suppose that am−1 = 0. Let

r(x) = p(x)− am(x+ s1)ω(x, Y ).

Then r is a polynomial of degree at most m − 2 by (6). Since r satisfies
r(yj) = p(yj) for j = 1, . . . ,m− 1, by the Lagrange interpolation formula
for r,

p(x) = am(x+ s1)ω(x, Y ) +
m−1∑
j=1

p(yj)
ωj(x, Y )
ωj(yj , Y ) .

Collecting the coefficients of xm−2 on both sides and applying s21 = s2 +2s3,
we obtain

am−2 = −am
2

(
s21 + s2

)
+

m−1∑
j=1

p(yj)
ωj(yj , Y ) . (13)

Therefore, |am−2| ≤ g(y1, . . . , ym−1) since |am| ≤ Am by (ii).
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To prove the assertions about equality, let X and Y be the given optimal
sequences and let P and Q be the corresponding oscillating polynomials.
Let Am−1 be the coefficient of xm−1 in P (x) and let Bm−2 be the coefficient
of xm−2 in Q(x). Since the degree of P is at most m − 1 and the sign
of ωj(xj , X) is (−1)j−1, it follows from (12) with p = P that Am−1 =
f(x1, . . . , xm). In the same way, it follows from (13) with p = Q that Bm−2 =
−g(y1, . . . , ym−1). 2

The following shows that one can compute optimal sequences of φ- or
(φ,∞)-oscillation points when they exist by finding a point where the cor-
responding function is minimum.

Proposition 3. If there exists an optimal sequence of φ-oscillation
points with m points, then f assumes its minimum at a point (x1, . . . , xm) if
and only if the coordinates of this point arranged in decreasing order are an
optimal sequence of φ-oscillation points. If there exists an optimal sequence
of (φ,∞)-oscillation points with m− 1 points, then g assumes its minimum
at a point (y1, . . . , ym−1) if and only if the coordinates of this point arranged
in decreasing order are an optimal sequence of (φ,∞)-oscillation points.

Proposition 4. All optimal sequences of φ-oscillation points with the
same number of points define the same oscillating polynomial P . All optimal
sequences of (φ,∞)-oscillation points with the same number of points define
the same oscillating polynomial Q.

Proof of Propositions 3 and 4. By Proposition 2, the function f attains
its minimum at each optimal sequence of φ-oscillation points with m points.
Likewise, the function g attains its minimum at each optimal sequence of
(φ,∞)-oscillation points with m− 1 points.

To prove the converse, let P be the oscillating polynomial determined
by a given optimal sequence of φ-oscillation points with m points and let
Am−1 be the coefficient of xm−1 in P (x). If f assumes its minimum at a
point (x1, . . . , xm), then Am−1 = f(x1, . . . , xm) by Proposition 2. Reorder
the xj ’s into a decreasing sequence X. If (−1)j−1P (xj) < φ(xj)m for some
j, then

m∑
j=1

P (xj)
ωj(xj , X) =

m∑
j=1

(−1)j−1P (xj)
|ωj(xj , X)| <

m∑
j=1

φ(xj)m

|ωj(xj , X)| ,
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so Am−1 < f(x1, . . . , xm) by (12), a contradiction. Hence (−1)j−1P (xj) =
φ(xj)m for j = 1, . . . ,m. Thus X is an optimal sequence of φ-oscillation
points and P is also the oscillating polynomial determined by X. This
proves the first part of Proposition 3.

To prove the first part of Proposition 4, suppose now that X is another
optimal sequence of φ-oscillation points x1, . . . , xm. By our preliminary com-
ments, the function f assumes its minimum at (x1, . . . , xm). Hence by what
we have shown, P is also the oscillating polynomial determined by X, as
required.

A similar argument based on (13) establishes the case of (φ,∞)-oscillation
points. 2

4. Main results

The parity of a number refers to whether it is even or odd.

Theorem 5. (Existence.) Suppose φ satisfies (ii) and let m be a positive
integer.

1) There exists an optimal sequence of φ-oscillation points with m points.
If φ also satisfies (iii), then there exists an optimal sequence of (φ,∞)-
oscillation points with m− 1 points when m > 1.

2) If φ also satisfies (i) when the number of points is odd, then optimal
sequences of φ- and (φ,∞)-oscillation points can be chosen to be symmetric
with respect to the origin when they exist.

When optimal sequences of oscillation points exist, one can obtain these
and the corresponding extremal polynomials P and Q by minimizing f and g
and applying Propositions 2 and 3. If the points of an optimal sequence are
symmetric with respect to the origin, an argument of Rogosinski [10] applies
to show that Q and P alternate as extremal polynomials for estimates on
the coefficients in descending order.

Theorem 6. (Opposite parity.) Suppose there exists an optimal se-
quence of φ-oscillation points x1, . . . , xm which are symmetric with respect
to the origin and let P be the corresponding oscillating polynomial. If p is a
polynomial of degree at most m which satisfies

|p(xj)| ≤ φ(xj)m, j = 1, . . . ,m,
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then

|p(k)(0)| ≤ |P (k)(0)| (14)

for all k with parity opposite to m and 0 ≤ k < m. Moreover, if equality
holds in (14) for some k with 0 < k < m, then

p(x) + (−1)m−1p(−x) = 2εP (x)

for all real x, where ε = ±1.

Theorem 7. (Same parity.) Let m > 1. Suppose there exists an optimal
sequence of (φ,∞)-oscillation points y1, . . . , ym−1 which are symmetric with
respect to the origin and let Q be the corresponding oscillating polynomial.
If p is a polynomial of degree at most m which satisfies

|p(yj)| ≤ φ(yj)m, j = 1, . . . ,m− 1

and

lim sup
y→∞

|p(y)|
φ(y)m ≤ 1, (15)

then

|p(k)(0)| ≤ |Q(k)(0)| (16)

for all k with the same parity as m and 0 ≤ k ≤ m. Moreover, if equality
holds in (16) for some k with 0 < k < m, then

p(x) + (−1)mp(−x) = 2εQ(x)

for all real x, where ε = ±1.

Corollary 8. Suppose φ satisfies (i), (ii) and (iii). If p is a polynomial
of degree at most m satisfying |p(x)| ≤ φ(x)m whenever −∞ < x <∞, then

|p(k)(0)| ≤ |P (k)(0)| or |p(k)(0)| ≤ |Q(k)(0)|

according as k has parity opposite to m or the same as m, where 1 ≤ k ≤ m.
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It follows from part (2) of Theorem 5 and Proposition 3 that one can
compute optimal sequences of oscillation points and the corresponding oscil-
lating polynomials by minimizing f and g over points whose coordinates are
symmetric with respect to the origin. This computation can be done using
the identities below and the multivariate minimization Fortran subroutine
LBFGS [6], which is available online from Netlib.

Proposition 9.
1) Let x1, . . . , xm be an optimal sequence of φ-oscillation points which are

symmetric with respect to the origin and let U be the sequence x2
1, . . . , x

2
n,

where n = [(m+ 1)/2]. (Note that xn = 0 when m is odd.) Then

f(x1, . . . , xm) =
n∑

j=1

φ(xj)m

|ωj(x2
j , U)|

(m odd)

=
n∑

j=1

φ(xj)m

xj |ωj(x2
j , U)|

(m even).

2) Let y1, . . . , ym−1 be an optimal sequence of (φ,∞)-oscillation points which
are symmetric with respect to the origin and let U be the sequence y2

1, . . . , y
2
n,

where n = [m/2]. (Note that yn = 0 when m is even.) Then

g(y1, . . . , ym−1) = Am
n∑

j=1

y2
j +

n∑
j=1

φ(yj)m

|ωj(y2
j , U)|

(m even)

= Am
n∑

j=1

y2
j +

n∑
j=1

φ(yj)m

yj |ωj(y2
j , U)|

(m odd)

5. Proof of existence theorem

Our proof of Theorem 5 is based on the following lemma.

Lemma 10. Let ψ : (−∞,∞) → [0,∞) be a continuous function, let X
be a decreasing sequence of numbers x1, . . . , xm, and let P and f be defined
by (2) and (3), respectively, where φ(x)m is replaced by ψ(x). Then

ψ(x)− (−1)k−1P (x) =
[f(x1, . . . , xk−1, x, xk+1, . . . , xm)− f(x1, . . . , xm)] |ωk(x,X)| (17)
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for all x satisfying xk+1 < x < xk−1, where 1 ≤ k ≤ m. Here it is understood
that xk−1 does not appear when k = 1 and xk+1 does not appear when k = m.

Proof. Let Xk be the sequence obtained from X by replacing the point xk

by an arbitrary number x, where 1 ≤ k ≤ m. Then

ωj(xj , Xk) = ωj(xj , X)(xj − x)
xj − xk

, j 6= k, (18)

ωk(x,Xk) = ωk(x,X) = ωj(x,X)(x− xj)
x− xk

(19)

Let R be the right-hand side of (17). Then subtracting corresponding terms
of R and factoring, we have

R =

∑
j 6=k

ψ(xj)
|ωj(xj , X)| Rj

 + ψ(x)− ψ(xk)|ωk(x,X)|
|ωk(xk, X)| ,

where

Rj =
[
|ωj(xj , X)|
|ωj(xj , Xk)|

− 1
]
|ωk(x,X)|.

Applying (18) and (19), we have

Rj = |xj − xk| − |xj − x|
|xj − x| |ωk(x,X)|

= [|xj − xk| − |xj − x|]
∣∣∣∣ωj(x,X)
x− xk

∣∣∣∣ .
Now suppose xk+1 < x < xk−1 and x 6= xk, with the convention men-

tioned for out of range subscripts. Then the sign of ωj(x,X)/(x−xk) is (−1)k

when 1 ≤ j < k and (−1)k−1 when k < j ≤ m. Also, |xj − xk| − |xj − x| is
x− xk when 1 ≤ j < k and −(x− xk) when k < j ≤ m. Hence,

Rj = (−1)kωj(x,X),

whenever 1 ≤ j ≤ m and j 6= k. Since the sign of ωk(x,X) is (−1)k−1, it
follows that

R = ψ(x) + (−1)k
m∑

j=1

ψ(xj)ωj(x,X)
|ωj(x,X)| ,

and this holds for x = xk by continuity. Thus the asserted identity holds
since the sign of ωj(x,X) is (−1)j−1. 2
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Lemma 11. Suppose φ satisfies (ii). Let Y be a decreasing sequence of
numbers y1, . . . , ym−1, and let Q and g be defined by (7) and (8), respectively.
Then

φ(x)m − (−1)kQ(x) =
[g(y1, . . . , yk−1, x, yk+1, . . . , ym−1)− g(y1, . . . , ym−1)] |ωk(x, Y )| (20)

for all x satisfying yk+1 < x < yk−1, where 1 ≤ k ≤ m − 1. Here it is
understood that yk−1 does not appear when k = 1 and yk+1 does not appear
when k = m− 1.

Proof. Let Yk be the sequence of terms w1, . . . , wm−1 obtained from Y by
replacing the point yk by an arbitrary number x, where 1 ≤ k ≤ m− 1. Let
R be the right-hand side of (20), let S be the difference between the first
term of g at the two values and let T be the difference between the remaining
terms of g. Then R = (S + T )|ωk(x, Y )|, where

S = Am

2
[
(s1 + x− yk)2 + (s2 + x2 − y2

k)− s21 − s2
]
,

T =
m−1∑
j=1

φ(wj)m

|ωj(wj , Yk)|
−

m−1∑
j=1

φ(yj)m

|ωj(yj , Y )| .

By algebra, S = Am(x + s1)(x − yk). Suppose yk+1 < x < yk−1. Then by
the previous lemma,

T |ωk(x, Y )| = φ(x)m − (−1)k−1
m−1∑
j=1

(−1)j−1φ(yj)m ωj(x, Y )
ωj(yj , Y ) ,

and clearly ωk(x, Y ) has sign (−1)k−1. Hence,

R = φ(x)m + (−1)k−1Q(x),

as required. 2

Proof of Part (1). We first show that f assumes a minimum value at
some point in its domain of definition. Let V be a value of f . By (ii),
there is an R > 0 such that φ(x) ≥ A|x|/2 for all x with |x| > R. Let
p = (x1, . . . , xm) ∈ Rm. If j is an index with |xj | maximum, then

f(p) ≥ φ(xj)m

|ωj(xj , X)| ≥
φ(xj)m

(2|xj |)m−1

≥
(
A

4

)m

|xj |,
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when |xj | > R. Let S = [−R,R]m and take R larger if necessary so that
(A/4)mR ≥ V . Hence f(p) > V whenever p 6∈ S.

If m > 1 and p ∈ S, choose distinct indices i and j so that |xi − xj | is
minimum. Then

f(p) ≥ Bm

|xi − xj |(2R)m−2 , B = min{φ(x) : −R ≤ x ≤ R}.

By hypothesis, B > 0 so there is a δ > 0 such that

Bm

δ(2R)m−2 ≥ V.

Put

K = {p ∈ S : |xi − xj | ≥ δ when i 6= j}.

By what we have shown, f(p) > V whenever p 6∈ K. Since f is continuous
on K and K is compact, f assumes a minimum value V1 on K and clearly
V1 ≤ V . Hence V1 is the minimum value of f .

A similar argument shows that g assumes a minimum value at some point
in its domain of definition. (In fact, in each case these arguments can be
used to obtain numbers R and δ growing and decreasing exponentially with
m, respectively, such that the set K contains any optimal sequence of the
corresponding type.)

Now arrange the coordinates of a minimum point for f into a decreasing
sequence X of numbers x1, . . . , xm. To prove that X is an optimal sequence
of φ-oscillation points, we must show that |P (x)| ≤ φ(x)m for all real x. Let
1 ≤ k < m. It follows from Lemma 10 with ψ(x) = φ(x)m that

(−1)k−1P (x) ≤ φ(x)m (21)

whenever xk+1 ≤ x ≤ xk−1 and

(−1)kP (x) ≤ φ(x)m (22)

whenever xk+2 ≤ x ≤ xk. Both these conditions are satisfied whenever
xk+1 ≤ x ≤ xk and hence |P (x)| ≤ φ(x)m for all x in the interval [xk+1, xk].
Since these intervals cover [xm, x1], we have |P (x)| ≤ φ(x)m for all x in
[xm, x1]. It is easy to deduce from (2) that P (x) ≥ 0 whenever x > x1 and
that (−1)m−1P (x) ≥ 0 whenever x < xm. Hence, by applying (21) with
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k = 1 and (22) with k = m− 1, we see that |P (x)| ≤ φ(x)m when either of
these conditions hold. Thus, |P (x)| ≤ φ(x)m for all real x.

Similarly, arrange the coordinates of a minimum point for g into a de-
creasing sequence of numbers y1, . . . , ym−1. To show that Y is an optimal
sequence of (φ,∞)-oscillation points, we need to show that |Q(x)| ≤ φ(x)m

for all real x. Lemma 11 shows that |Q(x)| ≤ φ(x)m for all x in [ym−1, y1];
also,

−Q(x) ≤ φ(x)m

whenever x > y1 and

(−1)m−1Q(x) ≤ φ(x)m

whenever x < ym−1. It suffices to show that the last two inequalities still hold
when their left-hand sides have opposite signs. Put Ω(x) = (x+ s1)ω(x, Y ).
It follows from (7) that

Q(x) ≤ AmΩ(x) (23)

whenever x > y1 and

(−1)mQ(x) ≤ (−1)mAmΩ(x) (24)

whenever x < ym−1.
Suppose x > y1. If x+ s1 ≤ 0, then Q(x) ≤ 0 by (23). Otherwise,

Ω(x) ≤
[
(x+ s1) + (x− y1) + · · ·+ (x− ym−1)

m

]m

= xm,

by the inequality between geometric and arithmetic means. Now suppose
x < ym−1. If x+ s1 ≥ 0, then (−1)mQ(x) ≤ 0 by (24). Otherwise,

(−1)mΩ(x) ≤
[
(−x− s1) + (y1 − x) + · · ·+ (ym−1 − x)

m

]m

= (−x)m,

by the inequality between geometric and arithmetic means. Hence by (23),
(24) and (iii), we have that Q(x) ≤ φ(x)m for all x > y1 and (−1)mQ(x) ≤
φ(x)m for all x < ym−1, as we wished to show. 2

It remains to show that the sequences of oscillation points whose exis-
tence is proved in part (1) can be chosen to be symmetric about the origin.
The following lemma will be needed.
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Lemma 12. Let ψ : (−∞,∞) → [0,∞) be a positive even function with
a minimum at x = 0 and let f be defined by (3) with φ(x)m is replaced by
ψ(x). Then

f(x1, . . . , xn−1, xn,−xn−1, . . . ,−x1)
> f(x1, . . . , xn−1, 0,−xn−1, . . . ,−x1),

where x1, . . . , xn is a decreasing sequence of positive numbers. This inequality
also holds when f is replaced by g.

Proof. Let X be the sequence

x1, . . . , xn−1, xn,−xn−1, . . . ,−x1, (25)

and let U be the sequence x2
1, . . . , x

2
n−1. Put m = 2n − 1 and define a

polynomial P̂ of degree at most m− 1 by

P̂ (x) =
n−1∑
j=1

(−1)j−1ψ(xj)
ωj(x2, U)(x2 − x2

n)
ωj(x2

j , U)(x2
j − x2

n)
+ (−1)n−1ψ(xn)

ω(x2, U)
ω(x2

n, U)
.

Then P̂ (±xj) = (−1)j−1ψ(xj) for j = 1, . . . , n−1 and P̂ (xn) = (−1)n−1ψ(xn).
Hence,

P̂ (xj) = (−1)j−1ψ(xj), j = 1, . . . ,m.

Therefore, P̂ = P , where P is defined by (2) with φ(x)m replaced by ψ(x).
Let p be the point with coordinates given in (25) and let p0 be the same
point but with xn replaced by 0. It follows by comparison of coefficients
that

f(p) =
n−1∑
j=1

ψ(xj)
|ωj(x2

j , U)|(x2
j − x2

n)
+

ψ(xn)
|ω(x2

n, U)|

since f(p) is the coefficient of xm−1 in P (x) and ωj(x2, U)(x2 − x2
n) and

ω(x2, U) are monic polynomials of degree m − 1 in P̂ (x). (This identity
can also be verified by a direct computation.) Hence f(p) > f(p0), since
x2

j > x2
j − x2

n, ψ(xn) ≥ ψ(0) and |ω(0, U)| > |ω(x2
n, U)|.

The corresponding inequality for g follows from the identity

g(p) =
Am

2
(s21 + s2) + f(p)

= Am
n∑

j=1

x2
j + f(p),
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where f(p) is as above with ψ(x) = φ(x)m and m = 2n. 2

Proof of Part (2). Let X be an optimal sequence of φ-oscillation points
x1, . . . , xm, and let P be the associated oscillating polynomial. We first show
that P (−x) = (−1)m−1P (−x). Define P̂ (x) = (−1)m−1P (−x). Then

|P̂ (x)| = |P (−x)| ≤ φ(−x)m = φ(x)m

for all real x. Reflect X in the origin by defining x̂j = −xm−j+1 for j =
1, . . . ,m. Then x̂1 > · · · > x̂m and

P̂ (x̂j) = (−1)m−1P (xm−j+1)
= (−1)m−1(−1)m−jφ(xm−j+1)m

= (−1)j−1φ(x̂j)m,

by (1). Hence x̂1, . . . , x̂m is an optimal sequence of φ-oscillation points and P̂
is the associated oscillating polynomial. Therefore, P̂ = P by Proposition 4.

Note that by reflecting the sequence X in the origin, if necessary, we may
suppose that there are at least as many positive xj

′s as there are negative
xj
′s. Suppose m is even and let n = m/2. No xj is 0 since P (0) = 0 and

φ is positive. Hence there are at least n positive xj
′s and we reflect n of

these in the origin to obtain a decreasing sequence X̂ of m points which are
symmetric with respect to the origin. Since P is odd, P oscillates on X̂.
Hence X̂ is an optimal sequence of φ-oscillation points with m points and
these points are symmetric with respect to the origin.

Now suppose m is odd and let n = (m + 1)/2. There are at least n
nonnegative xj

′s. Reflect the first n− 1 of these (which are positive) in the
origin to obtain a decreasing sequence X̂ of the form (25). Since P is even, P
oscillates on X̂. Thus X̂ is an optimal sequence of φ-oscillation points with
m points. Clearly, X̂ is symmetric with respect to the origin if xn = 0. This
follows from Lemma 12 since f assumes its minimum at X̂ by the remarks
preceeding Proposition 3.

A similar proof starting with the identity Q(−x) = (−1)mQ(x) shows
that an optimal sequence of (φ,∞)-oscillation points can be converted to
one that is symmetric with respect to the origin. 2
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5. Proof of coefficient inequalities

Lemma 13. Suppose U is a decreasing sequence of nonnegative numbers
u1, . . . , un and let ψ be a nonnegative function on U . If p is a polynomial of
degree at most n satisfying

|p(uj)| ≤ ψ(uj), j = 1, . . . , n,

and if |an| ≤ C, where an is the coefficient of xn in p(x), then

|p(k)(0)| ≤ |R(k)(0)|, k = 0, . . . , n, (26)

where

R(x) = Cω(x, U) +
n∑

j=1

(−1)jψ(uj)
ωj(x,U)
ωj(uj , U)

.

If equality holds in (26) for some k with 0 < k < n, then p = ±R.

This lemma in the case C = 0 is due to Rogosinski [10, Corollary (ii)].
(Other extensions are given in [5, Lemma 3.1] and [9, Prop. 4].) One can
deduce (26) from [10, Theorem 1] by introducing an additional oscillation
point and taking the limit as this point approaches infinity. However, be-
cause of difficulties with the case of equality and because of the elegance of
Rogosinski’s arguments, we give a direct proof.

Proof. Let r(x) = p(x)−anω(x, U). By the Lagrange interpolation formula
for r,

p(x) = anω(x,U) +
n∑

j=1

p(uj)
ωj(x,U)
ωj(uj , U)

. (27)

Hence, by differentiation,

p(k)(0) = anω
(k)(0, U) +

n∑
j=1

p(uj)
ω

(k)
j (0, U)
ωj(uj , U)

, (28)

so by hypothesis,

|p(k)(0)| ≤Mk, (29)
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where

Mk = C|ω(k)(0, U)|+
n∑

j=1

ψ(uj)
|ω(k)

j (0, U)|
|ωj(uj , U)|

.

Clearly, the sign of ωj(uj , U) is (−1)j−1 for j = 1, . . . , n. To determine
the sign of ω(k)

j (0, U), we first note that ωj(x,U) is a polynomial of degree
n− 1 with n− 1 distinct roots ui, where i 6= j. Also, ωj(x,U) > 0 whenever
x > u1. By applying Rolle’s theorem to each of the adjacent subintervals
with endpoints at these roots, we see that ω′j(x,U) is a polynomial of degree
n − 2 with n − 2 distinct roots in (un, u1). Also, ω′j(x,U) > 0 whenever

x ≥ u1. Thus, by induction, ω(k)
j (x,U) is a polynomial of degree n − k − 1

with n−k−1 distinct roots in (un, u1) and ω(k)
j (x,U) > 0 whenever x ≥ u1.

It can be seen by factorization that ω(k)
j (x, U) alternates in sign at each of

its roots and hence ω(k)
j (0, U) has sign (−1)n−k−1. Similarly, ω(k)(0, U) has

sign (−1)n−k. Therefore,

Mk = εkR
(k)(0), εk = (−1)n−k,

and the desired inequality (26) follows from this and (29).
Suppose equality holds in (26) for p, where 0 < k < n. By multiplying p

by −1 if necessary, we may suppose that p(k)(0) ≥ 0. If

εk(−1)jp(uj) < ψ(uj)

for some j or if εkan < C, then by (28),

p(k)(0) = εkan|ω(k)(0, U)|+
n∑

j=1

εk(−1)jp(uj)
|ω(k)

j (0, U)|
|ωj(uj , U)|

< Mk,

since ω(k)(0, U) 6= 0 and ω(k)
j (0, U) 6= 0 for j = 1, . . . , n. (The restrictions on

k are used here.) But then |p(k)(0)| < |R(k)(0)|, a contradiction. Hence,

εk(−1)jp(uj) = ψ(uj), j = 1, . . . , n,

and εkan = C. Therefore, εkp = R by (27). 2
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Suppose the uj ’s are not required to be nonnegative. An examination
of the above proof shows that Lemma 13 holds when 0 is replaced by any
number x ≤ un. Similarly, the lemma holds also when 0 is replaced by
any number x ≥ u1 provided R is defined with the opposite sign before the
summation.

Proof of Theorems 6 and 7. To prove Theorem 6, we first consider the
case where m is odd. Write m = 2n− 1 and define

p2(x) = p(x) + p(−x)
2 .

Then there exists a polynomial r of degree at most n− 1 with p2(x) = r(x2)
for all real x. Put ψ(u) = φ(

√
u)m and define uj = x2

j for 1 ≤ j ≤ n. By
hypothesis,

|r(uj)| ≤ ψ(uj), j = 1, . . . , n.

Hence, by Lemma 13 with C = 0 and R replaced by −R,

|r(`)(0)| ≤ |R(`)(0)|, ` = 0, . . . , n− 1, (30)

where R is the polynomial of degree at most n− 1 satisfying

R(uj) = (−1)j−1ψ(uj), j = 1, . . . , n.

Clearly, P (x) = R(x2) since both polynomials satisfy (1). Moreover, by
Lemma 13, if ` > 0 and equality holds in (30) then r = ±R. Since the
coefficients of r (resp., R) are the coefficients of the even powers of p (resp.,
P ), the required inequality (14) follows from (30). Also, if equality holds in
(14) for an even k with 0 < k < m, then equality holds in (30) for ` = k/2;
therefore, r = ±R so p2 = ±P .

If m is even, write m = 2n and define

p1(x) = p(x)− p(−x)
2 .

Then there exists a polynomial r of degree no greater than n−1 with p1(x) =
xr(x2) for all real x. An argument analogous to the preceding one with
ψ(u) = φ(

√
u)m/

√
u and P (x) = xR(x2) establishes Theorem 6.

To prove Theorem 7, we first consider the case where m is even. Write
m = 2n. The same argument as for the first case of Theorem 6 with uj = y2

j

for j = 1, . . . , n, shows that r now has degree at most n and satisfies

|r(`)(0)| ≤ |R(`)(0)|, ` = 0, . . . , n, (31)
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where R is as in Lemma 13 with C = Am. Clearly, Q(x) = R(x2) since both
polynomials satisfy (4) and (5). Since the coefficients of r (resp., R) are the
coefficients of the even powers of p (resp., Q), the required inequality (16)
follows from (31). Moreover, if equality holds in (16) for an even k with
0 < k < m, then equality holds in (31) for ` = k/2; therefore, r = ±R so
p2 = ±Q.

If m is odd, write m = 2n + 1 and apply the same argument as for the
second case of Theorem 6 to show that Theorem 7 holds in this case. 2

Proof of Proposition 9. The previous proof showed that if U is as in part
(1) and if R is the negative of the polynomial R defined in Lemma 13 with
C = 0, then P (x) = R(x2) when m = 2n − 1 and P (x) = xR(x2) when
m = 2n. Part (1) of Proposition 9 follows by comparison of coefficients since
f(x1, . . . , xm) is the coefficient of xm−1 in P (x) and ωj(x,U) is a monic
polynomial of degree n− 1 in R(x).

Similarly, the previous proof also showed that if U is as in part (2) and
if R is as in Lemma 13 with C = Am, then Q(x) = R(x2) when m = 2n
and Q(x) = xR(x2) when m = 2n + 1. Part (2) of Proposition 9 follows as
before since −g(y1, . . . , ym−1) is the coefficient of xm−2 in Q(x) and

ω(x, U) = xn −

 n∑
j=1

y2
j

xn−1 + · · · .

2

6. Further remarks

Put ψ(x) = φ(x)m. Let x1, . . . , xm and y1, . . . , ym−1 be decreasing se-
quences and let P and Q be the associated oscillating polynomials. It follows
easily from Lemmas 10 and 11 that

ψ′(xj)− (−1)j−1P ′(xj) = ∂f
∂xj

|ωj(xj , X)|,

ψ′(yj)− (−1)jQ′(yj) = ∂g
∂yj

|ωj(yj , Y )|,

for any j where ψ′(xj) and ψ′(yj) exist. For example, if x1, . . . , xm is an
optimal sequence of φ-oscillation points, then

P (xj) = (−1)j−1ψ(xj), P ′(xj) = (−1)j−1ψ′(xj),
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for any j where ψ′(xj) exists. Hence P can be obtained by Hermite interpo-
lation [8, Sect. 1.4] at any [(m+1)/2] oscillation points where the derivative
of φ exists. (In particular, the Hermite interpolation polynomial for ψ os-
cillates between ψ and −ψ when the interpolation points are chosen to be
every other one of an optimal sequence of φ-oscillation points beginning at
an endpoint.)

One can prove the first part of Theorems 6 and 7 in a different way by
appealing to an argument of Kellogg [4]. For example, we show how to obtain
(16) when m is even. Given a number λ with −1 < λ < 1, there is a y0 > y1

satisfying |λp2(y0)| < Q(y0) by (15), (5) and (ii). Define D = Q − λp2 and
writem = 2n. Then by (4) and hypothesis, D alternates in sign at y0, . . . , yn,
where yn = 0. Hence D has at least n positive zeros. By Descartes’ rule of
signs, the coefficients of D have at least n changes in sign. Since D is an
even polynomial of degree at most 2n, each of the n+ 1 even coefficients of
D must be nonzero. Hence if k even,

Q(k)(0)− λp
(k)
2 (0) 6= 0, − 1 < λ < 1,

so |p(k)(0)| ≤ |Q(k)(0)| since p(k)(0) = p
(k)
2 (0).

A discussion of optimal estimates on the coefficients of polynomials of
restricted growth has been given by Bernstein [1, §12]. Here it is assumed
that there is a complex polynomial S of degree m satisfying φ(x)m = |S(x)|
for all real x and all the roots of S lie in the lower half-plane. (See also [7,
p. 181].) Let A be the leading coefficient of S and suppose A ≥ 0. In this
case the extremal polynomials P and Q are given by the relation S = Q+iP .
Moreover, the curve

z(x) = S(x)
|S(x)|

winds around the unit circle counterclockwise m/2 times as x traverses the
real line from ∞ to −∞. The reason for this is that z(x)2 is a product of
m terms of the form (x− λ)/(x− λ), where Im λ < 0. The solutions of the
equation z(y) = ±1 give the yj ’s and the solutions of the equation z(x) = ±i
give the xj ’s. A discussion of the case where S(x) = (x+ i)m is given in [3,
Example 1].
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