
Banach Algebras where the Singular Elements are

Removable Singularities

Lawrence A. Harris

Department of Mathematics, University of Kentucky,
Lexington, Kentucky 40506-0027

E-mail: larry@ms.uky.edu

Let A be a C*-algebra with identity and suppose A has real rank 0. Suppose
a complex-valued function is holomorphic and bounded on the intersection of
the open unit ball of A and the identity component of the set of invertible
elements of A. We show that then the function has a holomorphic extension
to the entire open unit ball of A. Further, we show that this does not hold
when A = C(S), where S is any compact Hausdorff space that contains a
homeomorphic image of the interval [0,1].

1. THE REMOVABLE SINGULARITY PROPERTY

Throughout, A denotes a Banach algebra with identity e, Ainv denotes
the open set of invertible elements of A, and Aeinv denotes the identity
component of Ainv. Also, A0 denotes the open unit ball of A, i.e.,

A0 = {x ∈ A : ‖x‖ < 1},

and D(A) denotes A0 ∩ Aeinv. In particular, D(C) is the open unit disc
punctured at the origin.

Definition 1. A Banach algebra A has the removable singularity prop-
erty if every bounded holomorphic function f : D(A)→ C has a holomor-
phic extension to A0.

In this definition we consider the identity component of Ainv rather than
Ainv since if Ainv is not connected the holomorphic function on Ainv which
is 1 on one of the components and 0 on the others has no holomorphic
extension to A0. It follows from Theorem 3 given in the next section (or
see [12, Theorem 3]) that our definition is no more stringent when the range
of f is allowed to be any Banach space.
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Every finite dimensional Banach algebra A has the removable singular-
ity property by the classical Riemann removable singularities theorem [6,
p. 30] and the characterization of the singular elements of A as those
with determinant zero. (Define the determinant of an element of A as the
determinant of its left regular representation [1, p. 3].)

Definition 1 was given previously in [10, p.460] for closed complex Jor-
dan algebras of operators on a Hilbert space and used to determine the
biholomorphic mappings of certain domains in these algebras.

Definition 2. The holomorphic radius of a Banach algebra A is the
largest number r ≥ 0 such that every holomorphic function f : A → C
satisfying |f(x)| ≤ 1 for all x ∈ D(A) also satisfies |f(x)| ≤ 1 for all x ∈ A
with ‖x‖ ≤ r. We denote the holomorphic radius of A by r(A).

It is always true that 1/2 ≤ r(A) ≤ 1. Indeed, let f be as in Definition 2
and let x ∈ A with ‖x‖ < 1/2. Then g(µ) = f(µe+x) is holomorphic in C
and |g(µ)| ≤ 1 when |µ| = 1/2 since then µe+ x ∈ D(A). (See [1, p. 40].)
By the maximum principle, |g(0)| ≤ 1, i.e., |f(x)| ≤ 1. Hence, |f(x)| ≤ 1
for all x ∈ A with ‖x‖ ≤ 1/2 by the continuity of f . Thus r(A) ≥ 1/2. It
follows from the Hahn-Banach theorem that r(A) ≤ 1.

Also, r(A) = 1 if A has the removable singularity property. Suppose
on the contrary that r(A) < 1. Then there exist a holomorphic function
f : A → C and a y ∈ A0 such that |f(x)| ≤ 1 for all x ∈ D(A) and
|f(y)| > 1. Therefore

g(x) =
1

f(y)− f(x)

is a bounded holomorphic function on D(A) with no holomorphic extension
to A0.

Further, r(A) = 1 for any C*-algebra A with identity. This follows
immediately from the first part of the maximum principle given in [8].
For C*-algebras, this asserts that if f : A → C is a holomorphic function
satisfying |f(u)| ≤ 1 for all elements u in the identity component Ue of the
set of all unitary elements of A, then |f(x)| ≤ 1 for all x ∈ A with ‖x‖ ≤ 1.

Example 1. Let A = H∞(∆), where ∆ is the open unit disc. Clearly,
Ainv is connected since each of its elements has a holomorphic logarithm.
Define a continuous linear functional f1 : A → C by f1(x) = e x′(0)/2.
Then |f1(x)| ≤ 1 for all x ∈ A0∩Ainv by [3, Exercise 6.36] but f1(rj) = e r/2
where j(λ) = λ and 0 < r < 1. Hence r(A) ≤ 2/e. In particular, A does
not have the removable singularity property.
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Define a holomorphic 1-homogeneous function f2 : Ainv → C by

f2(x) =
x( 1

3 )2

x(0)
.

Then |f2(x)| ≤ 1 for all x ∈ A0 ∩Ainv by [3, Corollary 6.32] but f2(x) does
not have a holomorphic extension to a neighborhood of 0 since each such
neighborhood contains a function rj, where r > 0.

Let A and B be Banach algebras with identity and let α : D(A)→ D(B)
and β : B0 → A0 be holomorphic functions satisfying

β(D(B)) ⊆ D(A),
α(β(x)) = x for all x ∈ D(B).

It is easy to verify that if A has the removable singularity property then
so does B. Thus, for example, if the product algebra A×B with the max
norm has the removable singularity property then so do A and B.

Let S be a compact Hausdorff space and let T ⊆ S be a retract of S, i.e.,
there exists a continuous map τ : S → T with τ(t) = t for all t ∈ T . The
above applies with α(x) = x|T for x ∈ C(S) and β(x) = x◦τ for x ∈ C(T ).
Thus if C(S) has the removable singularity property, so does C(T ).

2. MAIN RESULTS

Definition 3 [2]. Let A be a C*-algebra and let S be the set of self-
adjoint elements of A. Then A has real rank 0 if the elements of S with
finite spectra are dense in S.

As shown by Brown and Pedersen in [2], many interesting C*-algebras
have real rank 0. For example, the C*-algebra L(H) of all bounded linear
operators on a Hilbert space H has real rank 0. More generally, any von
Neumann algebra has real rank 0. The space C(S) of all continuous func-
tions on a compact Hausdorff space S has real rank 0 if and only if S is
totally disconnected. (It is a von Neumann algebra only if S is extremely
disconnected.) Also, any AF-algebra has real rank 0. If LC(H) is the C*-
algebra of all compact operators on H, then A = CI+LC(H) has real rank
0 as does the Calkin algebra L(H)/LC(H). Note that the set of invertible
elements of the Calkin algebra has a different component for each value of
the Fredholm index and thus is not connected. See [4] for further details
and references.
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Theorem 1. Every C*-algebra A with identity that has real rank 0 has
the removable singularity property.

Example 2. Since the set of noninvertible elements of A may have
nonempty interior in infinite dimensions, removable singularities for the
domain A0 may not be removable for other domains. Let A = L(H),
where H is an infinite dimensional Hilbert space, and recall that Ainv is
connected by [7, Prob. 141]. Let v be a nonunitary isometry in A (such as
the shift operator on `2). Note that none of the operators in the ball

B(v; 1) = {x ∈ A : ‖x− v‖ < 1}

is invertible by the identity v∗(v − x) = e − v∗x since ‖v‖ = 1. Take
E = A0∪B(v; 1) and let 1/2 < r < 1. By the Hahn-Banach theorem, there
is an ` ∈ A∗ with ‖`‖ = `(v) = 1 so the function

f(x) =
1

1− r`(x)

is holomorphic and bounded in A0. Hence f : E ∩ Ainv → C is a bounded
holomorphic function which has no holomorphic extension to E since v/r ∈
B(v; 1).

Proposition 2. Let S be a compact Hausdorff space that contains a
homeomorphic image of [0, 1]. Then the commutative C*-algebra A = C(S)
does not have the removable singularity property. In fact, there exists a
bounded holomorphic function on D(A) that does not have a holomorphic
extension to a neighborhood of 0.

In view of these results, it is natural to ask whether the removable sin-
gularity property characterizes those C*-algebras with real rank 0.

Definition 4. A set S ⊆ A is said to be a thick subset of A if the only
homogeneous polynomial p : A → C satisfying p(x) = 0 for all x ∈ S is
p = 0.

A more stringent definition of a “thick” subset is given in [9, p. 130]
(where the open set Ω should be connected).

Example 3. Let A be a C*-algebra and let S be the set of self-adjoint
elements of A. Suppose p : A → C is a homogeneous polynomial with
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p(x) = 0 for all x ∈ S. If z ∈ A, then z = x + i y, where x and y are
elements of S given by

x =
z + z∗

2
, y =

z − z∗

2 i
.

Hence g(λ) = p(x + λy) is an entire function which vanishes on the real
line so g ≡ 0. In particular, p(z) = g(i) = 0. Thus S is a thick subset of A.

Proof of Theorem 1. It follows from the remarks after Definition 2
that r(A) = 1 since A is a C*-algebra. Hence it suffices to show that part
(c) of Theorem 3 (below) holds when S is the set of self-adjoint elements
in A with finite spectrum. This set is thick by Example 3 since A has real
rank 0.

Suppose f : D(A) → C is a bounded holomorphic function. Let x ∈ S
with x 6= 0 and take δ = 1/(1 + ‖x‖). Given 0 < |µ| < δ, define g(λ) =
f(µe+λx). Then g is bounded and holomorphic for |λ| < δ except at most
finitely many points λ where µe+λx 6∈ Ainv. Therefore, these singularities
are removable. Thus part (c) holds.

By the theorem below, each of the conditions (a)–(d) with the additional
assumption that r(A) = 1 is equivalent to the assertion that A has the
removable singularity property.

Theorem 3. Let A be a Banach algebra with identity. The following
are equivalent:

a) Every bounded holomorphic function f : D(A) → X has a holomor-
phic extension to Ω = {x ∈ A : ‖x‖ < r(A)}, where X is any Banach
space.

b) Every bounded holomorphic function f : D(A) → C has a holomor-
phic extension to a neighborhood of 0 in A.

c) For every bounded holomorphic function f : D(A) → C there is a
thick subset S of A such that for each x ∈ S the function λ→ f(µe+ λx)
has a holomorphic extension to a disc |λ| < δ when 0 < |µ| < δ, where
δ > 0.

d) Every holomorphic function f : Aeinv → C satisfying

f(λx) = λnf(x) and |f(x)| ≤ ‖x‖n

for all x ∈ Aeinv and λ 6= 0 extends to a homogeneous polynomial on A of
degree n, where n is any positive integer.
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It is well known [5, Theorem 1.4] that a compact subset K of a domain
in C is a set of removable singularities for bounded holomorphic functions
when K is finite or countable (since then the 1-dimensional Hausdorff mea-
sure of K is zero.) Moreover, the complement of K is connected. Thus our
proof of Theorem 1 shows that a Banach algebra A with identity has the
removable singularity property if r(A) = 1 and if the set S of all elements
of A with finite or countable spectrum is a thick subset of A.

3. REMAINING PROOFS

Proof of Theorem 3. (a) ⇒ (b). This follows with X = C since
r(A) > 0.
(b) ⇒ (c). By (b), f has a holomorphic extension to B(0; r) = {x ∈
A : ‖x‖ < r}, where r > 0. Take S = A, let x ∈ S, and put δ = r/(1+‖x‖).
Then µe+λx ∈ B(0; r) whenever 0 < |µ| < δ and |λ| < δ. Hence (c) holds.
(c) ⇒ (d). Let f satisfy the hypotheses of (d). Given a complex number
µ 6= 0 and x ∈ A with x 6= 0, note that µe + λx ∈ Aeinv when ‖λx‖ < |µ|.
Hence g(λ) = f(µe + λx) is holomorphic and satisfies |g(λ)| ≤ (2|µ|)n for
|λ| < |µ|/‖x‖. Applying the Cauchy estimates and the identity g(k)(0) =
D̂kf(µe)x, we obtain

|D̂kf(µe)x| ≤ 2nk!|µ|n−k‖x‖k (1)

for all x ∈ A and µ 6= 0.
By (c), if x is in some thick subset of A, there is a δ > 0 such that g(λ)

has a holomorphic extension to the disc |λ| < δ when 0 < |µ| < δ. By the
Cauchy estimates,

|D̂kf(µe)x| ≤ k!
δk

[(1 + ‖x‖)δ]n.

Hence the function µ → D̂kf(µe)x has a removable singularity at µ = 0
and thus is entire. We obtain D̂kf(e)x = 0 for k > n by applying the
maximum principle to (1) for large disks. Therefore, D̂kf(e) = 0 for all
k > n.

By the power series expansion of f ,

f(x) =
n∑
k=0

1
k!
D̂kf(e)(x− e)

for ‖x− e‖ < 1. Since f is n-homogeneous and D̂kf(e) is k-homogeneous,
it follows that f(x) = 1

n!D̂
nf(e)x. By the identity theorem, this holds for

all x ∈ Aeinv.
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(d) ⇒ (a). Let f : D(A)→ X be a bounded holomorphic function. With-
out loss of generality, we may suppose that ‖f(x)‖ ≤ 1 for all x ∈ D(A).
Given x ∈ Aeinv, let r > 0 satisfy r‖x‖ < 1. Then g(λ) = f(λx) is a vector-
valued function that is holomorphic in an open set containing the disc
|λ| ≤ r since λ = 0 is a removable singularity of g by [11, Theorem 3.13.3].
Hence, applying the Taylor expansion for g with the Cauchy integral form
of the coefficients [11, p. 96-97], we obtain

f(λx) =
∞∑
n=0

fn(x)λn (2)

for |λ| ≤ r, where

fn(x) =
1

2πi

∫
|λ|=r

f(λx)
λn+1

dλ. (3)

Since r can be replaced by any smaller positive value in (3) without
changing the value of fn(x), the formula (3) defines fn(x) for all x ∈ Aeinv.
Moreover, fn is holomorphic on Aeinv since f is holomorphic on D(A). If
x ∈ Aeinv, then ‖fn(x)‖ ≤ ‖x‖n by the Cauchy estimates and fn(λx) =
λnfn(x) for all λ 6= 0 by a change of variable.

Note that f0 extends to a constant function on A. Indeed, f0(eλx) is a
bounded entire function of λ and hence is constant [11, Theorem 3.13.2].
Then f0 is constant on S = {ex : x ∈ A} so f0 is constant on Aeinv by the
identity theorem [11, Theorem 3.16.4] since S contains a neighborhood of
e.

Now for n ≥ 1, let ` ∈ X∗ be given with ‖`‖ = 1 and put p = ` ◦ fn.
By (d), p extends to a homogeneous polynomial on A of degree n. Hence
if x ∈ A,

n!p(x) =
dn

dtn
p(e+ t x)

∣∣∣∣
t=0

= `(D̂nfn(e)x),

so

`
(
n!fn(x)− D̂nfn(e)x

)
= 0.

It follows that n!fn(x) = D̂nfn(e)x by the Hahn-Banach theorem. Thus,
fn extends to a homogeneous polynomial of degree n on A. Further,
|p(x)| r(A)n ≤ ‖x‖n since p is n-homogeneous, so

‖fn(x)‖ ≤ ‖x‖
n

r(A)n

by the Hahn-Banach theorem.
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Therefore, the series
∑∞
n=0 fn(x) converges to a holomorphic function

f̃(x) for x ∈ Ω and for x ∈ D(A) by the Weierstrass M-test and [11,
Theorem 3.18.1]. Moreover, f̃(x) = f(x) for all x ∈ D(A) by (2). Thus f̃
is the required extension.

Proof of Proposition 2. It follows from the Tietze extension theorem
that the homeomorphic image of [0, 1] is a retract of S. Thus by the remarks
at the end of Section 1, it suffices to consider the case A = C[0, 1].

We first show that there exists a holomorphic function h : Ainv → C
satisfying

eh(γ) =
γ(1)
γ(0)

(4)

for all γ ∈ Ainv.
Given γ ∈ Ainv, it follows that γ(t) 6= 0 whenever 0 ≤ t ≤ 1 so there

exists a φ ∈ A with eφ = γ by [3, Theorem 4.1]. Define h(γ) = φ(1)−φ(0).
To see that h is well defined, let ψ ∈ A with eψ = γ. Then eφ−ψ = 1 so
(φ − ψ)/(2πi) is an integer-valued continuous function on [0, 1]. Hence ψ
differs from φ by at most a constant and therefore h(γ) = ψ(1) − ψ(0).
Clearly (4) holds.

To show that h is holomorphic at each γ1 ∈ Ainv, let δ be the minimum
of |γ1| and let γ ∈ Ainv with ‖γ − γ1‖ < δ. Define a continuous function
F : [0, 1]× [0, 1]→ C by

F (s, t) = (1− s)γ1(t) + sγ(t)

and note that F has no zeros. Hence there exists a continuous function
f : [0, 1]× [0, 1]→ C with F = ef by [3, Example 4.21]. Clearly F (0, t) =
γ1(t) and F (1, t) = γ(t) whenever 0 ≤ t ≤ 1. Define ω0(s) = F (s, 0) and
ω1(s) = F (s, 1) for 0 ≤ s ≤ 1. By definition,

h(γ1) = f(0, 1)− f(0, 0),
h(γ) = f(1, 1)− f(1, 0),
h(ω0) = f(1, 0)− f(0, 0),
h(ω1) = f(1, 1)− f(0, 1),

so h(γ) = h(ω1) + h(γ1)− h(ω0).
There exist holomorphic logarithms L0 and L1 in the discs

D0 = {λ ∈ C : |λ− γ1(0)| < δ}, D1 = {λ ∈ C : |λ− γ1(1)| < δ}.
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Since ω0 and ω1 are line segments in D0 and D1, respectively,

h(ω0) = L0(ω0(1))− L0(ω0(0)) = L0(γ(0))− L0(γ1(0)),
h(ω1) = L1(ω1(1))− L1(ω1(0)) = L1(γ(1))− L1(γ1(1)).

Thus h(γ) is holomorphic for ‖γ − γ1‖ < δ by the result of the previous
paragraph.

Now define

f(γ) = γ(0)eh(γ)/2.

Then f : Ainv → C is holomorphic and f(γ)2 = γ(1)γ(0) for all γ ∈ Ainv.
In particular, |f(γ)| < 1 whenever γ ∈ A0 ∩ Ainv. Suppose there exists
a function f̃ holomorphic in a neighborhood U of the origin of A and
satisfying f̃(γ) = f(γ) for all γ ∈ A0 ∩Aeinv. Then f̃(γ)2 = γ(1)γ(0) for all
γ ∈ U by the identity theorem [11, Theorem 3.16.4]. Define a holomorphic
function g : ∆→ A0 by

g(λ)(t) = 1 + t(λ− 1)

and choose r with rA0 ⊆ U and 0 < r < 1. Then f̃(rg(λ))2 = r2λ for all
λ ∈ ∆. This contradicts the fact that the identity mapping on ∆ has no
holomorphic square root.

APPENDIX

In this section we discuss some other removable singularity theorems.
The first is an infinite dimensional extension of the classical Riemann re-
movable singularities theorem [6, p. 30–31]. It asserts that the zeros of a
holomorphic function are removable singularities for holomorphic functions
that are locally bounded in an extended sense. (See [13, Theorem II.1.1.5].)

Let X be a (Hausdorff) topological vector space, let Y be a Banach
space, and let W be a locally convex topological vector space.

Proposition 4. Let D be an open set in X and let S = {x ∈ D : h(x) =
0}, where h : D →W is a holomorphic function with h 6≡ 0 in D. Suppose
f : D \ S → Y is a holomorphic function that is locally bounded on each
(nonempty) intersection of a complex line with D. Then f has a holomor-
phic extension f̃ : D → Y . Moreover, D \ S is a dense subset of D.

Proof. We will show that for each x0 ∈ S, there exists a holomorphic
function fV defined in a neighborhood V of x0 such that fV agrees with f
at all points of V where f is defined.
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By hypothesis, there exists an open balanced subset U ofX with x0+U ⊆
D. We first observe that there exists a u ∈ U with u 6= 0 and an r ∈ (0, 1)
such that h(x0 +λu) 6= 0 whenever λ ∈ Cr, where Cr = {λ ∈ C : |λ| = r}.
Otherwise, for every u ∈ U , the function g(λ) = h(x0 +λu) is holomorphic
at each point of ∆ and has a sequence of zeros with a limit point in ∆
so h(x0 + u) = 0 by the identity theorem for vector-valued functions [11,
Theorem 3.11.5]. It follows that h ≡ 0 on x0 + U and hence h ≡ 0 on D
by the identity theorem for functions of vectors [11, Theorem 3.16.4].

Therefore, x0 + λu ∈ D \ S for all λ ∈ Cr. Since D \ S is open and Cr
is compact, there exists a neighborhood V of x0 such that V + λu ⊆ D \ S
whenever λ ∈ Cr. We may also choose V so that V + λu ⊆ D whenever
λ ∈ ∆.

By hypothesis, the mapping x→ f(x+λu) is holomorphic on V for each
λ ∈ Cr and the mapping λ→ f(x+λu) is continuous on Cr for each x ∈ V .
Define

fV (x) =
1

2πi

∫
|λ|=r

f(x+ λu)
λ

dλ. (A.1)

Then fV is holomorphic in V since it is locally bounded (in the usual sense)
and Gâteaux differentiable in V by the argument for [11, Theorem 3.11.2].
(See [11, Theorem 3.17.1].)

To show that fV agrees with f on V ∩ (D \ S), let x be a member of
this set. Since the holomorphic function λ → h(x + λu) has only isolated
zeros in ∆, the locally bounded function λ → f(x + λu) has only isolated
singularities in ∆. (This also shows that D \ S is dense in D.) These
singularities are removable by [11, Theorem 3.13.3] and thus the function
is holomorphic in ∆. Therefore, f(x) = fV (x) by the Cauchy integral
formula [11, Theorem 3.11.3].

Finally, we show that any two functions fV1 and fV2 agree on V1 ∩ V2

when this set is nonempty. Clearly S is closed in D and has empty in-
terior by the identity theorem. Hence each component of V1 ∩ V2 con-
tains a neighborhood disjoint from S. By what we have shown, the func-
tions fV1 and fV2 agree with f on this neighborhood so fV1 = fV2 on
V1 ∩ V2 by the identity theorem. Thus the required function f̃ is de-
fined by f̃(x) = f(x) for x ∈ D \ S and f̃(x) = fV (x) for x ∈ V .

Remark. The above proof shows that Proposition 4 holds for any set
S closed in D with the following property: For each x0 ∈ S there exists a
u ∈ X and a neighborhood V of x0 such that the set {λ ∈ ∆ : x+λu ∈ S}
is finite for each x ∈ V .
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Next, we establish a removable singularity theorem where the set S of
singularities apparently does not have the property mentioned above. Our
proposition replaces the trace class restriction of [10, Theorem 3] by a more
general compactness condition. Let X and Y be normed linear spaces and
let L(X,Y ) denote the space of all bounded linear operators from X to Y .

Proposition 5. Let A be a complex subspace of L(X,Y ) and let

D = {Z ∈ A : (CZ +D)−1 exists},

where C ∈ L(Y,X) and D ∈ L(X). Suppose C is compact or that A consists
only of compact operators and let W be a Banach space. If E is a domain
in A which intersects D and if f : D ∩ E → W is a holomorphic function
that is locally bounded, then f has a holomorphic extension f̃ : E → W .
Moreover, D ∩ E is dense in E.

Proof. Our proof relies on the fact that the spectrum of a compact op-
erator has no nonzero limit point. Adopt the notation

B(Z0; r) = {Z ∈ A : ‖Z − Z0‖ < r}.

We first show that if Z0 ∈ D ∩ E , then f has a holomorphic extension to a
neighborhood of Z0.

Since f is locally bounded, there exists an r > 0 and a number M such
that B(Z0; r) ⊆ E and ‖f(Z)‖ ≤ M whenever Z ∈ B(Z0; r) ∩ D. Given
ε > 0 with 2ε < r, by hypothesis there exists a Z1 ∈ D ∩ E satisfying
‖Z1 − Z0‖ < ε. Clearly B(Z1; r1) ⊆ B(Z0; r) and Z0 ∈ B(Z1; r1), where
r1 = r − ε. Define

g(λ) = f(Z1 + λW ),

where W ∈ A with ‖W‖ ≤ r1. By hypothesis, g(λ) is holomorphic at each
λ ∈ ∆ where C(Z1 + λW ) + D is invertible. Moreover, ‖g(λ)‖ ≤ M for
these λ. Put X1 = (CZ1 +D)−1C. Since

C(Z1 + λW ) +D = (CZ1 +D)(I + λX1W )

and since X1W is compact, it follows that g(λ) is holomorphic at all but a
finite set of points in ∆. (This also shows that D ∩B(Z1; r1) is connected
and that B(Z1; r1) ⊆ D ∩ E .) The points of this finite set are removable
singularities by [11, Theorem 3.13.3]. Hence by the Cauchy estimates [11,
p. 97],

‖g(n)(0)‖ ≤ n!M, n = 0, 1, . . . .
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Since g(n)(0) = D̂nf(Z1)W , it follows that

‖D̂nf(Z1)‖rn1 ≤ n!M, n = 0, 1, . . . ,

and hence by the Weierstrass M-test and [11, Theorem 3.18.1], the series

∞∑
n=0

1
n!
D̂nf(Z1)(Z − Z1) (A.2)

converges to a holomorphic function fε(Z) on B(Z1; r1). Since (A.2) is
the Taylor series expansion for f at Z1, it follows that fε and f agree
on a neighborhood of Z1 by [11, Theorem 3.17.1]. Therefore, f̃ = f on
D ∩ B(Z1; r1) by the identity theorem. Thus, fε is the asserted extension
of f to the neighborhood B(Z1; r1) of Z0.

Moreover, by what we have shown, the nonempty set S = D ∩ E is both
open and closed in E , so S = E , i.e. D∩E is dense in E . Thus, to complete
the proof, all we must show is that if f1 and f2 are the extensions of f
defined above on the balls B1 and B2, respectively, then f1 and f2 agree on
B1 ∩ B2. This is a consequence of an argument in the proof of Proposi-
tion 4.
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Ergebnisse der Math. No. 53, Springer-Verlag, Berlin, 1970.


