ALGEBRA - 5

ALGEBRAIC CONCEPTS

Website for Past AMSP Algebra Workshops: http://www.ms.uky.edu/~lee/amspalg05/amspalg05.html and http://www.ms.uky.edu/~lee/amspalg06/amspalg06.html.

See also http://www.ms.uky.edu/~lee/amsptech/amsptech.html.
Concept – Representation and addition of integers

Motion Model

An integer is represented by a motion on the number line.  A positive integer is represented by a motion of taking a certain number of steps to the right, a negative integer by motion of taking a certain number of steps to the left.  To add two integers, choose a starting point, make the motion of the first integer, follow this by the motion of the second integer, and then ask what third integer’s motion accomplishes the same net result.

Activity/Lesson

CMP Accentuate the Negative 1.2, 2.1

Supporting Resources

Go to Math Tools, http://mathforum.org/mathtools.  Search for “number line addition”.  Choose “NumberLine Applet”.
Differentiation

Knowledge Package

Extension

Compositions of two transformations

CMP, Kaleidoscopes, Hubcaps, and Mirrors, Investigation 2, ACE #31, 33

GeoGebra dynamic geometry software, http://www.geogebra.org/cms/
Square Dance

Chip Model

An integer is represented by the net worth of a certain number of positive chips and a certain number of negative chips.  Two integers are equivalent if their representations have the same net worth.  To add two integers, combine their chips.

Activity/Lesson

CMP Accentuate the Negative 1.4, 2.1

Supporting Resources

NLVM, Color Chips – Addition 

Differentiation

Knowledge Package

Extension

A tove is an expression of the form

	A
	B


where A and B are integers and A is not zero.

Two toves 

	A
	B


and

	C
	D


are to be regarded as equivalent (“the same”) if AD=BC.

If you add the two toves

	A
	B


and

	C
	D


You get the tove

	AC
	AD+BC


Create and add some toves together.

Parting Thoughts
The notion of consistently extending one system to create another is a central concept in algebra.  Thus we move from whole numbers to integers to rational numbers to real numbers to complex numbers.  In each case, the previous system is part of the new system, and the new numbers are created/defined in such a way to extend consistently the desired properties of addition and multiplication.  Think about what new equations we can solve with each expansion.  At the college level this evolves into more general structures such as rings and fields.

Concept – The Distributive Property

Multiplication of natural numbers using the area model


One-digit numbers



NLVM – Rectangle Multiplication:  Grouping


Two-digit numbers



Create your own diagrams



NLVM – Rectangle Multiplication:  Lattice and Common
Multiplication of integers


How can we motivate the sign rules?



CMP, Accentuate the Negative, 3.1


The area model



NLVM, Rectangle Multiplication of Integers

Multiplication of fractions using the area model


Fractions less than one



CMP, Bits and Pieces II, 3.1 and 3.2



NLVM – Fractions – Rectangle Multiplication:  Proper Fractions


Mixed numbers



CMP, Bits and Pieces II, 3.3 and 3.4



NLVM – Fractions – Rectangle Multiplication:  Improper Fractions

Multiplication of polynomials using the area model


Multiplying and the distributive property



CMP, Frogs, Fleas, and Painted Cubes, 2.2 and 2.3



Algeblocks



NLVM – Algebra Tiles, earlier activities


Factoring



CMP, Frogs, Fleas, and Painted Cubes, 2.4



NLVM – Algebra Tiles, later activities

Knowledge Package

Differentiation

Extension – Dividing Fractions


Video – Connecting Mathematical Ideas – Division of Fractions

Parting Thoughts

The notion of a structure with two operations (in this case, addition and multiplication) that satisfy certain properties (such as the presence of identity elements, and the associative property) and that are linked by the distributive property is another central concept in algebra.  Again, this evolves further in abstract algebra at the college level.

Concept – Patterns, Relations, and Functions

The Four-Fold (or Five-Fold) Way


Students should be able to describe functions and their properties:



Verbally (in written and oral English)



Algebraically



Graphically



Using Tables


CMP, Variables and Patterns, Investigation 3, ACE 48

Video clips – Modeling Middle School Mathematics, http://www.mmmproject.org, Mathematics in Context – V-Patterns, Beams, Hair & Nails

CMP, Variables and Patterns, 1.3 and 2.3

Additional Resources

GeoGebra – Can be used to graph functions, including those with parameters, export to web pages

Maxima, http://maxima.sourceforge.net, a free computer algebra system

WinPlot, http://math.exeter.edu/rparris/winplot.html -- Can be used to graph functions of one and two variables.]  See also the other Peanut software at http://math.exeter.edu/rparris.

Knowledge Package

Differentiation

Extension

1. Begin with a graph of distance traveled vs. time, such as the one in CMP 1.3 above.  From this create a graph of speed vs. time.  

2. Draw a graph of speed vs. time that represents a car driving at a constant speed of 60 miles per hour for a period of 3 hours.  How far does the car drive?  How can you see this geometrically from the graph?

3. Draw a graph of speed vs. time that represents a car starting out at 0 miles per hour and increasing speed at a constant rate until the car is traveling 60 miles per hour at the end of one hour (not very realistic, I realize!).  How far did the car travel?

Parting Thoughts

I remember the following statement from my high school teacher:  “A relation is a set of ordered pairs.  A ficklepicker in a relation is a first coordinate that appears in more than one ordered pair.  A function is a relation with no ficklepickers.”  Does this all make sense to you?

The invention of Cartesian coordinates and analytic geometry was a highly significant event in the history of mathematics, bringing algebra and geometry together in a powerful way and paving the way to the future field of analysis.
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