Some Mathematics Follow-Up for the Incredible Journey
Draft – Carl Lee
The activity itself is available at www.projectwet.org at the pages http://www.in.gov/dnr/soilcons/wet/images/pwdice.pdf and www.projectwet.org/pdfs/Incredible%20Journey.pdf.

After everyone has completed the activity each person will have a pipe cleaner strung with a sequence of beads represented the visited locations.

Activity 1
Ask each participant to find the first bead from the bottom that represents a visit to, say, the ocean.  Then the bead immediately above indicates the next location they visited (either ocean or clouds in this case).  Record how many individuals stayed in the ocean and how many moved to the clouds.  Calculate the experimental probability that if you are in the ocean you (a) stay in the ocean or (b) move to the clouds.  Make a guess as to how many sides of the ocean die are labeled “Stay” and how many sides are labeled “Clouds”.  Now examine the ocean die and calculate the theoretical probabilities of these two possibilities.  Compare the experimental and the theoretical probabilities.  Are they the same, or different?
Repeat this to calculate experimental and theoretical probabilities for movement from some other location or locations.

Activity 2

Have everyone count the total number of times (beads) they visited each location.  What proportion of the total visits did each individual spend in each particular location?  
Now sum up the total number of times (beads) for visits to each location for the entire group.  What is the experimental probability that a drop of water is in each of the locations in the long run?

Activity 3
This describes how to use a spreadsheet to simulate this activity.  First let’s consider a simpler example.  Suppose there are two locations, A and B, and you roll a special die or use some other method to determine the probabilities of staying in A, moving from A to B, staying in B, or moving from B to A.  We can present these transition probabilities in a table.  For example:
	
	To A
	To B

	Move From A
	1/4
	3/4

	Move From B
	1/2
	1/2


Here are two ways to think of this:

1. If you are one of the individuals at location A, there is a 1/4 chance that you will stay in A, and a 3/4 chance that you will move to B.

2. If there are a large number of individuals at A at a particular time, and everyone changes location simultaneously, you expect that 1/4 of the individuals will remain in A and 3/4 will move to B.
Considering the latter interpretation some more, let’s suppose that at time t=0 seconds there are 80 individuals in A and 20 individuals in B.  Then at time t=1 second,
· (1/4)*80 = 20 individuals in A will remain in A.

· (3/4)*80 = 60 individuals in A will move to B.

· (1/2)*20 = 10 individuals in B will move to A.

· (1/2)*20 = 10 individuals in B will remain in B.

So at time t=1 second there will be 30 individuals in A and 70 individuals in B.  This can be repeated again (and again, and again…).  Calculate the numbers for the next few values of t.
These are the kinds of calculations that can be computed easily and repeated for multiple time intervals using a spreadsheet.  In the companion spreadsheet this calculation carried out, and you can see that after a short while the populations seem to reach an equilibrium of 40 of the 100 individuals being in A and 60 of the 100 individuals being in B.  After that point individuals continue to move back and forth, but the fractions of the total number of individuals in A and in B remain the same.  We can say that in the long run we have 0.4 probability of an individual being in A and 0.6 probability of an individual being in B at any given time, or that that the fraction of the total population that is in A is 40%, and the fraction of the total population that is in B is 60%.  These percentages are also calculated in the spreadsheet.
Try changing the sizes of the initial populations (without changing the transition probabilities).  How do the long-term fractions change?  Can you explain this?

The lower portion of the spreadsheet models The Incredible Journey.  Do the long range percentages match the experimental probabilities calculated in Activity?  Why or why not?
A process with multiple locations, or states, and movement from state to state determined by transition probabilities, is called a Markov process.  If you have ever taken a course in linear algebra, you may be interested to know that the long term probabilities are determined by finding a certain eigenvector of the matrix of transition probabilities.
