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The NCTM Principles and Standards for School Mathematics state that there should be an emphasis on the way that probability and statistics are related.  Students should engage in experiments to generate data from which ideas about probability will evolve.  “In the elementary grades, students work with ideas of probability should be informal, however by grades 3-5, students can consider ideas of chance through experiments---using coins, dice, or spinners---with known theoretical outcomes or through designating familiar events as impossible, unlikely, likely, or certain. ....  Through the grades, students should be able to move from situations for which the probability of an event can readily be determined to situations in which sampling and simulations help them quantify the likelihood of an uncertain outcome” (NCTM, 2000, p. 51). 


At grades 3 – 5 the NCTM PSSM describe students’ understanding and applications of the basic concepts of probability as the following:

•  describe events as likely or unlikely and discuss the degree of likelihood using such words as certain, equally likely, and impossible;

•  predict the probability of outcomes of simple experiments and test the predictions;

•  understand that the measure of the likelihood of an event can be represented by a number from 0 to 1. 


At grades 6 – 8 the NCTM PSSM describe students’ understanding of probability as follows:


•    understand and use appropriate terminology to describe complementary and mutually exclusive events;


•    use proportionality and a basic understanding of probability to make and test conjectures about the results of experiments and simulations;


•    compute probabilities for simple compound events, using such methods as organized lists, tree diagrams, and area models.

In order for teachers to provide the curriculum the NCTM Principles and Standards recommends, the MAA  states that teachers must conduct their own experiments to help them recognize and understand that the given equally likely outcomes, the probability of a particular event is equal to the ratio of the number of outcomes defined by the event to the number of total possible outcomes. 

Specifically, the MAA states that teachers should engage in:


• developing notions of probability


• making judgments with uncertainty


• assigning number to likelihood


• becoming familiar with the idea of randomness”(MAA, 2000, Chapter 8, p. 18).


The following activities address the issues above related to probability.

Exploring Probability
Will Multiplication or Addition Produce the Larger Number???

If you roll three dice and list the rolls as (a, b, c), which of the following is more likely?  Make a prediction.





a * b > b + c





a * b <  b + c





a * b = b + c

To explore this problem, we can make use of the TI-73 calculator’s dice rolling feature.  Rolling dice is performed as follows:

a.    Press  [MATH], scroll across to PRB, choose 7:dice, 

and press ENTER.  

[image: image1.wmf]
b.  The screen should now have dice( .  

Since we want to have three dice to explore this question, we enter  3).

c.  Upon pressing ENTER, you will find an ordered triple.  As you continue to press ENTER, more triples will appear.  It is a mater of how many entries you wish to have.  

[image: image23.wmf]
Will Multiplication or Addition Produce the Larger Number???


Use the triples on the TI-73 and a table like the one below to record your investigation and to compare a * b  and  b + c.  Roll the dice at least 20 times before answering the questions that follow

	Roll of dice (a, b, c)
	a  *  b
	b  +  c
	a  *  b = b  +  c?
	a  *  b > b  +  c?
	a  *  b < b  +  c?

	Example  6,  2,  4
	12
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	Example 1, 5, 4
	5
	9
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Questions:

1.  From the data you collected which did you determine is most likely?  

(a * b > b + c)  or  (a * b <  b + c)  or ( a * b = b + c)?  Why?

2.  From the data you collected which did you determine is least likely?  

(a * b > b + c)  or  (a * b <  b + c)  or ( a * b = b + c)?  Why?

3.  Number of times a * b > b + c     __________________

4.   Number of times a * b < b + c    ___________________

5.   Number of times a * b = b + c    ___________________

6.   Probability of a * b > b + c        ___________________

7.   Probability of a * b < b + c        ___________________

8.   Probability of a * b = b + c        ___________________

9.   Percent of time a * b > b + c     ___________________

10.   Percent of time a * b < b + c     ___________________

11.  Percent of time a * b = b + c     ___________________ 

12.  Which is more likely?  Why?

13.  Compile class data to see if the same conclusions are reached as found with  individual data sets.

14.  Using the TI-73, circle graphs of individual data and class data can be made.  How do they compare?

15.  Using the same triples, would the results be similar if  b * c and a + c were compared?    Explain.  How about  a * c and b + c?

16.  Would the results be the same if we rolled only two dice and compared the product of the two numbers to the sum of the two numbers?  Why or why not.

Flip Five

If you flipped five coins:


1.  What is the probability of getting exactly 3 heads?


2.  What is the probability of getting at least 3 heads?


3.  What is the probability of getting at most (no more than) 3 heads?


4.  Make your predictions for each question before flipping the coins.

To explore this problem, we can use the coin( feature on the TI-73.

Press [MATH] and scroll to the right to PRB , choose 6:coin and press ENTER.  Insert 5 following coin(  to simulate flipping five coins.  Upon pressing ENTER, you will have a sequence of 5 numbers of either a 1 or a 0.  We can choose to use the 1 to represent heads and the 0 to represent tails.  Therefore, the display below would represent 4 heads and 1 tail.

[image: image24.wmf][image: image25.wmf]
Use a table similar to the table below to record the Coin Flips for five coins for at least 20 flips.

	Coin Toss 
	Number of Heads

	1.  
	

	2.
	

	3.
	

	4.
	

	5.
	

	6.
	

	7.
	

	8.
	

	9.
	

	10.
	

	11.
	

	12.
	

	13.
	

	14.
	

	15.
	

	16.
	

	17.
	

	18.
	

	19.
	

	20.
	


Questions related to the activity:

1.  From the data you recorded in the table, what is the experimental probability of getting exactly 3 heads? at least 3 heads? at most (no more than) 3 heads?

2.  Repeat the experiment.  Are your results similar?  

3.  How close were your predictions?

4.  Combine the class results and determine the experimental probability for questions 1 – 3.

5.  Express the probabilities as decimals and percents as well as fractions.

6.  When tossing three coins, what are the possible outcomes?  What is the probability of each of the outcomes? Generate some data to see how your experimental probabilities compare with the theoretical probabilities.

7.  List the possible outcomes for tossing four coins?  What is the probability of each of the outcomes? 

8.   What are the possible outcomes for tossing five coins?  List the outcomes and the theoretical probabilities for each?

9.  How do the class results compare with the theoretical probabilities for flipping five coins?  How might your experimental probability come closer to the theoretical probability.

How Long Will it Run?


Often people feel that they are able to string together (or avoid) identical consecutive outcomes.  We will use the coin toss option with the calculator to check this out.  But first, let us predict what will happen.  For example, in a string of ten coin flips we find the outcomes to be H, H, T, H, T, T, T, T, H, H.  At this point we see that:

a. twice there were strings of 1 [the third flip followed by the fourth flip; the fourth flip followed by the fifth flip]

b. once there was a string of 2 [the first two flips were heads followed by a tail; while the last two flips are heads we do not know if the next one is a head or tail]

c. once there was a string of 4 [the four tails from flips 6 – 9]

Whadya think?  After 25 strings are found, predict the percent of times that a string will be of the following lengths.

String of length 1:


______

String of length 2:


______

String of length 3:


______

String of length 4:


______

String of length 5:


______

String of length more than 5:
______


Use the coin function and select one coin.  Keep a running tally of the number of strings of each length that are occurring [strings of heads as well as strings of tails].  In your first trial, record till you have 25 strings recorded. Repeat for a second trial.






     Trial 1


    Trial 2

String of length 1:


____________

____________

String of length 2:


____________

____________

String of length 3:


____________

____________

String of length 4:


____________

____________

String of length 5:


____________

____________

String of length more than 5:
____________

____________

How does your data match your predictions?

Getting out of Jail?


In the game of monopoly, the player who is in jail can choose to roll three times in an effort to get out of jail free.  If the player rolls a double [same value on each die] then the player is allowed out of jail.


On average, how many times do you think you need to roll two dice before a double occurs?

Your prediction: 
________

Let’s check.  Use the dice function and choose two dice.  Roll the dice till you get doubles.  Record the number of times it takes to get a double.  For example I rolled:

1 6

6        
3

2 2

6
2

4
3

3 6

2 2

 That is, it took 7 rolls to get a double.  I would record that and start over.  Repeat this process 20 times, each time recording the number of rolls till you obtained a double.  Make a tally mark in the chart below to indicate the number of rolls till a double was obtained.

	Number of rolls till a double occurred.
	Number of times a double occurred on this roll?
	Number of rolls till a double occurred.
	Number of times a double occurred on this roll?

	1
	
	15
	

	2
	
	16
	

	3
	
	17
	

	4
	
	18
	

	5
	
	19
	

	6
	
	20
	

	7
	
	21
	

	8
	
	22
	

	9
	
	23
	

	10
	
	24
	

	11
	
	25
	

	12
	
	26
	

	13
	
	27
	

	14
	
	28 or more
	


Mathematician Cards


The Noslo Production Company has a promotion where they placed cards of famous mathematicians in cereal boxes.  After much deliberation, the company decided to use only six cards of famous mathematicians in the promotion.  If the cards are randomly distributed, about how many boxes should you consider buying in the hopes of obtaining a complete set.  You will need to make this decision carefully, for if you buy too few you will miss out on the promotion, and if you buy too many you might have wasted too much money.

What do you think is a reasonable number of boxes to purchase?  ________

Why?

Use the dice function on your calculator.  Choose only one die.  Roll the die until a complete set of cards is obtained.  For example, I rolled 5, 4, 3, 6, 2, 4, 2, 4, 4, 5, 4, 2, 1 to get a complete set.  That is, after I rolled the 1, I now had cards 1, 2, 3, 4, 5, and 6, a complete set.  In this trial, it took me 13 rolls to get a complete set.  Do twenty trials and tally the number of rolls it took each time before a complete set was obtained.  That is, a trial consists of the number of rolls to get a complete set.

	Number of rolls till a complete set was obtained
	How many times a set was completed on this roll.
	Number of rolls till a complete set was obtained
	How many times a set was completed on this roll.

	1
	
	15
	

	2
	
	16
	

	3
	
	17
	

	4
	
	18
	

	5
	
	19
	

	6
	
	20
	

	7
	
	21
	

	8
	
	22
	

	9
	
	23
	

	10
	
	24
	

	11
	
	25
	

	12
	
	26
	

	13
	
	27
	

	14
	
	28 or more
	



Based on your evidence, if you were a prudent parent, about how many boxes would you buy to be fairly sure that you would get a complete set for your precious child?    Why?

Will the Result Always be a Triangle?



Suppose you have a pile of sticks with several of lengths 1, 2, 3, 4, 5, and 6.  If you randomly select three sticks from this pile, what is the probability that they will form a triangle?


Your prediction:  ___________


Use the dice function on the calculator and check your prediction.  When you have your entries completed, we will pool the data for the group to examine.

	Roll #
	Dice Showing
	Triangle or not?
	If a triangle, the type is

	XXX
	XXXXXXXX
	No
	Yes
	Equilateral
	Isosceles
	Scalene

	Ex. 1
	2, 4, 4
	x
	
	
	
	

	Ex. 2
	3, 5, 5
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	25
	
	
	
	
	
	

	
	Totals
	
	
	
	
	


1.  What is a good estimate of whether a triangle occurs?

2.  If a triangle occurs, what is a good estimate that the triangle is equilateral?  Isosceles? Scalene?

3.  If a triangle occurs, it is as likely to have at least one side of length 1 as it is to :


a.  have at least one side of length 6?


b.  have at least one side of length 5?


c.  have at least one side of length 4?


d.  have at least one side of length 3?

 
e.  have at least one side of length 2?


From your data, how many triangles have at least one side of length:



1.  __________



2.  __________



3.  __________



4.  __________



5.  __________



6.  __________

Expected Value


Mik and Mary were playing a game that involved rolling two dice and taking the product of the two numbers that showed on top.  They decided that if the sum of the products of six rolls was 85 or more, then Mary would score a point. Otherwise Mik would score a point. The game would end when one person reached 7 points.  


Is this a fair game?  Why or why not?


Use the dice feature on the calculator to model the game. Record the data you collect.

	Round
	1st roll
	2nd roll
	3rd roll
	4th roll
	5th roll
	6th roll
	Total
	Who scored a point?

	example
	36
	12
	30
	24
	3
	6
	111
	Mary

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	


Product when rolling two dice

	Die 1

Die 2
	1
	2
	3
	4
	5
	6

	1
	1
	2
	3
	4
	5
	6

	2
	2
	4
	6
	8
	10
	12

	3
	3
	6
	9
	12
	15
	18

	4
	4
	8
	12
	16
	20
	24

	5
	5
	10
	15
	20
	25
	30

	6
	6
	12
	18
	24
	30
	36



Sum of the products in the table is 441.


Average of the values in each cell is 441 ÷ 36, or 12.25.

Birthday Probability


In a group of 25 people, what is the probability that at least two people have the same birthday [matching month and day but not necessarily year]?


While there are several ways to examine this with technology, we will pursue the one given below.  Let us assume that there are 365 birthdays possible and one is as likely as another for a randomly selected person.  If a list of 25 random birthdays is examined, we can check for matching entries.  One way to facilitate this sorting is to put the 25 chosen days into a list.  Repeating the process several times can give an experimental probability.


Matching January 1 with 1, January 2 with 2, and so on, with December 31 matched with 365, we can use the command randInt[1, 365, 25] to simulate the selection of 25 random birthdays.  We can place those 25 entries into a list and then sort the list.


To Clear list 1[L1]:  List, Highlight L1, 2nd Stat ---->to OPS, Scroll down to ClrList [enter], 2nd Stat[chose L1][enter], [enter]


To enter 25 birthdays into list 1 [L1]:  List, Highlight L1, Math ----> to PRB, Scroll down to randInt([enter]::::you should now have some lists with a bottom line that says:  L1 = randInt(. Type 1, 365, 25) [enter]------you should now have 25 entries in L1.


To sort the 25 entries in L!:   Highlight L1, 2nd Stat ---->to OPS[SortA(]  [enter]::::: you should now have SortA(.  2nd Stat[choseL1] [enter] [enter]----done should appear.


Now go back to List and examine L1.  L1 should be in ascending order. Scroll through the entries to see if there are any numbers that are the same.  If so, then we have found two people with the same birthday.


Repeat this process for a total of ten times and indicate whether a pair of birthdays were found in each trial.

Trial



at least one pair of birthdays?

1.




yes     no

2. 




yes     no

3. 




yes     no

4. 




yes     no

5. 




yes     no

6. 




yes     no

7. 




yes     no

8. 




yes     no

9. 




yes     no

10. 




yes     no 

Individual data to report:


Number of “successes” in 10 trials:  __________

Group data collected:

Number of trials: __________    Number of Successes:  __________


References

•••Sample Activities for Using the Calculator to Explore Probability

Analyzing Number Cube Sums (from Jane F. Schielack and Dinah Chancellor, Uncovering Mathematics with Manipulatives and Calculators Levels 2 & 3, Texas Instruments Incorporated, 1995).   Students should do the Number Cube Sums activity before completing this activity so they will have already explored experimental probabilities.  Using number cubes of two different colors, students will be able see the ways of rolling two number cubes to get each possible sum of 2 through 12.   In this activity students will extend their understanding of theoretical probability and patterns.  
•••Collect All Ten to Win! ( from Discovering Mathematics with the TI-73:  Activities for Grades 5 and 6, Edited by Melissa Nast, Texas Instruments, 1998)  Students who are collectors of cards or toys will identify with this activity and will likely gain a better understanding of the probability of ‘collecting all of a set’.  This activity simulates a contest that requires the participants to collect 10 different tokens found in the bottom of specially marked cereal boxes
•••Does One = One?  (from Jane F. Schielack and Dinah Chancellor, Uncovering Mathematics with Manipulatives and Calculators Levels 2 & 3, Texas Instruments Incorporated, 1995) Students will examine a regular six-sided die and the possible outcomes for rolling it one time.  They will be primarily working with theoretical probability as they explore fractions and decimals with a calculator.  However, this is a good activity for students who need to develop further understanding of the way we use experimental and theoretical probability.
•••Heads Up (from Browning, Christine and Channell, Dwayne, Graphing Calculator Activities for Enriching Middle School Mathematics, Texas Instruments, 1997)  This activity provides students with a good study of some of the important concepts in probability such as impossible, certain, likely, and not likely.  Students work with tossing coins and use the random number generator on the calculator to conduct a simulation of coin tossing.

•••Hey, That’s Not Fair!  (Or is it?) from Discovering Mathematics with the TI-73:  Activities for Grades 5 and 6, Edited by Melissa Nast, Texas Instruments, 1998)  Because students are very concerned about fairness, this is an activity with which they will likely identify.  Students will use the calculator to simulate dice rolls to play two different games.  From examining their data, they will decide if the games give each player an equally likely chance of winning. 

•••Number Cube Sums (from Jane F. Schielack and Dinah Chancellor, Uncovering Mathematics with Manipulatives and Calculators Levels 2 & 3, Texas Instruments Incorporated, 1995)  This is a good activity for engaging students in investigating the possible combinations that can be made with the numbers on two different number cubes.  By recording and analyzing their data, students can determine experimental probabilities using fractions and decimals.

•••Picturing Probabilities of Number Cube Sums  (from Jane F. Schielack and Dinah Chancellor, Uncovering Mathematics with Manipulatives and Calculators Levels 2 & 3, Texas Instruments Incorporated, 1995)  Students should do the Analyzing Number Cube Sums before beginning this activity.  Students will use ideas of ratio and proportion to investigate various ways to make a circle graph.  The graph will display the probabilities of the different sums that can be generated with two number cubes.  By using the graphing capabilities of the Ti-73 to produce a  circle graph, this activity can be even richer. 

•••Probably Not! ( from Discovering Mathematics with the TI-73:  Activities for Grades 5 and 6, Edited by Melissa Nast, Texas Instruments, 1998) Students flip a coin to find the empircal probability of Mikel, the cat, having a litter of five female kittens.  The empirical and theoretical probabilities are compared by constructing a bar graph.  The summary of outcomes are compared to the rows in Pascal’s Triangle.
•••Spin Me Along  (Jane F. Schielack and Dinah Chancellor, Uncovering Mathematics with Manipulatives and Calculators Levels 2 & 3, Texas Instruments Incorporated, 1995)  Students explore probability and patterns in fractions and decimals by spinning three spinners and recording and analyzing the results.  By changing the sizes of the sections on the spinners, students will have experience with how the likelihood of the outcomes change with the different fractional divisions of the circles.  

•••Tiles in a Bag  (Jane F. Schielack and Dinah Chancellor, Uncovering Mathematics with Manipulatives and Calculators Levels 2 & 3, Texas Instruments Incorporated, 1995)  Students draw tiles from a bag containing different colored tiles to guess how many tiles of each are in the bag.   They record their results using both fractions and decimals.   This activity gives an opportunity to explore the concept of sample space.  
•••Integrating Handheld Technology into the Elementary Mathematics Classroom.[Judy Olson, Mel Olson, and Jane Schielack. Texas Instruments, 2002.]  

Some answers

Will Multiplication or Addition Produce the Larger Number???
1 – 13   Probabilities and Percents will vary, but students will likely agree with the following:

a * b > b + c  Most Likely

a * b < b + c  

a * b = b + c  Least Likely

Students ready to explore this problem looking at the theoretical probability should be encouraged to draw a model from which they can determine the probabilities with a sample space of 216.

P(a * b > b + c) = 
[image: image26.wmf] ≈  65%; P(a * b < b + c) =  63/216 ≈ 29%

P(a * b = b + c) = 
[image: image2.wmf] ≈  6%

14  With a TI - 73, to create a circle graph, first enter data into Lists.  It will be necessary to have a category List along with a List indicating the numerical value of each of the categories.  Pressing   2nd     [Plot]    will allow you to select Plot1 and turn it on.   From there you can make the appropriate selections and the press GRAPH.  Comparisons will vary, but the graphs should look similar.

15   The probabilities would be the same as the comparisons are essentially the same.

16  The results would be different as there would be only 36 possibilities.  There would be only 1 time that they would be equal, 2 + 2 and 2 * 2.  The sum would be larger than the product whenever a 1 is added to a number compared to multiplying 1 times a number P( a + b > a  *  b) = 
[image: image3.wmf].  The product will be larger than the sum  
[image: image4.wmf].

Flip Five
1 - 5  Students’ experimental probabilities should be close to the theoretical probability  of:  


Exactly 3 heads -  
[image: image5.wmf],    0.3125,  31.25%


At least 3 heads  
[image: image6.wmf] ,   0.5,  50%



At most 3 heads 
[image: image7.wmf] ,  0.8125,  81.25% 

6 -  P(HHH) = 
[image: image8.wmf],  P(HHT) = 
[image: image9.wmf] ,  P(TTH) = 
[image: image10.wmf] , P(TTT) = 
[image: image11.wmf]
7 – P(HHHH) = 
[image: image12.wmf] ,  P(HHHT) = 
[image: image13.wmf] ,  P(HHTT) = 
[image: image14.wmf] , P(HTTT) = 
[image: image15.wmf] ,        P(TTTT) = 
[image: image16.wmf]
8 – P(HHHHH) = 
[image: image17.wmf] ,  P(HHHHT) = 
[image: image18.wmf] , P(HHHTT) = 
[image: image19.wmf], 

P(HHTTT) = 
[image: image20.wmf] ,  P(HTTTT) = 
[image: image21.wmf],  P(TTTTT) =  
[image: image22.wmf]
9 -  At this point, hopefully students will recognize that the more times an experiment is done the closer the empirical probability comes to the theoretical probability.
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