Math 507, Lecture 11, Fall 2003

Normal Random Variables and Why Anyone Cares (4.8–4.10)

1) Normal Random Variables

a) Origin

i) Abraham DeMoivre introduced the normal distribution in 1733 as a way of approximating binomial probabilities. The normal distribution is also known as the Gaussian distribution (ostensibly because Gauss studied its properties so extensively) and the bell curve (because of the shape of its pdf).

ii) The normal distribution has turned out to be important as a model in its own right. In particular the Central Limit Theorem guarantees that as you take large enough samples from any random variable and average them, the averages tend toward a normal distribution. 

b) Definition (pdf)

i) We say that the random variable X has a normal distribution with parameters ( and (2, and we write X~normal((,(2) if X has pdf 
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ii) Note, in particular, that the range of X is the whole real line. The shape of this pdf is that of a mound or bell with its high point at ( (which turns out to be the mean of X). The mound is a narrow tall spike if (2 (which turns out to be the variance) is small. It is a broad low bump if (2 is large.

iii) For instance, here is the graph of the pdf for (=2.5 and (2=0.01. [image: image2.png]



iv) And here is the graph of the pdf for (=0 and (2=1. This is known as the standard normal random variable, commonly denoted by Z.

[image: image3.png]



v) Neither of these looks very bell-like. The easiest way to get the typical bell-shaped curve is to use different scales on the axes. Here is the graph of Z again with different axes. [image: image4.png]



c) Expectation: The expected value of  X~normal((,(2) is (. This is Theorem 4.11 in the text. It follows directly from the definition of E(X), but it requires an algebraic trick and the fact that the integral of an odd function over an interval symmetric about the origin is always zero.

d) Variance: Similarly the variance of X~normal((,(2) is (2. Again this follows directly from the definition of Var(X) after a change of variables and integration by parts.

e) Cdf

i) By definition the cumulative distribution function of X~normal((,(2) is 
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ii) This function, however, while nicely behaved (continuous, indeed smooth) is not a simple function. It is not expressible by a finite combination of the familiar functions (polynomial, trig, exponential, log, algebraic) through addition, subtraction, multiplication, division, and composition. To find values of the cdf we must approximate them. In practice this means we consult a table of values of the cdf.

iii) Offhand it appears we need a different table for every choice of values for ( and (2. It turns out, however, that every linear function of a normal random variable is also normal. In particular if X~normal((,(2), and Z=(X‑()/(, then Z~normal(0,1). Thus knowing the cdf for Z suffices to find it for every normal random variable. Here is the proof:

iv) Let F denote the cdf of Z. Then 
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v) It is conventional to denote the cdf of Z by ( rather than F. So if X~normal((,(2), we can find values of its cdf by transforming X into a standard normal random variable and then looking the values up. That is
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f) Standard Normal Random Variables

i) Definition: The random variable Z~normal(0,1) is called the standard normal random variable.

ii) Evaluation of Probabilities: Tables of the values of ((z), the cdf of Z, are readily available. The table on p. 114 of our text is typical. It lists ((z) for all values of z between –3.09 and +3.09, in increments of 0.01. To look up ((z) for a particular value of z, find the units and tenths digits of z in the left hand column and find the hundredths digit of z across the top row. The row and column intersect at the value of ((z). For instance ((1.37)=0.9147.

iii) With this table we can easily compute P(Z ( a)=((a), P(a ( Z ( b)=((b)-((a) and P(Z ( b)=1-((b).

iv) Note that many freshman statistics texts give tables of P(0<Z<z) for positive z only instead of a table of the cdf. This serves the same purpose, but the technical details of computing probabilities differ a bit. To avoid embarrassment when teaching this subject, be sure to practice with whatever table is in your text before you try to “wing it” with an example in front of class. Of course some calculators (the TI-83 in particular, I believe) will calculate values of the cdf and pdf of standard normal random variables (and other random variables as far as that goes).

g) Comparison To Chebyshev

i) If X~normal((,(2), and h>0, then by Chebyshev’s Theorem 
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This says X has a probability of at least 0 of falling within one standard deviation of its mean, at least ¾=75% of falling within two standard deviations, and at least 8/9=88.9% of falling within three standard deviations.

ii) These lower bounds are far from sharp for normal random variables. We can compute the actual probability of normal X falling within one standard deviation of its mean as
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iii) Similarly X~normal((,(2) has probability 0.9544 of falling within two standard deviations of its mean and probability 0.9974 of falling within three standard deviations of its mean. Note that these values are much higher than the lower bounds from Chebyshev’s theorem. It is worth putting in long term memory that a normal random variable falls within one, two, or three, standard deviations of its mean with probabilities 68%, 95%, and 99.7% respectively.  The same is true about approximate percentages of data falling within one, two, and three standard deviations of the mean when the data is drawn from a normally-distributed population.

h) Examples

i) Women’s Heights

(1) Some data suggests that the mean height of female college students is roughly normally distributed with mean 65 inches and standard deviation 2.5 inches. Approximately what percentage of female college students are over 70 inches tall?

(2) Let X be the height of a randomly selected female college student. Then X~normal(65”,6.25in2). Then we want P(X>70”). We compute this as follows: 
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Just over 2% of female college students are over 70” tall.

ii) SAT Scores

(1) If X is a random variable, then the qth percentile of X is a number xq such that F(xq)=q/100. In other words it is the number such that X has probability q% of being less than it. For example, the 25th percentile x25 has property that F(x25)=0.25=25%. It is common to call the 25th percentile the lower quartile, the 50th percentile the median, and the 75th percentile the upper quartile.

(2) If SAT scores are normally distributed with mean 500 and standard deviation 100, what percentile is a score of 650? The SAT scores are a random variable X~normal(500,1002). Then 
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(3) What percentile is a score of 300? Here we compute F(300)=((‑2)=0.0228, the 2.28th percentile.

(4) What is the 90th percentile of the SAT scores? We want x90 such that F(x90)=0.90. This is equivalent to ((( x90 –500)/100)=0.90. We use the standard normal table backward to find that a suitable z is approximately 1.28 (since ((1.28)=0.8997). Solving (x90 –500)/100=1.28, we get x90=628.

i) Approximation Formula

i) The text mentions a rational approximation formula for ((z) that you can program into your calculator. In practice you can probably get access to TI-83 or other calculator with ( built in. Also the major spreadsheet programs have many of the pdfs, cdfs, and inverse cdfs (equivalent to using the table backwards) as built-in functions. Indeed I produced all of the graphs in the following section using the binomdist and normdist functions in Excel.

2) DeMoivre-Laplace Theorem: Approximation Binomial Distributions by Normal

a) Visual Normality of Binomial Distributions: Under many circumstances the binomial distribution has much the shape of a normal distribution. This is easy to see by graphing the pdf of a binomial distribution as a histogram. Note that in such a histogram (as in a continuous pdf) the area of each block is the probability of the corresponding value of X and the total of the areas is 1. Thus we can treat the histogram as a continuous pdf (a step function).

i) For p=0.5 as n increases: On p.117 we see the histogram for X~binomial(n,0.5) as n increases from 10 to 100. Notice how the graph is roughly normal at every step but becomes flatter and more spread out as n increases.

ii) For small n when p is not extreme: On p. 118 we see the histograms for X~binomial(n,p) with n between 1 and 8, and p between 1/8 and 7/8. Extreme values of p lead to highly non-normal histograms for these low values of n. But p=1/2 leads to roughly normal histograms throughout, and by n=8 even the histograms for p=1/4 and p=3/4 are starting to take on a bell shape.

iii) For more p when n becomes large: On p. 119 we see the histograms for X~binomial(100,p) for p between 10% and 90%. The histograms are roughly bell shaped throughout, spikier at the extremes and more spread out near the middle.

iv) Here is a comparison of four histograms for X~binomial(100,p), for p= 0.5, 0.75, 0.10, and 0.98. Note that the graph grows taller, narrower, and less symmetric as p departs farther from 0.50, finally growing distinctly non-normal at p=0.98.
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v) The following four graphs compare each of the previous histogram (now as line graphs in blue) to the normal curves (in purple) with the same means and standard deviations. Note how the match is essentially perfect for p=0.50 and grows progressively worse as p moves toward the extreme values. In the graph for p=0.98 the masked portion at the right indicates the values above 100. The binomial random variable cannot take on those values, but notice how much area lies below the normal curve in that range. This indicates badness of fit between the variables.

vi) 
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vii) 
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viii) 
[image: image15.wmf]Binomial vs. Normal
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ix) 
[image: image16.wmf]Binomial vs. Normal Graphs
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b) This suggests that for n sufficiently large the distributions of X~binomial(n,p) and Y~normal(np,npq) are approximately equal. But since 
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should be approximately standard normal. This turns out to be the case.

c) Theorem 4.13 (DeMoivre-Laplace): If X~binomial(n,p), then for all real numbers z we have 
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d) This is a special case of the Central Limit Theorem. It says that if you draw n samples from a (any!) random variable with mean ( and variance (2, then as n increases, the average of the n values has an approximately normal distribution with mean ( and variance (2/n.

e) The Continuity Correction

i) Suppose X~binomial(n,p) and Y~normal(np,npq). The above discussion suggests approximating P(X ( b) by P(Y ( b). In the histogram for X, however, each bar — in particular the bar for X=b — has a width of one, stretching from b(1/2 to b+1/2. Thus we get a better approximation by using P(Y ( b+1/2) or more properly by 
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ii)  Similarly we do best to approximate P(a ( X ( b) by P(a(1/2 ( Y ( b+1/2) or more properly by 
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iii) This modification is known as the correction for continuity. The following graph illustrates why it helps, superimposing the blue bars of the binomial histogram on the red area under the normal curve.

iv) 
[image: image22.wmf]Correction for Continuity
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f) Criteria for Approximating the Binomial by the Normal

i) How do we decide when the normal is a good approximation to the binomial? The text gives the guideline that ( ( 3 or equivalently that n ( 9/(pq). The table in the text shows the appropriate values of n for various choices of p. Note that n stays modest unless p is extreme. Other authors suggest using the criterion that 0 ( (-3(<(+3(<n. The point of this criterion is that all values of the normal curve within 3 standard deviations of the mean should lie within the range of the binomial random variable under discussion (the condition violated by X~binomial(100.0.98) above).

g) Examples of Approximating the Binomial by the Normal

i) Tossing a coin 25 times

(1) If you toss a fair coin 25 times, what is the probability of getting exactly 12 heads. Here we have X~binomial(25,0.5). Based on the discussion at the bottom of p. 122, this n is large enough to support a normal approximation. We calculate 
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(2) The book mentions that this answer is correct to three decimal places.

(3) To approximate the probability P(X ( 18), we use 
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ii) A binomial probability with small p

(1) If X~binomial(1000, 0.01), approximate P(X ( 3). Here we see n>9/(pq) since n=1000 and 9/(pq) is about 909, so a normal approximation is appropriate.

(2) Applying the correction for continuity, we calculate
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(3) Note that we rounded the Z value to two decimal places since that is what the table for ( contains. Also note how much simpler this approach is than calculating the exact value using the binomial distribution. For instance we avoid calculating the 998th power of 0.99.

iii) A hypothesis test for coin flips

(1) A supposedly fair coin turns up heads 62 times in 100 flips. Does this provide evidence of bias toward heads at the 1% significance level? If X is the number of heads, then under the null hypothesis (fair coin) X~binomial(100,0.5). What is the probability of getting data as contradictory to the null hypothesis (or more so) as we actually got? If that probability is under 1%, we reject the null hypothesis.

(2) We need P(X ( 62). Since 9/(pq)=36 and n=100>36, we may use a normal approximation. Thus 
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(3) Since this probability exceeds (although just barely at 1.07%) our proposed significance level of 1%, we do not reject the null hypothesis. We remain unconvinced that the coin is biased toward heads. (This is not to say that we are convinced that it is not biased.)

iv) A hypothesis test for army recruiting

(1) Suppose the army claims to have only 10% of recruits without a high school diploma. A random sample of 625 recruits includes 75 without a diploma. Does this provide sufficient evidence at the 5% significance level that the army’s claim is incorrect? Under the null hypothesis (i.e., the army’s claim is correct), we have X~binomial(625,0.10), where X is the number of recruits in the sample without high school diplomas. We note that 9/(pq)=100 and n>100, so a normal approximation is appropriate.

(2) Thus we calculate 
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(3) This value is higher (albeit slightly) than 5%, so we do not reject the null hypothesis. We are not convinced that the army’s claim is wrong. More specifically, if in fact exactly 10% of recruits lack diplomas, then our data has a fairly high probability of being the result of random variation in samples. The probability is slightly over 5%, and a little too high for us to disbelieve it is a chance occurrence.

(4) How many recruits without diplomas would we have to find in our sample in order to reject the army’s claim with 1% significance? Now we want to find k such that P(X ( k)<0.01. Using our normal approximation, we want to make
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(5) Using the standard normal table backward (i.e., looking up 0.99 in the table and finding the z value that yields it), we find 
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Rounding up yields k=81. The probability of finding 81 recruits without diplomas is under 1% if the army’s claim is true.
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		9.00000000000033E-98		7.88860905221012E-29		0		0.2706521549

		1.00000000000002E-100		7.8886090522101E-31		0		0.1326195559



p=0.10

p=0.50

p=0.75

p=0.98

Successes

Probability



Sheet1

				0.5		0.75		0.1		0.98

		1		7.88860905221012E-29		1.86690458335834E-58		0.0002951267		6.21148794111886E-167		1.11460000454415E-22		3.51425997100869E-65		0.0014772828		0

		2		3.90486148084402E-27		2.77235330628715E-56		0.0016231966		1.50659640011843E-163		7.75622386349392E-22		1.77120265604593E-63		0.003798662		0

		3		1.27558808374238E-25		2.71690624016142E-54		0.0058916025		2.41155863778952E-160		5.18572940220078E-21		8.46331005216982E-62		0.0087406297		0

		4		3.09330110307528E-24		1.97654928971744E-52		0.0158745955		2.86553455135334E-157		3.33117606475983E-20		3.8339802892257E-60		0.0179969888		0

		5		5.93913811790455E-23		1.13849239087725E-50		0.0338658038		2.69589490591332E-154		2.05595471433378E-19		1.64663418655849E-58		0.0331590463		0

		6		9.40363535334876E-22		5.4078388566668E-49		0.0595787289		2.09156513117104E-151		1.21915162591249E-18		6.70474102111866E-57		0.0546700249		0

		7		1.26277389030683E-20		2.17858651082863E-47		0.0888952464		1.37624985631051E-148		6.94592549713242E-18		2.58823982024875E-55		0.0806569082		0

		8		1.4679746474817E-19		7.59782045651488E-46		0.1148230266		7.83946324400905E-146		3.80216307581593E-17		9.47250077379261E-54		0.1064826685		0

		9		1.50059630631463E-18		2.32999827333124E-44		0.1304162771		3.9267000337769E-143		1.99967574969944E-16		3.28671776267198E-52		0.1257944092		0

		10		1.36554263874631E-17		6.36089528619431E-43		0.1318653468		1.75091554506108E-140		0		1.08117949869903E-50		0.1329807601		0

		11		1.11726215897426E-16		1.56131066115679E-41		0.119877588		7.01957959429059E-138		0		3.37186997983602E-49		0.1257944092		0

		12		8.28636101239238E-16		3.47391622107382E-40		0.0987880124		2.55103221755838E-135		0		9.96968565412169E-48		0.1064826685		0

		13		0		7.05472217202687E-39		0.0743020948		8.46157763239347E-133		0		2.79466488572676E-46		0.0806569082		0

		14		0		1.31520177635644E-37		0.0513038273		2.57655038906391E-130		0		7.42703787753938E-45		0.0546700249		0

		15		0		2.26214705533309E-36		0.0326824382		7.23838889301005E-128		0		1.87128168535745E-43		0.0331590463		0

		16		0		3.60529686943708E-35		0.019291717		1.88424310871164E-125		0		4.46992589268504E-42		0.0179969888		0

		17		0		5.34432241822439E-34		0.0105915309		4.56208507968081E-123		0		1.01227638742605E-40		0.0087406297		0

		18		0		7.39297934521043E-33		0.0054265251		1.03077777883675E-120		0.0000000001		2.17337925653541E-39		0.003798662		0

		19		0.0000000001		9.57196273116723E-32		0.0026021933		2.17982374492958E-118		0.0000000004		4.4239433442925E-38		0.0014772828		0

		20		0.0000000004		1.16299347183681E-30		0.001170987		4.32586022181266E-116		0.0000000012		8.53731337061006E-37		0.000514093		0

		21		0.0000000016		1.32913539638493E-29		0.0004956559		8.0749390807168E-114		0.000000004		1.56196219062505E-35		0.0001600902		0

		22		0.0000000058		1.43184131337831E-28		0.0001977617		1.42082223552072E-111		0.0000000124		2.70930213161114E-34		0.0000446101		0

		23		0.0000000196		1.45674290143705E-27		0.0000745189		2.36103590615656E-109		0.0000000371		4.45535165505253E-33		0.0000111236		0

		24		0.0000000629		1.40211504263317E-26		0.0000265646		3.71174519747021E-107		0.0000001072		6.94615011909313E-32		0.000002482		0

		25		0.0000001913		1.27872891888145E-25		0.0000089729		5.52901564615182E-105		0.0000002973		1.02670096347529E-30		0.0000004956		0

		26		0.0000005519		1.10659233364741E-24		0.0000028759		7.81505096138751E-103		0.0000007923		1.43873696454355E-29		0.0000000885		0

		27		0.0000015125		9.09864807665643E-24		0.0000008758		1.04953239948113E-100		0.0000020282		1.91142147770145E-28		0.0000000142		0

		28		0.0000039434		7.11644260281344E-23		0.0000002537		1.34077764033719E-98		0.0000049885		2.40751581749441E-27		0.000000002		0

		29		0.0000097904		5.30052276623349E-22		0.00000007		1.63112535003776E-96		0.0000117886		2.87487829668549E-26		0.0000000003		0

		30		0.0000231707		3.76337116402579E-21		0.0000000184		1.89156169759375E-94		0.000026766		3.25467334386844E-25		0		0

		31		0.0000523209		2.54938046595293E-20		0.0000000046		2.09292149120865E-92		0.0000583894		3.49327662145802E-24		0		0

		32		0.000112817		1.6491304889133E-19		0.0000000011		2.21130236305509E-90		0.0001223804		3.5546445160977E-23		0		0

		33		0.0002324713		1.0194624840555E-18		0.0000000003		2.23274529506043E-88		0.0002464438		3.42923305296186E-22		0		0

		34		0.0004581053		6.02682233221049E-18		0.0000000001		2.15591258931872E-86		0.0004768176		3.13642895356179E-21		0		0

		35		0.0008638557		3.40945949079332E-17		0		1.99206323253045E-84		0.0008863697		2.71964072123249E-20		1.10692781497575E-16		0

		36		0.0015597394		1.84679055751306E-16		0		1.76242260989154E-82		0.0015830903		2.23576031852392E-19		6.51055884397378E-18		0

		37		0.0026979276		9.58334559574348E-16		0		1.49377224449187E-80		0.0027165938		1.74251521934155E-18		3.42659119055631E-19		0

		38		0.00447288		0		0		1.21349339967008E-78		0.0044789061		1.28755427089551E-17		1.61380619058144E-20		0

		39		0.0071107323		0		0		9.45280243127622E-77		0.0070949186		9.01970087841038E-17		6.80119955501659E-22		0

		40		0.0108438667		0		0		7.06360661677121E-75		0.0107981933		5.99040733203909E-16		2.56486620890214E-23		0

		41		0.0158690732		0		4.01660558455989E-16		5.06512279348963E-73		0.0157900317		0		8.6554364433714E-25		0

		42		0.0222922695		0		6.26930501293737E-17		3.48649285618529E-71		0.0221841669		0		2.61371532967995E-26		0

		43		0.0300686426		0		9.39585764212845E-18		2.30432853425086E-69		0.0299454931		0		7.06273084503118E-28		0

		44		0.0389525598		0		1.35243405454879E-18		1.46272490821879E-67		0.038837211		0		1.70778063406929E-29		0

		45		0.0484742966		0.0000000001		1.87003227295634E-19		8.91937144033841E-66		0.0483941449		0		3.69518826869284E-31		0

		46		0.0579583981		0.0000000004		2.48434239160868E-20		5.22558826776352E-64		0.0579383106		0		7.1546124522102E-33		7.58963768199396E-301

		47		0.0665905		0.0000000014		3.17150092545788E-21		2.94189501202178E-62		0.0666449206		0.0000000001		1.23959756721023E-34		1.956726535745E-289

		48		0.0735270104		0.0000000046		3.89096178354784E-22		1.59168778046258E-60		0.0736540281		0.0000000003		1.92185392037155E-36		3.02872894588232E-278

		49		0.0780286641		0.0000000147		4.58798214840113E-23		8.2767764584055E-59		0.0782085388		0.0000000014		2.66627591900227E-38		2.81456876938415E-267

		50		0.0795892374		0.0000000451		5.19971310152125E-24		4.13673287391109E-57		0.0797884561		0.0000000053		3.31005236332721E-40		1.5703067710306E-256

		51		0.0780286641		0.0000001326		5.66417549185327E-25		1.98725402766319E-55		0.0782085388		0.0000000197		3.67713602456028E-42		5.25991014258264E-246

		52		0.0735270104		0.0000003748		5.93044015172669E-26		9.1757633084985E-54		0.0736540281		0.0000000689		3.65535519796324E-44		1.05777507511803E-235

		53		0.0665905		0.0000010182		5.96773851746078E-27		4.07196137765823E-52		0.0666449206		0.0000002286		3.25158065544636E-46		1.27711356064347E-225

		54		0.0579583981		0.0000026587		5.77126975968436E-28		1.73661612087907E-50		0.0579383106		0.0000007196		2.58823994368933E-48		9.25735431285608E-216

		55		0.0484742966		0.0000066708		5.36320018071675E-29		7.1169686117479E-49		0.0483941449		0.0000021475		1.84356984994814E-50		4.02870473085302E-206

		56		0.0389525598		0.0000160815		4.78857158992572E-30		2.80230639087575E-47		0.038837211		0.0000060758		1.17505911651953E-52		1.05260438205646E-196

		57		0.0300686426		0.0000372414		4.10715691923445E-31		1.05996010153126E-45		0.0299454931		0.0000162969		6.70200724662441E-55		1.65114833725521E-187

		58		0.0222922695		0.00008283		3.38329018251117E-32		3.85057919642468E-44		0.0221841669		0.0000414426		3.42054357597301E-57		1.55499211828621E-178

		59		0.0158690732		0.0001768911		2.67604873192977E-33		1.34313423495628E-42		0.0157900317		0.0000999139		1.56217764772267E-59		8.79207684618051E-170

		60		0.0108438667		0.0003626268		2.03181477794664E-34		4.49726113004531E-41		0.0107981933		0.0002283718		6.38426299251997E-62		2.98452994905176E-161

		61		0.0071107323		0.0007133642		1.4803750658992E-35		1.44502160899818E-39		0.0070949186		0.0004948766		2.33472737810619E-64		6.08249260999097E-153

		62		0.00447288		0.0013461872		1.03467074498332E-36		4.4539295077346E-38		0.0044789061		0.001016691		7.64023366019606E-67		7.44232140033255E-145

		63		0.0026979276		0.0024359579		6.93430128912973E-38		1.31638361006379E-36		0.0027165938		0.0019802436		2.23728938954922E-69		5.46709266887223E-137

		64		0.0015597394		0.0042248644		4.45432548086462E-39		3.72906794538387E-35		0.0015830903		0.0036566711		5.86249847531701E-72		2.41115778952287E-129

		65		0.0008638557		0.0070197747		2.74112337283979E-40		1.01201167010108E-33		0.0008863697		0.0064016336		1.37463811052384E-74		6.38434006124899E-122

		66		0.0004581053		0.0111678235		1.61514003450153E-41		2.62969699124751E-32		0.0004768176		0.0106251079		2.88429100169701E-77		1.01491009841134E-114

		67		0.0002324713		0.0170017611		9.10692556767042E-43		6.53891819017671E-31		0.0002464438		0.0167191238		5.41545345591203E-80		9.68635359446891E-108

		68		0.000112817		0.0247525639		4.91059711982233E-44		1.55491628139936E-29		0.0001223804		0.0249420018		9.09862231171162E-83		5.55027173532192E-101

		69		0.0000523209		0.0344383498		2.53042041601146E-45		3.5334909119336E-28		0.0000583894		0.0352766005		1.36792253855275E-85		1.90936675477549E-94

		70		0.0000231707		0.0457538076		1.24512750629136E-46		7.66767527889596E-27		0.000026766		0.0473020296		1.84031612071992E-88		3.94353454440039E-88

		71		0.0000097904		0.0579977843		5.84566904362149E-48		1.58753276901084E-25		0.0000117886		0.0601326649		2.21548295557213E-91		4.88993543823138E-82

		72		0.0000039434		0.070080656		2.61611731890463E-49		3.13317231217281E-24		0.0000049885		0.0724734197		2.3866539498425E-94		3.64033862397012E-76

		73		0.0000015125		0.0806407549		1.11493584367322E-50		5.88864714013845E-23		0.0000020282		0.0828103624		2.30067647337574E-97		1.62705271779593E-70

		74		0.0000005519		0.0882689344		4.52001017705362E-52		1.0527946170815E-21		0.0000007923		0.0897073946		1.98457130185601E-100		4.36598911319763E-65

		75		0.0000001913		0.0917996918		1.74104095708729E-53		1.78834712288246E-20		0.0000002973		0.0921317732		1.53187355849321E-103		7.03371642246899E-60

		76		0.0000000629		0.0905918011		6.36345379052377E-55		2.88253319148816E-19		0.0000001072		0.0897073946		1.05809385094175E-106		6.80312176378076E-55

		77		0.0000000196		0.0847092166		2.20379352052773E-56		4.4024143288183E-18		0.0000000371		0.0828103624		6.53989113027337E-110		3.95050682131778E-50

		78		0.0000000058		0.0749350762		7.22040612138703E-58		6.36092429304897E-17		0.0000000124		0.0724734197		3.61711156662255E-113		1.37726836024895E-45

		79		0.0000000016		0.0626039877		2.23416223165283E-59		8.67984352899588E-16		0.000000004		0.0601326649		1.7901867883402E-116		2.88274022336338E-41

		80		0.0000000004		0.0493006403		6.51630650898748E-61		0		0.0000000012		0.0473020296		7.92829586391507E-120		3.62254365592115E-37

		81		0.0000000001		0.0365189928		1.78773841124482E-62		0		0.0000000004		0.0352766005		3.14200163700085E-123		2.7330207602567E-33

		82		0		0.0253851536		4.60257856553548E-64		0		0.0000000001		0.0249420018		1.11423814726482E-126		1.23792238448738E-29

		83		0		0.0165156421		1.10905507603266E-65		0		0		0.0167191238		3.53585703188089E-130		3.36639508581595E-26

		84		0		0.0100273541		2.49390691700461E-67		0.0000000002		0		0.0106251079		1.00405251342819E-133		5.49614187621906E-23

		85		0		0.0056625059		5.21601446693778E-69		0.0000000015		0		0.0064016336		2.5513099121398E-137		5.38731002213778E-20

		86		0		0.0029629391		1.01085551684842E-70		0.0000000127		0		0.0036566711		5.80116292287868E-141		3.1703498149556E-17

		87		0		0.0014303844		1.80740450011208E-72		0.0000001005		0		0.0019802436		1.18035315828315E-144		0

		88		8.28636101239238E-16		0.0006339204		2.96669930573955E-74		0.0000007271		0		0.001016691		2.14908665713262E-148		0

		89		1.11726215897426E-16		0.0002564172		4.44449334193195E-76		0.000004804		0		0.0004948766		3.50139370618047E-152		0.0000000003

		90		1.36554263874631E-17		0.0000940196		6.03573169891982E-78		0.0000287708		0		0.0002283718		5.10473290331118E-156		0.0000000231

		91		1.50059630631463E-18		0.0000309955		7.36963577401695E-80		0.0001549196		1.99967574969944E-16		0.0000999139		6.65963086389427E-160		0.0000010619

		92		1.4679746474817E-19		0.0000090965		8.0104736674098E-82		0.0007426036		3.80216307581593E-17		0.0000414426		7.77449787195974E-164		0.000029266

		93		1.26277389030683E-20		0.0000023475		7.65636670720158E-84		0.0031301141		6.94592549713242E-18		0.0000162969		8.12156263915674E-168		0.0004842246

		94		9.40363535334876E-22		0.0000005244		6.33505519508411E-86		0.0114215866		1.21915162591249E-18		0.0000060758		7.5919249291222E-172		0.0048100711

		95		5.93913811790455E-23		0.0000000994		4.44565276848012E-88		0.0353468047		2.05595471433378E-19		0.0000021475		6.35051972613223E-176		0.028686486

		96		3.09330110307528E-24		0.0000000155		2.57271572250002E-90		0.0902079912		3.33117606475983E-20		0.0000007196		4.75348022238936E-180		0.1027127591

		97		1.27558808374238E-25		0.0000000019		1.17879300000002E-92		0.182275941		5.18572940220078E-21		0.0000002286		3.18389818064961E-184		0.220796722

		98		3.90486148084402E-27		0.0000000002		4.00950000000011E-95		0.2734139116		7.75622386349392E-22		0.0000000689		1.90832222307455E-188		0.2849587717

		99		7.88860905221012E-29		0		9.00000000000033E-98		0.2706521549		1.11460000454415E-22		0.0000000197		1.02350343007075E-192		0.220796722

		100		7.8886090522101E-31		0		1.00000000000002E-100		0.1326195559		1.53891972534128E-23		0.0000000053		4.91215378292849E-197		0.1027127591
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