Math 507, Lecture 1, Fall 2003, Basic Counting (1.1–1.6)

1) The Basic Question: How many of something are there, or how many ways are there to do a job?

2) Two Basic Tools

a) The Multiplication Rule

i) Statement: If it takes two tasks to do the job and there are m ways to do the first task and then n ways to do the second, then there are m times n ways to do the job. (This generalizes to more tasks.)

ii) Example: You order a one-topping pizza. Your tasks are “choose the crust” and then “choose the topping.” If there are four choices of crust and fifteen choices of topping, then you have sixty ways to order.

iii) Warning: This rule requires that there be one and only one way to do the job by performing the two tasks in order. For example, you cannot use it to count two-topping pizzas because choosing pepperoni and then onion produces the same pizza as choosing onion and then pepperoni.

b) The Addition Rule

i) Statement: Suppose there are two distinct approaches to doing a job. If there are m ways to do it using the first approach and n ways to do it using the second approach, then there are m+n ways to do the job altogether. (This generalizes to more approaches.)

ii) Example: You order a one-topping pizza. Your approaches are “choose a meat topping” or “choose a vegetable topping.” If there are six meat toppings and nine vegetable toppings, then you have fifteen ways to order the pizza. (Yes, this is trivial, but there are more subtle applications.)

iii) Warning: Every way of completing the job must follow exactly one of the approaches. For instance you cannot count all two-topping pizzas according to whether they have meat toppings or vegetable toppings since some have both.

3) Examples of Using the Tools

a) There are 
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 possible standard license plates in Tennessee.

b) If 10 runners race and there are no ties, then there are 
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ways to award gold, silver, and bronze medals. [useful notation: we call this number “ten falling factorial three” and denote it 
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 for nonnegative integers n and k with the value being 1 if k=0. Note that 
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c) Suppose a password on a computer network must consist of 5 lowercase letters (e.g., mkfps, aazaa). How many passwords are there under various conditions?

i) Unrestricted: 
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. (26 choices for each of 5 letters)

ii) All letters different: 
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. (26 choices for the first letter, 25 for the second, 24 for the third, etc.)

iii) The first letter must be an a: 
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. (one choice for the first letter, 26 for the second through fifth)

iv) The letter z is not allowed: 
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v) There must be at least one c:

(1) It is tempting to reason as follows: The first task is to place a c. There are 5 positions it can take. Then there are 26 choices for each of the other letters. Thus the answer is 
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. This approach produces an overcount, however, because it counts words with two c’s twice, word with three c’s three times, etc. (Do you see why?)

(2) It is tempting to correct the previous result to 
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 (i.e., choose a spot for a c and then choose four letters that are not c’s. This undercounts because it leaves out all words with more than one c.)

(3) The correct answer is 
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. (Count all words without restriction and then throw out those that have no c’s. This is a subtle use of the addition rule as a subtraction rule.)

vi) (Example 2 in section 1.6) How many odd, four-digit numbers are there with no repeated digits?

(1) It is tempting to begin, “There are 9 choices for the thousands place (any digit but 0), then 9 for the hundreds (any but the thousands digit), then 8 for the tens.” At this point, however, we do not know how many are left for the ones because we do not know how many odd digits are unused.

(2) It works better to choose the ones digit first: There are 5 choices (1,3,5,7,9) for the ones digit. Then there are 8 for the thousands, 8 for the hundreds, and 7 for the tens. This yields 
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 such numbers.

vii) (Example 3 in section 1.6) How many even, four-digit number are there with no repeated digits?

(1) The approach of the previous problem fails. There are 5 choices for the ones digit (0,2,4,6,8), but then it is unclear how many choices there are for the thousands digit (9 choices if the ones digit is 0; 8 choices otherwise).

(2) Use the addition rule to break the solution into two cases. If the ones digit is 0, then there are 9 choices for the thousands digit, 8 for the hundreds, and 7 for the tens. If the ones digit is another even digit (4 choices), then there are 8 choices for the thousands digit, 8 for the hundreds, and 7 for the tens. Altogether, then, there are 
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 such numbers.

4) A Basic Problem: Ambiguity

a) Its nature: Enumeration problems display a peculiar susceptibility to ambiguity. That is, seemingly clear, simple problems lead solvers to a variety of genuinely different solutions springing from different interpretations of the problem. These interpretations are usually sincere and often legitimate.

b) Its cause: In its basic form, a counting problem asks “how many different ‘blivits’ are there?” To answer this, a student must have two pieces of non-mathematical information: What is the definition of a blivit? And when are two blivits different from each other? Mathematics cannot answer these questions. They are questions about how people judge matters in the real world. Such questions become ambiguous when (i) students have inadequate knowledge of the real-world situation, (ii) the problem fails to give crucial background information that would be available in the real world, or (iii) given complete information about the situation people might reach different judgements in the real world.

c) Examples

i) “A lottery requires you to choose five numbers between 1 and 42. In how many ways can you do this?” Students in states that operate the Powerball lottery are likely to understand this problem. It means to choose five distinct integers between 1 and 42 with order being unimportant. Students from non-Powerball states like Tennessee are faced with great ambiguities. What is a legitimate choice of numbers: are repeated numbers allowed? When are two choices different: does the order of the numbers matter?

ii) “A pizza parlor offers 8 toppings. In how many ways can you order a two-topping pizza?” Even if you rule out concerns about crust, this problem is ambiguous. Must the two toppings be different or is double pepperoni a two-topping pizza? In the real world you can ask the waiter. On a homework problem the question is ambiguous. (Note: If you specify that the pizza must have two different toppings, some students will give the answer as 
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, arguing that you have 8 choices for the first topping and 7 for the second. This is incorrect because choosing pepperoni first and mushrooms second produces the same pizza as choosing mushrooms first and pepperoni second. There is no legitimate ambiguity because no sane person would distinguish between the pizzas.)

iii) “In how many ways can 9 people sit at a round table?” Here we have no trouble defining a “seating,” but there are real questions about when two seatings are different. If everyone shifts one seat left around the circle, is the seating different? The same people are sitting in the same order but in different chairs. In this case people may well hold different opinions about whether the two seatings are the same. There is no standard answer and no one in authority to render a final judgment. If the problem does not specify, then the student faces an irresolvable ambiguity. 

d) Its cure

i) Ambiguity is unavoidable but not incurable. First, the teacher who knows how easily it creeps into problems can craft questions carefully to minimize it.

ii) Second, knowing it will creep in anyway, he must be ready to listen to students’ variant interpretations with an open mind, accepting plausible ones, and explaining the real-world judgments that make others implausible.

iii) Third, he should warn his students about the likelihood of ambiguity arising and encourage them to identify it and confront it creatively. When circumstances allow (e.g., on a test), they should ask the teacher for clarification. When not (e.g., doing assignments at home), they should state the ambiguity, declare a plausible interpretation, and solve the problem accordingly (e.g., “Assuming double toppings are not allowed, there are 
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 different two-topping pizzas.”)

iv) Fourth, he should carefully define unambiguous mathematical vocabulary and notation suitable for clarifying common ambiguities. For instance if he has properly defined set and subset, he can completely clarify the question about two-topping pizzas by saying that the choice of toppings must be a subset of size two of the set of all available toppings. Such language is ineffective at the pizza parlor but invaluable in the math classroom.

5) Basic, Unambiguous Definitions

a) Sets and related terms

i) A set is a collection of items, without repetition or order. We describe sets by enclosing or describing the items between braces. As sets {1,2,3}={3,1,2}={1,2,1,1,2,3,3,3}. We commonly denote sets by capital letters.

ii) There are several standard sets we will see frequently: the positive integers P, the nonnegative integers N, the integers Z, the rational numbers Q, the real numbers R, and the complex numbers C. Also we denote the empty set by 
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iii) In a useful combinatorial convention we define [0] to be the empty set and for positive integers n we define [n]={1,2,3,…,n}. For instance [4]={1,2,3,4}.

iv) The cardinality of a finite set is simply the number of elements in the set. For instance the empty set has cardinality zero and the set {a,b,c} has cardinality three. We denote the cardinality of a set A by 
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. Infinite sets also have various cardinalities, but that is a topic beyond the scope of this course. If a set has n elements, we call it an n-set.

v) Set A is a subset of set B if every element in A is also an element of B. In this case we write 
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vi) The complement of a set A is the set of everything not in A. This makes sense, of course, only if we have a mutual understanding of what “everything” is. We denote the complement of A by 
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vii) The union of sets A and B is the set containing every element in A or B (or both — In mathematics the word or always means either one or the other or both). We denote it 
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viii) The intersection of sets A and B is the set containing the elements common to both A and B (simultaneously — In mathematics the word and always means both are true simultaneously). We denote it 
[image: image23.wmf]B

A

Ç

.

ix) Two sets are disjoint (or mutually exclusive) if they have no elements in common (or, equivalently, their intersection is empty). A collection of sets is pairwise disjoint if every pair of sets in the collection is disjoint — that is, there is no element shared by two (or more) sets in the collection.

b) Multisets

i) A multiset is a collection of items without order but allowing repetition. We will have little use for them, but they are occasionally useful in enumeration problems.

ii) We denote multisets with braces just as we do sets except that repetition is meaningful. For instance {1,1,2,3} differs from {1,2,3} as a multiset since the first contains 1 twice but the second only once.

c) Sequences

i) A sequence is an ordered list of items with repetition allowed. We call the items in the list terms of the sequence. If the terms all come from the set A, we call the sequence a sequence in A.

ii) We describe sequences by listing or describing their terms between parentheses. The length of a finite sequence is the number of terms in the sequence. For instance the sequence (a,c,b) has length three with first term a, second term c, and third term b. It differs from the sequence (c,a,b) since the order of the terms differs.

iii) Sometimes it aids intuition to list the terms of a sequence without parentheses and commas. For instance the two sequences above become acb and cab. When we list a sequence this way, we call it a word on the alphabet A. The passwords we counted earlier in this lesson are words of length five on the alphabet of lowercase letters.

iv) A sequence on a set A that contains no repeated terms is a permutation. If it contains k terms, it is a permutation of A taken k at a time. If it contains all the elements of A, then it is simply a permutation of A. For instance, the sequence (u,a,e,o,i)  or uaeoi is a permutation of the vowels in English.

6) A Basic Aid to Thought: Multiple Models of Common Counting Problems (combinatorial Jeopardy)

a) Questions whose answer is 
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i) How many sequences of length k are there on an n-set?

ii) How many words of length k are there on an alphabet of n letters?

iii) In how many ways can you distribute k distinct (labeled) balls among n distinct (labeled) urns?

iv) How many different functions are there from a k-set into an n-set?

b) Questions whose answer is 
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i) How many permutations are there of an n-set taken k at a time?

ii) How many words of length k are there with no repeated letters on an alphabet of n letters.

iii) In how many ways can you distribute k distinct balls among n distinct urns so that no urn gets more than one ball?

iv) How many different one-to-one (injective) functions are there from a k-set into an n-set?

7) A Slightly Advanced Counting Tool: The Principle of Inclusion and Exclusion

a) If sets are not disjoint, it can be hard to find the cardinality of their union. Intersections, on the other hand, are often easier to deal with. A generalization of the addition rule eases finding the cardinality of unions when the cardinalities of intersections are known. This generalization is called the Principle of Inclusion and Exclusion.

b) For two sets this principle says 
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. Intuitively this is clear: if you count everything in A and add everything in B, then you have counted the elements they have in common twice. Removing it once yields the total number of elements in the union. The Venn diagram in Theorem 1.3 also makes the matter clear.

c) As a simple example, suppose you want to count the integers between 1 and 100 (inclusive) that are divisible by 3 or 5 (remember this means 3 or 5 or both). It is easy to see that 33 numbers are divisible by 3, and 20 numbers are divisible by 5. Some, of course, are divisible by both. These are precisely the numbers divisible by 15, of which there are clearly 6. Thus the total number of integers between 1 and 100 divisible by 3 or 5 is 33+20-6=47.

d) The Principle of Inclusion and Exclusion generalizes easily to three sets, four sets, or more. The text shows the pattern at the end of section 1.3.
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